
Thermodynamical model for nonextremal black p-brane

Ken-ichi Ohshima*
Institute of Physics, University of Tokyo, Komaba, Meguro-ku 153 Tokyo

(Received 31 December 2006; revised manuscript received 27 August 2007; published 8 November 2007)

We show that the correct entropy, temperature (and absorption probability) of nonextremal black
p-brane can be reproduced by a certain thermodynamical model when maximizing its entropy. We show
that the form of the model is related to the geometrical similarity of nonextremal and near extremal black
p-brane at near horizon region, and argue about the appropriateness of the model.
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I. INTRODUCTION

The microscopic origin of black hole entropy has been
considered to be an important subject for years, since the
mechanism of black hole thermodynamics is regarded to
be explained by quantum gravity theory. String theory, the
leading candidate of quantum gravity theory, actually ex-
plained a black hole entropy by a microscopic model [1]. A
certain D-brane model exactly reproduces the black hole
entropy including its coefficient. It is based on supersym-
metric nature of the black hole, which ensures vanishing
quantum corrections so that the string—D-brane model
defined at weak coupling region reproduces entropy in
strong coupling region. Because of similar supersymmetric
nature, AdS/CFT correspondence [2] has been providing
various important results.

On the other hand, when supersymmetry is broken, the
relation between D-brane model in weak coupling region
and supergravity (of strong coupling region) is unclear,
since the quantum correction is unknown. It is difficult to
relate string theoretical models to black hole thermody-
namics in general. However, it is important to look for
thermodynamical models which can describe black hole
thermodynamics, since one might find a clue to understand
nonperturbative property of quantum gravity theory.

For example, [3] showed that D3-brane and open string
gas model provides the microscopic description of near
extremal black 3-brane thermodynamics, up to numerical
factor. The reason of this agreement without supersymme-
try is explained in [4–6], and the reason of the discrepancy
of the coefficient is studied in [7,8]. In addition, [9] showed
that the entropy of near extremal black p-brane is de-
scribed as S / qaTb where T is the temperature and q is
the charge.

Surprisingly, [10] showed that D3-brane—anti–D3-
brane model also provides the microscopic description of
nonextremal (and, in particular, Schwarzschild) thermody-
namics, including its absorption probability [11], up to
numerical factor. References [12,13] extended it to general
neutral p-brane and showed that the similar model repro-
duces the correct entropy up to numerical factor. It is also

applied to nonextremal black p-branes, multicharged
branes, rotating branes [14–18]. Recently, [19] showed a
relation between the thermodynamics of chargeless black
3-brane and D3-brane—anti–D3-brane system, in the su-
pergravity framework.

All those thermodynamical models for black 3-brane are
T4 model, i.e., the thermodynamics of black 3-brane is
described like R3�1 massless field in finite temperature.
This might indicate a correspondence between gravity and
other massless theory. In addition, all those models are
‘‘extended near extremal model,’’ i.e., when the thermal
energy of the near extremal p-brane is described by T�,
that of the nonextremal p-brane (far from extremality) is
also described by T�.

In this paper, we propose an expression of a ‘‘phenome-
nological’’ thermodynamical model which provides the
correct entropy and temperature and absorption probability
including coefficients. This expression does not yield addi-
tional discrepancy in the coefficient, and exactly reprodu-
ces the supergravity results. Next we show a geometrical
similarity between the near extremal black p-brane and
nonextremal black p-brane. This geometrical similarity
results in the ‘‘extended near extremal model’’ which we
mentioned above. We also show that our thermodynamical
model is in fact appropriate for blackbody radiation of
nonextremal black 3-brane, by considering the action of
dilaton field in the low energy region. And we show that the
correct absorption probability and graybody factor for
nonextremal black 3-brane are also obtained. We show
that this exact agreement is due to the equality of the scalar
field equation in black 3-brane background and parameter
changed near extremal 3-brane background.

The organization of this paper is as follows. In Sec. II,
we briefly review black p-brane and the thermodynamic
quantities of black p-brane and the thermodynamical mod-
els proposed in the past. In Sec. III, we explain our ther-
modynamical model ansatz. After introducing the ansatz,
we show a geometrical similarity between nonextremal
black p-brane and near extremal black p-brane. We also
show that the agreement of the temperature, the entropy,
and the absorption probability is related to the geometrical
similarity. We also argue about the appropriateness of our
ansatz in terms of the geometrical similarity and the action*ohshimak@hep1.c.u-tokyo.ac.jp
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of massless scalar field. Section IV is the conclusion and
discussion.

II. BLACK p-BRANE THERMODYNAMICS AND
THERMODYNAMICAL MODELS

A. Black p-brane and its thermodynamical quantities

The black p-brane solution in 10 dimensional super-
gravity of 1=2 BPS in the extremal limit is described as
extrema of the following supergravity action [9,20–26]:

 S � �
1

2�2

Z
d10x

�������
�g
p

�
R�

1

2
�@��2

�
1

2�8� p�!
ea�F8�p

2

�
; (2.1)

the metric of black p-brane solution is
 

ds2 � H�p�1�=8�r��H�1�r���f�r�dt2 � dy1
2 � . . .� dyp2�

� f�1�r�dr2 � r2d�2
d�1�: (2.2)

where

 H�r� � 1�
Rd

rd
; f�r� � 1�

�d

rd
;

Rd � �dsinh2�;

(2.3)

 d � 7� p; (2.4)

 �: the horizon radius: (2.5)

The extremal limit corresponds to

 �! 0; (2.6)

 �! 1; (2.7)

 �d sinh2�: fixed: (2.8)

The total energy E, the charge per unit volume q of the
black p-brane are [9,21,26,27],

 E �
!d�1

2�2 �dV�d� 1� dsinh2��; (2.9)

 q �
!d�1

2
���
2
p
�
d�d sinh2�; (2.10)

where !d�1 is volume of a d� 1-dimensional unit sphere,
V is volume of the torus which the brane wrapped.

The Bekenstein-Hawking entropy S and the temperature
of the black p-brane are

 S �
2�!d�1

�2 �d�1VH1=2��� �
2�!d�1

�2 �d�1V cosh�;

(2.11)

 T �
d

4�� cosh�
: (2.12)

The absorption probability of black 3-brane for lth
partial wave of dilaton to the lowest order in the radiation
frequency is [11]

 P�l� �
2�3l�3�2��1� l=4�

�l� 2�!2��1=2� l=4�2
�!��2l�5 cosh�; (2.13)

the absorption cross-section (the graybody factor) of the
black 3-brane is written [28]

 ��l� �
8�2

3!5
�l� 1��l� 2�2�l� 3�P�l�: (2.14)

B. Thermodynamical models for black p-brane

In this subsection, we review some of thermodynamical
models for nonextremal black p-brane proposed in the past
[3,9,10]. In addition, we argue about relation between
those models and this paper’s model.

1. Near extremal p-brane

At the beginning, we review thermodynamical model of
near extremal black 3-brane [3]. ‘‘Near extremal’’ corre-
sponds to the region of �

4

R4 � 1 in (2.2). In this region, the
near horizon geometry of the near extremal black 3-brane
is
 

ds2 � �
r2

R2

�
1�

�4

r4

�
dt2 �

r2

R2

X3

i�1

dx2
i �

R2

r2

1

�1� �4

r4 �
dr2

� R2d�2
5: (2.15)

The entropy is determined by the area of the horizon and
the temperature is surface gravity on the horizon. Thus the
near horizon geometry determines S and T. The entropy
and the temperature are written

 S �
2�4

�2 VR2�3; (2.16)

 T �
�

�R2 : (2.17)

The total energy E can be written as [3]

 E � M0 � �M (2.18)

where M0 is the mass of extremal 3-brane and �M is small
mass added to M0. �M is written as

 �M �
3�3

2�2 V�
4 (2.19)

S and �M can be expressed by R and T,

 S �
2�7

�2 R
8VT3; (2.20)

 �M �
3�7

2�2 R
8VT4: (2.21)
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Since �M
M0
� 1, R in (2.20) and (2.21) can be written

 R4 �

���
2
p
�

4�3 q; (2.22)

where q is the charge of the near extremal 3-brane.
Reference [3] proposed a D3-brane model for near ex-
tremal 3-brane. The number of the D3-brane N is [9]

 N �
1�������
2�
p q; (2.23)

therefore R4 is expressed by N as

 R4 �
�

2�5=2
N: (2.24)

Thus, S and �M are written

 S �
2�7

�2 R8VT3 �
�2

2
N2VT3; (2.25)

 �M �
3�7

2�2 R
8VT4 �

3�2

8
N2VT4; (2.26)

which corresponds to massless open string gas on the D3-
branes (however, the numerical factor differs by 3

4 from free
case).

Note that the parameter R4 in the metric (2.15) corre-
sponds to N, in the above argument. When R in the near
horizon geometry (2.15) changes to R0,
 

ds2 � �
r2

R02

�
1�

�4

r4

�
dt2 �

r2

R02
X3

i�1

dx2
i

�
R02

r2

1

�1� �4

r4 �
dr2 � R02d�2

5; (2.27)

the entropy is written

 S �
2�7

�2 R08VT3 �
�2

2
N02VT3; (2.28)

which means the number of degrees of freedom of the open
string N2 is replaced by N02. We will show in the next
section that the near horizon geometry of the black 3-brane
far from extremality is written in similar metric, and the
entropy and the energy can be obtained by replacing the
number of degree of freedom.

The above argument can easily be extended to general
p-brane. The near horizon geometry of the near extremal
black p-brane is

 ds2 � �
rd�1���

Rd�1���

�
1�

�d

rd

�
dt2 �

rd�1���

Rd�1���
Xp
i�1

dx2
i

�
R�d

r�d�1� �d

rd
�
dr2 � R�dr2��dd�2

d�1; (2.29)

where � � p�1
8 , and the entropy and the temperature are

 S �
2�!d�1

�2 Rd=2��d=2��1V

�
2�!d�1

�2

�
4�
d

�
	=�1�	�

Rd=2�1�	�VT	=�1�	�; (2.30)

 �M �
!d�1

2�2 V
�
d
2
� 1

�
�d

�
!d�1

2�2

�
d
2
� 1

��
4�
d

�
1=�1�	�

Rd=2�1�	�VT1=�1�	�;

(2.31)

where 	 � 8�p
7�p�

1
2 . Those are expressed by the number of

Dp-branes N

 N �
1�������
2�
p

1

�2�ls�
3�p q; (2.32)

as

 S �
1

	
CpN1=2�1�	�T	=�1�	�; (2.33)

 �M � CpN1=2�1�	�T1=�1�	�; (2.34)

as shown in [9], where Cp is a constant. Rd is proportional
toN as in 3-brane case. When R in (2.29) changes, the N in
(2.33) and (2.34) changes.

2. Far from extremality

For the black 3-brane far from extremality, [10] pro-
posed the thermodynamical model

 E � �N � �N�
3V �
3�2

8
N2VT4 �

3�2

8
�N2V �T4; (2.35)

where �N is the number of anti–D3-branes and �T is the
temperature of the anti–D3-branes. Note that the coeffi-
cient 3�2

8 already includes the 3
4 numerical factor of the near

extremal case (2.26). The entropy is

 S �
�2

2
N2VT4 �

�2

2
�N2V �T4: (2.36)

The correct entropy up to numerical factor (23=4) is repro-
duced when maximizing S byN and �N. Note that the above
argument contains two kinds of additional numerical fac-
tor. The one is the 3

4 factor built in the D3-brane model
(2.35), another is the discrepancy that emerged after the
maximization of the entropy, 23=4 [10].

A similar argument can be applied for general p-brane
[12,13]. Those models also yield a discrepancy even
though they already include the numerical factor of the
near extremal region.

3. Relation to this paper’s model

In the above model for the black p-brane far from
extremality [10,12,13], the total energy after maximizing
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the entropy is

 E � �N � �N�
pV � 4	
��������
N �N

p

pV: (2.37)

where N, �N are written by the supergravity parameters as

 N � �N �
!d�1d

4�2
p
�d sinh2� �

!d�1d

2�2
p
Rd=2�Rd ��d�1=2;

(2.38)

 

��������
N �N

p
�
!d�1d

8�2
p
�d: (2.39)

The second term of (2.37) corresponds to the energy of gas
on the branes and the antibranes. If we rewrite (2.37) by
Q � N � �N,

 E �
��������������������������������
Q2 � �2

��������
N �N

p
�2

q

pV � 4	

��������
N �N

p

pV: (2.40)

E and Q are fixed when maximizing the entropy. We have
now one parameter

��������
N �N
p

instead of N and �N. The
��������
N �N
p

determines the degree of nonextremality. If we denote

 n � 2
��������
N �N

p
; (2.41)

the energy is

 E �
������������������
Q2 � n2

q

pV � 2	n
pV (2.42)

 �
������������������
Q2 � n2

q

pV � Cp�

������������������
Q2 � n2

q
� n�1=2�1�	�VT1=�1�	�:

(2.43)

where Cp is a constant. The above (2.42) and (2.43) is the
energy after maximizing the entropy.

Our model is as follows. The total energy before max-
imizing the entropy is
 

E�
�����������������
Q2�n2

q

pV�Cp�

�����������������
Q2�n2

q
�n�1=2�1�	�VT1=�1�	�;

(2.44)

where n is a free parameter, and the correct entropy and
temperature are obtained when maximizing the entropy by
n. This model smoothly reduces to the near extremal model
[3,9] when n

N� 1. The constant Cp is determined by
comparing with the near extremal models [3,9] in the
near extremal region. Once we include the numerical factor
in the near extremal model as Cp, our model does not yield
any other discrepancies, and correctly reproduces entropy
and temperature through all the nonextremal region.

III. THERMODYNAMICS OF NONEXTREMAL
BLACK p-BRANE

A. An ansatz of thermodynamical model

First, we introduce an ansatz of microcanonical thermo-
dynamical model for nonextremal black p-brane as fol-

lows. In the next subsection, we argue about the
appropriateness of this ansatz.

Ansatz.—Partition function Z for nonextremal black
p-brane thermodynamics:

 lnZ � �
1

T
�
������������������
N2 � n2

p
� N�
pV

�
1� 	
	

f�N; n�VT	=�1�	�; (3.1)

where

 f�N; n� � Cp�
������������������
N2 � n2

p
� n�1=2�1�	�; (3.2)

 

Cp � 22�15�2p�=�5�p�d��2�8�p�=�5�p��	�2�7�p�=5�p

	!��2=�5�p��d�1 �4=�5�p�
d=�5�p�p ; (3.3)

 	 �
8� p
7� p

�
1

2
; (3.4)

 N: charge; V: The volume of the brane;

and n is determined so that the entropy is maximized under
fixed energy and charge. The resulted n is n � !d�1d

4�2
p
�d.

Total energy of the black p-brane Etotal is

 Etotal � Ethermal � N
pV; (3.5)

where N
pV is the mass of the black p-brane in the
extremal limit (i.e., zero temperature brane).

From the ansatz (3.1) we get (thermal) energy and free
energy and entropy:

(i) Energy:

 Ethermal � T2 @
@T

lnZ

� �
������������������
N2 � n2

p
� N�
pV � f�N; n�VT

1=�1�	�

(3.6)

(ii) Free energy:

 F � �T lnZ

� �
������������������
N2 � n2

p
� N�
pV

�
1� 	
	

f�N; n�VT1=�1�	� (3.7)

(iii) Entropy:

 S �
Ethermal � F

T
�

1

	
f�N; n�VT	=�1�	� (3.8)

The n and temperature T are determined by the condi-
tion of maximum entropy, as follows.
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Rewrite the entropy as

 S �
1

	
fVT	=�1�	�

�
1

	
f1�	V1�	�Ethermal �

������������������
N2 � n2

p

pV � N
pV�	:

(3.9)

The condition

 

@S
@n
� 0; (3.10)

at fixed Ethermal (or Etotal) and fixed charge N yields the
following equation:

 �Ethermal �
������������������
N2 � n2

p

pV � N
pV� � 2	n
pV: (3.11)

Then the total energy Etotal is written as

 Etotal �
������������������
N2 � n2

p

pV � 2	n
pV: (3.12)

From above (3.12) and the given total energy and charge,
we get n. Also, we get the temperature as

 T �
�

2	n
p
f�N; n�

�
1�	

: (3.13)

The second order derivative of the entropy is

 

@2S

@n2
� �	

������������������
N2 � n2

p
� 2	2�N2 � n2�< 0; (3.14)

and the first order derivative vanishes at the one point, thus
the above solution is the solution at the maximum entropy.

The model has the following characteristics:
(i) For a given total energy and charge, the ansatz yields

the correct temperature and entropy, which agree
with the supergravity result.

(ii) The thermal energy Ethermal vanishes at extremal
limit.

(iii) The model reduces to near extremal black p-brane
thermodynamical model [3,9] at n

N ! 0 limit.
(iv) The second term of (3.6) can be obtained from the

thermodynamical model of near extremal black
p-brane by replacing the ‘‘freedom of the gas’’ by
f�N; n�.

(v) When we substitute the ‘‘freedom of the gas’’
f�N; n� and the temperature to the absorption proba-
bility of near extremal black 3-brane, we get the
correct absorption probability and graybody factor
of the nonextremal black 3-brane.

We explain 4 and 5 in the following.
Characteristic 4.—The thermodynamical model of the

near extremal black 3-brane is [3]

 Ethermal � C3N2VT4; (3.15)

where C3 is constant (3�2=8). The N is the number of
coincident D3-branes, and N2 is the number of degrees of

freedom of the open string. Replacing the C3N
2 by f�N; n�

 C3N2 ! C3�
������������������
N2 � n2

p
� n�2 (3.16)

yields the second term of the (3.6). For p � 3, the replace-
ment

 CpN1=�2�1�	�� ! Cp�
������������������
N2 � n2

p
� n�1=�2�1�	�� (3.17)

in the near extremal p-brane model [9] yields the second
term of (3.6)

Characteristic 5.—In the following, we show that the
absorption probability (and the graybody factor) of non-
extremal black 3-brane can be obtained by replacing ‘‘the
number of the degrees of freedom’’ and temperature of the
near extremal result.

The absorption probability of near extremal black 3-
brane for the lth partial wave calculated by supergravity
theory is [11,29]

 P�l� �
2�2l�3���1� l=4�4

�l� 2�!2��1� l=2�2
!2l�5�2l�3R2: (3.18)

In the near extremal region, the parameter R and � in
supergravity can be written by N and T as [11]

 R4 �
�N

2�5=2
; � � T

������������
�N

2�1=2

s
: (3.19)

Rewriting the absorption probability by N and T,
 

P�l� �
2�2l�3���1� l=4�4

�l� 2�!2��1� l=2�2

	!2l�5Nl�2T2l�3�l�2

�
1

2

�
l�2
�

1

�

�
�l�4�=2

: (3.20)

Replacing N by
������������������
N2 � n2
p

� n and substituting the correct
T, and rewriting those by supergravity parameters, we get

 P�l� �
2�3l�3�2��1� l=4�

�l� 2�!2��1=2� l=4�2
�!��2l�5 cosh�: (3.21)

This result agrees with the result from the supergravity
(2.13). The graybody factor is calculated as (2.14), thus we
reproduced graybody factor of black 3-brane by this
‘‘replacing.’’

B. Near extremal and nonextremal geometry

In this section, we show that the nonextremal black
p-brane has a relation to near extremal black p-brane
geometry. In the vicinity of the horizon, the nonextremal
p-brane (far from extremality) has similar geometry with
near extremal p-brane, and this leads to the temperature
and the entropy described by the similar form. We also
show that this geometrical similarity has a relation to
various properties of our thermodynamical model.
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1. The vicinity of the horizon geometry

A nonextremal black p-brane (arbitrary far from extrem-
ality) with parameter R0 and �0 is

 ds2 � �
�1�

�d
0

rd
�

�1�
Rd0
rd
�1��

dt2 �
1

�1�
Rd0
rd
�1��

Xp
i�1

dx2
i

�
�1�

Rd0
rd
��

�1�
�d

0

rd
�
dr2 �

�
1�

Rd0
rd

�
�
r2d�2

d�1; (3.22)

where

 � �
p� 1

8
: (3.23)

On the other hand, the near horizon limit of near extremal
black p-brane parametrized by R and � is

 ds2 � �
rd�1���

Rd�1���

�
1�

�d

rd

�
dt2 �

rd�1���

Rd�1���
Xp
i�1

dx2
i

�
R�d

r�d�1� �d

rd
�
dr2 � R�dr2��dd�2

d�1: (3.24)

When we change the parameters R and � as

 Rd � Rd0 ��
d
0 ; (3.25)

 � � �0; (3.26)

(3.24) is
 

ds2 � �
rd�1���

�Rd0 ��0
d��1���

�
1�

�d
0

rd

�
dt2

�
rd�1���

�R0
d ��0

d��1���

Xp
i�1

dx2
i �
�R0

d ��0
d��

r�d�1�
�d

0

rd
�
dr2

� �R0
d ��0

d��r2��dd�2
d�1: (3.27)

First, the nonextremal p-brane (3.22) and the parameter
changed near extremal p-brane (3.27) are equal at the
horizon (r � �0).

Next, we consider the vicinity of the horizon. When we
expand the metric for the time direction of the nonextremal
p-brane (3.22) [we denote it as gtt�r�] in the vicinity of the
horizon,

 gtt��0 � �� � gtt��0� �
�d�1����1

0 d

�Rd0 ��
d
0�

1�� �: (3.28)

On the other hand, when we expand the metric for the time
direction of the parameter changed near extremal p-brane
(3.27) [we denote it as htt�r�] in the vicinity of the horizon,

 htt��0 � �� � htt��0� �
�d�1����1

0 d

�Rd0 ��
d
0�

1�� �: (3.29)

The both agree. The same agreement holds for the r

direction. Both metrics for r direction: grr and hrr also
agree in the vicinity of the horizon.

2. The entropy and the temperature

Consider the following two types of geometry:
(i) Geometry A: Geometry (3.27) in near horizon re-

gion, and asymptotically flat.
(ii) Geometry B: Nonextremal black p-brane back-

ground (3.22).

In the following, we show that the entropy and the tem-
perature of the both geometry agree.

Entropy.—As we mentioned in the previous subsection,
the metric of the geometry A and the geometry B agree at
the horizon r � �0. Thus their entropies agree.

Temperature.—Defining u as

 u � 2
�
�Rd0 ��

d
0�
�

��d�1
0 d

�
1=2
�r��0�

1=2; (3.30)

both metrics in the vicinity of the horizon can be written in
Euclidean form as

 ds2 
 u2

�
dtE

2
�Rd0��

d
0�

1=2

�d=2�1
0 d

�
2
� du2 � �other terms�: (3.31)

By comparing above with the polar coordinates of 2-
dimensional plane

 ds2 � u2d�2 � du2; 0 � � � 2�; (3.32)

the period of the compactified tE (which is 1
T ) must be

 

1

T
�

4��Rd0 ��
d
0�

1=2

�d=2�1
0 d

; (3.33)

so that conical singularity in t� r plane vanishes. As
above, the temperature of the two geometries agree be-
cause their tt� and rr� components are equal in the
vicinity of the horizon.

Near extremal and far from extremality.—As we men-
tioned in Sec. II B, near extremal region corresponds to the
region of �R � 1. In this region,

 S

2�!d�1

�2 ��d=2��1
0 V

������
Rd0

q
; (3.34)

 T 

��d=2��1

0 d

4�
������
Rd0

q : (3.35)

On the other hand, �R can not be neglected in the region far
from extremality. In this region,

 S

2�!d�1

�2 ��d=2��1
0 V

�������������������
Rd0 ��

d
0

q
; (3.36)
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 T 

��d=2��1

0 d

4�
�������������������
Rd0 ��

d
0

q : (3.37)

One can see from (3.34), (3.35), (3.36), and (3.37) that S
and T of ‘‘far from extremality’’ region are obtained by
replacing Rd0 ! Rd0 ��

d
0 in the near extremal S and T. The

geometric similarity we showed above corresponds to this
‘‘replacement.’’ As we have shown in Sec. II B, Rd0 of near
extremal p-brane corresponds to the number of Dp-branes
N. Thus above replacement corresponds to the replacement
of N in the near extremal thermodynamical model.
Explicitly, Rd0 ! Rd0 ��

d
0 corresponds to

 N !
������������������
N2 � n2

p
� n; (3.38)

and this leads to the second term of total energy (3.6)

 Ethermal � �
������������������
N2 � n2

p
� N�
pV � f�N; n�VT

1=�1�	�

(3.39)

of our model, where n is determined by the maximization
of entropy in our model as (3.9) to (3.13).

3. Match of absorption probability and graybody factor

We show below that the equation of the motion of the
massless scalar field in geometry A 3-brane and
geometry B 3-brane is equal in the low energy region.
This equality results in the agreement of the absorption
probability (and the graybody factor).

The equation of the motion of massless scalar field in
nonextremal black 3-brane background (the geometry B) is
 

@2
r��

�
5

r
�

4�4

r5�1� �4

r4 �

�
@r�

�

� 1� R4

r4

�1� �4

r4 �
2
!2 �

l�l� 4�

r2�1� �4

r4 �
�

1� R4

r4

1� �4

r4

k2

�
� � 0; (3.40)

where !: energy (of the scalar field �), l: angular momen-
tum, k: momentum in direction to xi.

We consider the equation of the motion in the low
energy region !

T � 1 (where T is the temperature of the
black 3-brane) in the following.

The equation of motion of massless scalar field in the
geometry A of near horizon region is
 

@2
r��

�
5

r
�

4�4

r5�1� �4

r4 �

�
@r�

�

� R4��4

r4

�1� �4

r4 �
2
!2 �

l�l� 4�

r2�1� �4

r4 �
�

R4��4

r4

1� �4

r4

k2

�
� � 0: (3.41)

At infinity of geometry A, the equation is the same as that
in flat spacetime.

The difference of the equation in the geometry A and
that in the geometry B is the terms which contain R. When

we consider the massless particle propagating perpendicu-
lar to the brane (k � 0), the difference of the equation in
the geometry A and that in the geometry B is the ! term
only.

(i) Outer region [�� r (h � )]
With

  � !r; h � !�; (3.42)

the equation in the geometry B (black 3-brane) is

 

@2
��

54 � 4
h

�4 � 4
h�
@��

2l�l� 4�

4 � 4
h

�

�
4�4 � �!R�4�

�4 � 4
h�

2 � � 0: (3.43)

When �< R, the equation in the outer region of the
geometry B (black 3-brane background) is

 @2
��

5


@��

�
1�
�!R�

4 �
l�l� 4�

2

�
� � 0:

(3.44)

From the low energy condition

 

�!R�4

2
�

�
!�R4 ��4�1=2

�

�
2
�

�
!
�T

�
2
� 1;

(3.45)

the R term can be ignored. When ignoring the R
term, the equation of the motion is the same as that in
the flat space. Thus the equation in the geometry B is
equal to that in the geometry A.
When �
 R or R<�, the equation in the
geometry B is the same as the equation in flat space-
time from the condition of the outer region. Thus the
equation in the geometry B is equal to that in the
geometry A again.
In summary, for every case of R and �, the equation
in the geometry A and that in the geometry B are
equal in the outer region.

(ii) Inner region [ �r 
O�1� and � � r]
When �< r, the equation in the geometry B (black
3-brane) is

 

@2
r��

�
5

r
�

4�4

r5�1� �4

r4 �

�
@r�

�

� 1� R4

r4

�1� �4

r4 �
2
!2 �

l�l� 4�

r2�1� �4

r4 �

�
� � 0: (3.46)

The R term can be ignored since !
T � 1. The equa-

tion in the geometry A is
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@2
r��

�
5

r
�

4�4

r5�1� �4

r4 �

�
@r�

�

� R4��4

r4

�1� �4

r4 �
2
!2 �

l�l� 4�

r2�1� �4

r4 �

�
� � 0: (3.47)

The R term also can be ignored because !
T � 1.

Thus the equation in the geometry A and that in
the geometry B is the same, in the region of�< r in
the inner region.
In the region of�
 r, the R term cannot be ignored
in both geometries, but grr is the same in the region
of �
 r. The R term in both equations agree since
the R term is actually �1=grr�2. Thus both equations
agree in the inner region.

In summary,
(i) �� r: Both equations are the equation in flat space.
(ii) �< r: Both equations agree by the low energy

condition.
(iii) �
 r: Both equations agree since the 1=grr is the

same in the vicinity of the horizon.

Thus the equation in the geometry A and that in the
geometry B are equal in all the regions.

The geometry A is a parameter changed near extremal
geometry (R4

0 ! R4
0 ��

4
0) in the near horizon region.

Since the scalar field equation in both geometries are the
same, the absorption probability of ‘‘far from extremality’’
region is obtained by replacing R4

0 ! R4
0 ��

4
0 in the near

extremal absorption probability. As we explained, this
replacement corresponds to the replacement N !������������������
N2 � n2
p

� n, where n is determined by the maximiza-
tion of entropy in our model. The characteristic 5 of our
thermodynamical model ansatz is as follows: When we
substitute the ‘‘freedom of the gas’’ f�N; n� and the tem-
perature to the near extremal black 3-brane result of ab-
sorption probability, we get the correct absorption
probability and graybody factor of the nonextremal black
3-brane. This is caused by the above equality of the equa-
tion in the geometry A and B.

C. Appropriateness of the thermodynamical model

1. Gas term (after maximization of entropy)

As we have shown, nonextremal p-brane geometry is
similar to ‘‘parameter changed near extremal p-brane ge-
ometry’’ in the vicinity of the horizon. This leads to the
agreement of entropy, temperature, and absorption proba-
bility in both the geometry A and B. Hence, we can
describe thermodynamics of nonextremal p-brane by the
near extremal p-brane model with replacement N !������������������
N2 � n2
p

� n, which results in the second term (gas
term) of

 Ethermal � �
������������������
N2 � n2

p
� N�
pV � f�N; n�VT1=�1�	�;

(3.48)

where n is determined by the maximization of entropy in
our model.

The original explanation of the black hole Hawking
radiation [30] is derived by considering the behavior of
massless scalar field in black hole background. In order to
examine physical appropriateness of our model more
strictly, we have to examine the action of massless scalar
field (in this case, dilaton field) in black p-brane back-
ground. We show below that the action in the geometry A
and the geometry B actually agree in low energy region for
p � 3.

The Lagrangian of massless scalar field in nonextremal
black 3-brane background (geometry B) is

 L �
�������
�g
p

g��@��@�� (3.49)

 � r5

�
�
H
f
�@t��

2 � f�@r��
2 �

X3

i�1

H�@i��
2

�
X5

j�1

1

r2�i��1; � � � ; �5�
�@�j��

2

�
; (3.50)

where

 H�r� � 1�
R4

r4 ; f�r� � 1�
�4

r4 ; (3.51)

 r2�i: the metric for the angular directions �i: (3.52)

On the other hand, for massless scalar field in the
‘‘parameter changed near extremal black 3-brane’’ back-
ground, H�r� � R4��4

r4 . Note that f
H is the same for both

backgrounds at the vicinity of the horizon.
If the xi direction (3 dimensional directions) are com-

pactified and the size of the compactified manifold is small
enough compared to the energy scale of�, the �@i��2 term
can be dropped from the Lagrangian. Then the difference is
only in the �@t��2 term, and this term is the same in the
vicinity of the horizon for both backgrounds.

Now, consider the low energy limit !�! 0. The
Lagrangian of the massless scalar field at the energy scale
of !�! 0 vanishes in almost all the region of the space,
except near the horizon, where f�r� diverges. The domi-
nant contribution to the Euclidean action is the action near
the horizon, thus in the low energy limit !� ! 0, the
Euclidean action in the geometry A and that in the
geometry B are approximately the same. The agreement
of the Euclidean action means the same quantum phe-
nomena of the same temperature. Hence, applying the
thermodynamical model of the geometry A to the thermo-
dynamics of the geometry B is regarded to be valid in this
limit.
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The limit !�! 0 corresponds to blackbody radiation
region, as one can see that the graybody factor (2.14) is
nonzero only for l � 0 where it does not depend on the
energy. Thus our thermodynamical model successfully
reproduces the blackbody radiation of the nonextremal
black 3-brane.

2. Total energy and maximization of entropy

The gas term we explained in the previous subsection
requires specific value of n. However, our model does not
require n as an input.

The total energy of our model is

 Ethermal � �
������������������
N2 � n2

p
� N�
pV � f�N; n�VT

1=�1�	�;

(3.53)

where n is a free parameter. When we maximize the
entropy by n under fixed E and N, the value of n is
automatically determined. The n at the maximum entropy
yields correct entropy, temperature, and absorption proba-
bility. This property is nontrivial, because free parameters
like this generally do not yield correct entropy, as discrep-
ancies found in [10,12,13].

In addition, our model smoothly reaches to near ex-
tremal model [3,9] when n

N� 1. The coefficient in the
gas term [the second term of the energy (3.53)] is deter-
mined by comparing with the near extremal models. Once
we take the near extremal coefficient into our model, our
model yields correct entropy and temperature through all
the nonextremal region beyond the near extremal region,
and does not yield any additional discrepancy.

IV. CONCLUSION AND DISCUSSION

In this paper, we introduced an ansatz of thermodynam-
ical model for nonextremal black p-brane thermodynam-
ics, which yields the correct entropy and temperature and
graybody factor when the entropy is maximized. We have
shown that the geometrical similarity between nonextremal
black p-brane and near extremal black p-brane is related to
the various properties of the model. This fact implies that
the model is appropriate, and we have actually shown the
appropriateness of the model for p � 3 by considering the
action of massless scalar field.

Comparing with the models proposed in the past, our
model can smoothly reach to the near extremal models
[3,9] and does not need any additional condition (like equal
gas energies on brane and antibrane), and reproduces cor-
rect entropy and temperature through all the nonextremal
region.

Since the supersymmetry is broken in the nonextremal
region, the definite argument including quantum correction
is difficult. Our ansatz certainly reproduces the entropy and
the temperature of the nonextremal black p-brane, how-
ever further study is needed for the explanation beyond the
geometrical similarity.
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