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Schwinger pair production at finite temperature in scalar QED
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In scalar QED we study the Schwinger pair production from an initial ensemble of charged bosons
when an electric field is turned on for a finite period together with or without a constant magnetic field.
The scalar QED Hamiltonian depends on time through the electric field, which causes the initial ensemble
of bosons to evolve out of equilibrium. Using the Liouville—von Neumann method for the density operator
and quantum states for each momentum mode, we calculate the Schwinger pair-production rate at finite
temperature, which is the pair-production rate from the vacuum times a thermal factor of the Bose-

Einstein distribution.
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I. INTRODUCTION

Vacuum polarization and pair production have been
known for more than seven decades [1]. Schwinger used
the proper-time method to find the exact one-loop effective
action for a uniform electromagnetic field [2]. Since then
vacuum polarization and Schwinger pair production have
been investigated more or less from a theoretical viewpoint
(for a review on recent development of strong QED, see
Ref. [3]). However, recently the study of strong QED is
more physically motivated than ever since it will have
many interesting physical applications in the near future.
In the near-future terrestrial experiments, the x-ray free
electron lasers from the Linac Coherent Light Source at
SLAC and the TeV Energy Superconducting Linear
Accelerator at DESY are expected to achieve electromag-
netic fields near the QED regime [4—6]. In astrophysics,
most neutron stars are expected to have magnetic fields
comparable to the critical strength B, = m?>c?/eh (4.4 X
10'3 G for electrons) and furthermore some magnetars are
known to have magnetic fields a few orders above the
critical strength. It is interesting that the ratio of the pair-
production rate in the presence of parallel electric and
magnetic fields to that in the pure electric field is
N(E, B)/N(E,0) = (wmqB/qE) X coth(wgB/qE). This
implies that the pair-production rate is enhanced by the
strong magnetic field, though the leading behavior is still
determined by the electric field as IN(E, 0) =
(qE)5/2¢~™"/4E /(4773 m). In these compact stars pairs
would be produced at nonzero temperature.

Another interesting issue from the viewpoint of strong
QED and astrophysics is strange quark stars, hypothetical
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astrophysical objects. Witten proposed that strange quark
matter might be a stable state of nuclear matter at ultrahigh
density, which was numerically studied by Farhi and Jaffe
[7]. Based on this hypothesis strange quark stars were
proposed as an alternative to neutron stars [8]. The charge
neutrality and chemical equilibrium of strange quark stars
would require a net amount of electrons, which are
bounded by the Coulomb attraction from the positive
core and form an electrosphere on the surface. The
Coulomb barrier from the electrosphere can generate an
electric field as large as 5 X 10'7V /cm, which is stronger
than the critical strength E. = m?c®/en (1.3 X
10V /cm). The Coulomb barrier may be a source of
electron and positron pairs at finite temperature [9].
Therefore the Schwinger pair production at finite tempera-
ture would be interesting for such astrophysical objects.
It was Dittrich who first found the QED effective action
at finite temperature in the presence of a constant magnetic
field [10]. Since then this has motivated the study of QED
at finite temperature under various configurations of elec-
tromagnetic fields and thereby the Schwinger pair produc-
tion at finite temperature, which has been an issue of debate
depending on formalisms employed. The QED effective
action for a constant magnetic field was obtained at finite
temperature and density [11]. Loewe and Rojas used the
Schwinger proper-time method to obtain the effective ac-
tion in the presence of both constant magnetic and electric
fields and found an imaginary part that has contributions
from vacuum as well as thermal fluctuations, leading to a
thermal enhancement of pair production at high tempera-
ture [12]. On the other hand, Elmfors and Skagerstam used
the real-time formalism to obtain the QED effective action
in the presence of both magnetic and electric fields, in
which there is no imaginary part and thereby no pair
production [13]. Contrary to this, Ganguly et al found in
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the finite temperature field theory that the pair-production
rate increases at high temperature [14]. Also in the func-
tional Schrodinger picture Hallin and Liljenberg found the
density matrix for QED when the electric field is turned on
only for a finite period and thereby calculated the pair
production at finite temperature when the system evolves
from an initial ensemble [15]. Recently Gies used the
imaginary-time formalism to obtain the QED effective
action in the presence of both constant electric and mag-
netic fields, which does not have any imaginary part at one-
loop but a nonzero imaginary part at two-loop [16].

The main purpose of this paper is to study the Schwinger
pair production from an initial ensemble of charged bosons
in scalar QED when an electric field is turned on only for a
finite period together with or without a constant magnetic
field. A Sauter-type electric field E(t) = Eysech?(t/ ) pro-
vides an analytical model [17], which acts effectively for
—7 =t = 1. The pair production from vacuum by this
profile of electric field extended in a finite time or space
has been studied [18—24]. Note that as the gauge potential
A, =(0,0,0, —Eyrtanh(z/7)) in the time-dependent
gauge depends on time explicitly, so does the
Hamiltonian. As the evolution operator e A% in the
Euclidean time is not the density operator, the imaginary-
time method based on the Matsubara frequency may not be
used directly for general time-dependent cases. In fact, the
initial ensemble evolves out of equilibrium due to the time-
dependent Hamiltonian, which requires a nonequilibrium
quantum field theory.

In this paper we shall use a nonequilibrium quantum
field theory based on the Liouville—von Neumann equa-
tion, which was originally introduced to find the density
operator but led to exact quantum states of time-dependent
systems [25,26]. The scalar QED Hamiltonian is quadratic
in the field and momentum and each momentum mode has
a time-dependent frequency. The time-dependent creation
and annihilation operators that satisfy the Liouville—von
Neumann equation provide not only the density operator
but also exact quantum states. We find that the number of
pairs produced by the electric field is proportional to the
initial Bose-Einstein distribution. From this scalar QED
model we may conclude that the Schwinger pair-
production rate by a time-dependent electric field is en-
hanced by a thermal factor of the initial Bose-Einstein
distribution. The Liouville—von Neumann method can be
compared with other methods used to handle the scalar
QED Hamiltonian. Hallin and Liljenberg used the
Schrodinger picture to find the wave functional of the
Schrodinger equation and the density matrix [15], whereas
the authors of Refs. [27,28] used the Heisenberg picture to
find the time evolution of the creation and annihilation
operators for each momentum of the field. It should be
remarked that the time-dependent creation and annihilation
operators of the Liouville—von Neumann equation provide
not only the density operator but also exact quantum states
for each momentum.
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The organization of this paper is as follows. In Sec. II,
we explain the canonical quantization method based on the
Liouville—von Neumann equation and apply it to scalar
QED in the presence of an electric field. In Sec. III, we
calculate the Schwinger pair-production rate at finite tem-
perature in the presence of a Sauter-type electric field
together with or without a constant magnetic field.

II. CANONICAL QUANTIZATION OF SCALAR
QED

Scalar QED for a charged boson with mass m and charge
g under an external electromagnetic field with the gauge
field A, is described by the Lagrangian [in units with 7 =
¢ = 1 and with metric signature (+, —, —, —)]

L= f Pa[g (Y, 0)(V,®) — m2>° D], (1)
where the covariant derivative is given by
V, =9, tiqA,. 2)

For instance, the electric field in the z direction may be
described by the time-dependent gauge potential A, =
(0,0,0,A,). Then the Klein-Gordon equation from the
Lagrangian (1) takes the form

[07 — 9% — (9, + igA.(1)* + m*]D = 0. 3)
The corresponding Hamiltonian is given by
H— f PAITTL + O (=2 — (9, + igAP + m2)d],
“

where I1 = ®* and II* = @ are the conjugate momenta.
Following Ref. [26], the fields and momenta are decom-
posed into Fourier modes as

(I)(X, t) = f[dk]d)keik-x, (I)*(X, l) — f[dk](ﬁi(efik-x’

%)
where [dk] = d°k/(27)3 and
N(x, 1) = '/‘[dk]qlﬁﬁe*"k"‘ = [[dk]wke*ik'x,
(6)
m*(x, 1) = [[dk](f)keik'x = /[dk]ﬂ':‘(e“"x.
The Hamiltonian is then given by
H= [ldklmm + 0siad O
where
wi() = (k, + qA.(1))* + kK3 + m?. (8)

Here, ¢, ¢y, 7k, and 7y, are Schrodinger operators. Each
Fourier mode obeys the equation
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[07 + wi (D]dk(r) = 0. ©))

Upon canonical quantization, we impose the equal-time
commutation relation [D(x/, 1), II(x, 1)] = i6(x’ — x) and
[®*(x), 1), IT*(x, )] = i8(x’ — x), from which follow the
commutation relations

[fw, m] = i27)*8(k — k),
[dy, m] = i27)°8(k' — k),

but all the other commutators vanish. We may introduce
the time-dependent annihilation and creation operators to
quantize the fields as

(10)

D(x, 1) = f[dk][ﬁok(f)ak(f) + QL ()b (n)]e™,

1D
P*(x, 1) = f [dk [k (Dby (1) + @ (Daf (D)]e~*,
and similarly the momenta as
I(x, 1) = /[dk][gbi(t)alt(t) + o (Db (£)]e X,
(12)

16, = [[akIgi08L0) + euay e

A few comments are in order. First, note that ay and alt
correspond to the particle and b, and blt to the antiparticle
and that @ annihilates particles but creates antiparticles.
Second, it can be shown that the field quantization includes
static fields as a specific case by choosing ¢y =
e !/ 2wy. Finally, by imposing the Wronskian condi-
tions

ex (k) =1, (13)

we have the standard equal-time commutation relations

[aw (D), al (] = 8(k' — k),
[by (1), b (1] = 6(k' — k).

All the other commutators vanish.

By inverting the Fourier modes in Eqgs. (11) and (12), we
find two independent sets of time-dependent annihilation
and creation operators [26]

oDk (t) —

(14)

ay (1) = ileg (D — @y (P,
(15)
a]t(t) = —ilek (D, — @) Pyl
and
by (1) = il gy () — ¢y (D ], 6)

blt(t) = —ilex () — k() Py ]

It is remarkable that when ¢, satisfies the mode Eq. (9),
the time-dependent operators (15) and (16) satisfy the
Liouville—von Neumann equation, for instance,
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3ak(l)
Jt

+ [ax (1), H()] = 0. (17)

This implies that we may define the density operator for
particles

kT( Fay (1) + ) (18)

.
pu() =5 exp) -

and for antiparticles

kT(b,t(t)bk(zH ) (19)

| _
Po, (1) = Z—k CXP_

Here’ Zk = Tr(eiwk(alt(t)ak([)+1/2)/kT) =

Tr(e~xPLOPO+1/2/KT) We note that T is the temperature
of an initial ensemble of the heat bath of particles before
the onset of electric fields and that the number of produced
pairs should be small so as not to change the temperature of
the heat bath.

We now turn to pair production by electric fields. The
mode-decomposed Hamiltonian (7) is a collection of time-
dependent harmonic oscillators. The equation of motion
(9), in the language of quantum mechanics, becomes the
superbarrier transmission over a potential barrier in the
time dimension. Pair production may be explained in
such a way that the positive-frequency solution at the
past infinity scatters not only to the positive-frequency
solution but also to the negative-frequency solution at the
future infinity. Then the magnitude square of the ratio of
the coefficient of the negative-frequency solution at the
future infinity to the coefficient of the positive-frequency
solution at the past infinity is the pair-production rate
[29,30]. However, we shall employ the Liouville—von
Neumann method, in which we first find the operators
known as the Lewis-Riesenfeld or invariant operators that
satisfy the Liouville—von Neumann equation[25] and then
construct not only the exact quantum states but also the
density operator. The time-dependent vacuum is defined as

ax(0l0;7) = b (010;1) = 0, (Vk) (20)
and the multiparticle and antiparticle states as
Tnl (t) anz( )
T N \/— i <050, (21

The time-dependent vacuum (20) is the zero-particle and
antiparticle state of the number operators

N, () = af(Dax (), Ny (1) = bl(by(r).  (22)

It should be remarked that the Fock states are exact quan-
tum states of the time-dependent Hamiltonian up to some
time-dependent phase factors a lathe Liouville—von
Neumann method [25,26].

To compare with the standard quantization of field, we
consider the limiting case of no electromagnetic field.
Then our definition of the time-dependent annihilation
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operator differs from the standard one by an overall time-
dependent phase factor:

ay (1) = e'“x'a, (23)

for the choice of ¢, = e “x’//2wy. The phase factor,
which is necessary for the Liouville—von Neumann equa-
tion, does not change the number operators N, (1) = N,
and N, (t) = N, . In this sense the Liouville—von
Neumann method includes the standard quantization as a
specific case. The method turns out to be convenient and
powerful for time-dependent quantum fields such as scalar
QED in the presence of time-dependent electromagnetic
fields. The number of pairs with a certain momentum k
produced by an external field is the number of particles or
antiparticles of the out-vacuum at t = oo contained in the

in-vacuum at t = —oo [29,30]
n = (0;in|N,, (# = 0)|0;in)
= (0; inIka(t = 00)|0; ¢ = in). (24)

II1. PAIR PRODUCTION AT FINITE
TEMPERATURE

We first study the Schwinger pair production by a uni-
form field E(f) = Eysech?(¢/7) without a magnetic field at
finite temperature and then study the case with a constant
magnetic field B. When E - B # 0 we can find a Lorentz
frame where the electric and magnetic fields are parallel to
each other, for instance, in the z direction. We choose a
Sauter-type gauge potential: A, =
(0, —=By/2, Bx/2, —Eyrtanh(z/7)). It is shown that pair
production by the Sauter-type potential is characterized
by two parameters: [22]

m _ gk

S (25

Et = ,
qEyT

The pair production is energetically favored for €, < 1 and
the adiabaticity parameter 0, determines the pair-
production rate.

A. Pure Electric Field

The mode equation for the auxiliary field variable takes
the form

¢ () + 0g(Dei() =0, (26)

where
t 2
W2 (1) = <kz - qEOTtanh<;>> K A mk (27)

Each mode has two asymptotic frequencies at t = 00:

wf(_) = \/(kZ + qEy7)* + K3 + m?, 08)

w{j) = \/(kZ — qEy7)* + ki + m2.
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The solution with the asymptotic form

i
e io 't

e = = (29)
2w,
at t = —oo is given by [18,19]
o () = 1 = (1— Z)1/2+i/\z—im§;)/2
Zwki)e’ﬁ’fa)k
X F(ay, Bx; Yk; 2), (30)

where F(ay, Bi; vk, z) is the hypergeometric function and

I 1
7= —-2e%"7,  A=.|(gEy™)? - i 06D

and
1L i (+)
ay = 3 E(ka — 1w, —2A),
1 ] _
Bk = 57 %(Ta)f( ) + Ta)g:) —2A), (32)
v =1-— irw!”),

Note that the solution (30) satisfies the Wronskian condi-
tion (13) for any time. At the other asymptotic limit, t =
oo, the solution becomes

o (1) = Ao (1) + B (1), (33)
where
e—iw;{“t
op(n) = , (34)
1/2w§(+)
and
A, = 2-irol! [ COWL (B~ ax)
wf(_) F'(BT (v — o)’
(35)

_ nire™ w{:r) F(y )T (g — Bx)
Bk =2 k ) — .
Wy I (yx = Bi)
As the asymptotic form (33) is approximately valid for t =
7, the analysis below is a good approximation after 7 and
exact at ¢ = 0.

The operators in Egs. (15) and (16) obtained by sub-
stituting the asymptotic solution (29) define the time-
dependent annihilation and creation operators all', alﬁin,

in and b{™ for the in-vacuum while those obtained by
the asymptotic solution (34) define the time-dependent
annihilation and creation operators ap", a;io"t, b, and
bf:o“t for the out-vacuum. The mode solution starting from
the initial asymptotic solution (29) evolves to another
asymptotic form (33). This leads to a Bogoliubov trans-
formation between the in-vacuum operators and the out-
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vacuum operators

PHYSICAL REVIEW D 76, 125002 (2007)

ali"ain for particles and N = blinpin for the antiparticles.

™ = A ai? + B: b‘hn bR = Ay bil? + B:;altin’ Similarly, tl;g ?artlcle number operator of the out-vacuum
(36) is Ng'' = a,*"ap"" and the antiparticle number operator is
Nyt = bT‘)‘"b"“‘. Hence the number of created pairs by the
whose coefficients satisfy the relation electric field from the vacuum is
Al — B> = 1. 37 . . . .
14~ 1B Oy = (0 inlNg10;in) = (0;inl VG103 in) = By P, (38)
The in-vacuum is the superposition of the out-vacuum
particles. The number operator of the in-vacuum is N}{l‘{ = where
|
, _ cosh[7(2A + Tw;:) - Ta)f))/Z] cosh[7(2A + wa) - Tw(+))/2]
By |* = (39)

The number of pairs (39) approximately is
B> =~ e ™o 10y =0) = o= (40)

where Si(o) is the leading-order contribution of the WKB
instanton action in scalar QED [22].

The density operator (18) takes the asymptotic form for
particles

. 1 ol 1\
in — “k in

=__— — N — 41
Pac =7 P 70 ( a 2)_ @1

and the density operator (19) for antiparticles

_ =) _

A 1 2 m L1
pp = A —kkT (N;,nk + 5) : (42)

Hence the initial ensemble of particles has the Bose-
Einstein distribution

1

inp7in 'y —
Tr(pit Ne ) wL_>/kT_

fe(T) = (43)

Finally, the number of pairs produced by the electric field
from the initial thermal ensemble is

ng(E, T) = Tr(ppNg™) — fx = |B(E)P2f(T) + 1).
(44)
The thermal factor can be written as 2fy + 1 =

coth(wf(_) /2kT). We have thus found that the Schwinger
pair-production rate at finite temperature is enhanced by
the thermal factor fy. In the zero-temperature limit we
have fix = 0 and recover the Schwinger pair-production
rate from the vacuum. The Schwinger pair-production rate
per unit volume and per unit time is given by summing over
all momenta

NET) = f [dK Iy (E, T). 45)

As the solution (30) approximately approaches the asymp-
totic form (29) for t = —7 and (33) for t = 7, the pair-

cosh[7(2A + Ta);;) + Tw(+))/2] cosh[7(2A — ka

—ro\)/2]

[

production rates (44) and (45) are approximately valid after
t=r.

In the asymptotic region where the electric field is turned
off, the out-vacuum is well defined and the excited states
(21) correspond to a number of particles and/or antiparti-
cles. In this region the pair-production rate (44) or (45) has
the interpretation of created pairs. Now a question may be
raised how to interpret Egs. (44) or (45) while the electric
field is acting. In terms of the in-vacuum operators we may
express the time-dependent annihilation operator at any
time as

a (1) = Ag(Dal + B ()b,

(46)
bi(t) = Ay (b} + By (Day™,
where
A (1) = i@k (@) — ek (DR,
. . 47)
By (1) = i(ex (0" — ¢x (D).
Here ¢l is the solution at t = —oco. Then we can obtain

ng(E, T; 1) = Tr(pi?N,, (1) — f

= |By(E; D21 (T) + 1). (48)

It is tempting to interpret (48) as the number of particles at
time ¢. However, the concept of particle can have a mean-
ing only in the adiabatic limit where

—i [ o)
() = e ot (49)
V2w (1)
is an approximate solution to the mode Eq. (26). The
solution is approximately good for a large momentum
since wy, > |wy|, |@y|. For a small momentum the change
of the gauge potential and the electric field should be small
to guarantee the validity of the adiabatic solution. In the
adiabatic case the solution with the initial asymptotic form
(29) evolves approximately to the form

ok (1) = A (1) @id(1) + By (1) @i (2). (50)
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In the other case where the adiabatic approximation breaks
down, we cannot have a concept of particle for such
momentum modes, but Eq. (48) may be interpreted as a
distribution.

B. Electric and Magnetic Fields

We now consider the case of a uniform field E(¢) =
Eysech?(t/7) together with a parallel magnetic field B.
The gauge potential A, = (0, —By/2, Bx/2,
— Ey7tanh(1/7)). The mode equation takes the form

it x,y) + 0Ot x,y) =0, (51)

where
AN\2
W21) = H, + (kz - qEOTtanh<;>> +m (52)

Here H | describes the two-dimensional motion transverse
to the magnetic field

. qB 2 qB 2
H, = <8 —17y> —(ay+17x>

— (az+a2)+< )(x - 2BLZ. (53)

It has the eigenvalue

HJ_ QD”(.X, y) = qB(zn + I)QD”()C, y)’ (54)

whose orthonormal eigenfunctions were given in Ref. [31].
Then the mode ¢,(, x, y) = ¢, (1)@, (x, y) satisfies

¢ nk(t) + w%,k(t)qpnk(t) = 0’ (55)

where
t
w2, = (k. — qurtanh(—>> + qBQn + 1) + m2. (56)
T

The two asymptotic frequencies at t = 00 are given by

o) \/(k + qEy7)* + ¢B(2n + 1) + m?, 7

w,(:,;) = \/(kZ — qEy7)* + q¢B(2n + 1) + m>.
The mode has the solution of the same form as Eq. (30)

1

eul) = ————0
2605[;)67"“”%

X F(ankr Bnk; Ynk> Z), (58)

with parameters replaced by

()
— Z)l/2+l)\Z iTw,,'/2

1
Wk =5~ %(Tw(k - Tw(? 27),
1
B = 3 L(walk) + Tw —2A), (59

Vo =1 — im)il;).
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The Bogoliubov transformations for particles and antipar-
ticles are given by

anyt = Ankainnk + B}ikb;r/icn’ = kbnk + Bnkaillcn’
(60)
where
Ay = —iro? ,,k F(Ynk)r(ﬁnk i)
" a)nk F(Bnk)r(7nk nk)’
(61)
B, = zifwf;) wf’l‘};) F(’)/nk)r(ank - Bnk)
n — i)
wilk) I, )8 (Yo = Bur)
where
1
Suk(T) = Tr(pf N ) = T (62)

Finally, as in the pure electric field case, we find the
number of pairs produced from the initial thermal en-
semble

nnk(E’ B, T) = Tr(plnnkNgj;l,f - fnk
= |Bu(E, B)P2fu(T) + 1). (63)
In the case of a pure magnetic field, «,; = 0 and thereby
B,;, = 0asT'(a,;, =0) = o and A,;, = e " becomes a
pure phase factor. This confirms the fact that pure magnetic
fields cannot produce pairs of particles and antiparticles
even at finite temperature. The total number of pairs per

unit volume and per unit time is given by summing over the
Landau levels and the longitudinal momentum

%Z f dic.|BoilE, BIPQf (1) + 1)

(64)

Here (¢B)/(27) is the number of Landau levels and an-
other factor 1/(27) is from the k. integration.

N (E BT) =

IV. CONCLUSION

In this paper we have studied the pair production of
charged bosons at finite temperature by an electric field
together with or without a constant magnetic field. As an
analytically solvable model, the electric field of Sauter type
is used, which is effectively turned on for a finite period of
time. Upon mode-decomposition the scalar QED
Hamiltonian becomes a collection of time-dependent os-
cillators. We used the Liouville—von Neumann method to
find the exact quantum states as well as the density opera-
tor for each momentum. The time-dependent gauge poten-
tial for the Sauter-type electric field has two asymptotic
regions where the in-vacuum and out-vacuum are well
defined. The in-vacuum, which is annulled by the particle
and antiparticle annihilation operators for each momentum
before the onset of the electric field, contains a number of
particles and antiparticles of the same momentum after the
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electric field is turned on and thus leads to pair production
by the electric field. We have found that the number of
created pairs for each momentum at the finite temperature
is n,(E, B, T) = n,(E, B, 0) coth(w,(;)/ZkT), the number
of pairs produced from the vacuum times a thermal factor
from the initial Bose-Einstein distribution. In the limit of
zero temperature the number of created pairs reduces to
that from the in-vacuum as expected. We also confirm that
the pure magnetic field does not produce pairs even at finite
temperature at one-loop level. We may thus conclude that
the Schwinger pair-production rate is indeed enhanced by
the thermal effect given by the Bose-Einstein distribution.

An interesting problem not handled in this paper is pair
production of fermions at finite temperature by time-
dependent electric fields. The fermion pair production by
an arbitrary time-dependent electric field was studied in
Refs. [32,33]. Also the fermion pair-production rate by the
Sauter-type electric field was found in the WKB instanton
action method [22] and in the worldline instanton method
[23,24]. However, to extend fermion pair production to the
finite temperature case, we need a density operator for the
time-dependent fermion system. For instance, the time-
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dependent annihilation and creation operators in
Ref. [34] that satisfy the Liouville—von Neumann equation
may be used to calculate the fermion pair-production rate
at finite temperature. Another interesting problem is the
backreaction of the produced pairs to the initial electro-
magnetic field. The backreaction problem in scalar and
spinor QED was studied in Ref. [35]. As produced pairs
can generate an additional electromagnetic field to the
external field, the produced pairs provide a source term
to the Klein-Gordon equation or the Dirac equation. The
backreaction problem at finite temperature in scalar and
spinor QED will be addressed in a future publication.
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