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The mirror relative motion of a suspended Fabry-Perot cavity is studied in the frequency range 3–
100 Hz. The experimental measurements presented in this paper have been performed at the Low
Frequency Facility, a high finesse optical cavity 1 cm long suspended to a mechanical seismic isolation
system like the one of the VIRGO gravitational wave antenna. Because of the radiation pressure between
the two mirrors of the cavity, the dynamic behavior of the system is characterized by the optical spring
stiffness. In the frequency region above 3 Hz, where seismic noise contamination is negligible, the mirror
displacement noise is stationary and its statistical distribution is Gaussian. Using a simplified mechanical
model of the suspended system and applying the fluctuation dissipation theorem, we show that the
measured power spectrum is reproduced in the frequency region 3–90 Hz. Since the contribution coming
from different sources of the system to the total noise budget turns out to be negligible, we conclude that
the relative displacement power spectrum of this opto-mechanical system is compatible with a system at
thermal equilibrium within its environment. In the region 3–10 Hz this measurement gives so far the best
upper limit for the thermal noise of the suspension for a gravitational wave interferometer.
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I. INTRODUCTION

The large interferometers for gravitational waves detec-
tion and study are close to full operation. The LIGO
detectors have been operated at the design sensitivity all
over their detection bandwidth while the VIRGO interfer-
ometer is approaching the goal sensitivity, improving its
performance also in the low frequency region where sev-
eral gravitational wave signals are expected [1]. Even if
these detectors are based on the same working principle,
the VIRGO interferometer has been conceived with a
mechanical suspension, the superattenuator (SA), to sup-
press the seismic noise transmission to the optical compo-
nents by more than 10 orders of magnitude starting from
about 3 Hz [2,3]. In the low frequency region thermal
fluctuations of mechanical systems are considered the
most relevant limitation of ground based interferometers.
Their statistical behavior is well described by the fluctua-
tion dissipation theorem, connecting the system response
to an external disturbance to the inner fluctuations of the
system itself, when no disturbances are present. Such a

response is characterized by the mechanical admittance (or
impedance) of the structure [4–6].

The test masses for gravitational wave interferometers
are complex mechanical systems where contributions to
the thermal noise come from different elements of the
structure: the suspension wires of the mirror, the mirror
bulk, and the mirror coating, which is considered one of
most severe thermal-noise sources for the present and near
future detectors, just to mention a few of them.
Measurements devoted to the evaluation of different dis-
sipation mechanisms and of the parameters describing
them are often performed on resonance. Just a few experi-
mental apparatus have been conceived to measure the
thermal-noise spectrum out of resonance and in the fre-
quency region above 100 Hz [7–10]; more recently the
CLIO cryogenic interferometer is investigating the lower
frequency region [11]. Our apparatus looks at the displace-
ment power spectrum in the 10 Hz frequency range, far
from resonances. The Low Frequency Facility’s (LFF’s)
main purpose is the relative displacement measurement of
two mirrors forming a high finesse Fabry-Perot cavity
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suspended from a seismic isolation system and the study of
the thermal-noise spectrum in the region starting from
10 Hz [12]. The experimental apparatus is installed at the
INFN Pisa laboratory, where a superattenuator, very simi-
lar to those ones installed along the two arms of the
VIRGO interferometer, has been mounted. Particular care
has been devoted to the experiment design and its final
installation keeping the apparatus as similar as possible to
the VIRGO suspension chain. The main differences be-
tween the two apparatus (VIRGO and LFF) is the presence
of the optical spring and one more mirror (the AX mirror)
which will be described in the next paragraph. Moreover,
since seismic noise reduction to the payload level is very
large, the LFF can be considered as an independent bench-
mark of the VIRGO suspension behavior in the low fre-
quency region. Recently, data collected with the LFF has
shown the presence of an optical spring due to the radiation
pressure noise of the system [13]. Within the frequency
band 3–90 Hz this thermal-noise dominated setup is
unique as well as the presence of the optical spring acting
between the two mirrors of the cavity. The frequency
region 3–10 Hz is very interesting especially for the study
of signals emitted by pulsars [14], and will not be covered
by space antennas as Lisa; in this frequency region the big
antennas’ response is dominated by noise coming from the
servo loops, and the LFF apparatus gives so far the best
upper limit for the suspension thermal noise.

The first section of this paper shortly describes the
experimental apparatus. An introduction to a simplified
mechanical model reproducing the experimental measure-
ments is presented in the second section; the model is
necessary to extract information for the VIRGO apparatus.
Hence the third section is focused on the evaluation of the
main noise coming from external sources of the system. In
the fourth section a general overview on the measured
spectra is given, paying particular attention to the main
characteristics of the thermal-noise driven mechanisms,
and the dissipation coefficients found fitting the data with
the model are discussed. In the subsection the thermal-
noise upper limit for the Virgo suspension and the nonline-
arities and up-conversions are treated. In the last section,
before the conclusions, the results are discussed.

II. THE EXPERIMENTAL SETUP AND THE DATA
ACQUISITION CHAIN

The last stage of the experimental apparatus is sketched
in Fig. 1 while a more detailed description can be found in
Ref. [12]. The reflectivity, transmission, and loss (Ri, Ti, Ai
with i � 1; 2 respectively) of the two mirrors used in our
setup are given in Table I together with the nominal cavity
finesse F and the laser input power Pin. The reference
cavity (RFC) and the suspended mirrors (represented
within a gray box in Fig. 1) are installed within two
vacuum tanks.

The cavity finesse F , evaluated from the transmission
profile of the uncontrolled system (no feedback loop ac-
tive), is about 5500� 1500. The static radiation pressure
force is about 5 �N. The suspension system adopted to
isolate the high finesse 1 cm long Fabry-Perot cavity from
seismic noise is a single SA conceived for the VIRGO
interferometer test masses [4]. The curved mirror, having a
diameter of 25 mm, is embedded in a large steel cylinder
forming the mirror holder. It plays the role of the VIRGO
test mass (VM). The flat mirror of the cavity (AX, auxiliary
mirror) is hung, by means of an independent three-stage
suspension, to the last mechanical seismic filter of the
chain called Filter7. Along this branch of the chain an
intermediate mass (md) has been included as well as a
small clamp of the AX suspension wire (mt). The control
of the longitudinal motion is done by acting only on the
VM mirror using two coil-magnet pairs. This actuation
technique is identical to that one implemented in the
VIRGO interferometer [2,15,16] where the coils are
screwed on the reference mass (RM) and the magnets are
glued on the back side of the mirror. Figure 1 shows the
cavity, the input beam, the longitudinal control loop
scheme, and the acquired signals. The laser beam, phase
modulated at 17 MHz and independently frequency stabi-
lized on a 15 cm rigid reference cavity made of ULE (low
expansion glass, supplied by Corning) material, is injected
into the Fabry-Perot cavity. The reflected power, deviated
by the polarizer, is detected by a photodiode and demodu-
lated by the mixer. We applied the Pound-Drever-Hall
scheme (P-D-H) similar to that one used for the VIRGO
prestabilization circuit, which should provide a laser fre-
quency stabilization of the order of �1 mHz=

������
Hz
p

. [17].
The linear zone of the readout signal is about 10�10 m. The
feedback control loop is based on a digital signal processor
(DSP) developed for the VIRGO suspension control sys-
tem. The cavity signal is amplified and then sent to a 16 bit
analog-to-digital converter (ADC) board while the DSP
performs the signal filtering to control the stability of the
longitudinal loop. The filtered signal is sent to four digital-
to-analog converter (DAC) (20 bit) channels and then to the
four coil drivers. Mixer output, coil voltage (both signals
filtered by an antialiasing filter at 3.4 kHz), and the current
flowing in the coil are relevant signals acquired during the
measurements through a LABVIEW program at an acquis-
ition rate of 400 Hz. They are labeled in Fig. 1 as ERROR,
COIL2, and PROBE, respectively. The LFF values of the

TABLE I. Optical parameters of the cavity.

R1 0.9991
R2 0.9999
A1 and A2 0.000 01
T1 0.0009
F 6300
Pin 200 mW
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mechanical and electro-optical parameters are summarized
in Tables II and III.

III. MECHANICAL MODEL AND EXPERIMENTAL
MEASUREMENTS

The thermal noise of a linear mechanical system is
computed according to the fluctuation dissipation theorem
[4,5,18]. The theorem states that the thermal-noise spec-

trum of a mechanical oscillator in thermal equilibrium with
its bath is given by

 x2�!� �
4kBT

!2 Re�Y�!�� (1)

where kB is the Boltzmann’s constant, T the bath tempera-
ture, ! � 2��, with � the frequency, and Y�!� the system
admittance defined as

 Y�!� �
v�!�
F�!�

(2)

where F�!� is the amplitude of the external force respon-
sible of the system motion with a velocity of amplitude
v�!�. In order to predict the noise behavior of the LFF
payload, the oscillator system has been modeled assuming
massless wires and rigid bodies. Although the superatte-
nuator chain adopted to isolate the optical components
from seismic noise is a complex system, the model is
limited to the study of the dynamical elements of the
payload, i.e., the coupled oscillators forming the two
branches hung to Filter7 (see Fig. 1). Each branch includes
one mirror of the optical cavity: the first one (AX) is made
of four masses suspended in series while the second one
(VM) is composed by a simple pendulum from which two
elements are attached in parallel. The system of the equa-
tions of motion for the mechanical elements sketched in
Fig. 1 includes four equations describing the AX side
motion, and three others the VM side. Moreover, since

TABLE III. Electro-optical parameters of the LFF system.

E.M. actuator coupling � 3 mN=A
Optical gain Gopt 1:56	 1010 V=m
Feedback loop gain range 105–106

Unity gain frequency 150 Hz
RMS displacement (open loop) >10�6 m
RMS displacement (closed loop) <10�11 m

TABLE II. Mechanical characteristics of the LFF system.

Masses kg Wires mm

md 71.72 ld 1100
mt 0.08 lt 250
m2 0.296 l2 500
m3 2.5 l3 300
mx 80 lx 1130
m1 27.61 l1 700
mc 64.14 lc 500

FIG. 1 (color online). Sketch of the experimental setup starting from Filter7; gray boxes put in evidence all the components within
the vacuum tanks. The optical layout and the data acquisition chain are shown.
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the suspended flat mirror has rotational oscillation modes
below 10 Hz, we included also coupling terms and equa-
tions related to the rotational degrees of freedom of the AX
mirror. The oscillation modes of the suspension wires of
300 �m diameter and the internal oscillation modes of the
mirrors can be derived only if we model the apparatus as a
continuous system. However the family of transversal
modes of the wires (violin modes) starts around 100 Hz
and the internal modes of the mirror are at even higher
frequency. Since we are modeling just the low frequency
part of the spectrum, the hypothesis of massless wires and
rigid body is robust. Details of the model are reported in the
appendix.

We included in the equations of motion the loss terms.
We treated the two cases: the viscous damping with a term
� times the velocity, and the structural damping by a
complex spring constant k�1
 i�� where � is the loss
angle usually assumed constant with frequency and smaller
than 10�4 [19,20]. At low frequency this assumption is
controversial [21], so that in principle we cannot exclude
that a structural damping can mimic the typical spectral
behavior of a viscous oscillator, with the relation � �
!:�=k. The dissipation mechanisms have been introduced
for 2 degrees of freedom: the longitudinal and rotational
motion of the mirror. Since the AX pendulum has a mass
100 times smaller than that one of the VM mirror, we
expect that the main contribution to the system thermal
noise is associated to the AX mirror dissipation. Thus, our
measurement can be used just to set a thermal-noise upper
limit for the VIRGO-like mirror. The model includes also
the feedback loop and the optical spring effect. The feed-
back loop takes into account the coil driver impedance and
the filter function computed by the DSP board (see Fig. 1)

on the base of the mechanical transfer function of the
system represented as a combination of zeros and poles.

On the base of these coupled equations we set up a
simulation code using the MATHEMATICA software
package. The software simulation is flexible enough to
provide the response of the system when extra noise is
injected in different points of the LFF scheme (see Fig. 2).

In particular, the thermal-noise contribution within the
mirror relative displacement x measurement (the ERROR
signal of the feedback longitudinal control loop in Fig. 2)
has been evaluated as follows:

(i) in the open loop configuration the mechanical im-
pedance has been estimated applying forces of the
same amplitude and opposite direction to both mir-
rors of the cavity;

(ii) on the base of the derived mechanical impedance and
by applying the fluctuation dissipation theorem the
spectrum of stochastic forces has been evaluated;

(iii) in the closed loop configuration (to be compared
with the experimental data), we computed the me-
chanical response of the system by applying to the
mirrors thermal stochastic forces previously derived.
Experimental data have been compared with the
model prediction using as free parameters of the fit,
the dissipation coefficients and the optical spring
stiffness.

Figure 3 shows thermal-noise spectra in different work-
ing conditions: open loop with and without optical spring,
and in closed loop condition with optical spring; it clearly
shows that the optical spring strongly affects the power
spectrum, reducing the motion at low frequency and in-
creasing it around the optical spring resonance.

FIG. 2 (color online). Scheme of the control loop, which includes the main noise sources.
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IV. EXTRA NOISE SOURCES

In Fig. 4 the power spectrum of the two mirrors’ relative
motion suspended to the SA chain is shown. This plot has
been obtained analyzing a collected data stretch 1 h long.

A typical structure of the SA chain excited by the
seismic noise is visible below 3 Hz while at higher fre-
quency a few peaks with high mechanical quality factor
(Q) are present. In particular, the broad peak coming from
the optical spring at about 90 Hz is well visible. In the
frequency region above 3 Hz, we tried to identify as many
as possible noise sources of our experimental setup. First of

all we notice that the noise spectrum is characterized by
several peaks originated by a few different mechanisms
like the mechanical vibration of the vacuum vessel, fluc-
tuation of the input laser beam (whose optical path is in
air), or the environmental electromagnetic pollution. As a
preliminary step of the data analysis, we checked that the
nonstationary behavior of some of these peaks does not
influence the noise floor. For this purpose we compared
consecutive time slots of a single data acquisition and we
verified that while the amplitude peak enhanced, the noise
floor remained constant [12].

Thus, all the noise sources due to a nonstationary
mechanism have been ruled out. In Fig. 2 we located in
the scheme the various extra noise sources.

Seismic noise propagates to the payload through the
suspension system only. The residual rms motion of the
mirror is several microns in the open loop configuration
and less than 10�11 m when the feedback loop is on. The
measurement above 3 Hz is incompatible with the seismic
noise, for several reasons: the seismic noise is nonstation-
ary and the spectral behavior should be very different from
the measured one. Moreover, some runs have recorded
the data from the cavity and from accelerometers located
nearby, inside the vacuum tank of the suspension. Above
3 Hz the coherence between the cavity error signal and
the seismic motion is below 1%. A detailed analysis of
the seismic noise contamination in the case of the mirror
suspended by the superattenuator can be found else-
where [22]. Here we recall that the contamination of
seismic noise at 10 Hz is below 10�15 m=

������
Hz
p

for the
VIRGO interferometer test masses. Other noise sources
are associated to different devices: the laser (frequency
and amplitude jitters), the mixer, the photodiode, the coil
drivers, as well as the ADC and DAC boards. In the
following we analyze their contributions to the LFF output
spectrum.

(i) The noise due to the DAC board and the coil drivers,
indeed, results to be incompatible with the measured
spectrum. A power spectrum similar to that one
measured during our data taking corresponds to a
DAC noise value of 2	 10�4 V=

������
Hz
p

, a factor 103

higher than that one measured on bench. In fact, the
coherence study between the signal acquired at the
output of the DAC board (COIL2 label in Fig. 2) and
the signal acquired after the coil driver (PROBE
label in Fig. 2 representing the current flowing in
the coil) is higher than 95% above 10 Hz. We con-
clude that the DAC noise contribution to the total
noise budget is negligible.

(ii) When we consider in the model the combined effect
of different noise sources (laser, mixer, photodiode,
and ADC board), we conclude that a white noise
would not reproduce the collected data in the fre-
quency band 3–100 Hz. In Fig. 5 the ratio between
the noise injected within the system and the ERROR

FIG. 4 (color online). Typical power spectrum of the mirror
relative motions in the suspended cavity. The measurement has
been obtained with the feedback loop active.

FIG. 3 (color online). Thermal-noise power spectrum in the
three cases: open feedback loop without optical spring (dot-
dashed line), open feedback loop with optical spring (dashed
line), closed feedback loop with optical spring (continuous line).
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signal (see the relative label in Fig. 2) is plotted on
this frequency range. In particular, the peak around
80 Hz is compatible with a spectral density noise of
the source �1:5	 10�3 V=

������
Hz
p

. However, the
larger source of noise originates in the ADC board;
we have measured its spectral density as 2:4	
10�6 V=

������
Hz
p

at a sampling frequency of 10 kHz.
We conclude that also this noise contribution is
negligible.

(iii) The frequency jitters of the Nd:YAG laser source
could be the dominant source of noise. However,
the measured power spectrum around the optical
spring resonance (around 80 Hz) is compatible
with a frequency jitter of �350 Hz=

������
Hz
p

, just a
factor 5 below the measured free running laser fre-
quency jitter. However, during data taking the laser
source is frequency stabilized at the level of a few
mHz=

������
Hz
p

, so that it results that this noise source
contribution is at least 106 times lower than the total
noise spectrum.
The sum of the frequency and amplitude jitter of the
laser and the photodiode noise have been measured
independently. The P-D-H reflected signal has been
recorded at a sampling rate of 40 kHz with the
optical cavity out of lock. Studying the linear region
of the P-D-H signal, we can evaluate the sum of the
above mentioned noises. The collected data have
been fitted with a polynomial curve up to the nineth
order, then the statistical distribution of the residuals
was studied. The standard deviation of this last dis-
tribution is a good estimator of the noise affecting the
system [23]. The obtained value 2	 10�4 V re-
ported on Fig. 6 is not compatible with a power
spectral density of 1:5	 10�4 V=

������
Hz
p

:

Thermal-noise upper limits for the Virgo mirrors and
up-conversion.

Thermal-noise upper limits for the open loop motion of
the VM branch can be evaluated in the low frequency
region with the help of the mechanical model and using
the fitted parameters. The stochastic forces are evaluated
from the data, and then applied to the Virgo mirror sus-
pension only, considered isolated, without the optical
spring which couples the two mirrors. Figure 7 shows the
upper limit of the thermal noise of the Virgo interferometer

FIG. 6 (color online). Top: P-D-H signal around the resonance,
feedback not active; over-imposed is the polynomial fit of the
recorded points up to order 9. Bottom: difference measured
points polynomial fit, which is a good measure of the noise
coming from the laser, frequency, and amplitude noise.
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FIG. 7 (color online). Thick continuous line: Upper limit of
thermal-noise displacement noise of the VIRGO mirrors. Thick
dotted line: expected thermal noise for the VIRGO interferome-
ter. Thin dotted line: VIRGO sensitivity in WSR6, 1st– 4th
December 2006. Thin continuous line: VIRGO sensitivity in
WSR10, 9th–12th March 2007. Thin dashed-dotted line: CLIO
sensitivity as extracted from [24].

FIG. 5 (color online). PROBE output versus frequency com-
puted in the model by injecting white noise before the DSP.
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test masses, which is compared with the noise evaluated by
the Virgo interferometer [14]; the Ligo and Geo600 data
are not shown since they have not been designed for such
low frequencies. The ClIO Japanese interferometer, a cryo-
genic facility, located in the Kamioka mine is pushing hard
to have good sensitivity at low frequency [25,26]. One of
the main problems of the low frequency region is done by
the up-conversions: the large low frequency motion gen-
erates noise at higher frequency by nonlinear couplings,
which could be due as well to the mechanical apparatus or
the electronics. The data analyzed are Gaussian, they have
passed MATLAB tests, bi-spectra has been studied as well,
linearities are not present, and no evidence of up-
conversion have been found in this set of data. The typical
relative open loop motion of the two mirrors was
5–10 �m, and it is possible to say that up-conversions of
the low frequency motion (several microns) are not present
in the interval 3–100 Hz).

V. RESULTS OF THE FIT AND DISCUSSION

We collected data in several different working condi-
tions but with similar control loop gain. The test performed
confirms the compatibility of the data with the thermal-
noise prediction. As mentioned in a previous paragraph the
most important signal used in our analysis is that related to
the cavity detuning (closed loop error signal) obtained by
reconstructing the signal output of the DSP (COIL2 in
Fig. 1). This signal is acquired after a two poles
Butterworth filter, which selects the frequency range 10–
200 Hz. The region of the spectrum below 3 Hz is domi-
nated by the seismic noise, and it has been cut off by
another high pass filter applied to the data. Using the
Horde software routine of the MATLAB package, we
checked that the data follows the Gaussian statistical dis-
tribution, and the time-frequency spectrograms show that it
is stationary. According to Ref. [4] an independent check
of the stationary data for a thermal-noise dominated system
can be evaluated averaging the product between the speed
and the acceleration of the observed system (hvx � axi; vx
and ax are the speed and the acceleration). This parameter
should vanish if the system is thermal-noise dominated.
Figure 8 shows the distribution of the mentioned parameter
(the average of the product between the speed and the
acceleration of the system) averaged on increasing time
interval and for frequencies below 100 Hz. The speed and
the acceleration have been obtained by differentiating the
displacement measurements. As stated by the Boltzmann’s
law, the distribution of the speed �vx� for an oscillator
excited by the thermal noise is

 f�vx� �
�
m

2kbT

��
1

2

�
	 e��mv

2
x=2kbT�; (3)

where m is the oscillator mass, kb is the Boltzmann’s
constant, and T the absolute temperature. Moreover, the
variance � of the distribution f�vx� for a free oscillating

system (not feedback controlled) is defined by the me-
chanical parameters. Our measurements have been per-
formed with an active feedback loop which does not
influence the distribution of the data, but it changes the
absolute value of the variance itself. In principle the vari-
ance �, for a closed loop case, could be reconstructed
integrating the expected power spectrum all over the fre-
quency band. The comparison between the measured spec-
trum and the predicted one is the most reliable method to
prove that the data are thermal-noise dominated. Thus, we
checked that the energy associated with the mirror AX,
integrating the power spectrum between 3 and 100 Hz, is
below k	 T=2 (T ’ 298 K).

Kubo [4] states that for a system at the thermal equilib-
rium the admittance Y can be evaluated by the Fourier
transform integrated from zero to infinity of the autocorre-
lation function of the speed. From the knowledge of Y it is
possible to reconstruct the power spectrum from the fluc-
tuation dissipation theorem. Let xF be the displacement
filtered by the feedback loops and by the filters of the
acquisition system. The following relation held for the
power spectrum of xF:

 SxFxF �
2

!2<

�Z 1
0

�
dxF�t
 ��

dt
dxF�t�
dt

�
ei!tdt

�
: (4)

In Fig. 9 the SxFxF is evaluated both directly from the data
and applying the above equation. The agreement is good,
in particular, in the region of the optical spring resonance
and at higher frequencies. At lower frequency the stretch of
data is too short to be used for deriving a significant
estimation of the power spectrum on the basis of the
formula reported above. The good agreement shown is
not sufficient to demonstrate that our measurements are
thermal-noise dominated. It represents just an efficient
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FIG. 8 (color online). Speed times acceleration averaged over
time intervals of increasing length.
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cross-check performed using uncalibrated raw data. To
evaluate in a more precise way the thermal-noise contri-
bution to the data, we used our model to best fit the data.
First of all, we derived the dissipation coefficient �l �
5:8 1=s, associated to the longitudinal motion of AX, by
fitting the data selected around the optical spring resonance
65–80 Hz, while the other �	 � 6:5 1=s is found by fitting
the data in the interval 3.5–6 Hz, where there is the anti-
resonance. In Fig. 10 we show the measured spectrum and
the thermal-noise contribution estimated by best fitting the
data with the model for an optical gain Gopt �

1:56	 1010 V=m and kb � 56 000 N=m. Similar results
have been obtained by analyzing the data of independent
runs. Since the pressure inside the vacuum tank was lower
than 10�4 mbar, we checked [27] that the estimated dis-
sipation coefficients are incompatible with losses due to the
residual gas. It has been also checked that the present
measurement is not compatible with a loss angle � con-
stant in frequency, but it agrees with viscous damping or
equivalently a loss angle frequency depending [21]. As it is
shown in Fig. 10, the result of the fit and the data well agree
below 90 Hz, at higher frequency the higher order modes
are relevant, and the model cannot reproduce the data. In
fact, the power spectrum of the collected data is limited
below 200 Hz and it is impossible to further constrain the
model by adding higher order modes, since the high fre-
quency resonance cannot be identified. We checked just
with the model that higher internal modes of the mirrors
and violin modes of the wires change the slope of the
power spectrum above 100 Hz and increase the level at
lower frequency.

We notice that the dissipation coefficients are about 10
times larger than expected in a gravitational wave experi-
ment. However, if the losses are due to the clamps of the

suspension, the present result should be considered as a
warning for the present large interferometric antennas.
However the large values of dissipation factor resulting
from the fit can be biased for the reasons discussed in the
following.

(i) The LFF apparatus is not as performing as VIRGO
from the point of view of the losses due by mechani-
cal dissipation. In particular three wire loops are
attached to the AX mirror and the wire diameter is
rather large (300 �m). Moreover the two wire loops
holding the mirror are attached to a motor used to
align horizontally the cavity. Because of the fact that
the difference in length of the two wire loops, set up
only 3 mm apart, was causing a large vertical mis-
alignment, it has been necessary to change the length
of one of the two wire loops by using a clamp, which
is attached directly to the wires of one of the two
loops. This clamp consists of two pieces and a screw,
which bends the AX, changing the distance between
the two pieces and the effective length of one of the
two wire loops mirror.

(ii) The model overestimates the losses for two reasons:
in the model the losses are associated to the AX
mirror motion only, and the higher order mechanical
modes of the system are not taken into account.
Indeed, we checked that in principle the higher order
mode tail at low frequency can contribute in decreas-
ing the dissipation coefficients.

(iii) The values of the two � coefficients resulting from
the data fit depend also on the absolute calibration: in

FIG. 9 (color online). Measured power spectrum compared
with the power spectrum reconstructed by evaluating the admit-
tance from the speed autocorrelation function and applying the
fluctuation dissipation theorem; see Eq. (4).

FIG. 10 (color online). Measured power spectrum, 10 mHz
frequency resolution, compared with the thermal -noise esti-
mated by the model, assuming an optical gain 1:56	
1010 V=m, kb � 55 000 N=m, and the typical working condi-
tions of the present set of runs; the losses, two parameters
constant in frequency, are associated to the AM longitudinal
and rotational degree of freedom; their fitted values are 5:8 1

s for
the longitudinal and 6:5 1

s for the rotational.

A. DI VIRGILIO et al. PHYSICAL REVIEW D 76, 122004 (2007)

122004-8



particular, they decrease when the optical gain is
increased. For example, assuming a optical gain 6	
1010 V=m, the fit gives �l � 0:13 1=s and �	 �
1:06 1=s. The calibration of the LFF apparatus so
far relies on measurements taken when the cavity
feedback is off (open loop condition). The actuator
system is calibrated applying a slowly increasing
voltage to the coil drivers and counting the number
of free spectral ranges transmitted by the cavity. In
practice, the optical readout is calibrated by looking
at the Pound-Drever-Hall signal; the two sidebands
34 MHz apart set the scale for the absolute calibra-
tion. In order to improve the calibration accuracy of
the measurement, it would be necessary to have an
independent system pushing the mirror a known
amount during the data taking.

VI. CONCLUSIONS

A 1 cm Fabry-Perot cavity is suspended using a super
attenuator chain equal to the ones used for the VIRGO
antenna. This cavity has been locked for several hours, and
data analyzed offline. The output signal exhibits a statisti-
cal behavior and a displacement power spectrum compat-
ible with a system at its thermal equilibrium. For the first
time we have been able to measure, out of the mechanical
resonances, the thermal noise of suspended mirrors in the
range 3–100 Hz which includes the optical spring reso-
nance. The data have been compared with a prediction of a
simplified opto-mechanical model. On the base of it we
evaluated the relative contribution of different noise
sources of the system and, in particular, that one of the
thermal noise computed applying the fluctuation dissipa-
tion theorem. We concluded that the measured power
spectrum is not dominated by external noise sources. The
spectrum is compatible with the thermal noise of the
suspended mirror dominated by viscous dissipation coef-
ficients �l � 5:8 1=s and �	 � 6:5 1=s associated to the
AX mirror. Upper limits for pendulum thermal noise are
evaluated for the Virgo suspension in the low frequency
region, showing that future antennas could extend the
detection bandwidth down to a few Hz; up-conversion of
the low frequency motions are not evident in the data. So
far this is the best upper limit in the frequency region 3–
10 Hz.
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APPENDIX: MODEL EQUATIONS

We report here the equations of motion of the simplified
LFF model just in the case of viscous damping terms added
to the AX mirror. We refer to the symbols reported in
Fig. 1. The first group of five equations are associated to
the AX suspension;, four of them are related to the longi-
tudinal degree of freedom of the masses and the fifth one to
the rotation of the AX mirror around the vertical axis. Fxd ,
Fxt , Fx2

, and Fx3
are the forces applied to the masses md,

mt, m2, and m3, while M is the torque applied to the AX
mirror. The other three equations are related to the mass
longitudinal motion of the branch which includes the VM
mirror. FVMx

, FVMc
, and FVM1

are the forces applied to the
mass mx, mc, and m1, respectively.
 

Fxt � �m
:
d!

2xd 

�md 
m2 
m3 
mt��xd � nsd�

ld



g�mt 
m2 
m3�

l2
; (A1)

 Fxt � �mt!
2xt �

g�mt 
m2 
m3��xd � xt�
l2



g�xt � x2��m2 
m3�

lt
; (A2)

 

Fx2
� �m2!2x2 �

g�m2 
m3��x2 � xt�
lt

�
g�x3 � x2��m3�

l3

 kopt�x2 
 xb � 	lr�


 i �!�1
l x2; (A3)

 Fx3
� m3

�
�!2x3 


g�x3 � x2�

l3

�
; (A4)

 M � �Ir!2	
 kr	
 kb�x2 � xb � 	lr�lr 
 i �!�1
		;

(A5)

 FVMx
� �mx!2x
 g

�
mc�x� xc�

lc


m1�x� nsx�

l1



m
mc 
m1

lx

�
; (A6)

 FVMc
� �mc

�
g�x� xc�

lc

!2xc

�
; (A7)

 FVM1
� �m1

�
g�x� x1�

l1

!2x1

�
� kopt�x2 
 x1 � 	lr�:

(A8)

Here g is the acceleration of gravity and ! the angular
frequency. xd and x3 are the longitudinal co-ordinates of
the pointlike masses of the AX branch, while x2 and 	 are
the longitudinal and rotational degree of freedom of the
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AX mirror. x, xc, and x1 are the longitudinal coordinates of
the masses of the VM side. The seismic noise sources are
included in the model by means of the terms nsd and nsx
which appear in the Eqs. (A1) and (A5). Finally Ir is the
momentum of inertia of the AX mirror, kr its torsional
coupling constant, and lr � 4 mm is the distance between
the AX mirror center and the point where the light beam
hits the mirror. The dissipation factors �l � �1

l =m2 and
�	 � �1

	=Ir have been already defined in the previous
section, while values of the masses and wire lengths are
reported in Table II. The feedback effect

 Ffb � 4
�

Z�!�
��x1 
 	lr � x2 
 n1�GoptFDSP 
 n2�;

(A9)

where n1 and n2 are the ADC and DAC
 driver noise

sources. Z � j!L
 R is the actuator impedance (L �
7	 10�4 H and R � 110 �), Gopt is the optical gain
(see Table III) and FDSP is the filter transfer function
computed by the DSP. FDSP is obtained as the sum of
two functions; the first one includes a pole at �p �
0:5 Hz increasing the gain at low frequency, and the second
one includes a zero at 30 Hz stabilizing the loop. The
explicit expression of this function is

 FDSP�
��b1
b2 � i� � ��a1
a2 � i
�� � �a1
a3 � i
��

��p�2�� � i
;

(A10)

where b1 � 0:003 s, b2 � 0:075 s, a1 � 13:83 Hz, a2 �
51:92 Hz, and a3 � 21:42 Hz.

[1] J. K. Thorne and B. Shutz, Classical Quantum Gravity 16,
A131 (1999).

[2] G. Ballardin et al., Rev. Sci. Instrum. 72, 3643 (2001).
[3] S. Braccini et al., Astropart. Phys. 23, 557 (2005).
[4] R. Kubo, Rep. Prog. Phys. 29, 255 (1966).
[5] H. B. Callen and T. A. Welton, Phys. Rev. 83, 34 (1951).
[6] P. Saulson, Phys. Rev. D 42, 2437 (1990).
[7] M. Gonzales and P. Saulson, J. Acoust. Soc. Am. 96, 207

(1994).
[8] K. Yamamoto et al., Classical Quantum Gravity 19, 1689

(2002).
[9] Courty et al., Phys. Rev. Lett. 90, 083601 (2003).

[10] Numata et al., Phys. Rev. Lett. 91, 260602 (2003).
[11] M. Ohashi et al., Classical Quantum Gravity 20, S599

(2003).
[12] A. Di Virgilio et al., J. Phys.: Conf. Ser. 32, 346 (2006).
[13] A. Di Vigilio et al., Phys. Rev. A 74, 013813 (2006).
[14] M. Evans (Virgo Collaboration), ‘‘Virgo Status,’’

Moriond07 GW and experimental gravity, LaThuile,
2007, edited by J. Dumarchez (to be published).

[15] G. Losurdo et al., Rev. Sci. Instrum.72, 3654 (2001).

[16] M. Bernardini, E. Majorana, P. Puppo, P. Rapagnani, F.
Ricci, and G. Testi, Rev. Sci. Instrum. 70, 3463 (1999).

[17] VIRGO Collaboration, VIRGO Physics Book, Optics and
related Topics, Chap. II. Can be downloaded from http://
www.VIRGO.infn.it/.

[18] R. C. Ritter and G. T. Gillies, Phys. Rev. A 31, 995 (1985).
[19] N. A. Robertson et al., Classical Quantum Gravity 19,

4043 (2002).
[20] Cagnoli et al., Phys. Lett. A 213, 245 (1996).
[21] G. Cagnoli et al., Phys. Lett. A 255, 230 (1999).
[22] A. Di Virgilio, VIRGO Note, Report No. VIR-NOT-PIS-

1390-334.
[23] S. M. Kay, Fundamentals of Statistical Signal Processing,

Prentice Hall Signal Processing Vol. I, edited by Alan V.
Hoppenheim (Prentice Hall, Englewood Cliffs, NJ, 1993).

[24] http://www.icrr.u-tokyo.ac.jp/gr/gre.html.
[25] M. Ohashi et al., Classical Quantum Gravity 24, 2415

(2007) (GWDAW11 proc.)
[26] M. Ohashi (private comunication).
[27] M. Punturo, VIRGO Note VIR-NOT-PER-1390-51.

A. DI VIRGILIO et al. PHYSICAL REVIEW D 76, 122004 (2007)

122004-10


