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We calculate the quasinormal modes of black holes localized on a 3-brane of finite tension embedded in
six-dimensional flat spacetime. Using the WKB approximation, we obtain the frequencies of scalar and
gravitational perturbations both analytically and numerically for arbitrary brane tension. We thus extend
earlier analytical results which were derived for a brane of small tension.
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I. INTRODUCTION

Next to Hawking radiation, quasinormal modes (QNMs)
are an important signature to look for when searching for
black holes. They represent the damped oscillations under
the effect of perturbation to the black hole background.
The oscillation occurs at characteristic frequencies that are
complex numbers whose imaginary parts represent the
damping. QNMs have been studied extensively in the
context of four-dimensional asymptotically flat spacetime
(see [1,2] for general reviews of the earlier work on the
subject). However, when it comes to detection, neither
signature has been observed yet and only indirect evidence
has been used to infer the existence of astronomical black
holes. Nevertheless, gravitational wave observation to be
hopefully achieved by projects like LIGO should offer a
chance to detect QNMs in the near future.

Aside from astronomical interest, QNMs have been
gaining attention recently for several reasons. The study
of QNMs can shed light on the AdS/CFT correspondence
(see, e.g., [3,4]) and is relevant to the Barbero-Immirzi
parameter [5,6] of loop quantum gravity [7–9]. In addition
to these considerations, in braneworld models with large
extra dimensions [10–13] gravity is much stronger than
observed, and the production and evaporation of mini black
holes becomes a viable possibility at the LHC [14–18] (see
[19] for a recent review). QNMs may then be observed at
the LHC via the detection of the decay products of these
mini black holes which will include standard model parti-
cles [20–24].

In most of the literature so far regarding black holes
localized on branes, the tension of the brane has been
assumed to be negligible. This is hardly due to physical
requirements, but rather due to lack of knowledge of
solutions to the Einstein equations accommodating finite
brane tension. An interesting solution which does incorpo-
rate tension was constructed in [25]. It describes a black
hole residing in a tensional 3-brane embedded in six-
dimensional locally flat spacetime. A numerical study of
its properties was performed in [26]. As the black hole

evaporates, it was found that the power emitted in the bulk
decreases as the brane tension increases. Thus for high
tension the semiclassical approximation becomes more
reliable. Analytical results concerning the quasinormal
modes of scalar perturbations were derived in [27] to first
order in the brane tension.

A major impediment to the analytical study of finite
tension effects is the angular part of the wave equation as
analytical solutions are not available for the metric of
interest. In our work we intend to close this gap and obtain
analytical expressions which are valid for arbitrary brane
tension. In detail, in Sec. II we solve the angular wave
equation analytically for finite tension, thus extending the
first-order results of Ref. [27]. We also show that our
analytical expressions are in agreement with the numerical
results of Ref. [26]. In Sec. III we calculate quasinormal
modes of scalar, electromagnetic, and gravitational pertur-
bations and discuss the dependence of their frequencies on
the brane tension. Finally in Sec. IV we summarize our
conclusions.

II. THE FLOW OF EIGENVALUES

The metric of a black hole residing in a tensional 3-brane
embedded in six-dimensional spacetime is given by [25]

 d s2 � �f�r�dt2 �
dr2

f�r�
� r2d�2

4; f�r� � 1�
�
rh
r

�
3
;

(1)

where the angle element is
 

d�2
4 � d�2 � sin2��d’2 � sin2��d�2 � b2sin2�d 2��;

0< b � 1: (2)

For b � 1, this is the line element of the unit sphere S4. It
corresponds to zero brane tension. For nonvanishing ten-
sion, the parameter b < 1 is a measure of the deficit angle
about an axis parallel to the 3-brane in the angular direction
 , such that the canonically normalized angle  0 �  =b
runs over the interval �0; 2�=b�. It may be expressed as

 b � 1�
�

4�M4
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in terms of the brane tension � and the fundamental Planck
constant of six-dimensional gravity M	.

The radius of the horizon is given by

 rh �
�
�
b

�
1=3
; � 


MBH

4�2M4
	

; (4)

where MBH is the mass of the black hole. Evidently, the
tension of the brane modifies the radius of the horizon; it
increases with increasing tension (b! 0).

Let us now consider perturbations around the back-
ground defined by the metric (1). First, we consider scalar
perturbations which are simpler and then discuss electro-
magnetic and gravitational perturbations in the same
manner.

The field equations of a scalar perturbation separate into
a set of angular equations
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(5)

and a radial equation that can be cast into the Schrödinger
form [28]

 

d2��r�

dr2
	

� �!2 � V�r�r	�����r� � 0; (6)

where ��r� � R�r�=r2, and R�r� is the radial part of the
solution, in terms of the ‘‘tortoise’’ coordinate r	 defined
by

 

dr
dr	
� f�r�; (7)

which defines the tortoise coordinate r	. The effective
potential

 V�r� � f�r�
�
�3 � 2

r2 �
4r3

h

r5

�
(8)

depends on the angular quantum number �3 (Eq. (5)).
Therefore, in order to solve the eigenvalue problem (6),
we ought to first solve the system of angular equations (5).

The issue of finding the eigenvalues f�i; i � 0; . . . ; 3g of
the angular equations (5) was addressed numerically in
[26] and analytically (perturbatively to first order in the
tension (1� b, see Eq. (3))) in [27].

Here, we obtain exact analytical expressions of the
eigenvalues as functions of the brane tension (arbitrary
b). To this end, we first consider the special case

 b �
1

N
; N 2 N: (9)

This set of special points includes high tension. Zero
tension corresponds to the first point (N � 1, b � 1) and
maximum tension (b! 0) is an accumulation point of the
set. By restricting attention to the set (9), the eigenvalue
problem reduces to one solvable by regular spherical
harmonics.

The last angular equation (5) is easily seen to yield the
eigenvalues

 �0 �
m
b
� mN; m 2 Z: (10)

For definiteness, let us restrict attention tom � 0. Negative
values of m can be treated similarly.

Working our way up, we note that for b � 1 (regular
sphere), the eigenvalue �1 may be written as �1 � ‘1�‘1 �
1�, where ‘1 is an integer. We also have �0 � m � ‘1. It is
easily seen that for a general b of the form (3), �1 is
similarly given by

 �1 � �1��1 � 1�;

�1 � ‘1 � �N � 1�m � ‘1 �

�
1

b
� 1

�
m:

(11)

Notice that �1 � N‘1 and so �0 � mN � N‘1, which is
the maximum value of �1.

Going up to the next equation, we obtain the eigenvalue
�2 as

 �2 � �2��2 � 2�;

�1 � ‘2 � �N � 1�m � ‘2 �

�
1

b
� 1

�
m

(12)

reducing to the standard result on a three-sphere �2 �
‘2�‘2 � 2� with integer ‘2 when b � 1.

Finally, at the top of the ladder, we obtain the eigenvalue

 �3 � �3��3 � 3�;

�3 � ‘3 � �N � 1�m � ‘3 �

�
1

b
� 1

�
m

(13)

reducing to the standard result on a four-sphere �3 �
‘3�‘3 � 2� with integer ‘3 when b � 1.

Although this result was derived for integral 1=b
(Eq. (3)), it holds for arbitrary 1=b as well (b 2 �0; 1�).
This may be seen by first generalizing to rational values of
b, which may also be done in terms of ordinary spherical
harmonics and then to arbitrary b by noticing that the
rational numbers form a dense subset of the interval
�0; 1�. Alternatively, one may argue that the above expres-
sions for the angular eigenvalues hold in general by ana-
lytic continuation. We have verified their validity
numerically using the Milne-spline method [29] by least-
square fitting the numerical results to the exact analytic
expressions which resulted to a perfect fit.
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Figure 1 shows the flow of the eigenvalue �3 with brane
tension (as we vary b). It also demonstrates that our ana-
lytical expression for �3 (13) reproduces the numerical
results of Ref. [26]. Moreover, it is easily seen that (17)
agrees with the results of [27] to first order in the tension
( 1
b� 1).
Turning to other types of perturbation, we note that the

angular equations differ slightly from the set of scalar
equations (5). For vector and tensor perturbations, �3

ought to be replaced by �3 � 1 and �3 � 2, respectively.
The radial equations may still be written in the
Schrödinger-like form (6) but with different effective po-
tentials [28,30,31]. Scalar, electromagnetic, as well as
vector and tensor gravitational perturbations are described
by the effective potential

 V1�r� � f�r�
�
�3

r2 �
2

r2 �
4�1� p2�r3

h

r5

�
; (14)

where p takes on values depending on the type of pertur-
bation: 0 for scalars and tensor gravitons, 2 for gravi-
vectors, 1=2 for gauge vectors, and 3=2 for scalar reduc-
tions of bulk vectors.

On the other hand, the effective potential for scalar
gravitational perturbations is given by [28,30]:

 V2�r� � f�r�
Q�r�

16r2H�r�2
; (15a)

where
 

Q�r� � 6400
�
rh
r

�
9
� 1920��3 � 4�

�
rh
r

�
6
� 1920��3 � 4�

�

�
rh
r

�
3
� 16��3 � 4�3 � 96��3 � 4�;

H�r� � ��3 � 4� � 10
�
rh
r

�
3
: (15b)

We shall use the form of the potential (14) and (15) to
calculate the quasinormal frequencies for the correspond-
ing perturbations in the next section.

III. QUASINORMAL FREQUENCIES

Having obtained an exact analytical expression for �3

(17) valid for arbitrary brane tension (0< b � 1), we may
solve the radial equation (6) with the effective potentials
(14) and (15) for the various perturbations to find the
corresponding quasinormal modes. In [27] the third-order
WKB approximation was used to obtain the quasinormal
modes of scalar perturbations. We will extend their results
here by including scalar, electromagnetic, and gravita-
tional perturbations and deriving expressions which are
valid for arbitrary brane tension.

The third-order WKB formulas suitable for calculating
black hole quasinormal modes were worked out in [32].
The frequencies are given by

 !2
n � �V0 � ��2V000 �

1=2�� � i���2V000 �
1=2�1���;

(16a)

where
 

� �
1

��2V 000 �
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1
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��
1

4
� �
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V0000

V 000

�
2
�7� 60�2�

�
; (16b)
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2304
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V 0000 V
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V0020

�
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V 000

�
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288

�
; (16c)

and

 � � n�
1

2
; V�s�0 �

dsV
drs	

��������r	�r	�rp�
(16d)

with rp being the peak of the potential. Sample numerical
results using the above formulas for the various types of
perturbation (defined through the effective potentials V1

(14) and V2 (15)) are shown in Tables I and II.
We may also obtain explicit analytic expressions for the

frequencies by expanding in inverse powers of the angular
momentum quantum number ‘3. We obtain

 !n � !�0�n �!
�1�
n

1

‘3
�O�1=‘2

3�; (17)

where the leading contribution is given by
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FIG. 1 (color online). The flow of the angular eigenvalue �3

(13) with tension b, shown for different values of ‘3 and m.
Different colors belong to different values of ‘3 � 2, 3, 4, 5
(bottom to top).
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 !�0�n �

���
3
p

22=355=6rh
�2�3 � 3� i

���
3
p
�2n� 1�� (18)

in terms of the radius of the horizon (4) and the angular
quantum number �3 (17). It is independent of the type of
perturbation and reduces to the zero tension result
(Schwarzschild black hole) [33]

 !n 

1

2rh

�
2

D� 1

�
1=�D�3�

�������������
D� 3

D� 1

s
�2‘3 �D� 3

� i
�������������
D� 3
p

�2n� 1�� (19)

for D � 6.

The first-order correction in (17) is given by

 !�1�n �
1���

3
p

25=3511=6rh
�5� 42�n� n2� � 48p2� (20)

for perturbations governed by the effective potential V1�r�
(Eq. (14)), and by

 !�1�n �

���
3
p

22=355=6rh

�
�

15

2
� 3�n� n2�

�
(21)

for scalar gravitational perturbations governed by V2�r�
(Eq. (15)).

TABLE I. Third-order WKB approximation of the fundamental frequency. First four columns correspond to the potential V1 (14);
last column is for V2 (15). � � 2 and ‘3 � 5.

b p � 0 p � 1
2 p � 3

2 p � 2 V2

m � 0

1.0 2:949 65� 0:394 141i 2:9356� 0:392 963i 2:824 69� 0:384 49i 2:730 82� 0:379 05i 2:602 48� 0:362 449i
0.9 2:847 86� 0:380 539i 2:834 29� 0:379 402i 2:727 21� 0:371 221i 2:636 57� 0:365 969i 2:512 67� 0:349 941i
0.7 2:619 01� 0:349 959i 2:606 53� 0:348 913i 2:508 05� 0:341 39i 2:4247� 0:336 56i 2:310 76� 0:321 82i
0.5 2:341 14� 0:312 83i 2:329 99� 0:311 895i 2:241 96� 0:305 17i 2:167 45� 0:300 852i 2:065 59� 0:287 676i
0.3 1:974 59� 0:263 851i 1:965 19� 0:263 062i 1:890 94� 0:257 39i 1:8281� 0:253 749i 1:742 19� 0:242 635i
0.1 1:369 11� 0:182 944i 1:362 59� 0:182 397i 1:3111� 0:178 464i 1:267 53� 0:175 939i 1:207 97� 0:168 234i
0.01 0:635 483� 0:084 915i 0:632 456� 0:084 661 3i 0:608 561� 0:082 835 8i 0:588 336� 0:081 663 9i 0:560 688� 0:078 087 3i
0.001 0:294 965� 0:039 414 1i 0:293 56� 0:039 296 3i 0:282 469� 0:038 449i 0:273 082� 0:037 905i 0:260 248� 0:036 244 9i

m � 5
1.0 2:949 65� 0:394 141i 2:9356� 0:392 963i 2:824 69� 0:384 49i 2:730 82� 0:379 05i 2:602 48� 0:362 449i
0.9 3:090 52� 0:380 255i 3:078 04� 0:379 296i 2:9793� 0:372 292i 2:895 24� 0:367 484i 2:7834� 0:354 961i
0.7 3:479 92� 0:349 22i 3:470 56� 0:348 64i 3:396 32� 0:344 283i 3:332 48� 0:340 972i 3:251 69� 0:334 445i
0.5 4:1372� 0:311 811i 4:130 93� 0:311 522i 4:080 98� 0:309 295i 4:0377� 0:307 481i 3:985 27� 0:304 652i
0.3 5:51032� 0:262764i 5:50697� 0:262668i 5:48028� 0:261908i 5:45701� 0:261261i 5:42979� 0:260422i
0.1 10:8286� 0:182 101i 10:8278� 0:182 093i 10:8213� 0:182 027i 10:8156� 0:181 97i 10:809� 0:181 903i
0.01 48:9429� 0:084 518 1i 48:9429� 0:084 518 1i 48:9426� 0:084 517 8i 48:9423� 0:084 517 5i 48:942� 0:084 517 2i
0.001 226:561� 0:039 229 8i 226:561� 0:039 229 8i 226:561� 0:039 229 8i 226:561� 0:039 229 8i 226:561� 0:039 229 8i

TABLE II. Third-order WKB approximation of the first harmonic. First four columns correspond to the potential V1 (14); last
column is for V2 (15). � � 2 and ‘3 � 5.

b p � 0 p � 1
2 p � 3

2 p � 2 V2

m � 0

1.0 2:850 74� 1:1942i 2:836 67� 1:190 65i 2:724 27� 1:165 07i 2:626 97� 1:148 59i 2:504 56� 1:098 58i
0.9 2:752 36� 1:152 98i 2:738 78� 1:149 56i 2:630 25� 1:124 86i 2:536 32� 1:108 95i 2:418 13� 1:060 67i
0.7 2:531 18� 1:060 33i 2:518 69� 1:057 18i 2:418 89� 1:034 47i 2:3325� 1:019 84i 2:223 81� 0:975 436i
0.5 2:262 63� 0:947 833i 2:251 47� 0:945 018i 2:162 25� 0:924 716i 2:085 03� 0:911 635i 1:987 87� 0:871 946i
0.3 1:908 38� 0:799 434i 1:898 96� 0:797 059i 1:823 72� 0:779 935i 1:758 58� 0:768 902i 1:676 63� 0:735 427i
0.1 1:323 19� 0:554 296i 1:316 67� 0:552 65i 1:264 49� 0:540 777i 1:219 33� 0:533 127i 1:162 51� 0:509 917i
0.01 0:614 173� 0:257 282i 0:611 143� 0:256 517i 0:586 926� 0:251 006i 0:565 964� 0:247 456i 0:539 591� 0:236 682i
0.001 0:285 074� 0:119 42i 0:283 667� 0:119 065i 0:272 427� 0:116 507i 0:262 697� 0:114 859i 0:250 456� 0:109 858i

m � 5
1.0 2:850 74� 1:1942i 2:836 67� 1:190 65i 2:724 27� 1:165 07i 2:626 97� 1:148 59i 2:504 56� 1:098 58i
0.9 3:002 73� 1:1503i 2:990 22� 1:147 41i 2:8904� 1:126 29i 2:804� 1:111 74i 2:695 94� 1:074 11i
0.7 3:414 27� 1:053 38i 3:404 88� 1:051 63i 3:330 14� 1:038 51i 3:265 39� 1:028 52i 3:185 72� 1:008 94i
0.5 4:093 24� 0:938 259i 4:086 95� 0:937 391i 4:036 83� 0:930 697i 3:993 29� 0:925 24i 3:941 02� 0:916 75i
0.3 5:486 91� 0:789 232i 5:483 56� 0:788 943i 5:456 83� 0:786 663i 5:433 52� 0:784 72i 5:406 29� 0:7822i
0.1 10:8229� 0:546 384i 10:8221� 0:546 359i 10:8156� 0:546 161i 10:8098� 0:545 989i 10:8033� 0:545 789i
0.01 48:9427� 0:253 555i 48:9426� 0:253 555i 48:9423� 0:253 554i 48:942� 0:253 553i 48:9417� 0:253 552i
0.001 226:561� 0:117 689i 226:561� 0:117 689i 226:561� 0:117 689i 226:561� 0:117 689i 226:561� 0:117 689i
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It should be pointed out that the first-order WKB esti-
mate [34]

 !2 � V0 � i���2V000 �
1=2 (22)

suffices for the derivation of the above analytical asymp-
totic expressions.

For the purpose of comparison with the results in [27],
we first look at scalar perturbations by setting p � 0, n �
0, ‘3 � 5, and � � 2 letting m take the values 1 and 5 (for
m � 0 or b � 1 the two approaches agree, because the
angular eigenvalue �3 (13) agrees with its value on a
regular sphere). This is shown in Table III where we see
that while the two cases agree perfectly on the imaginary
part of the frequencies for any tension, the real part is
overestimated in the perturbative calculation of [27] at
high tension (small b). Figures 2 and 3 show the real and
imaginary parts of the frequency as a function of b, re-
spectively, for the chosen set of parameters. The agreement
on the imaginary parts can be traced to the asymptotic
expression (17) which is valid for large ‘3. Unlike the real
part, the imaginary part does not vary with tension except
through the value of the radius of the horizon =!�
1=rh � b1=3 (Eq. (4)). This also shows that the imaginary

part of the frequency (damping) vanishes at high tension
(b! 0).

The real part, which represents the actual frequency of
oscillation, also goes to zero at high tension (<!� b1=3 as
b! 0) for m � 0. For all other values of the magnetic
quantum number (m � 0), the real part diverges as <!�
b�2=3. This level splitting is reminiscent of the Zeeman
effect for an atom in a strong magnetic field and is attrib-
uted to the spatial symmetry of the states.

At the other end of the spectrum (vanishing tension, b!
1), frequencies become degenerate, as expected, because
spherical symmetry is restored in the absence of a brane
(Schwarzschild solution).

Figure 4 shows the dependence of the fundamental
frequency on the type of perturbation. The graphs are in
agreement with the analytic result (17) which shows that
the dependence on the type of perturbation is a next-to-
leading-order effect (expanding in inverse powers of the
angular momentum quantum number). Similar results hold
for higher harmonics as well. In Fig. 5, in addition to the
type of perturbation, the magnetic quantum number m is
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FIG. 2 (color online). The real part of the fundamental fre-
quency as a function of the tension b for scalar perturbations
with � � 2, ‘3 � 5, and m � 0; . . . ; 5 (bottom to top). Detail
showing degeneracy at zero tension (b � 1).
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FIG. 3 (color online). The imaginary part of the fundamental frequency for scalar perturbations with � � 2 and ‘3 � 5 and M � 2.
Detail showing splitting with m at high (b! 0) and low (b! 1) tension.

TABLE III. A comparison of fundamental quasinormal fre-
quencies using (a) the exact expression (13) for �3 and (b) -
first-order approximate eigenvalues calculated in [27]. We set
‘3 � 5, � � 2.

b (a) (b)
m � 1

0.9 2:896 39� 0:380 476i 2:898 63� 0:380 473i
0.7 2:791 16� 0:349 752i 2:8203� 0:349 721i
0.5 2:700 24� 0:312 448i 2:828 85� 0:312 347
0.3 2:681 38� 0:263 264i 3:153 35� 0:263 078i
0.1 3:260 11� 0:182 229i 5:506 65� 0:182 137i
0.01 10:2961� 0:084 519 5i 24:8883� 0:084 518 3i

m � 5
0.9 3:090 52� 0:380 255i 3:093 39� 0:380 252i
0.7 3:479 92� 0:349 22i 3:511 79� 0:349 203i
0.5 4:1372� 0:311 811i 4:252 76� 0:311 786i
0.3 5:510 32� 0:262 764i 5:841 11� 0:262 748i
0.1 10:8286� 0:182 101i 12:0048� 0:182 099i
0.01 48:9429� 0:084 518 1i 55:6375� 0:084 518 1i
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FIG. 5. Dependence of the fundamental frequency on m for b � 0:5 and ‘3 � 5. p (14) increases from top to bottom; scalar
gravitational (15) is represented by inverted triangles.

0.6 0.7 0.8 0.9 1.0

2.5

3.0

3.5

b

R
e

0.75 0.80 0.85 0.90 0.95 1.00
0.34

0.35

0.36

0.37

0.38

0.39

b

−
Im

ω

ω

m = 5

m = 2

m = 0

FIG. 4 (color online). Real and imaginary parts of the fundamental frequency as a function of the tension b for different perturbations
with � � 2, ‘3 � 5, m � 0, 2, 5. Top to bottom: p � 0, 1

2 , 3
2 , 2 (14) and scalar gravitational (15).

TABLE IV. Comparison between the O�1=‘2
3� analytic expression (17) and the WKB approximation of fundamental quasinormal

frequencies for the potential V1 (14).

b Analytic First-order WKB Third-order WKB
‘3 � 5, m � 0, p � 1

2

1.0 2:933 85� 0:392 298i 3:003 59� 0:392 395i 2:9356� 0:392 963i
0.9 2:8326� 0:378 76i 2:899 94� 0:378 853i 2:834 29� 0:379 402i
0.7 2:604 97� 0:348 323i 2:6669� 0:348 409i 2:606 53� 0:348 913i
0.5 2:328 59� 0:311 367i 2:383 95� 0:311 444i 2:329 99� 0:311 895i
0.3 1:964 01� 0:262 617i 2:010 71� 0:262 682i 1:965 19� 0:263 062i
0.1 1:361 77� 0:182 089i 1:394 15� 0:182 133i 1:362 59� 0:182 397i
0.01 0:632 078� 0:084 518 1i 0:647 105� 0:084 538 9i 0:632 456� 0:084 661 3i
0.001 0:293 385� 0:039 229 8i 0:300 359� 0:039 239 5i 0:293 56� 0:039 296 3i

‘3 � 10, m � 5, p � 3
2

1.0 5:131 59� 0:392 298i 5:179 78� 0:389 449i 5:141 72� 0:389 687i
0.9 5:197 47� 0:378 76i 5:245 31� 0:376 253i 5:210 26� 0:376 461i
0.7 5:418 23� 0:348 323i 5:465 15� 0:346 517i 5:436 66� 0:346 666i
0.5 5:870 62� 0:311 367i 5:915 99� 0:310 26i 5:894 93� 0:310 35i
0.3 6:9731� 0:262 617i 7:015 34� 0:262 142i 7:002 69� 0:262 18i
0.1 11:8435� 0:182 089i 11:8768� 0:182 033i 11:8732� 0:182 038i
0.01 49:4141� 0:084 518 1i 49:4307� 0:084 517 8i 49:4306� 0:084 517 8i
0.001 226:78� 0:039 229 8i 226:788� 0:039 229 8i 226:788� 0:039 229 8i
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also allowed to vary. For the potential V1 (14), the real part
decreases as the parameter p labeling the type of perturba-
tion decreases and the real part of the frequency for V2 (15)
is lower than the rest. The imaginary part of the frequency
exhibits a similar behavior for the potential V1 with the
imaginary part of the frequency of V2 being second to
lowest.

The numerical accuracy of the analytic expression for
quasinormal frequencies (Eqs. (17), (18), and (20)) is ex-
plored in Tables IV and V. Evidently, the agreement is
fairly good throughout the range of b, for both high and
low brane tension. The agreement becomes better as the
angular momentum quantum number ‘3 increases, as ex-
pected. The tables only show results for the fundamental
frequency, however similar agreement is obtained for
higher harmonics.

IV. CONCLUSIONS

We analyzed the effect of brane tension on the low-lying
quasinormal modes of a black hole localized on a tense 3-
brane in six flat dimensions [25]. In the presence of the
brane, the symmetry is no longer spherical resulting in
angular wave equations for which an analytic solution is
not available. The properties of the black hole as the brane
tension varies were studied numerically [26] as well as
analytically to first order in the tension [27]. We presented
an analytic solution to the angular eigenvalue problem for
arbitrary tension (parametrized by b 2 �0; 1� which is
related to the deficit angle which appears in the presence

of the brane). This enabled us to obtain explicit analytic
expressions for quasinormal modes of various types of
perturbation. We compared the analytic expressions to
numerical results using third-order WKB approximation
and found good agreement. We discussed the effect of
brane tension on the frequencies. For low tension (b!
1), we recovered the results of spherical geometry
(Schwarzschild black hole). For high tension (b! 0),
the imaginary part of all frequencies (damping) was seen
to vanish as b1=3 (being inversely proportional to the radius
of the horizon). The real part (representing the actual
oscillation) also vanished for m � 0 but diverged as
b�2=3 for m � 0 similarly to the Zeeman effect for an
atom in a strong magnetic field.

Understanding the effects of brane tension is important
in relation to the detection of black holes at the LHC. This
is a difficult study due to the lack of solutions to the
Einstein equations describing black holes localized in
branes of finite tension. As far as we know, ours is the first
study of analytic properties of perturbations of such black
holes. It would be interesting to further analyze the prop-
erties of these black holes including gray-body factors, the
distribution of radiation, etc., and calculate their effect in
the LHC environment. Work in this direction is in progress.
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TABLE V. Comparison between the O�1=‘2
3� analytic expression (17) and the WKB approximation of fundamental quasinormal

frequencies for the potential V2 (15).

b Analytic First-order WKB Third-order WKB
‘3 � 10, m � 0

1.0 5:039 48� 0:392 298i 5:058 84� 0:383 546i 5:021 12� 0:383 837i
0.9 4:865 56� 0:378 76i 4:884 26� 0:370 309i 4:847 84� 0:370 591i
0.7 4:474 57� 0:348 323i 4:491 76� 0:340 552i 4:458 28� 0:340 81i
0.5 3:999 84� 0:311 367i 4:0152� 0:304 421i 3:985 27� 0:304 652i
0.3 3:373 59� 0:262 617i 3:386 55� 0:256 758i 3:361 31� 0:256 953i
0.1 2:339 12� 0:182 089i 2:348 11� 0:178 026i 2:3306� 0:178 161i
0.01 1:085 72� 0:084 518 1i 1:089 89� 0:082 632 5i 1:081 77� 0:082 695 2i
0.001 0:503 948� 0:039 229 8i 0:505 884� 0:038 354 6i 0:502 112� 0:038 383 7i

‘3 � 10, m � 5
1.0 5:039 48� 0:392 298i 5:058 84� 0:383 546i 5:021 12� 0:383 837i
0.9 5:108 54� 0:378 76i 5:134 17� 0:371 112i 5:099 39� 0:371 363i
0.7 5:336 45� 0:348 323i 5:375 25� 0:342 898i 5:346 93� 0:343 07i
0.5 5:797 52� 0:311 367i 5:849 89� 0:308 097i 5:828 91� 0:308 197i
0.3 6:911 44� 0:262 617i 6:975 85� 0:261 239i 6:963 22� 0:261 279i
0.1 11:8007� 0:182 089i 11:8656� 0:181 93i 11:862� 0:181 934i
0.01 49:3943� 0:084 518 1i 49:4302� 0:084 517 2i 49:43� 0:084 517 2i
0.001 226:771� 0:039 229 8i 226:788� 0:039 229 8i 226:788� 0:039 229 8i

QUASINORMAL MODES OF A BLACK HOLE LOCALIZED . . . PHYSICAL REVIEW D 76, 104031 (2007)

104031-7



[1] K. D. Kokkotas and B. Schmidt, Living Rev. Relativity 2,
2 (1999), http://www.livingreviews.org/lrr-1999-2.

[2] H. P. Nollert, Classical Quantum Gravity 16, R159 (1999).
[3] J. S. F. Chan and R. B. Mann, Phys. Rev. D 55, 7546

(1997).
[4] G. T. Horowitz and V. Hubeny, Phys. Rev. D 62, 024027

(2000).
[5] J. F. Barbero, Phys. Rev. D 51, 5507 (1995).
[6] G. Immirzi, Nucl. Phys. B, Proc. Suppl. 57, 65 (1997).
[7] C. Rovelli and L. Smolin, Nucl. Phys. B442, 593 (1995).
[8] A. Ashtekar and J. Lewandowski, Classical Quantum

Gravity 14, A55 (1997).
[9] C. Rovelli, Living Rev. Relativity 1, 1 (1998), http://

www.livingreviews.org/lrr-1998-1.
[10] N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, Phys.

Lett. B 429, 263 (1998).
[11] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, and

G. R. Dvali, Phys. Lett. B 436, 257 (1998).
[12] N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, Phys.

Rev. D 59, 086004 (1999).
[13] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370

(1999); 83, 4690 (1999).
[14] P. C. Argyres, S. Dimopoulos, and J. March-Russell, Phys.

Lett. B 441, 96 (1998).
[15] T. Banks and W. Fischler, arXiv:hep-th/9906038.
[16] R. Emparan, G. T. Horowitz, and R. C. Myers, Phys. Rev.

Lett. 85, 499 (2000).
[17] S. Dimopoulos and G. Landsberg, Phys. Rev. Lett. 87,

161602 (2001).
[18] S. B. Giddings and S. Thomas, Phys. Rev. D 65, 056010

(2002).
[19] G. Landsberg, J. Phys. G 32, R337 (2006).
[20] E. Berti, K. D. Kokkotas, and E. Papantonopoulos, Phys.

Rev. D 68, 064020 (2003).
[21] P. Kanti, Int. J. Mod. Phys. A 19, 4899 (2004).
[22] P. Kanti and R. A. Konoplya, Phys. Rev. D 73, 044002

(2006).
[23] P. Kanti, R. A. Konoplya, and A. Zhidenko, Phys. Rev. D

74, 064008 (2006).
[24] E. Abdalla, B. Cuadros-Melgar, A. B. Pavan, and C.

Molina, Nucl. Phys. B752, 40 (2006).
[25] N. Kaloper and D. Kiley, J. High Energy Phys. 03 (2006)

77.
[26] D.-C. Dai, N. Kaloper, G. Starkman, and D. Stojkovic,

Phys. Rev. D 75, 024043 (2007).
[27] S. Chen, B. Wang, and R.-K. Su, Phys. Lett. B 647, 282

(2007).
[28] A. Ishibashi and H. Kodama, Prog. Theor. Phys. 110, 701

(2003).
[29] T. Yano, K. Kitani, H. Miyatake, M. Otsuka, S. Tomiyoshi,

S. Matsushima, T. Wada, and Y. Ezawa, Comput. Phys.
Commun. 96, 247 (1996).

[30] V. Cardoso, M. Cavaglia, and L. Gualtieri, J. High Energy
Phys. 02 (2006) 021.

[31] L. Crispino, A. Higuchi, and G. Matsas, Phys. Rev. D 63,
124008 (2001).

[32] S. Iyer and C. M. Will, Phys. Rev. D 35, 3621 (1987).
[33] R. A. Konoplya, Phys. Rev. D 68, 024018 (2003).
[34] B. F. Schutz and C. M. Will, Astrophys. J. Lett. 291, L33

(1985).

USAMA A. AL-BINNI AND GEORGE SIOPSIS PHYSICAL REVIEW D 76, 104031 (2007)

104031-8


