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Departamento de Fı́sica, Instituto Superior Técnico, Avenida Rovisco Pais 1, 1049-001 Lisboa, Portugal‡

(Received 13 June 2007; published 29 November 2007)

We consider real and complex scalar fields nonminimally coupled to gravity in the bulk spacetime and
study their impact on the brane upon acquiring a nonvanishing vacuum expectation value. When
examining the case of the complex scalar field, a minimally coupled U�1� gauge field is also considered
so that spontaneous symmetry breaking can take place. Particular attention is paid to the terms arising
from the junction conditions, which act towards reinforcing the mechanism of spontaneous symmetry
breaking. We find that the embedding of a braneworld universe in a bulk spacetime endowed with matter
fields can induce this mechanism at very high energies and that matter localized on the brane will only
interact with bulk matter fields through gravity when a nonminimal coupling exists.
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I. INTRODUCTION

The breaking of geometrical symmetries or internal
symmetries, such as those associated with gauge invari-
ance, is a crucial ingredient in physics. This breaking plays
a central role both in condensed matter physics and in
quantum field theory. In particular, the phenomenological
consistency of the electroweak unification relies funda-
mentally on the breaking of a gauge symmetry. It is well
known that some important features of the symmetry
breaking mechanism are altered once the coupling to grav-
ity is considered. For the case of scalar fields this occurs via
a nonminimal coupling with the scalar curvature. Such
coupling may lead to important physical consequences,
as it affects the positivity of the Einstein tensor and the
stability of theories coupled to gravity [1]. It is worth
stressing that the positivity of the Einstein tensor is a
condition of the well-known singularity theorems for grav-
ity. A nonminimal coupling plays also a crucial role in
some alternative gravity models, commonly referred to as
induced gravity [2], as it is through this coupling that the
mechanism of symmetry breaking can generate a gravita-
tional coupling and an induced cosmological constant (see
e.g. [1,3] and references therein). Given the relevance of
these issues, examining their relationship in the context of
the braneworlds is quite logical since in these models the
Newton’s constant, the five-dimensional cosmological
constant and the brane tension are entangled. In this frame-
work, the mechanism of spontaneous symmetry breaking
(SSB) allows one to relate these quantities with the process
of generation of mass.

In this work we shall consider such nonminimally
coupled scalar field models in the context of braneworlds.

The two bulk fields, namely, gravity and the scalar field,
must be allowed to interact in the five-dimensional space-
time and not solely on the boundary. The simplest such
interaction couples the scalar curvature to the scalar field.
Moreover, the spectrum of the metric fluctuations for brane
models with a nonminimally coupled scalar field was
shown to include a zero mode localized on the brane and
to reproduce a Newtonian potential subject to observatio-
nal constraints [4]. Notice that in string theory, for in-
stance, the couplings to the dilaton at the effective action
level involve instead an overall exponential function in the
s-parametrization and derivative terms [5].

Bulk scalar fields have been previously discussed in
various studies of nonvanishing vacuum bulk field configu-
rations, in both one [6,7] and two-brane setups [8,9]. Here
we study real and complex scalar fields in the bulk space-
time and examine their implication for the mechanism of
SSB on the brane upon acquiring a nonvanishing bulk
vacuum expectation value (vev). Furthermore, when study-
ing the case of the complex scalar field, we also consider a
minimally coupled U�1� gauge field so that spontaneous
breaking of the gauge symmetry can take place. New terms
arising from the junction conditions will contribute to the
equations induced on the brane and entail consequences in
the induced SSB mechanism. Since the masses induced by
the brane mediated SSB mechanism are of order the four-
dimensional Planck mass, the range of the induced inter-
actions become short about the brane, suggesting the lo-
calization of the bulk fields on the brane. This conclusion,
which can be drawn from our rather unexpected results,
follows from considering the inverse of the mass inside the
brane as a measure of the confinement to the brane [10].
Furthermore, our results imply that localized matter on the
brane will only interact with bulk matter fields through
gravity when a nonminimal coupling exists.

This paper consists also of a preliminary study of the
possibility of using spontaneous symmetry breaking as a
means for localizing matter on the brane. In the Goldstone
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mechanism, a mass is attained in the direction along which
the system undergoes spontaneous symmetry breaking.
The consequent gain in inertia would be expected to pre-
vent the motion of matter along that direction and thus to
constrain matter to stay on the orthogonal directions, which
would define the brane comprising the observable universe.
We aim to further pursue this idea in a follow-up publica-
tion. This is the opposite idea to the Dvali-Schifman
mechanism, where a nonconfinement Higgs phase is found
on the brane whereas a confinement phase is preserved in
the bulk [11]. More recently, a variation of the Dvali-
Shifman mechanism, as triggered by the geometry of
five-dimensional anti-de Sitter, was applied to the study
of the dynamics along the direction normal to the brane of a
scalar field nonminimally coupled to gravity [12].

Here we establish how to derive brane quantities from
bulk quantities by adopting Fermi normal coordinates with
respect to the directions parallel to the brane and continu-
ing into the bulk using the Gauss normal prescription. After
deriving the equations of motion in the bulk, we project
them parallel and orthogonal to the surface of the brane.
The brane is assumed to be a distribution of Z2-symmetric
stress energy about a shell of thickness 2� in the limit �!
0. Derivatives of quantities discontinuous across the brane
will generate singular distributions on the brane which
relate to the localization of the stress-energy. This relation
is encompassed by the matching conditions across the
brane obtained by the integration of the corresponding
equation of motion in the direction normal to the brane.
The matching conditions provide the boundary conditions
on the brane for the bulk fields, thus constraining the
parallel projected equations to produce the induced equa-
tions on the brane. Then we discuss the SSB mechanism in
the context of a braneworld universe embedded in a five-
dimensional anti-de Sitter (AdS5) bulk spacetime. Spon-
taneous symmetry breaking is treated by assuming that the
bulk scalar fields acquire a nonvanishing expectation value,
which induces on the brane the breaking of the existing
gauge symmetry when the scalar field is minimally
coupled to a gauge field.

Notice that the formalism employed here has been de-
veloped earlier [13] and has moreover been used to study a
vector field coupled nonminimally to gravity in order to
examine the implications on the brane of the spontaneous
breaking of Lorentz symmetry in the bulk [14]. In what
follows, d stands for the total number of space dimensions.

This paper is organized as follows. In Sec. II we work
out the case of a bulk scalar field coupled nonminimally to
gravity. In Sec. III we endow the scalar field with a U�1�
charge, introduce an additional gauge field and implement
the SSB mechanism. This requirement is of particular
relevance since, once the gauge fields acquire a mass on
the brane, they become short range fields and must thus
become confined therein. For each case we derive the
effective equations of motion for the bulk fields as induced
on the brane.

II. SCALAR FIELD

In this section we consider a bulk real scalar field �,
which contributes to the purely gravitational Lagrangian
density for AdS5 spacetime with canonical kinetic and
potential terms and with a �-graviton interaction term as
follows:

 

L �
1

�2
�5�

R� 2�� ��2R�
1

2
g���r����r��� � V��

2�:

(1)

Here, �2
�5� � 8�GN�5� � 1=M3

Pl is the five-dimensional
gravitational coupling constant and � is a dimensionless
coupling constant which measures the nonminimal inter-
action. In the cosmological constant term � � ��5� ���4�,
we have included both the bulk vacuum value ��5� and that
of the brane ��4�, described by a brane tension � localized
at the position of the brane, ��4� � ���N�.

A. The induced dynamics

First we derive the equations of motion for both the
scalar field and the graviton as measured by an observer
localized on and confined to the brane. This follows closely
the procedure developed in Ref. [14] for a vector field and,
in particular, uses the results derived therein.

By varying the action with respect to the metric, we
obtain the Einstein equation in the bulk

 

�
1

�2
�5�

� ��2

�
G�� ��g�� �

1

2
T����� � ������� ; (2)

where

 

T����� � �r����r���

� g����
1
2g
	
�r	���r
�� � V��

2�� (3)

is the stress-energy tensor associated with � and

 ������ � r�r��2 � g��g	
r	r
�2 (4)

is the contribution from the interaction term. We note the
�-dependence of the five-dimensional gravitational cou-
pling constant akin to that of the Brans-Dicke formulation.
For the equation of motion for the � field, obtained by
varying the action with respect to �, we find that

 g��r�r���
@V
@�
� 2��R � 0: (5)

We now proceed to project the equations parallel and
orthogonal to the surface of the brane, finding for the
stress-energy tensor T that
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T���AB � �rA���rB��

� gAB��
1
2��rC��

2 � �rN��
2� � V��2��;

T���AN � �rA���rN��;

T���NN � �rN���rN��

� gNN��
1
2��rC��

2 � �rN��2� � V��2��;

(6)

and similarly for the source tensor � that
 

����AB � �rArB�KABrN��
2�gAB�r2

C�r
2
N�KrN��

2;

����AN � �rArN�KABrB��
2;

����NN �rNrN�
2�gNN�r2

C�r
2
N�KrN��

2:

(7)

Equating the (AB) components of the decomposition of the
Einstein tensor and of the source terms from the scalar field
�, we find for the Einstein equation parallel projected onto
the brane that

 �
1

�2
�5�

� ��2

��
G�ind�
AB � 2KACKCB � KABK � KAB;N �

1

2
gAB��KCDKDC � K

2 � 2K;N�
�

�
1

2
�rA���rB�� �

1

2
gAB

�
�

1

2
��rC��2 � �rN��2� � V��2�

�
� gAB�

� ���rArB � KABrN��2 � gAB�r2
C �r

2
N � KrN��

2�: (8)

To obtain the matching condition for the extrinsic cur-
vature across the brane, we integrate the (AB) component
of the Einstein equation in the coordinate normal to the
brane. From the Z2-symmetry it follows that ����� �
����� and consequently that rN����� � �rN�����.
Moreover, continuity of the induced metric across the
brane gAB���� � gAB���� implies that KAB���� �
�KAB����. We then obtain for the (AB) matching condi-
tion

 

Z ��
��

dN
�

1

�2
�5�

� ��2

�
��KAB;N � gABK;N�

�
Z ��
��

dN��gAB��4� � ���KAB � gABK�rN�
2

� gABr2
N�

2��; (9)

which yields

 

�
1

�2
�5�

� ��2

�
��KAB � gABK� � gAB

�
�
�
2
� �rN�2

�

(10)

for �2 even about the position of the brane. These provide
boundary conditions for ten of the fifteen degrees of free-
dom. Five additional boundary conditions are provided by

the matching conditions from the (AN) and (NN) compo-
nents of the projected Einstein equations. From inspection
of the (AN) components we note that

 

GAN � KAB;B � K;A � �rB

�Z
dNGAB

�

� �rBT
���
AB � 0; (11)

which vanishes due to conservation of the induced stress-
energy T ���

AB on the brane, as read off of Eq. (10). This
condition constrains four degrees of freedom. The (NN)
component of the Einstein equation

 �
1

�2
�5�

� ��2

�
��R�ind� � KCDKCD � K2� ���5�

�
1

2

�
1

2
�rN���rN�� �

1

2
�rC���rC�� � V��

2�

�

� ��r2
C � KrN��

2 (12)

consists of the remaining constraint. Substituting the (AB)
matching condition, Eq. (10), back in the (AB) Einstein
equation, Eq. (8), we find for the Einstein equation induced
on the brane

 

�
1

�2
�5�

� ��2

��
G�ind�
AB � 2KACKCB � KABK �

1

2
gAB��KCDKDC � K2�

�
� gAB��5�

�
1

2
�rA���rB�� �

1

2
gAB

�
�

1

2
�rC��

2 �
1

2
�rN��

2 � V
�
� ��rArB � gABr

2
C��

2: (13)
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Similarly, we expand the equation of motion for the
scalar field �:

 

�gAB�rArB � KABrN� � rNrN���
@V
@�

� 2���R�ind� � KABKBA � K2 � 2K;N� � 0: (14)

To obtain the matching condition for � across the brane,
we integrate in the N coordinate discarding all derivatives
other than along N:

 

Z ��
��

dN�KrN��rNrN�� 4��K;N� � 0: (15)

If we assume Z2-symmetry across the brane, the matching
condition for � becomes

 rN�� 4�K� � 0: (16)

Substituting Eq. (16) back into Eq. (14), we obtain for the

propagation of � on the brane that

 

gABrArB��
@V
@�

� 2���R�ind� � KABKBA � �1� 8��K2� � 0: (17)

Moreover, equating the matching conditions for the
extrinsic curvature, Eq. (10), and for the scalar field �,
Eq. (16), we can solve for KAB and rN� to find that

 KAB � �
1

2
gAB�

1=�d� 1�

1=�2
�5� � ��

2�1� 8�d=�d� 1��

��������N�0
;

(18)

 

rN�jN�0��2���
d=�d�1�

1=�2
�5����

2�1�8�d=�d�1��

��������N�0
:

(19)

We substitute Eq. (16) for rN� and Eq. (17) for r2
C� in

the (NN) component of the Einstein equation, Eq. (12), to
find for R�ind� that

 �
1

�2
�5�

� ��2�1� 4��
�
R�ind� �

�
1

4
� 2�

�
�rC��

2 �
1

2
V � 2��

@V
@�
���5� � KCDKCD

�
1

�2
�5�

� ��2�1� 4��
�

� K2

�
1

�2
�5�

� ��2�1� 32�2�

�
: (20)

Similarly, from Eq. (13) we find for the Einstein equation induced on the brane that

 G�ind�
AB �

�
1

�2
�5�

� ��2

�
�1
��

1

2
� 2�

�
�rA���rB�� � 2��rArB�

�
� gAB

�
R�ind� � K2�d

2 � d� 4

2d2

�
; (21)

with R�ind� given by Eq. (20).
Using the equations derived above, we realize the case

where the scalar field acquires a nonvanishing vev h�i
which minimizes the effective potential. This can induce
spontaneous symmetry breaking when the scalar field is
coupled to a gauge field, thus endowing the latter with a
mass, as will be discussed in Sec. III. Here, however, a
nonvanishing vev will entail a change in the effective
cosmological constant and in the effective mass of the
scalar field. Moreover, once the scalar field acquires a
vev, no direction on the brane can be selected, which
implies that rAh�i � 0. Consequently, Lorentz symmetry

breaking cannot take place in the presence of a bulk scalar
field only (see Ref. [14] for the case of an explicit violation
of Lorentz symmetry due to a nonvanishing vev for a
vector field).

We can read off of the induced Einstein equation the
effective cosmological constant, which would comprise all
the terms proportional to the induced metric which do not
vanish when all the contributions from the matter fields
vanish. However, in the case that the matter fields acquire a
nonvanishing vev, the effective cosmological constant will
contain the contribution of the matter fields at the corre-
sponding nonvanishing value. It follows that
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�eff

�
1

�2
�5�

� �h�i2�1� 4��
�
�

1

2
V�h�i2� � 2�h�i

@V
@�

����������h�i
���5�

� K2j��h�i

��
1

�2
�5�

� �h�i2
�
d2 � d� 4

2d2 � �2�h�i�2
�
�d2 � 3d� 4

2d2 � 8�
��
: (22)

We thus observe that a nonvanishing vev in the bulk gen-
erates in the gravitational sector a contribution to the
cosmological constant on the brane.

B. The effective potential

Whether a nonvanishing vev for the scalar field can be
observed on the brane depends on the form of the effective
potential Veff��2�. The parameters of the potential will
influence the magnitude of its minimum and consequently

the mass of the scalar field � measured on the brane,
defined as the value of the second derivative of the effective
potential evaluated at the vev of the scalar field, h�i. We
first determine the effective potential measured on the
brane and then proceed to study the conditions for a non-
vanishing vev.

The evolution of � on the brane, as described by
Eq. (17) and with R�ind� given by Eq. (20),

 

gABrArB��
@Veff

@�
�

�
1

4
� 2�

�
�rC��

2 2��

1=�2
�5� � ��

2�1� 4��
� 0 (23)

is determined by a damping term as well as by the effective potential induced on the brane. Here,

 

�
@Veff

@�
�

1

1=�2
�5� � ��

2�1� 4��

�
�
@V
@�

�
1

�2
�5�

� ��2

�
� 2��

�
1

2
V ���5�

�

� 2��K2

�
1

�2
�5�

�
�

2

d
� 2� 8�

�
� ��2

�
�

2

d
� 2� 12�

���
; (24)

where V��2� is the bulk potential, which is assumed to have a Higgs-type form V��� � �2
�5���

2=2� � ��5���
4=4� with

��5� > 0. We compute Veff by integrating Eq. (24) to find that

 

Veff��
2� � �2

��2
�5�

2

1

1� 4�
�
�2
�5�

4

1

1� 4�
� ��5�

1

��2
�5�

1

2�1� 4��2

�
1

4
� 4�

��
��4

��5�
4

�
1

1� 4�
�

1

4�1� 4��

�

� ln�1� ��2
�5��

2�1� 4���

�

�
�2
�5�

1

��2
�5�

1

2�1� 4��2

�
1

2
� 4�

�
� ��5�

1

���2
�5��

2

1

2�1� 4��3

�
1

4
� 4�

�
�

1

1� 4�
��5�

�

�
�2

4

d2

�d� 1��d� 1�

�
��2=d� 2�1� 4����8d=�d� 1�� � 4

1� 8�d=�d� 1�

1

1=�2
�5� � ��

2�1� 8�d=�d� 1��

�
�2
�5�

�
d� 1

d� 1

�
�

2

d
� 1� 8�

�
ln
� 1� ��2

�5��
2�1� 4��

1� ��2
�5��

2�1� 8�d=�d� 1��

��
(25)

for � � �1=4. Notice that, in the limit when �! 0, one recovers the original bulk potential with an extra term on the
brane tension, V��2� � �3=4��2�2

�5�d
2=��d� 1��d� 1��. It is natural to expect that there exists a hierarchy of scales

depending on whether the vev h�i is related to the standard model (SM) scale or the grand unified theory scale. Thus, for
j��2j 	 1=�2

�5�, we can expand the denominator of the first term in �2 about 1=�2
�5�, keeping terms up to order six in �,

���2�3. The effective potential can thus be written as
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Veff��
2� � �2

��2
�5�

2

1

1� 4�
�
�2
�5�

4

1

1� 4�
� ��5�

1

��2
�5�

1

2�1� 4��

�
1

4
� 4�

�
�

1

16
�2�2

�5����
2
�5��

d2

�d� 1��d� 1�

�

��
�

2

d
� 2�1� 4��

�
8d
d� 1

� 4
��

��4

�
��5�
4

1

1� 4�
�
��5�
4

1

4�1� 4��
�

1

16
�2�2

�5�

1

2
���2

�5��
2 d2

�d� 1��d� 1�

�

��
�

2

d
� 2�1� 4��

�
8d
d� 1

� 4
��

1� �
8d
d� 1

��

�O��6�
1

16
�2�2

�5�

1

6
���2

�5��
3 � ln�1� ��2

�5��
2�1� 4���

�

�
�2
�5�

1

��2
�5�

1

2�1� 4��2

�
1

2
� 4�

�
� ��5�

1

���2
�5��

2

1

2�1� 4��3

�
1

4
� 4�

�
�

1

1� 4�
��5�

�

�
1

16
�2�2

�5�

d2

�d� 1��d� 1�

�
��2=d� 2�1� 4����8d=�d� 1�� � 4

1� 8�d=�d� 1�

�
1

�
d� 1

d� 1

�
�

2

d
� 1� 8�

�
ln
� 1� ��2

�5��
2�1� 4��

1� ��2
�5��

2�1� 8�d=�d� 1��

��
: (26)

We thus observe that, up to subdominant logarithmic
terms, the effective potential is of the form Veff �
�2

eff��
2=2� � �eff��4=4� �O��6�, where

 �2
eff 
�

2
�5� � ��5�

1

��2
�5�

� �2��4
�5�; (27)

 �eff 
 ��5� � �
2�2�6

�5�: (28)

If �2
eff < 0 and �eff > 0, then one expects a nonvanishing

vev for the scalar field. The first condition guarantees that a
nonvanishing minimum exists, whereas the second condi-
tion guarantees that such minimum is finite. Conversely, if
�2

eff > 0 and �eff > 0, then symmetry is always unbroken.
Thus, imposing that �eff > 0, it follows that ��5� >
��2�2�6

�5�. Consequently, in order not to spoil the �2
eff <

0 condition, we must have that �2
�5� <�2�2��4

�5�.
We notice that the bulk scalar field �, being a five-

dimensional field, has dimension ��� � M3=2. Ac-
cordingly, ��5� has dimension of mass and ��5� dimensions
of inverse of mass. In order to recover characteristically
four-dimensional quantities, we define the four-
dimensional scalar field � as the rescaling of � by an
appropriate mass scale M�. In the mode expansion of a
bulk field, this mass can be identified with the mode
function dependent on the direction N evaluated at the
position of the brane in the bulk. Thus, for � � M1=2

� �,
the induced equation of motion for � on the brane be-
comes
 

gABrArB��
1

M�

@Veff

@�

�

�
1

4
� 2�

�
�rC��2

2�M��

1=�2
�5� � �M��2�1� 4��

� 0: (29)

Consequently, the parameters of the effective potential will
scale as

 

1

M�
Veff��

2� � �2
eff

�2

2
� �effM�

�4

4
�M2

�O��
6�;

(30)

with Eqs. (27) and (28) becoming

 �2
eff 
�

2 � 2�2��4
�5�; (31)

 M��eff 
 ��M��2�2�6
�5�; (32)

where � � ��5� and � � M���5�. Here, for � > 0 we have
two possible mechanisms for the generation of a nonvan-
ishing vev: the canonical way, via the potential associated
with the scalar field, and the braneworld way, via the
interaction of the scalar field with the brane tension. For
the latter to be viable in the context of the SM, then

 

�������� �2
eff

M��eff

��������
 1

�M�

1

�2
�5�

(33)

must be of order TeV2 and h�i � 246 GeV. However, in
order to recover the four-dimensional gravitational cou-
pling constant in Eq. (21), we find from the � contribution
that M�2

Pl�4� � �2
�5�M�, and hence that

 M3
Pl �

1

�2
�5�

� M2
Pl�4�M�: (34)

This implies that

 

�������� �2
eff

M��eff

��������
 1

�
M2

Pl�4� � TeV2; (35)
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which renders the brane mediated mechanism of SSB
unviable for phenomenological reasons. This means that
the phenomenological hierarchy between the SM typical
energy scale of order TeV and the Planck scale of the
gravitational effects of the physics on the brane cannot
be accounted by the SSB brane mechanism, since the
characteristic scale of the induced dynamics of the scalar
field is the Planck scale. It is easy to see that h�i 
MPl�4�.
Thus, the scalar field becomes a short range field about the
brane and therefore strongly localized therein. However, it
is the nonminimal coupling that, upon spontaneous sym-
metry breaking, allows the matter localized on the brane to
interact with bulk matter fields with typically gravitational
strength.

Moreover, from the expression for the five-dimensional
cosmological in the case of a vanishing effective cosmo-
logical constant, we find that ��5� 
 �M�V�h�i2� �
�2�2

�5�, and consequently that

 �2 
M2
Pl�4�M�����5� �M�V�h�i2��: (36)

The vev of� is localized at the minimum of the effective
potential, �@Veff=@�� � 0. Only real and positive solutions
for h�i are physically relevant. It is possible to show that,
besides h�i � 0, of the four real solutions only one is
positive for all values of the equation parameters and is
hence physically acceptable.

III. CHARGED SCALAR FIELD

In this section, in order to study spontaneous symmetry
breaking, we introduce a minimal coupling of a scalar field
 to a bulk U�1� gauge potential B through the covariant
derivative ~r� � r� � ieB�. However, only the scalar
field is coupled nonminimally to the graviton. For the
invariance of the action under local gauge transformations,
the scalar field  must be complex. The coupling constant
e is a measure of the charge of the scalar field associated

with the field generated by the gauge potential. In order to
avoid that flux of the gauge field leaks to the bulk space-
time, the gauge symmetry must be broken and the field thus
confined to the brane. However, the dynamics of the sym-
metry breaking cannot be fully understood before properly
treating the field in the bulk and studying how it appears
from the point of view of the brane.

The Lagrangian density consists of the terms introduced
in the previous section, Eq. (1), and additionally of the
kinetic term associated with the gauge potential, given as
follows:
 

L �
1

�2
�5�

R� 2�� � 2R� g���~r� ��~r� 
� � V� 2�

�
1

4
B��B��: (37)

Here,  2 �    and B�� � @�B� � @�B� is the field
strength tensor associated with B.

A. The induced dynamics

First we work out how this bulk theory is observed on the
brane. By varying the action with respect to the metric, we
obtain the Einstein equation in the bulk,

 

�
1

�2
�5�

� � 2

�
G�� ��g�� �

1

2
T� ��� �

1

2
T�B��� � ��� ���;

(38)

where
 

T� ��� � 2�~r� ��~r� �

� g����g
	
�~r	 ��~r
 

� � V� 2��; (39)

 T�B��� � B��B�
� � 1

4g��B��B
�� (40)

are the stress-energy tensors associated with the fields  
and B respectively, and

 

�� ��� �  r�r�  �  r�r� � �r� ��r� � � �r� ��r� �

� g��g	
� r	r
  �  r	r
 � 2�r	 ��r
 �� (41)

is the contribution from the  -graviton interaction term.
We now proceed to derive the induced Einstein equation. First we project the source terms in Eq. (38) along the parallel

and orthogonal directions to the surface of the brane. The components are as follows for T� ��� :

 

T� �AB � 2�rA � ieBA� �rB � ieBB�  � gAB��rC � ieBC� �rC � ieBC�  � �rN � ieBN� �rN � ieBN�  � V�;

T� �AN � 2�rA � ieBA� �rN � ieBN� ;

T� �NN � ��rC � ieBC� �rC � ieBC� 
 � �rN � ieBN� �rN � ieBN�  � V;

(42)
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for T�B��� :
 

T�B�AB � �rABC �rCBA��rBBC �rCBB�

� �rABN �rNBA��rBBN �rNBB�

� 1
4gAB��rCBD �rDBC�

2 � 2�rNBD �rDBN�2�;

T�B�AN � �rABC �rCBA��rNBC �rCBN�;

T�B�NN � �
1
4��rCBD �rDBC�

2 � 2�rNBD �rDBN�2�;

(43)

and for �� ���:
 

�� �AB �  �rArB � KABrN�  �  �rArB � KABrN� 

� �rA ��rB � � �rA ��rB �

� gAB� �r2
C � KrN �r

2
N� 



�  �r2
C � KrN �r

2
N� � 2�rC ��rC �

� 2�rN ��rN ��;

�� �AN �  �rArN � KABrB�  �  �rArN � KABrB� 

� �rA ��rN 
� � �rA 

��rN �;

�� �NN � �� �r
2
C � KrN� 

 �  �r2
C � KrN� 

� 2�rC ��rC 
��: (44)

We equate the (AB) components of the decomposition of
the Einstein tensor and of the source terms from both the
scalar field and the gauge potential to obtain the (AB)
component of the Einstein equation,
 �

1

�2
�5�

� � 2

�
�G�ind�

AB � 2KACKCB � KABK � KAB;N

�
1

2
gAB��KCDKDC � K2 � 2K;N�� � gAB�

�
1

2
T� �AB �

1

2
T�B�AB � ��� �AB: (45)

Next we proceed to integrate the (AB) component of the
Einstein equation in the coordinate normal to the brane to
obtain the matching conditions for the extrinsic curvature
across the brane. We find that

 

��
1

�2
�5�

� � 2

�
��KAB � gABK�

�
��

��

�
Z ��
��

dN��gAB��4�� � gAB�� rN  �  rN �����;

(46)

which yields

 

�
1

�2
�5�

� � 2

�
��KAB � gABK�

� �gAB��� �� rN 
 �  rN ��: (47)

These provide ten boundary conditions for the extrinsic
curvature on the brane. As noticed in the previous section,
equating the (AN) components of the Einstein equation we
find four constraint conditions on the extrinsic curvature,
KAB;B � K;A � 0, which follow from the conservation of
the stress-energy tensor induced on the brane. The (NN)
equation,

 

�
1

�2
�5�

� � 2

�
��R�ind� � KCDKCD � K

2� ���5�

�
1

2
T� �NN �

1

2
T�B�NN � ��� �NN; (48)

provides the remaining condition relating the intrinsic
curvature of the induced metric with the stress-energy
sources.

To derive the equation of motion for the scalar field we
vary the action with respect to  and  , finding, respec-
tively, for   the equation
 

g���r�r� � 2ieB�r� � �ieB���ieB�� � ie�r�B��� 


�
@V
@ 
� � R � 0; (49)

and for  the corresponding complex conjugate equation
 

g���r�r� � 2ieB�r� � �ieB���ieB�� � ie�r�B��� 

�
@V
@ 
� � R � 0: (50)

We rewrite these equations by expanding the tensor quan-
tities as follows:
 

�gAB�rArB�KABrN��rNrN�2ie�gABBArB�BNrN�

�gAB�ieBA��ieBB�� �ieBN��ieBN�

� iegAB�rABB�KABBN�� ierNBN� 

�
@V
@ 
�� �R�ind� �KABKBA�K2�2K;N� � 0;

(51)

and equivalently for the corresponding complex conjugate.
We now integrate in the N direction to find the matching
condition for  ,
 Z ��
��

dN��KrN �rNrN � ieBNrN � ierNBN� 


� 2� K;N� � 0; (52)

which yields

 ��2�K  � �rN � ieBN� 
����� � 0: (53)

Substituting back into Eq. (49) and eliminating the rN 

term, we obtain
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gAB�rArB � 2ieBArB � �ieBA��ieBB� � ierABB� 


�
@V
@ 
� � �R�ind� � KABKBA � �1� 4��K2� � 0;

(54)

where the extrinsic curvature results from the matching

condition in Eq. (47),

 KAB � �
1

2
gAB�

1=�d� 1�

1=�2
�5� � � 

2�1� 4�d=�d� 1��
; (55)

and the intrinsic curvature results from the (NN) compo-
nent of the Einstein equation in Eq. (48),

 �
1

�2
�5�

� � 2�1� 2��
�
R�ind� �

�
1

2
� 2�

�
�rC � ieBC� �rC � ieBC�  �

1

2
V � �

�
 
@V
@ 
�  

@V
@ 

�

�
1

8
�rCBD �rDBC� ���5� � KCDKCD

�
1

�2
�5�

� � 2�1� 2��
�

� K2

�
1

�2
�5�

� � 2�1� 8�2�

�
: (56)

The matching condition and the induced equation of motion for  are the complex conjugate of the corresponding
equations for  .

For the equation of motion for the vector field B, obtained by varying the action with respect to B�, we find that

 r��r�B� �r�B�� � ieg���  ~r� �  ~r� � � 0: (57)

We project the equation parallel and orthogonal to the surface of the brane to find for the parallel component that

 

rC�rCBA �rABC� � rN�rNBA �rABN� � 2KAC�rCBN �rNBC� � K�rNBA �rABN�

� ie� rA �  rA � � �ie�2BA 2 � 0; (58)

and for the orthogonal component that
 

rC�rCBN �rNBC� � ie� 
rN �  rN 

�

� �ie�2BN 
2 � 0: (59)

Integrating Eqs. (58) and (59) in the N direction, we find
the matching conditions, respectively, for BA,

 �rNBA �rABN�
��
�� � 0; (60)

and for BN,

 �rCBC � KBN����� � 0: (61)

We then substitute Eq. (60) in Eq. (58), obtaining for the
induced BA equation
 

rC�rCBA �rABC� � ie� 
rA �  rA 

�

� �ie�2BA 
2 � 0: (62)

We notice that the component BA will acquire on the brane
a mass proportional to the scalar field vev. When  ac-
quires a nonvanishing vev, gauge invariance is spontane-
ously broken on the brane for BA, which thus becomes a
short range massive vector field on the brane.

To derive the induced BN equation, we similarly sub-
stitute Eq. (61) in Eq. (59) and moreover use the matching
conditions for the scalar field, Eq. (53) and its complex
conjugate, obtaining

 rCrCBN � KBN;N � KCDKDCBN � 0: (63)

We notice that on the brane BN does not interact with the
scalar field but only with the brane tension, which is
manifest in the vanishing coupling constant to  induced
on the brane. Consequently, in the case where  acquires a
nonvanishing vev, BN does not undergo spontaneous sym-
metry breaking, thus remaining massless with respect to  .
(The breaking of gauge symmetry for BN would require a
nonminimal coupling of B to gravity, as discussed in
Ref. [14].) However, the BN component acquires a mass
with respect to the brane tension �, which implies that BN
is strictly localized on the brane.

Finally, we substitute the matching conditions for the
extrinsic curvature, Eq. (47), in the (AB) component of the
Einstein equation and moreover use the matching condi-
tions for the scalar field, Eq. (53), as well as for the vector
field, Eqs. (60) and (61), to find for the Einstein equation
induced on the brane that

SPONTANEOUS SYMMETRY BREAKING IN THE BULK . . . PHYSICAL REVIEW D 76, 104048 (2007)

104048-9



 �
1

�2
�5�

� � 2

�
G�ind�
AB � �� rArB  �  rArB � �rA ��rB � � �rA ��rB �

� gABgCD� rCrD  �  rCrD � 2�rC ��rD ���

�

�
�rA � ieBA� �rB � ieBB� 

 �
1

2
gAB

�
gCD�rC � ieBC� �rD � ieBD� 

 �
1

2V
���5�

��

�
1

2

�
�rABC �rCBA��rBBC �rCBB� � gAB

1

4
�rCBD �rDBC��rCBD �rDBC�

�

� gABK2

�
1

�2
�5�

� � 2

��
d2 � d� 4

2d2 � 2�2 2

�
; (64)

which, upon substitution of the induced equations of motion for the scalar field, further reduces to

 

G�ind�
AB �

�
1

�2
�5�

� � 2

�
�1
�
�rA � ieBA� �rB � ieBB� 

 �
1

2
�rABC �rCBA��rBBC �rCBB�

� �� rArB 
 �  rArB � �rA ��rB 

� � �rA 
��rB ��

�

� gAB

�
R�ind� � K2�d

2 � d� 4

2d2

�
: (65)

We now proceed to realize the case where the scalar field  acquires a nonvanishing vev h i, with   acquiring the
corresponding conjugate value h i. In order to avoid the breaking of Lorentz symmetry, we must have that rAh i �
rAh i � 0 and hBAi � 0. Moreover, hBi must not be allowed to vary in space but must instead be forced to take on the
same value everywhere on the brane, which implies both rAhBBi � 0 and rAhBNi � 0. Furthermore, from the boundary
conditions we find that hBNi � 0 and rNhBAi � 0, and from the induced equation of motion that rNhBNi � 0.

We can read off of the induced Einstein equation the effective cosmological constant on the brane, defined as the term
proportional to the induced metric

 

�eff

�
1

�2
�5�

� �h i2�1� 2��
�
�

1

2
V�h i2� ���5� � �

�
h i

@V
@ 

�������� �h i
�h i

@V
@ 

�������� �h i

�

� K2j �h i

��
1

�2
�5�

� �h i2
�
d2 � d� 4

2d2 � 2�2h i2
�
�d2 � 3d� 4

2d2 � 4�
��
: (66)

B. The effective potential

We now proceed to determine the effective potential for the field  and study the conditions for SSB, following the same
reasoning as that for the real scalar field �.

The evolution of   on the brane is described by

 

gABrArB  �
@Veff

@ 
�

�
��ieBC�rC 

�
2

1

�2
�5�

� � 2

�
3

2
� 2�

��
� � 

��
1

2
� 2�

�
f�rC ��rC � � �ieBC� �rC �g

��

�
1

1=�2
�5� � � 

2�1� 2��
� 0; (67)

where
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�
@Veff

@ 
� �ie�rCBC�  �

�
�
@V
@ 

�
1

�2
�5�

� � 2�1� ��
�
� �2  

@V
@ 
� �ieBC�2 

�
1

�2
�5�

�
1

2
� 2

�

� � 
�

1

8
�rCBD �rDBC�

2 �
1

2
V ���5�

�
� � K2

�
1

�2
�5�

�
�

2

d
� 2� 4�

�
� � 2

�
�

2

d
� 2� 6�

���

�
1

1=�2
�5� � � 

2�1� 2��
: (68)

Assuming as before that V�  � � �2
�5�  

 � ��5��  �2, we integrate in  to find for the effective potential

 

Veff� 
2� �  2

��2
�5�

2

1

1� 2�
�
�2
�5�

4

1

1� 2�
� ��5�

1

��2
�5�

1

2�1� 2��2

�
1

4
� 2�

�
� �ieBC�

2 1

2�1� 2��
� ie�rCBC�

�

�  4
��5�
4

�
1

1� 2�
�

1

4�1� 2��

�

� ln�1�  2�2
�5���1� 2���

�

�
�2
�5�

1

��2
�5�

1

2�1� 2��2

�
1

2
� 2�

�
� ��5�

1

���2
�5��

2

1

2�1� 2��3

�
1

4
� 2�

�
�

1

��2
�5�

1

2�1� 2��2
�ieBC�

2

�
1

1� 2�

�
1

8
�rCBD �rDBC�2 ���5�

��

�
�2

2

d2

�d� 1��d� 1�

�
��2=d� 2�1� 2����4d=�d� 1�� � 2

1� 4�d=�d� 1�

1

1=�2
�5� � � 

2�1� 4�d=�d� 1��

�
�2
�5�

�
d� 1

d� 1

�
�

2

d
� 1� 4�

�
ln
� 1� ��2

�5� 
2�1� 2��

1� ��2
�5� 

2�1� 4�d=�d� 1��

��
: (69)

We expand the denominator of the first term in �, finding that we can express the effective potential as

 

Veff� 2� �  2

��2
�5�

2

1

1� 2�
�
�2
�5�

4

1

1� 2�
� ��5�

1

��2
�5�

1

2�1� 2��2

�
1

4
� 2�

�
� �ieBC�2

1

2�1� 2��
� ie�rCBC�

�
1

8
�2�2

�5����
2
�5��

d2

�d� 1��d� 1�

��
�

2

d
� 2�1� 2��

�
4d
d� 1

� 2
��

�  4

�
��5�
4

1

1� 2�
�
��5�
4

1

4�1� 2��
�

1

8
�2�2

�5�

1

2
���2

�5��
2 d2

�d� 1��d� 1�

��
�

2

d
� 2�1� 2��

�
4d
d� 1

� 2
�

�

�
1� �

4d
d� 1

��

�O� 6�
1

4
�2�2

�5�

1

6
���2

�5��
3 � ln�1�  2�2

�5���1� 2���

�

�
�2
�5�

1

��2
�5�

1

2�1� 2��2

�
1

2
� 2�

�
� ��5�

1

���2
�5��

2

1

2�1� 2��3

�
1

4
� 2�

�
�

1

��2
�5�

1

2�1� 2��2
�ieBC�2

�
1

1� 2�

�
1

8
�rCBD �rDBC�2 ���5�

��

�
1

8
�2�2

�5�

d2

�d� 1��d� 1�

�
��2=d� 2�1� 2����4d=�d� 1�� � 2

1� 4�d=�d� 1�
�

1

�
d� 1

d� 1

�
�

2

d
� 1� 4�

�

� ln
� 1� ��2

�5� 
2�1� 2��

1� ��2
�5� 

2�1� 4�d=�d� 1��

��
: (70)
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At the vev’s of the bulk fields, the effective potential is, up
to logarithmic terms, of the form Veff � �2

eff�  
=2� �

�eff�  �2 �O��  �3�, where

 �2
eff 
�

2
�5� � 2�2��4

�5� (71)

 �eff 
 ��5� � �2�2�6
�5�: (72)

Upon the scalar field taking a nonvanishing vev h i
(with its conjugate taking the corresponding conjugate
vev h i) and the gauge field taking hBi � 0, with
rAhBi � 0, we find from Eq. (65) the same relations for
the four-dimensional Planck scale and the matter fields
mass scales as those found in Sec. II. Consequently, for
�eff < 0 and M �eff > 0, where M is such that  �

M1=2
 �, we find that j�eff=�M �eff�j yields the same con-

straint relation between � and MPl�4� as that found for the
case of � in Eq. (35). From similar considerations, it
follows that the scalar field vev is of order the Planck scale,
which implies that both the mass of the scalar field and the
mass of BA generated by the SSB mechanism are also of
order the Planck scale. Since the coupling constant e has
dimension �e� � M�1=2 and consequently the vector field
has dimension �B� � M3=2, it follows from Eq. (62) that
the mass term of BA scales as mBA 
 ehj ji � ehj�jiM1=2

 .
Notice that the natural scale for the coupling is M , that is

e
M�1=2
 , and therefore that mBA 
MPl�4�. Moreover, for

a vanishing cosmological constant on the brane, we find
from Eq. (66) that the relation between the five-
dimensional cosmological constant and the brane tension
scales like the condition in Eq. (36). Furthermore, from
Eq. (63) we find that the mass of BN is of order mBN 


��2
�5� 
M

�1
Pl�4�M

�1=2
 ����5��

1=2.
Whereas � and BA become strongly localized about the

brane, BN becomes localized on the brane by the delta
profile of the brane tension. If we performed this set of
calculations on another slice of the bulk where � � 0, then
no mass term would arise in the induced equation for BN .
As in the case of the real scalar field, the appearance of a
new mass scale associated with the complex scalar field is
quite natural given that in the bulk spacetime the self-
interaction coupling constant, ��5�, is not dimensionless.
The vector field, although five-dimensional, does not re-
quire an additional mass scale to return a four-dimensional
mass, since its mass term as read off of the effective
equation of motion has the correct dimension.

IV. DISCUSSION AND CONCLUSIONS

In this work we have examined the mechanism of spon-
taneous symmetry breaking due to a scalar field in the bulk
spacetime coupled nonminimally to gravity. We have

shown that a bulk scalar field can be a source of symmetry
breaking on the brane but only at very high energies. We
derived the conditions which allow for the existence of a
nonvanishing bulk scalar field vacuum configuration and
demonstrated that the scales of the induced masses are of
order the four-dimensional Planck scale, thus failing to
accommodate on the brane the typical scales of the stan-
dard model. We notice, however, that this implies that the
bulk scalar fields become very short range about the posi-
tion of the brane and thus strongly localized.

In the presence of a bulk gauge field, we found that on
the brane the component BA interacts with the charged
scalar field, whereas the component BN interacts solely
with the brane tension. This implies that, upon the acquis-
ition by the scalar field of a nonvanishing vev, the compo-
nent BA acquires a mass of order the Planck mass on the
brane and thus becomes localized. The component BN
remains massless with respect to the interaction with  ,
acquiring however a ‘‘topological’’ mass derived from the
coupling with the delta-localized brane tension. Note that
these results differ from the conclusions drawn in Ref. [11]
where, contrary to our treatment, SSB is assumed to take
place on the brane. The difficulty in localizing gauge
bosons is furthermore reiterated in Ref. [15] whose con-
clusions are drawn from a mode analysis in the extra
dimension.

Furthermore, we observe that in the absence of the
nonminimal coupling of the bulk scalar fields to gravity,
i.e. for � � 0, the effective potential on the brane of a bulk
scalar field reduces in both cases to Veff � �2

�5���
2=2� �

��5���4=4� � �3=4��2�2
�5�d

2=��d� 1��d� 1��. The real-
ization of a braneworld universe as a co-dimension one
surface of localized matter contributes a constant term
proportional to the brane tension � to the effective poten-
tial. The brane tension does not, however, contribute to the
mechanism of spontaneous symmetry breaking observed
on the brane unless the bulk scalar fields are nonminimally
coupled to gravity. This is observed in the dependence on
the coupling parameter � of the parameters �2

eff and �eff .
Moreover, the mixing of the discontinuity in the extrinsic
curvature with the discontinuity in the normal derivative of
the scalar field, as encompassed by the corresponding
matching conditions, is also �-dependent. Such mixing is
switched off when � � 0, as already noticed in Ref. [16]
and also found in Ref. [14]. These observations seem to
suggest that the matter localized on the brane will interact
with bulk matter fields through gravity only if a nonmini-
mal coupling exists.

On a more technical side, our approach goes a step
further in setting up the framework for studying the brane
induced physics which arises from the presence of matter
fields in the bulk. The case of a vector field coupled non-
minimally to gravity was previously considered and its
implications for Lorentz symmetry on the brane studied
in Ref. [14]. A scalar field coupled nonminimally to gravity
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is treated in the present paper. Our approach allows one to
relate the cosmological constant problem and the scale of
gravity with the mechanism of origin of mass, which
suggestively enough has a bearing on the mechanism of
localization of bulk fields on the brane by setting the nature
of the interaction between brane and bulk fields to be
essentially gravitational.
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