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We analyze different scenarios for the hadron-quark phase transition occurring in beta-stable matter
including hyperons in neutron stars. We use a Brueckner-Hartree-Fock approach including hyperons for
the hadronic equation of state and a generalized MIT bag model for the quark part. We then point out in
detail the differences between Maxwell and Gibbs phase transition constructions including the effects of
surface tension and electromagnetic screening. We find only a small influence on the maximum neutron
star mass, whereas the radius of the star and, in particular, its internal structure are more affected.
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I. INTRODUCTION

The theoretical understanding of neutron star (NS) struc-
ture requires the knowledge of the equation of state (EOS)
of highly compressed cold baryonic matter, up to densities
of about 10 times normal nuclear density, �0 � 0:17 fm�3

[1]. In such an extreme environment, the appearance of
‘‘exotic’’ components of matter, such as hyperons, meson
condensates, and quark matter (QM), is expected [2].

It is in fact well known that hyperons appear at around
2–3�0 in beta-stable nuclear matter and lead to a strong
softening of the EOS with a consequent substantial reduc-
tion of the maximum NS mass [3,4]. The theoretical maxi-
mum mass of hyperonic NS can even result below current
observational values of about 1.4 solar masses [5], as in the
case of the microscopic Brueckner-Hartree-Fock (BHF)
approach for the hyperonic EOS [6,7], which we employ
in this work for the hadronic phase. To solve this problem
there have been many theoretical efforts to stiffen the
hyperonic EOS at high densities by taking into account
hyperon-hyperon interactions or three-body forces among
hyperons and nucleons [8,9], or the possible presence of
nonhadronic ‘‘quark’’ matter in the interior of massive NS
[10–13]. Since there are still large ambiguities about
hyperon-hyperon interactions and the three-body forces
including strangeness, we consider the latter possibility.

However, the appearance of quark matter poses the
problem of an accurate theoretical description of the quark
phase, which is so far an open question, and furthermore of
the details of the phase transition between hadronic and
quark matter. The purpose of this article is the study of the
latter problem, combining the BHF EOS of hyperonic
matter with a generalized phenomenological MIT bag
model for the quark phase. In our case the EOS of hyper-
onic matter is so soft that the deconfinement transition
occurs at rather low densities, where hyperon contamina-
tion is not so large. Assuming the quark deconfinement
transition to be of first order, it causes a thermodynamical
instability and the mixed phase (MP) appears around the
critical density. In the usual Maxwell construction (MC),

the MP is composed of two charge-neutral hadron and
quark phases and uniform density distributions are as-
sumed in each phase.

The properties of the MP are very different, if there are
more than one independent chemical potentials, as in our
case. Glendenning has pointed out that in this case the MC
is not the correct procedure to obtain a thermodynamically
well-defined EOS with the MP, but that one must properly
satisfy more fundamental requirements by means of the
Gibbs conditions [14]. Since then many works have ap-
peared regarding nuclear pasta structures in low-density
nuclear matter [15,16], kaon condensation at several times
�0 [15–18], and the hadron-quark deconfinement transi-
tion [14,16,19–21]. When the Gibbs conditions are applied
to the quark deconfinement transition, the MP is composed
of individually charged hadron and quark phases arranged
in different geometrical structures, and baryon number
density as well as charge density are nonuniform in each
phase.

However, electromagnetic and surface contributions to
the energy of the MP are only approximately treated in the
usual bulk calculations [19], but could have an important
effect [16,18,20,21]. The quantitative analysis of these
corrections (sometimes called finite-size effects) for the
quark deconfinement transition in hyperonic matter is
one purpose of this article. We elaborately figure out the
roles of the finite-size effects in the mixed phase. We shall
see that these effects change remarkably the properties of
the mixed phase; e.g., the geometrical structures are desta-
bilized by the charge screening effect for the Coulomb
interaction in the extreme case, and the EOS given by the
MC is effectively recovered. Regarding hyperon mixing
we shall see that the appearance of the mixed phase com-
pletely suppresses the appearance of hyperons.

Some major results of our work were already presented
in another paper [22], while here we provide more details
and furthermore study the influence of the mixed phase on
the global NS observables like mass-radius relation and, in
particular, the maximum mass. We shall see that the global
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properties of compact stars are little changed, but the
structure and property of the internal core are very differ-
ent, compared to the MC. Such difference may affect the
elementary processes like neutrino transport or neutrino
emission in the core.

In the following, we give in Sec. II a concise summary of
the BHF approach for hyperonic matter that is used,
whereas in Sec. III the modified MIT bag model for the
quark phase is introduced. Section IV discusses the details
of the properties of the mixed phase and figures out the
peculiar role of the finite-size effects. In Sec. V the EOS
including the quark deconfinement transition is applied to
the structure of hybrid stars. Summary and concluding
remarks are given in Sec. VI.

II. BHF APPROACH OF HYPERONIC MATTER

Our theoretical framework for the hadronic phase of
matter is the nonrelativistic Brueckner-Hartree-Fock ap-
proach [23] based on microscopic nucleon-nucleon (NN),
nucleon-hyperon (NY), and hyperon-hyperon (YY) poten-
tials that are fitted to scattering phase shifts or cross
sections, where possible. Nucleonic three-body forces
(TBF) are included in order to (slightly) shift the saturation
point of purely nucleonic matter to the empirical value.

It has been demonstrated that the theoretical basis of the
BHF method, the hole-line expansion, is well founded: the
nuclear EOS can be calculated with good accuracy in the
BHF two hole-line approximation with the continuous
choice for the single-particle potential, since the results
in this scheme are quite close to the full convergent calcu-
lations which include also the three hole-line contributions
[24]. Because of these facts, combined with the absence of
adjustable parameters, the BHF model is a reliable and
well-controlled theoretical approach for the study of dense
baryonic matter.

In the following we give a short review of the BHF
approach including hyperons. Detailed accounts can be
found in Refs. [6,25,26]. The basic input quantities in the
Bethe-Goldstone equation are the NN, NY, and YY poten-
tials. In this work we use the Argonne V18 NN potential
[27] supplemented by the Urbana UIX nucleonic TBF of
Ref. [28] and the Nijmegen soft-core NSC89 NY potentials
[29] that are well adapted to the existing experimental NY
scattering data and also compatible with � hypernuclear
levels [30,31]. Unfortunately, the NSC89 potentials con-
tain no YY components, because up to date no YY scat-
tering data exist. Nevertheless the importance of YY
potentials should be minor as long as the hyperonic partial
densities remain limited. Recently also calculations using
the NSC97 NY and YY potentials [32] were completed,
which yield very similar maximum NS masses in spite of
quite different internal compositions [7].

With these potentials, the various G matrices are eval-
uated by solving numerically the Bethe-Goldstone equa-
tion, which can be written in operator form as

 Gab�W� � Vab �
X
c

X
p;p0

Vacjpp0i
Qc

W � Ec � i�

�hpp0jGcb�W�; (1)

where the indices a, b, c indicate pairs of baryons and the
Pauli operator Q and energy E determine the propagation
of intermediate baryon pairs. The pair energy in a given
channel c � �ij	; i; j � n; p;�;�� is

 E�ij	 � Ti�ki	 � Tj�kj	 �Ui�ki	 �Uj�kj	 (2)

with Ti�k	 � mi � k
2=2mi, where the various single-

particle potentials are given by

 Ui�k	 �
X

j�n;p;�;��
U�j	i �k	 (3)

and are determined self-consistently from the G matrices,

 U�j	i �k	 �
X

k0<k�j	F

Rehkk0jG�ij	�ij	�E�ij	�k; k0	�jkk0i: (4)

The coupled equations (1)–(4) define the BHF scheme
with the continuous choice of the single-particle energies.
In contrast to the standard purely nucleonic calculation, the
additional coupled-channel structure renders the calcula-
tions quite time-consuming.

Once the different single-particle potentials are known,
the total nonrelativistic hadronic energy density, �H, can be
evaluated:

 �H �
X

i�n;p;�;��

X
k<k�i	F

�
Ti�k	 �

1

2
Ui�k	

�
; (5)

and �H is thus represented as a function of particle number
densities �i�i � n; p;�;��	 for a given baryon number
density �B �

P
i�i. Knowing the hadronic energy density,

and adding the contributions of the noninteracting leptons
(l � e;�), � � �H � �L, the various chemical potentials
�i � @�=@�i (of the species i � n; p;�;��; e;�) can be
computed straightforwardly and the equations for beta-
equilibrium,

 �i � Bi�n �Qi�e; (6)

(Bi and Qi denoting baryon number and electric charge of
species i), baryon number density and charge neutrality,

 

X
i

Bi�i � �B; (7)

 

X
i

Qi�i � 0; (8)

allow one to determine the equilibrium composition �i��B	
at a given baryon number density �B and finally the had-
ronic EOS,
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 PH��B	 � �2
B
d
d�B

���i��B		
�B

� �B
d�
d�B

� �: (9)

III. QUARK MATTER EOS

Unfortunately, the current theoretical description of
quark matter is burdened with large uncertainties, seriously
limiting the predictive power of any theoretical approach at
high baryonic density. For the time being we can therefore
only resort to phenomenological models for the quark
matter EOS and try to constrain them as well as possible
by the few experimental information available on high-
density baryonic matter.

One important condition is due to the fact that certainly
in symmetric nuclear matter no phase transition is ob-
served below � 3�0. We will in the following use an
extended MIT bag model [33] (requiring a density-
dependent bag ‘‘constant’’) that is compatible with this
condition.

A. The MIT bag model

We first review briefly the description of the bulk prop-
erties of uniform quark matter, deconfined from the beta-
stable hadronic matter mentioned in the previous section,
by using the MIT bag model [33]. The energy density of
the f � u; d; s quark gas can be expressed as a sum of the
kinetic term and the leading-order one-gluon-exchange
term [34,35] for the interaction energy proportional to
the QCD fine structure constant �s,

 �Q � B�
X
f

�f; (10)

 �f��f	 �
3m4

f

8�2

�
xf�2x2

f � 1	
��������������
1� x2

f

q
� arsinhxf

�

� �s
m4
f

�3

�
x4
f �

3

2
�xf

��������������
1� x2

f

q
� arsinhxf	2

�
;

(11)

where mf is the f current quark mass, xf � k�f	F =mf, the

number density of f quarks is �f � k�f	3F =�2, and B is the
energy density difference between the perturbative vacuum
and the true vacuum, i.e., the bag ‘‘constant.’’ We use
massless u and d quarks and ms � 150 MeV.

It has been found [10,36] that within the MIT bag model
(without color superconductivity) with a density-
independent bag constant B, the maximum mass of a NS
cannot exceed a value of about 1.6 solar masses. Indeed,
the maximum mass increases as the value of B decreases,
but too small values of B are incompatible with a hadron-
quark transition density �B > 2–3�0 in nearly symmetric
nuclear matter, as demanded by heavy-ion collision phe-
nomenology. Values of B * 150 MeV=fm3 can also be
excluded within our model, since we do not obtain any

more a phase transition in beta-stable matter in combina-
tion with our hadronic EOS [10].

In order to overcome these restrictions of the model, one
can introduce empirically a density-dependent bag pa-
rameter Beff��B	, which has not any more the simple
interpretation as the energy difference between the pertur-
bative and the true vacua; instead some density dependence
originating from the nonperturbative interaction energy
��int��B	 is considered to be included in the effective
bag constant, i.e., Beff��B	 � B���int��B	 [12]. This
allows one to lower the value of B at large density, provid-
ing a stiffer QM EOS and increasing the value of the
maximum NS mass, while at the same time still fulfilling
the condition of no phase transition below �B � 3�0 in
symmetric matter. In the following we present results
based on the MIT model using both a constant value of
the bag parameter, B � 100 MeV=fm3, and a Gaussian
parametrization for the density dependence,

 Beff��B	 � B� �B0 � B	 exp
�
��

�
�B
�0

�
2
�

(12)

with B � 50 MeV=fm3, B0 � 400 MeV=fm3, and � �
0:17. For a more extensive discussion of this topic, the
reader is referred to Refs. [10–12].

The introduction of a density-dependent bag parameter
has to be taken into account properly for the computation
of various thermodynamical quantities; in particular, the
quark chemical potentials are modified as

 �f ! �f �
1

3

dBeff��B	
d�B

: (13)

Nevertheless, due to a cancellation of the second term in
(13), occurring in relations (14) for the beta-equilibrium,
the composition of QM at a given total baryon number
density remains unaffected by this term (and is in fact
independent of B). At this stage of investigation, we dis-
regard possible dependencies of the bag parameter on the
individual quark densities.

In the beta-stable pure quark phase, the individual quark
chemical potentials are fixed by Eq. (6) with Bf � 1=3,
which implies

 �d � �s � �u ��l: (14)

The charge neutrality condition and the total baryon num-
ber conservation read

 0 � 2
3�u �

1
3�d �

1
3�s � �l; (15)

 �B �
1
3��u � �d � �s	: (16)

These equations determine the composition �f��B	 and the
pressure of the QM phase,

 PQ��B	 � �2
B

d��Q=�B	

d�B
: (17)
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The modified bag model is clearly an oversimplified
model of QM, but in this article we focus mainly on the
differences between the different hadron-quark phase tran-
sition constructions in NS matter introduced in the
following.

IV. HADRON-QUARK PHASE TRANSITION

A. Gibbs conditions and the mixed phase

Figure 1 compares the hadronic BHF EOS and the quark
matter EOS with different values of the parameters B and
�s for beta-stable and charge-neutral matter. One can see
that the quark EOS approaches that of a relativistic free gas
(E=A
 �1=3

B ) with increasing density, while the hyperonic
EOS is always soft. Consequently the quark deconfinement
transition cannot occur at too high densities. If we demand
the quark and the hyperonic EOS to cross, �s should be
small and B slightly large, which gives a relatively low
critical density. Thus the appearance of hyperons is effec-
tively suppressed due to a quark deconfinement transition.
In this article we choose �s � 0 and compare results with
B � 100 MeV=fm3 and Beff��B	.

Since we shall see that two independent chemical po-
tentials, charge chemical potential and baryon number
chemical potential, are needed to specify the thermody-
namical properties of the MP, we must properly take into
account the Gibbs conditions [19], which require the pres-
sure balance and the equality of the chemical potentials
between the two phases besides the thermal equilibrium.

We employ a Wigner-Seitz approximation in which the
whole space is divided into equivalent cells with a given
geometrical symmetry, specified by the dimensionality
d � 3 (sphere), d � 2 (rod), or d � 1 (slab). In each cell
with volume VW the quark and hadron phases are sepa-
rated: a lump portion made of the quark phase with volume
VQ is embedded in the hadronic phase with volume VH or
vice versa. A sharp boundary is assumed between the two
phases and the surface energy is taken into account in
terms of a surface-tension parameter �. The surface ten-
sion of the hadron-quark interface is poorly known, but
some theoretical estimates based on the MIT bag model for
strangelets [35] and lattice gauge simulations at finite
temperature [37] suggest a range of � � 10�
100 MeV=fm2. We show results using � � 40 MeV=fm2

in this article, and discuss the effects of its variation.
We use the Thomas-Fermi approximation for the density

profiles of hadrons and quarks. The energy for each cell is
then given as
 

E �
Z
VH
d3r�H��i�r	� �

Z
VQ
d3r�Q��f�r	�

� Ee � EC � �S (18)

with i � n; p;�;��, f � u; d; s, and S being the hadron-
quark interface area. Ee is the electron gas kinetic energy,

 Ee �
Z
VW
d3r�e��e�r	�; (19)

approximated by �e��e� ’ �3�2�e	
4=3=4�2. For simplicity

muons are not included in this article. EC is the Coulomb
interaction energy,

 EC �
e2

2

Z
VW
d3rd3r0

�ch�r	�ch�r
0	

jr� r0j
; (20)

where the charge density is given by e�ch�r	 �P
i�n;p;�;��;eQi�i�r	 in VH and e�ch�r	 �P
f�u;d;s;eQf�f�r	 in VQ with Qa being the particle charge

(Q � �e < 0 for the electron). Accordingly, the Coulomb
potential is defined as

 ��r	 � �
Z
VW
d3r0

e2�ch�r
0	

jr� r0j
��0; (21)

where �0 is an arbitrary constant representing the gauge
degree of freedom. We fix it by stipulating the condition
��RW	 � 0, as before [15,20,21]. The Poisson equation
then reads

 ���r	 � 4�e2�ch�r	: (22)

The density profiles of the hadrons, �i�r	; i �
n; p;�;��, and quarks, �f�r	; f � u; d; s, are determined
by the equations of motion,

 

	�E=VW	
	�a�r	

� �a; (23)
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0.8

0

FIG. 1 (color online). EOS of beta-stable hadronic matter
(black curves) and quark matter (colored curves) with constant
B � 60 MeV=fm3 (lower curves) and B � 100 MeV=fm3

(upper curves) for several values of �s. The gray curve shows
the result for the Beff��B	 model with �s � 0. Hyperons appear
at the dotted point in hadronic matter.
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where we introduced the chemical potentials �a for the
particle species a � n; p;�;��; u; d; s; e. Note that some
additional terms are needed for the quark chemical poten-
tials in the case of Beff��B	 [see Eq. (13)]. We consider
chemical equilibrium at the hadron-quark interface as well
as inside each phase, so that Eq. (6) implies
 

�u ��e � �d � �s;

�p ��e � �n � �� � �u � 2�d;

��� ��p � 2�n:

(24)

There are two independent chemical potentials, which are
usually chosen as the charge chemical potential �Q � �e

and the baryon number chemical potential �B � �n. For a
given baryon number density

 �B �
1

VW

� X
i�n;p;�;��

Z
VH
d3r�i�r	

�
X

f�u;d;s

Z
VQ
d3r

�f�r	

3

�
; (25)

Eqs. (22)–(24), together with the global charge neutrality
condition,

R
VW
d3r�ch�r	 � 0, obviously fulfill the require-

ments by the Gibbs conditions. The optimum dimension-
ality d of the cell or the lump, the cell size RW , and the
lump size R [or equivalently the volume fraction fV �
�R=RW	d], are searched for to give the minimum energy.

Note that the Poisson equation (22) is a highly nonlinear
equation with respect to the Coulomb potential through
Eq. (23). If we linearize it, we obtain the Debye screening
length

 

1


2
D
� 4�e

X
i

Qi
@h�chi

@�i
(26)

(with i � n; p;�;��; e and i � u; d; s; e in the hadron and
quark phases, respectively), which gives a rough measure
to estimate how effective is the charge screening. We shall
see that 
D 
O�several fm	 & R, RW , which confirms the
importance of the screening effect. We use the relaxation
method to solve Eqs. (22)–(24) consistently. The details of
the numerical procedure to calculate the EOS and deter-
mine the geometrical structure of the MP are similar to
those in Refs. [15,21].

B. Charge screening effect and the Maxwell
construction

Figure 2 (top panel) shows an example of the density
profile in a 3D cell for �B � 0:4 fm�3 and the B �
100 MeV=fm3 case. One observes a nonuniform density
distribution of each particle species together with the finite
Coulomb potential, while the bulk calculation (bottom
panel) uses a uniform density without the Coulomb inter-
action [10,14,19]. This is due to the charge screening
effect: the charged particle distribution is rearranged to

give a smaller Coulomb interaction energy. Different
from the MC case (middle panel), where local charge
neutrality is implicitly assumed, the quark phase is nega-
tively charged, so that d and s quarks are repelled to the
phase boundary, while u quarks gather at the center. Thus
local charge neutrality is obviously violated at any point
inside the cell, even at the center of the droplet or at the
boundary of the cell. The hadron phase is positively
charged: protons are attracted by the negatively charged
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FIG. 2 (color online). Upper panel: Density profiles and
Coulomb potential � within a 3D (quark droplet) Wigner-
Seitz cell of the MP at �B � 0:4 fm�3. The cell radius and the
droplet radius are RW � 21:6 fm and R � 13:8 fm, respectively.
Middle panel: Density profiles in the MC case, where only the
volume fraction is calculated, while the absolute values of R and
RW are irrelevant. We use the same RW as in the upper panel,
while the volume fraction of the quark phase is different, fV �
0:375, see Fig. 3. The results are for B � 100 MeV=fm3, �s �
0, and � � 40 MeV=fm2. Lower panel: Density profiles in the
bulk Gibbs calculation.
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quark lump, while electrons are repelled. We shall see that
such rearrangement gives rise to a remarkable effect on the
energy of the MP. The lower panel of Fig. 2 shows the case
of the bulk Gibbs calculation, where local charge neutrality
is not realized, as in the full calculation. However, by
ignoring the Coulomb interaction, the density distribution
in each phase is uniform.

The density dependence of the optimal structures and
their characteristic dimensions R, RW , and the volume
fraction fV are shown in Fig. 3. One observes a transition
from droplet to slab to tube to bubble with increasing
density. With B � 100 MeV=fm3 and Beff��B	, the MP
occurs in the intervals �B � 0:298–0:708 fm�3 and �B �
0:236–0:670 fm�3, respectively, i.e., it appears at less than
twice normal nuclear density and extends up to much
larger density, relevant for NS physics. The transitions
between the different geometric structures are by construc-
tion discontinuous and a more sophisticated approach
would be required for a more realistic description of this
feature.

Figure 4 (upper panel) compares for B � 100 MeV=fm3

the resulting energy per baryon of the hadron-quark MP
with that of the pure hadron and quark phases over the
relevant range of baryon density. The thick black curve
indicates the case of the MC, while the colored line in-
dicates the MP in its various geometric realizations by the
full calculation. While the structure and the composition of
the MP by the full calculation are very different from those
of the MC case, as shown before, the energy of the MP is
only slightly lower than that of the MC, and the resulting
EOS is similar to the MC one.

The pressure is presented in the lower panel of Fig. 4. In
the MC case, where local charge neutrality is implicitly
assumed, the two equilibrium densities �H � 0:34 fm�3

and �Q � 0:50 fm�3 of the pure phases are connected by a
straight line with equal pressure PH��H	 � PQ��Q	.
Compared with the MC, the pressure of the MP smoothly

interpolates between the pressures of the hadron and quark
phases and is no more constant. We shall see that the
difference between the MC and our full calculation causes
no serious difference regarding the bulk properties of
compact stars like the mass-radius relation. However, the
internal properties are very different between the two
cases, which may affect the microscopic elementary pro-
cesses in the MP [38].

If one uses a smaller surface tension parameter �, the
energy gets lower and the density range of the MP gets
wider. The limit of � � 0 leads to a bulk application of the
Gibbs conditions without the Coulomb and surface effects,
i.e., the so-called Glendenning construction [3]. On the
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FIG. 3 (color online). Wigner-Seitz cell radius RW (upper
colored segments), droplet radius R (lower colored segments),
and volume fraction fV (black segments) as a function of baryon
density. The results are for the B � 100 MeV=fm3, �s � 0, � �
40 MeV=fm2 case.
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FIG. 4 (color online). EOS of the MP (thick curves) in com-
parison with pure hadron and quark phases (thin curves). The
upper panel shows the energy per baryon E=A, the middle panel
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other hand, using a larger value of �, the geometrical
structures increase in size and the EOS gets closer to that
of the MC case. Above a critical value of �crit �
70 MeV=fm2 the structure of the MP becomes mechani-
cally unstable [20]: for a fixed volume fraction �R=RW	3

the optimal values of R and RW go to infinity and local
charge neutrality is recovered in the MP, where the energy
density equals that of the MC (see Fig. 5).

This mechanical instability is a charge screening effect:
The optimal values of R and RW are basically determined
by the balance between the Coulomb energy (
 R2 in the
3D case) and the surface energy (
 R�1). However, if the
charge screening is taken into account, the contribution of
the screened Coulomb potential � is strongly reduced
when R, RW ! 1. A careful analysis by Voskresensky
et al. showed that the Coulomb energy changes its sign
and behaves like R�1 as R! 1 due to the charge screen-
ing [20]. Thus the surface and the Coulomb energy give a
local energy minimum below �crit � 70 MeV=fm2, which
disappears when the surface energy becomes greater than
the Coulomb energy above�crit � 70 MeV=fm2. This is in
contrast to the work of Heiselberg et al. [19], neglecting the
charge screening effect, where there is always a local
energy minimum at finite R. The importance of the charge
screening effect has also been discussed in the context of
the stability of strangelets [39].

If we assume uniform density profiles with a given
volume fraction fV � �R=RW	d and the difference 	�ch �

e���H	ch � �
�Q	
ch 	 of the charge density between the two

phases, it is easy to see how the optimal size of the lump
is determined from the competition between the Coulomb
and surface energy contributions [3,40]: The Coulomb
interaction energy is in this case

 

EC
VW
� 2�2�	�ch	

2R2 fV
d� 2

�
fV �

2� df1�2=d
V

d� 2

�
; (27)

while the surface energy is simply ES=VW � d�fV=R.
Hence there is always one energy minimum at finite R
for a given fV as a consequence of the balance between the
Coulomb energy and the surface energy [19].

However, when the Coulomb screening is present, the
charge density is no more uniform, see Fig. 2, but is
rearranged to attain smaller Coulomb interaction energy.
Consequently the Coulomb potential becomes short range
due to the Debye screening of the charged particles. The
contribution of this many-body effect to the energy is then
twofold: one is the direct contribution of the Coulomb
interaction energy and the other indirectly via the re-
arrangement effect of the charge density, which is called
the correlation energy in Ref. [20]. Considering �a�r	 as an
implicit function of��r	, the kinetic and strong interaction
energies can be expanded with respect to the particle
densities around their uniform values,

 Ecorr � E0
corr �

X
i�n;p;�;�� ;

u;d;s

Z
VW
d3r�0

i �r	��i�r	 � �
0
i � � � � � ;

(28)

where E0
corr � E0

H � E
0
Q, �0

i , and �0
i are the quantities for

the system with uniform densities in the absence of the
Coulomb screening. Thus the correlation energy gives rise
to a new R-dependence in the energy density. The analysis
of Voskresensky et al. showed that the contributions from
the screened Coulomb potential and the correlation energy
exhibit a R�1 dependence for large R, and that both have
different signs [20]. When the surface energy is added, we
can easily see that the energy density has a local minimum
at finite R as long as � is not too large. Actually this local
minimum disappears above a critical value �crit �
70 MeV=fm2, which implies a mechanical instability of
the structure in the MP.

C. Hyperons in the mixed phase

One notes in Fig. 2 that no hyperons appear in the MP
although the mean baryon density �B � 0:4 fm�3 is higher
than the threshold density for hyperons in pure nucleon
matter, �B � 0:34 fm�3 (see the black dot in Fig. 1). In
fact in the MC a small fraction of �� hyperons is present,
as displayed in the central panel of Fig. 2.

This is confirmed in Fig. 6, where we compare the
particle fractions as a function of baryon density in the
full calculation (upper panel), the MC (middle panel), and
the Bulk Gibbs construction (lower panel). One can see
that the compositions are very different in the three cases,
the MP by the full calculation lying in between the extreme
cases of Bulk Gibbs and MC. In particular, a relevant
hyperon (��) fraction is only present in the hadronic
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FIG. 5 (color online). Droplet radius (R) dependence of the
energy per baryon for fixed baryon density �B � 0:35 fm�3 and
different surface tensions. The quark volume fraction �R=RW	3 is
fixed to the optimal value at R � Rmin for each curve. Dots on
the curves show the local energy minima. The black line shows
the energy of the MC case. The results are for B �
100 MeV=fm3, �s � 0, � � 40 MeV=fm2.
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component of the MC. In this case the phase transition
occurs at constant pressure between the pure hadron and
quark phases with the equilibrium densities �H �
0:34 fm�3 and �Q � 0:50 fm�3, and for a given �B the
volume fraction of the quark phase is 0 
 fV �
��B � �H	=��Q � �H	 
 1. Accordingly the hyperon
number fraction is always finite in the MC, but in the full
calculation and the Bulk Gibbs case hyperons are com-
pletely suppressed.

This hyperon suppression is due to the absence of the
charge-neutrality condition in each phase. In a charge-
neutral hadron phase, hyperons (��) appear at �B �
0:34 fm�3. This is to reduce the electron Fermi energy
by replacing the negative charge of electrons with that of
�� particles. In the MP, on the other hand, the hadron
phase can be positively charged due to the presence of the
negatively charged quark phase. This causes the reduction
of electron density and chemical potential in the hadron
phase and, consequently, �� is suppressed. In other words,
with the charge-neutrality condition hyperons appear at
low density to reduce the energies of electrons and neu-
trons in spite of large hyperon masses (see Fig. 7). Without
charge-neutrality condition, hyperons appear at higher
density due to their large masses.

Thus we conclude that due to the relatively small mag-
nitudes of the surface and Coulomb energies, the EOS of
the MP is similar to the MC one, but the internal structure
of the MP is very different. In particular the role of hyper-
ons is strongly reduced when we consider the deconfine-
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ment transition in hyperonic matter. Above a critical value
of the surface tension parameter, however, the MC is
effectively recovered as the physical phase transition.
These results should be important for physical processes
like neutrino propagation and baryonic superfluidity, be-
sides the maximum mass problem, which will be discussed
now.

V. HYBRID STAR STRUCTURE

Knowing the EOS comprising hadronic, mixed, and
quark phase in the form P��	, the equilibrium configura-
tions of static NS are obtained in the standard way by
solving the Tolman-Oppenheimer-Volkoff (TOV) equa-
tions [1] for the pressure P�r	 and the enclosed mass m�r	,

 

dP
dr
� �

Gm�

r2

�1� P=�	�1� 4�r3P=m	
1� 2Gm=r

; (29)

 

dm
dr
� 4�r2�; (30)

being G the gravitational constant. Starting with a central
mass density ��r � 0	 � �c, one integrates out until the
surface density equals the one of iron. This gives the stellar
radius R and its gravitational mass M � m�R	. For the
description of the NS crust, we have joined the hadronic
EOS with the ones by Negele and Vautherin [41] in the
medium-density regime, and the ones by Feynman-

Metropolis-Teller [42] and Baym-Pethick-Sutherland [43]
for the outer crust.

Figure 8 compares the mass-radius relations obtained
with the different models. The purely nucleonic EOS
(green curve) yields a maximum NS mass of about
1:82M�, which is reduced to 1:32M� when allowing for
the presence of hyperons (red curve). This feature has been
shown to be fairly independent of the nucleonic and hyper-
onic EOS that are used [7]. The canonical NS with mass of
about 1:4M� can therefore not be purely hadronic stars in
our approach. In fact, the inclusion of quark matter aug-
ments the maximum mass of hybrid stars to about 1:5M�:

More precisely, we compare in the figure results ob-
tained with the two quark EOS B � 100 MeV=fm3 (blue
curves) and Beff��B	 (black curves), and involving the
different phase transition constructions Bulk, Mixed, and
Maxwell. In general, the Maxwell construction leads to a
kink in the M�R	 relation, because the transition from a
hadronic to a hybrid star occurs suddenly, involving a
discontinuous increase of the central density when the
quark phase starts in the core of the star. The Bulk con-
struction yields smooth mass-radius relations involving a
continuous transition from a hadronic to a hybrid star
beginning at rather low central density corresponding to
very low NS mass.

The MP construction by the full calculation lies between
the two extreme cases, and with our choice of � �
40 MeV=fm2 it is rather close to the Maxwell construction,
smoothing out the kink of the hadron-hybrid star transition.
This transition occurs generally at a fairly low NS mass,
even below the natural minimum mass limit due to the
formation via a protoneutron star [44] and is thus an
unobservable feature.

On the contrary, the maximum mass is hardly affected
by the type of phase transition: For the Beff��B	 model
the maximum mass is 1:52M�, practically independent of
the kind of phase transition, whereas for the B �
100 MeV=fm3 model there is a slight variation of M �
1:45; 1:45; 1:41M� for the Maxwell, mixed, and bulk con-
struction, respectively.

Whereas the maximum masses are practically indepen-
dent of the phase transition construction, there are evi-
dently large differences for the internal composition of
the star. This is illustrated in Figs. 9 and 10, which show
the total energy density, pressure, and particle fractions as a
function of the radial coordinate for a 1:4M� NS. One
observes with the bulk Gibbs construction (left panels) a
coexistence of hadrons and quarks in a significant range of
the star, whereas with the MC (right panels) an abrupt
transition involving a discontinuous jump of energy and
baryon density occurs at a distance r � 7:5 km from the
center of the star. The small contamination with �� hyper-
ons in the hadronic phase is not visible on the scale chosen.
The MP with the full calculation (central panels) lie be-
tween the two extreme cases, hadrons and quarks coexist-
ing in a smaller range than in the bulk Gibbs cases.
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FIG. 8 (color online). Neutron star mass-radius relations for
different EOS and three different hadron-quark phase transition
constructions. For the hybrid stars (blue and black curves), the
dashed lines indicate the Maxwell (upper curves) or bulk Gibbs
(lower curves) constructions and the solid lines the mixed phase
of the full calculation.
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Note that the Beff��B	 calculations (Fig. 10) yield a
very narrow range of the MP compared to the B �
100 MeV=fm3 cases (Fig. 9). At a given baryon density
the energy density and pressure of quark matter with
Beff��B	 are much lower than with B � 100 MeV=fm3

(see Fig. 1) and therefore the system jumps immediately
to a higher baryon (quark) density in the MC. Since the
same tendency is seen for the bulk Gibbs calculation, the
difference between the MC and the bulk Gibbs EOS is
rather small in the Beff��B	 case. Consequently within the
full calculation the density range for the phase coexistence
is overcome very quickly and the result is very close to the
MC; in fact the mixed phase only exists in the narrow
interval r � 7:56–7:71 km, hardly visible in the plot.

The two quark models thus illustrate two extreme cases
of the same generic phenomenon, namely, that the full MP
calculation turns out very close to the MC.

VI. SUMMARY AND CONCLUDING REMARKS

In this article we have studied the properties of the
mixed phase in the quark deconfinement transition in
hyperonic matter, and their influence on compact star
structure. The hyperonic EOS given by the BHF approach
with realistic hadronic interactions is so soft that the tran-
sition density becomes very low if one uses the MIT bag
model for the quark EOS.

The hyperon-quark mixed phase was consistently
treated with the basic thermodynamical requirement due
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to the Gibbs conditions. We have seen that the resultant
EOS is little different from the one given by the Maxwell
construction. This is because the finite-size effects, the
surface tension, and the Coulomb interaction tend to di-
minish the available density region through the mechanical
instability, as has also been suggested in previous articles
[20,21].

For the bulk properties of compact stars, such as mass or
radius, our EOS gives similar results as those given by the
Maxwell construction. The maximum mass of a hybrid star
is around 1:5M�, larger than that of the purely hyperonic
star,� 1:3M�. Hence we may conclude that a hybrid star is
still consistent with the canonical NS mass of 1:4M�, while
the masses of purely hyperonic stars lie below it.

On the other hand, the internal structure of the mixed
phase is very different; e.g., the charge density as well as
the baryon number density are nonuniform in the mixed
phase. We have also seen that the hyperon number fraction
is suppressed in the mixed phase due to the relaxation of
the charge-neutrality condition, while it is always finite in
the Maxwell construction. This has important consequen-
ces for the elementary processes inside compact stars. For
example, coherent scattering of neutrinos off lumps in the
mixed phase may enhance the neutrino opacity [38]. Also,
the absence of hyperons prevents a fast cooling mechanism
by way of the hyperon Urca processes [45]. These results
directly modify the thermal evolution of compact stars.

Although we have considered the phase transition at
zero temperature, our study can be easily extended to finite
temperature, which is relevant to protoneutron stars and
supernovae.

In this article we have not included hyperon-hyperon
interactions and three-body forces among hyperons and
nucleons, since there are still many theoretical and experi-
mental ambiguities. However, some works have suggested

their relevance for the maximum mass problem [9]: if the
hadronic EOS is sufficiently stiffened by repulsive inter-
actions, the maximum mass problem may be resolved.
Even in this case, however, the quark deconfinement tran-
sition may occur and the properties of the mixed phase
deserve further investigation.

Finally, we have considered here a very simple quark
matter model based on the MIT bag model, but there are
many works about the properties of high-density QCD.
Since color superconductivity [36] or magnetism [46] in
quark matter are closely related to the thermal and mag-
netic evolutions of compact stars, it should be interesting to
take into account these effects in the quark EOS for a more
realistic description of the mixed phase. For example, one
may expect 2SC in the quark phase, as inferred from Fig. 2:
the number densities of u and s quarks become similar in
the mixed phase, while the quark densities are well differ-
ent in the uniform quark matter [36,47,48]. It would be an
interesting possibility and worth studying in detail, but lies
outside the scope of the present paper.
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