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Two-loop renormalization of scalar and pseudoscalar fermion bilinears on the lattice
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We compute the two-loop renormalization functions, in the RI’ scheme, of local bilinear quark
operators 'y, where I' denotes the scalar and pseudoscalar Dirac matrices, in the lattice formulation
of QCD. We consider both the flavor nonsinglet and singlet operators; the latter, in the scalar case, leads
directly to the two-loop fermion mass renormalization, Z,. As a prerequisite for the above, we also
compute the quark field renormalization, Z,, up to two loops. We use the clover action for fermions and
the Wilson action for gluons. Our results are given as a polynomial in cgw, in terms of both the
renormalized and bare coupling constants, in the renormalized Feynman gauge. We also confirm the one-
loop renormalization functions, for generic gauge. Finally, we present our results in the MS scheme, for
easier comparison with calculations in the continuum. The corresponding results, for fermions in an

arbitrary representation, are included in the Appendix.
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L. INTRODUCTION

Studies of hadronic properties using the lattice formula-
tion of QCD rely on the computation of matrix elements
and correlation functions of composite operators, made out
of quark fields. A whole variety of such operators has been
considered and studied in numerical simulations, including
local and extended bilinears, and four-fermi operators. A
proper renormalization of these operators is most often
indispensable for the extraction of physical results from
the lattice.

In this work we study the renormalization of fermion
bilinears @ = Ty on the lattice, where I' = 1, ys. We
consider both flavor singlet and nonsinglet operators. The
cases I' = Yus YsYu» Y50 ., Will be presented in a sequel
to this work. In order to obtain the renormalization func-
tions of fermion bilinears we also compute the quark field
renormalization, Zy,as a prerequisite.

We employ the standard Wilson action for gluons and
clover-improved Wilson fermions. The number of quark
flavors N ts the number of colors N, and the clover coef-
ficient cqy are kept as free parameters.

Our two-loop calculations have been performed in the
bare and in the renormalized Feynman gauge. For one-loop
quantities, the gauge parameter is allowed to take arbitrary
values.

The main results presented in this work are the following
two-loop bare Green’s functions [amputated, one-particle
irreducible (1PI)]:

(i) Fermion self-energy: X}(q, ar);

(ii) 2-pt function of the scalar ¢ Sk(qay);

(iii) 2-pt function of the pseudoscalar Jrysiy: 25(qay).

(ar: lattice spacing; g: external momentum.)
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In general, one can use bare Green’s functions to con-
struct ZXY, the renormalization function for operator O,
computed within a regularization X and renormalized in a
scheme Y.

We employ two widely used schemes to compute the
various two-loop renormalization functions:

(1) The RI’ scheme: Zé’RII, ZIS"RI,, Z,L;RI/;

(i) The MS scheme: Z;"*, ZgMS, ZpM*,

The flavor singlet scalar renormalization function is
equal to the fermion mass multiplicative renormalization,
Z,,, which is an essential ingredient in computing quark
masses.

For convenience, the results for Z’é’y are given in terms
of both the bare coupling constant g, and the renormalized
one: ggy» 8375

Finally, as one of several checks on our results, we
construct the two-loop renormalized Green’s functions in
RI': Eig/(q, a)(O =, S, P), as well as their counterparts
in MS: 3%5(g, j1). The values of all these functions, com-
puted on the lattice, coincide with values computed in
dimensional regularization (as can be inferred, e.g., from
[1D).

The present work is the first two-loop computation of the
renormalization of fermion bilinears on the lattice. One-
loop computations of the same quantities have existed for
quite some time now (see, e.g., [2—4] and references
therein). Several attempts have been made to estimate Zg
nonperturbatively; recent results can be found in Refs. [5—
10]. Some results have also been obtained using stochastic
perturbation theory [11]. A related computation, regarding
the fermion mass renormalization Z,, with staggered fer-
mions, can be found in [12].

The paper is organized as follows: Section II provides a
formulation of the problem, along with all necessary defi-
nitions of renormalization schemes and of the quantities to
compute. Section III describes our computational methods
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and the results which are obtained. Finally, in Sec. IV we
discuss some salient features of our calculation, and com-
ment on future extensions to the present work.

Recently, there has been some interest in gauge theories
with fermions in representations other than the fundamen-
tal. Such theories are being studied in various contexts
[13-18], e.g., supersymmetry, phase transitions, and the
“AdS/QCD” correspondence. It is relatively straightfor-
ward to generalize our results to an arbitrary representa-
tion; this is presented in the Appendix.

II. FORMULATION OF THE PROBLEM

A. Lattice action

We will make use of the Wilson formulation of the QCD
action on the lattice, with the addition of the clover (SW)
[19] term for fermions. In standard notation, it reads

S =S¢t ZZ(‘“’ + mo) i (x) s (x)
f x

- %; S TG0 = YUty 6 + )
oy

+ ’I/f(x + Iu‘)(r + ’}’#)Uxﬁ—#,xlﬂf(x)]

FeswY S W @), (1
f xpv
where
.1
F/.LI/ = g(Q/_LI/ - QI//.L) (2)
and

Q,u,y = Ux,x+,u Ux+#,X+M+VU)C+,U,+V,.X+VU)C+V,X

+ Ux,x+va+v,x+V*,u,Ux+vf,u,,X*p.Ux*,u,x
+U

XX~ UX*/J.,X*,U,* v Ux*,u,f v,X—V Ux* VX

+ UX,X*I/UX*I/,X*V‘F,U,UX* V+,u,x+y,Ux+,u,x- (3)

S is the standard pure gluon action, made out of 1 X 1
plaquettes. The clover coefficient cgy is treated here as a
free parameter; r is the Wilson parameter (set to r = 1
henceforth); f is a flavor index; o, = (i/2)[y,. 7.l
Powers of the lattice spacing a; have been omitted and
may be directly reinserted by dimensional counting.

The ‘““Lagrangian mass™ m, is a free parameter here.
However, since we will be using mass independent renor-
malization schemes, all renormalization functions which
we will be calculating must be evaluated at vanishing
renormalized mass, that is, when m, is set equal to the
critical value mg: my, — mg, = 0 + O(g2).

B. Definition of renormalized quantities

As a prerequisite to our programme, we will need the
renormalization functions for the gluon, ghost, and fermion
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fields (Af,, ¢, ), and for the coupling constant g and
gauge parameter «, defined as follows:
=./Z
'vbo ¢¢ (4)

& = JZoct,

a,=27;'Z,a.

Al = JZ,AY,
8o = M Zyg,

The value of each Z 4 depends both on the regularization
X and on the renormalization scheme Y employed, and
thus should properly be denoted as Z)(g'y. The scale u enters
the relation between g, and g only in dimensional regu-
larization (D = 4 — 2€ dimensions).

We will need Zy, Z, Z,, and Z, to one loop and Z, to
two loops. Our one-loop results, performed in a generic
gauge, are in agreement with results found in the literature
(see, e.g., Refs. [4,20]).

C. Definition of the RI' scheme

This renormalization scheme [21-23] is more immedi-
ate for a lattice regularized theory. It is defined by imposing
a set of normalization conditions on matrix elements at a
scale fi, where (just as in the MS scheme) [24]

f= pldm/er)/? ®)

(g is the Euler constant).
In Euclidean space, the fermion self-energy Eﬁ(q, ap) =

i + m, + O(g2) is renormalized through
Jggao[zg'R”(aLﬂ) tr(25(q, a) )/ (4ig?)] oy = 1. (6)

The trace here is over Dirac indices; a Kronecker delta in
color and in flavor indices has been factored out of the
definition of E{;.

Similarly, for the ghost self-energy 2%(q, a;) = ¢> +
0(g3),

L
nm[zé”“’(aLmz“L;“L)} -1
gL—>O q (12: /12

Z, and Z, are extracted from the gluon propagator

G%,(g, a;) with radiative corrections :

8ur — 4,49,/ 4* N qﬂqy/qz} ®
HT(GLQ) ¢ HL(GLCI)

where I1;; (apq) = 1 + O(g3). The normalization condi-
tions are

1
GL (g, ar) = ?[

, 1
lim | Z2R' (4 -)7} =1, )
arO[ 4 LA y(aLg) Jp=p2

'One should carefully distinguish among the following stan-
dard symbols: ay: lattice spacing; «@,, agp, a5 bare and
renormalized gauge parameters.
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aL—>

lim [zL RI (aLM)L} T 1. (10)

I, (aLqg)

We have checked explicitly that ZLR!" = 1 up to one loop,
in agreement with the continuum.

For consistency with the Slavnov-Taylor identities, Z, in
the RI’ scheme is defined as in the MS scheme. In dimen-
sional regularization (DR) this is achieved by requiring that
the gluon-fermion-antifermion IPI vertex function Gy,
renormalizes as follows [1]:

Lim( Zp% " (ZRR ) P22 G g (@) e = GRS

1D

The value of Z, is tuned in such a way as to absorb only the
poles in € which appear in G, [together with matching

powers of In(47r) — ygl; this leads to a result for Gg‘;l‘;

which is finite but not unity. Before rescaling, we have first
divided G, by the bare coupling constant, as in Ref. [25],

in order to have unity as the tree-level value for GQ‘J}Z We

have set the fermion momentum to zero; g refers to the
gluon/antifermion momentum. Alternatively, a similar pro-
cedure can be performed on the gluon-ghost-antighost
vertex:

lim[ 22 (Z ) 22 G ()],

— (finite
P=p? = Ouze -

12)

Equation (12) leads to exactly the same value for Z,.
The corresponding renormalization conditions on the
lattice read

hm [ZL RI' (ZL RI’)I/2ZL RI’ A,//lp(q’ aL)] = (Gfinite

Al
(13)

or, equivalently,
lim [ZL RI’(ZL RI’)]/QZL RI’Gftcc(q’ GL)]q2=,12 — Gggicte
a;—0
(14)

where the expressions GS‘(Z(‘; and Giini are required to be

the same as those stemming from the continuum [Eqgs. (11)
and (12)]. We have calculated Zé’R’I, using either one of
Egs. (13) and (14), and have verified that the same result is
obtained.

D. Conversion to the MS scheme

For easier comparison with calculations coming from
the continuum, we need to express our results in the MS
scheme. Each renormalization function on the lattice,
ZZR’/, may be expressed as a power series in the renor-
malized coupling constant ggp. For the purposes of our

work the conversion of agp; to MS is trivial since
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Srr = 8is T @(gL—S) (15)

As already mentioned, our one-loop calculations for Z,
Z., Z,, and Z, are performed in a generic gauge, agy. The

conversion to the MS scheme is given by [26]

7L.MS
app = —Zi'm/ ayrs = agrs/ Calgars agrs)- (16)
A
Since the ratio of Z’s appearing in Eq. (16) must be
regularization independent, it may be calculated more
easily in dimensional regularization [1]; to one loop, the
conversion factor C, equals

DRRI’
Culg a) = ZADRMS
g )
=1+—"—[OQa" + 18a + 97)N, — 40N,|.
36(]6#2)[( a a ) c f]
(17)

(Here, and throughout the rest of this work, both g and «
are in the MS scheme, unless specified otherwise.)

Once we have computed the renormalization functions
in the RI’ scheme, we can construct their MS counterparts
using conversion factors which, up to the required pertur-
bative order, are given by

ZLRI' ZDRRI 2
Celg @) = ZMS DRMS =1+ g—2NC’ (18)
zL Vi 167
LRI’ ZDRRI
Cylg a) = LM_S - 7DRMS
¥
2 4
8
—1- cra+—S
167274 7 8(16m2)2

X CF[(8a2 + S)CF + 14Nf
—(9a* —24{(3)a + 52a — 24{(3) + 82)N.],
(19)
where ¢ = (N2 — 1)/(2N,) is the quadratic Casimir op-
erator in the fundamental representation of the color group;
{(x) is Riemann’s zeta function. (We employ a standard

normalization for the generators of the algebra, T%; see the
Appendix.)

E. Renormalization of fermion bilinears

The lattice operators Oy = ¢I'yy must, in general, be
renormalized in order to have finite matrix elements. We
define renormalized operators by

OR' = ZLR (a) 1) O, (20)
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The flavor singlet scalar operator receives also an addi-
tive renormalization, which must be taken into account; we
discuss this issue in the following subsection. For the scalar
(S) and pseudoscalar (P) operators, the renormalization
functions Z%’R’/ can be obtained through the corresponding
bare 2-point functions 2£(gay) (amputated, 1PI) on the
lattice, in the following way:

al@o[zj;’”' ZER' S (qa) e = 1, 1)

! !
lim [ZL RI ZL RI
apg—

pga))p—pe =vs,  (22)

where

35(gar) = 1+ O(g3), Blgar) = vs + O(g3).

(23)

Once the quantities Zf’Rl " have been calculated, one may
proceed to compute them also in the MS scheme. In the
case of the scalar operator (Og, = ,1,), the renormal-

ization function, Zé'M 5 can be obtained by

zg" = Zg" Cy(g, @) (24)
where Cs(g, ) is a regularization independent conversion
factor and has been calculated in dimensional regulariza-
tion [1]:

C ( ): ZL,RI/ ZDR,RI/
s\& )= L,m_ZDR,m
S S
2 g4
=14+ Ty 4+
167 Tecratd) 24(1672)2 F

X [(240% +96a — 288{(3) + 57)cy + 166N,
— (1802 +84a —4327(3) + 1285)N.].  (25)

The treatment of the pseudoscalar operator (Op, =
oys,) in the MS scheme requires special attention,
due to the nonunique generalization of 5 to D dimensions.
A practical definition of s for multiloop calculations,
which is most commonly employed in dimensional regu-
larization and does not suffer from inconsistencies, is [27]

1

Ys = iﬂfulvzmm’yh’)/vz 71/3 71/4’ vi = Or 1! 2r 3.

(26)

Of course, y5 as defined in Eq. (26) does not anticom-
mute with the D-dimensional vy, ; an ultimate consequence
of this fact is that Ward identities involving the axial and
pseudoscalar operators, renormalized in this way, are
violated.

To obtain the correctly renormalized pseudoscalar op-
erator, one must introduce an extra finite factor, Zs, in
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addition to the usual renormalization function ZER'W
which only contains poles in €. We set
Op=Zs5(8)Zp% MSOPO 27

Zs is defined by the requirement that the scalar and pseu-
doscalar renormalized Green’s functions coincide:
G{é“ Ys

ZSE 7S
GP

(28)

The value of Zs, calculated in Ref. [28], is gauge indepen-
dent; it equals

- g 2 4
Z5(g)_ 1 - 167 2( F) (16 2)2< FN +§CFNf>
+0(8°). (29)
ZIL;W can now be obtained by

ZEMS = ZLRI (0o Zs). (30)

Similarly, one can convert the RI’ renormalized Green’s
functions, G{SI/, to their MS counterparts, through

G§’/ c,C GRI/ =C,CiZ 3D
< Luls —— = Lylsss.
G’S”S Gl}?

[In Egs. (30) and (31) it is understood that powers of gz,
agy, implicit in RI’ quantities, must also be converted to
g5 %ars respectively, using Egs. (15) and (16).]

F. Fermion mass renormalization

As a by-product of this work, one can evaluate the
fermion multiplicative mass renormalization, Z,,, which
is directly related to the scalar flavor singlet operator. This
operator differs from the ones considered thus far, in that it
also receives an additive renormalization, since it has a
nonzero perturbative vacuum expectation value; thus, it
mixes with the identity at the quantum level. Once its
vacuum expectation value is subtracted, the resulting op-
erator is multiplicative renormalizable. The renormaliza-
tion is then simply given by only connected diagrams of the
original operator (Figs. 3-5); all disconnected diagrams
are easily shown to cancel out.

The perturbative vacuum expectation value? is of course
a power divergent quantity, and it cannot be expected to
approach well the value of the corresponding disconnected
matrix elements in numerical simulations. Fortunately, this
quantity is not needed for multiplicative renormalization,
as mentioned above. However, as regards simulations, one
should bear in mind that disconnected parts must be eval-
uated and subtracted from matrix elements, before the
latter can be renormalized.

%For a tree-level computation of this quantity, see Ref. [29].
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Let us express the fermion self-energy in the following
way:

Efd” = ifZoaa(qar, moar, &)
1
+1- a_ Zeven(qaLr myay, go)’ (32)
L

where 2,40 =14+ 0(g2) and 3., = moa; + O(g2).
Terms like ", ¢}, 7 ./ 4*, though a priori allowed by hyper-
cubic symmetry, are eventually seen to cancel, as expected
by Lorentz invariance.

For generic values of m,, the even part of E@’R’ s power
divergent; in order to achieve a finite renormalized
mass, m,, the values of the Lagrangian mass m, must be
near a critical value, m,, at which 2., vanishes:
Seven(qar, mear, go) = 0+ O(g*a?). That is, my, is re-
quired to satisfy

2even(o’ meag, go) = 0. (33)

This is a recursive equation which can be solved for m,,
order by order in perturbation theory. Its value is known to
two loops for Wilson fermions: [30] (confirmed indepen-
dently in [31]), and for clover fermions: [32] (with Wilson
gluons), [33] (with Symanzik gluons). Only the one-loop
value of m, enters the present calculation.

We can perform a Taylor expansion with respect to the
bare mass,” mg = m, — M, for both 43 and Seyen:

Eodd(qaL) myay, go) = [Eodd(qaL’ myay, go):lm(,:mCr
+ (Q(mBaL), (34)

1
— E(—:ven(qaL’ myay, go)
ar,

1
= [Eeven(qaLr mydag, go)]m(,:mm,
ay

0
tmp| ——— 2even(qaLr myay, go)
a(moaL)

+ O(ay). (35
Note that, when m, = my,, the first term on the right-hand
side of Eq. (35) vanishes in the limit a;, — 0, by virtue of
Eq. (33).

Having in mind that, in calculating Ei’m ' one is inter-
ested in the limit a;. — O, the fermion self-energy takes the
form

My=m

E{Z’Rl = l%[zodd(qab myay, go)]mo=mCr

+1- mB|: 2even(qaL’ myday, go):|

a(’noaL)

Mo =Mcy

(36)

*Note that m¢, (and, consequently, m,) is power divergent in
ay_ since its calculation contains no other dimensional quantities;
mpg, on the other hand, is at most logarithmically divergent in a; .
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The renormalized fermion mass is now defined by
m, = (Z&*) " 'mp. 37)

The renormalization condition for Z@’Rl / [Eq. (6)] for non-
zero m, reads

lim [Z5RSER — (i + m)]pepe = 0. (38)

a;—0

By combining Eqgs. (37) and (38) we find the renormal-
ization condition for Z,L,,’R’/:

. 1 !
lim | ZL 1 ZLRI
a;—0

d
X |:— Eﬁ:ven(‘]aL, myap, go)i| :| = 1.
a(mOaL) my=mg; qZ:ﬂ2

(39)

We stress again that, even though the Lagrangian mass m,,
may take arbitrary values, the renormalization condition
involves only m, — m,.

In order to establish a relation between Zﬁ;m/ and
ZLRI note that Eq. (39) coincides with Eq. (21) if

S,singlet?

a/a(moaL)Eeven = EL’RI/

S,singlet*

a/a(moaL)Eeven and Eé,’gr{glet

perturbation theory, noting that

(i) The tree-level value equals 1, in both cases,

(i1) The effect of inserting the scalar operator on a given
fermion propagator of any self-energy Feynman
diagram is equivalent to taking the negative partial
derivative —d/d(m,ay ) of that propagator,

(iii)) Combinatorial factors agree,

(iv) There is an extra minus sign in the geometric series
summation of 1PI diagrams leading to the fermion
self-energy,

Once all of the above statements are taken into account,

one comes to the conclusion that

Indeed, the equality between
holds diagram by diagram in

ZLRI — ZLRI (40)

S,singlet*

Given that m.a;, = O(g2), all two-loop calculations can
be performed strictly with massless fermion propagators,
provided that appropriate fermion mass counterterms are
introduced on one-loop diagrams.

N

1 2

FIG. 1. One-loop diagrams contributing to Z,,. A wavy (solid)
line represents gluons (fermions).
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f\%
g

3 4 5 6 7 8
9 10 11 12 13 14
15 16 17 18 19 20

P U A Bt
R S

21 23 24 25 26

SN U™

27 28

FIG. 2. Two-loop diagrams contributing to Z,,. Wavy (solid, dotted) lines represent gluons (fermions, ghosts). Solid boxes denote
vertices stemming from the measure part of the action; a solid circle is a fermion mass counterterm.
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DA

FIG. 3. One-loop diagram contributing to Zg and Zp. A wavy
(solid) line represents gluons (fermions). A cross denotes the
Dirac matrices 1 (scalar) and s (pseudoscalar).

III. COMPUTATION AND RESULTS

The Feynman diagrams relevant to the fermion self-
energy E@(q, ar), at one- and two-loop levels, are shown
in Figs. 1 and 2, respectively; those relevant to %%(gay),
3k(gay) are shown in Figs. 3 and 4.

For flavor singlet bilinears, there are 4 extra diagrams, in
addition to those of Fig. 4, shown in Fig. 5; in these

v

A O

o S

19 20

PHYSICAL REVIEW D 76, 094514 (2007)

diagrams, the operator insertion occurs inside a closed
fermion loop.

The evaluation and algebraic manipulation of Feynman
diagrams, leading to a code for numerical loop integration,
is performed automatically using our software for lattice
perturbation theory, written in MATHEMATICA.

The most laborious aspect of the procedure is the ex-
traction of the dependence on the external momentum gq.
This is a delicate task at two loops; for this purpose, we cast
algebraic expressions (typically involving thousands of
summands) into terms which can be naively Taylor ex-
panded in ¢ to the required order, plus a smaller set of
terms containing superficial divergences and/or subdiver-
gences. The latter can be evaluated by an extension of the
method of Ref. [34] to two loops; this entails analytical

4 5 6
10 11 12

16 17 18

FIG. 4. Two-loop diagrams contributing to Zg and Zp. Wavy (solid, dotted) lines represent gluons (fermions, ghosts). A solid box
denotes a vertex from the measure part of the action; a solid circle is a mass counterterm; crosses denote the matrices 1 (scalar) and vy;

(pseudoscalar).
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e

1 2
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A

3 4

FIG. 5. Extra two-loop diagrams contributing to Zg gei- A cross denotes an insertion of a flavor singlet operator. Wavy (solid) lines

represent gluons (fermions).

continuation to D > 4 dimensions, and splitting each ex-
pression into a UV-finite part (which can thus be calculated
in the continuum, using the methods of Ref. [35]), and a
part which is polynomial in g. A primitive set of divergent
lattice integrals involving gluon propagators, which can be
obtained in this manner, can be found in Ref. [36].

Some of the diagrams contributing to E@(q, ar),

3t(gay), and 35(gay) are infrared divergent when con-
sidered separately, and thus must be grouped together in
order to give finite results. Such groups are formed by
diagrams (7-11), (12, 13), (14-18), (19, 20), (21-23) in
Fig. 2, diagrams (3-7), (8, 9), (10, 11, 19) in Fig. 4, and
diagrams (1, 2), (3, 4) in Fig. 5.

In Figs. 1-5, “mirror” diagrams (those in which the
direction of the external fermion line is reversed) should
also be taken into account. In most cases, these coincide
trivially with the original diagrams; even in the remaining
cases, they can be seen to give equal contribution, by
invariance under charge conjugation.

As mentioned before, all calculations should be per-
formed at vanishing renormalized mass; this can be
achieved by working with massless fermion propagators,
provided an appropriate fermion mass counterterm is in-
troduced (diagram 23 in Fig. 2 and diagram 11 in Fig. 4).

All two-loop diagrams have been calculated in the bare
Feynman gauge (a, = 1). One-loop diagrams have been
calculated for generic values of «,; this allows us to
convert our two-loop results to the renormalized
Feynman gauge (agy = 1 or agz = 1).

Numerical loop integration was carried out by our ““in-
tegrator’” program, a metacode written in MATHEMATICA,
for converting lengthy integrands into efficient FORTRAN
code. Two-loop numerical integrals were evaluated for
lattices of size up to L = 40; the results were then extrapo-
lated to L — oo. Extrapolation is the only source of system-
atic error; this error can be estimated quite accurately (see,
e.g., Ref. [37]), given that the L dependence of results can
only span a restricted set of functional forms.

A. One-loop results

, and Z,L,’R’/ are pre-
sented below in a generic gauge. The errors result from the
L — oo extrapolation.

One-loop results for Z{;‘RI/, ZLRI!

g2
167 162
+ 16.644 413 858(5) — 2.248 868 528(3)cw

ZpR =1+ 225 cpl(In(a? 3%) — 4.792009 570(1)) e,

— 1.397267 102(5)c%y ) (41)
ZERN =1 4+ 16 —=°cp[3In(a} @%) — @, — 16.9524103(1)
— 7.7379159(3)csw + 1.38038065(4)c2y, ],
(42)
ZER =1 + 1§° scr[3In(a} i) — a, — 26.595441 4(1)
+ 2.248 868 528(3)csw — 2.036 015 61(4)c3y )

(43)

The corresponding quantities in the MS scheme are
2

ZLMS = 1 + g s epl(in(a? @2) — 3.792009 570(1) e,
+ 16.644 413 858(5) — 2.248 868 528(3)csw
—1.397 267 102(5)c3yw ], (44)
_ 2
ZEMS =1 + = 2c,v[3 In(a? @?) — 12.9524103(1)
— 7.7379159(3)ceyw + 1.38038065(4)c2y ],
(45)
2
ZEMS — | 4 g sep[3In(a? @%) — 14.595 441 4(1)
+ 2.248 868 528(3)csw — 2.036 015 61(4)c2y ]
(46)

Our results confirm the existing results found in the

literature [4] [note, however, a difference in ZII;'MS ; this is
entirely due to the factor Z5 in Eq. (30)].

B. Two-loop results

The evaluation of all Feynman diagrams in Figs. 1-5
leads directly to the corresponding bare Green’s functions
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w, , and 2’“ These, in turn, can be converted to the corresponding renormalization functions ZL Y ozL Y, and ZL Y

Y = RI "or MS), via Egs. (6), (21), and (22). To this end, we need the following one-loop expression for zL n Y (recall that
Z, = 1 to this order):

ZEM =2 + 0(d)

2 5
=1+ 12’ [ln(aL,u )( §NC> + Ny(—2.168 501 047(1) + 0.796 945230 8(4)csy — 4.7126914428(1)cZ,)
+39.478 417604 36(1)cy + 1.940 171 300 69(1)NC} + O(gh). 47)

To express our results in terms of the renormalized coupling constant, we also need the one-loop expression for Zé’yz

ZEM = 2575 + 0(gl)

2 1 11
=1+ §w2 [m(ag ;ﬁ)(— TN+ FNC> + N(0.528 694 967 7(5) — 0.398 472 615 4(2)csy

+2.356 345721 40(7)c3yw) — 19.739208 802 18(1)c — 3.549 583 420 46(1)NC} + O(gd). (48)

Equations (47) and (48) are in agreement with older references (see, e.g., Ref. [20]).

We present below Z5*! |, ZLRT and Zf,’RII to two loops in the renormalized Feynman gauge ap;y = 1; we also present

the M S analogues Zﬁ’MS, ZIS"MS, and ZI,;’MS in the gauge a3;5 = 1. For conciseness, we omit the bare Green’s functions; it is
a straightforward exercise to recover these from the corresponding Z’s.

2
Zﬁ'Rl' =1+ %c{ln(a%ﬂz) + 11.852404 288(5) — 2.248 868 528(3)csw — 1.397 267 102(5)C§w}
T

4 1 28 )
+ 6g 2 cF[ln (@i )(5 et 5Ny - ch> + In(a? M2)<—6.363 17446(8)N; + 0.796 945 232N cew

— 4712691 443(4)N 2y, + 49.83082185(5)cy — 2.248 868 61(7)cpesy — 1.39726705(1)crc2y

+29.030293 98(4)NC> + Nf<—7.838(2) + 1L153(1)esy + 3.202(3) Ry + 6.2477(6)cdy, + 4.0232(6)cgw>
+ cF<505.39(1) — 58.21009)csy + 20.405(5)chy + 18.8431(8)cly + 4.2793(2)C§W>

NC(—20.59(1) —3.190(5)csw — 23.107(6)c3y — 5.7234(5)cdy — O.7938(1)c‘s‘w)} (49)

S 2
zyM =1+ ; g - cF[ln(aL 4?) + 12.852404 288(5) — 2.248 868 528(3)cgw — 1.397 267 102(5)csw}

o 1
+( g 2)2cF[ln (aL,u,2)< Ny + 5¢

— 4712691 443(4)N 2y + 50.83082185(5)cy — 2.248 868 61(7)cpegy — 1.39726705(1)cpcy

8
- ch> + In(a? ,422)(—4.585 396 68(8)N; + 0.796 945 23(2)N rcsy

+21.919182 87(4)NC> + Nf<—15.970(2) +1.950(1)csw — 1.510(3)cdy, + 6.2477(6)cdy + 4.0232(6)cgw>
+ CF(556.10(1) — 60.459(9)csw + 19.007(5)cly + 18.8431(8)cly + 4.2793(2)cgw>

+ NC<13.68(1) —3.190(5)csw — 23.107(6)cZy, — 5.7234(5)c3y, — 0.7938(1)c‘§w)} (50)
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!
gLRI' _

ZL,MS

L,RI' _
ZLR =

ZL,MS

=1+

go

1+16 ZCF

[31n(aL,u, ) — 17.9524103(1) — 7.7379159(3)csw + 1.380380 65(4)c§w}

8o 11
(16 2)2CF|: z(aLM2)< CF+Nf 7

— 14.138 074 33(4)Nfcsw +66.078 021 8(9)cy — 23.213749(2)cpegw + 4.1411425(3)cpcdy

N. |+ In(a? ;12) —8.1721694(5)N; + 2.3908354(3)Nrcgw
L f f

+ 55.797 500 8(9)NC> + Nf<24.003(3) + 11.878(5)cgw + 25.59(1)C§W + 22.078(3)C§W - 6.1807(8)cgw>
+ cF<—602.35(6) + 66.80(7)csw + 75.42(5)ly — 27.759(4)cly — 2.688(1)c‘s‘w>

NC<—38.16(4) — 120.26(5)csw — 16.18(3)cky, + 12.576(3)c3y, + 1.0175(8)cgw>} (51)

2
=1+ %%3 In(a? @) — 12.9524103(1) — 7.7379159(3)csw + 1.380 38065(4)c§w}

g4 9 11

+ (16772)2”[1“2(“%%7«2)<Nf +5er 7N6> - ln(aiﬂ2)<—4.838 836 1(5)N; + 2.390 835 4(3)N ;csw
— 14.13807433(4)N sy, + 81.078 021 8(9)cy — 23.213749(2)cpesy + 4141 1425(3)cpcdy

+37.464 167 4(9)NC> + Nf<10.688(3) +15.863(5)csw + 2.02(1)cdy, + 22.078(3)cy — 6.1807(8)cgw>
+ cF<—462.67(6) +28.11(T)csw + 82.33(5)cky, — 27.759(4)cdy, — 2.688(1)cgw)
+ NL.<36.93(4) — 120.26(5)csw — 16.18(3)cZy, + 12.576(3)c3y, + 1.0175(8)c‘§w>} (52)

2
1+ 712’;2 CF[3 In(a? 12) — 27.595 441 4(1) + 2.248 868 528(3)csw — 2.036015 61(4)csw}

4
g5 9 11
(16 2)2CF|:11'1 (CIL,LL )<§CF+Nf_7

— 14.138 074 33(4)N 2y + 37.148929 2(7)cy: + 6.746 606(1)c sy — 6.108 046 5(3)cpcdy

Nc> + In(ai ,12)(—8. 172169 4(4)N; + 2.390 835 40(6)N ey

+ 55.797 500 8(7)NC> + Nf<38.231(3) —7.672(5)csw + 55.32(1)cdy — 7.049(3)c3y + 4.7469(8)c‘§w>

+ cF<—876.98(4) + 85.80(2)cew + 37.37(4)cdy + 19.974(3)chy + 2.873(1)cgw>

NC<—104.35(3) —38.70(2)csw — 13.93(3)c3y — 4.429(2)c3y — 1.2898(7)c‘s‘w>} (53)
2
% c,{3 In(a? @%) — 14.595 441 4(1) + 2.248 868 528(3)csw — 2.036 015 61(4)C§Wj|

g3 ] 9o 1
" 6y CF[lnz(a%MZ)@f Ty

— 14.138 074 33(4)Nfcgw +76.1489292(7)cr + 6.746 606(1)cpcgy — 6.108 046 5(3)cpcdy

NC> + In(a? ,0,2)(0.494 497 2(4)N; + 2.390 835 40(6)N ey

+ 8.130834 1(7)NC> + Nf<16.013(3) + 2.688(5)csw — 5.94(1)cdy — 7.049(3)cdy, + 4.7469(8)ciw)
+ cp(—586.45(4) + 115.04(2)cgw + 10.90(4)c3y, + 19.974(3)c3y + 2.873(1)cgw>

+ Nc<27.31(3) —38.70(2)csw — 13.93(3)cZy, — 4.429(2)c3y, — 1.2898(7)C‘S‘W>} (54)
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All expressions reported thus far for Zg and Zp refer to
flavor nonsinglet operators. In the case of Zp, all diagrams
of Fig. 5 vanish, so that singlet and nonsinglet results
coincide, just as in dimensional regularization. For Zg,
on the other hand, these diagrams give an additional finite
contribution:

!
ZL RI

L,RI'
S, singlet ZS +

i 2)2cFNf( 107.76(1)

+82.27(2)csw — 29.727(4)c2y,
+3.4400(7)cdy, + 2.2758(@)chy).  (55)

The same extra finite contribution applies also to the MS
scheme.

Finally, for completeness, and as an additional check on
our results, we compute the renormalized Green’s func-
tions (for vanishing renormalized mass):

Giﬂ(ﬂ/éﬂ = Z{Z RS, odar (56)
G (/) = Z;* Zg"' 3k, (57)
GX () q) = ZLM' ZERI'SE, (58)

Similar expressions result for MS, taking into account
Eq. 3D).

Since these functions are regularization independent,
they can be calculated also using, e.g., dimensional regu-
larization. We have computed G,, Gg, and Gp in both
ways: either starting from our Egs. (47)—(54) or using
renormalization functions from dimensional regularization
[1]. In all cases the two ways are in complete agreement.
We obtain

ey
GR]/ =1+ 16 ~crIn(?/q%)
Skr cp| In%(@?/q%) lc + N
(16722 " 27 e
19 3 251
+ In(@?/q?) —Nf ~cp+==N_|| (59
2 18
Gl =1+ 16 CF[IH(MZ/CIZ) +1]
g4
+ MO 16 2)2 CF|:11’12(,LL2/q2)< cr ~I—N>

1 21
+ 1n(ﬂ2/qz)<_Nf T 5CF + 7Nc->

G R i) A N Y

PHYSICAL REVIEW D 76, 094514 (2007)

2
i g 1 _
G¥' =1+ R e f4In(a?/q%)]

167
4 2 2 2 13
(16 2)2CF|:1H (M /CI )( Nf+8CF 2NL>
+ ln(Mz/q2)< 5—8Nf 4?&)} ©1)

Equation (61) holds also for the case of the pseudoscalar
operator: GR' = G&I'.

2
__ 87—<
GYS =1+ M5 ¢ [4In(@?/q?) + 6]
167
ot ) 13
* e er| 0 /) <Ny + Bep + N )
16 130
In(E/ )= 3 N+ 24ep + N,
26
n <_ TN+ Q2+ 12(3)cy
227
+ (5 )| ©
1.16 e
L.MS
Ll y, 1-loop "
112} L.MS ]
......... Z‘V 2-loop” Nf:z*
|2 L0} e
5
N1.08
1.06 |
1.04|
(@)
1.02 '
0.0 0.5 ol 13 20
1.14 T j
L,RI'
o Z\V, 1-loop """
110} LRI ]
""" Z\|1 2-loop’ Ny=2 —
. Lost
>
N'1.06 |
1.04|
1.02}
()
1.00 ‘ : ‘
0.0 0.5 1.0 1.5 2.0

Csw

FIG. 6 (color online). (a) Zi‘MS(aL,a) versus cgw (N, =3,
a = 1/ay, B, = 6.0). Results up to two loops are shown for
Ny = 0 (dashed line) and Ny = 2 (solid line); one-loop results
are plotted with a dotted line. (b) Z@‘Rﬂ(aL i) versus cgw (N, =
3, i = 1/ay, B, = 6.0). Same notation as in (a).
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2
N gM—S _
GMS =1+ = crl4In(@a?/q?) + 14]
4

&8s 13
16 2)2 cF[lnz(,uz/qz)< Ny +8cp + 7N6>

—i—ln(MZ/qz)( _6Nf+56cF gONC>

n <_%Nf + (134 + 12{(3))cr

+ (6;9 - 244“(3)>NC>} (63)

In Figs. 6(a) and 6(b), 7(a) and 7(b), 8(a) and 8(b), we
plot (Z5S, ZER), (Z™S, ZER"), and (Z5™S, ZE™), re-
spectively, as a function of cqyw. In practice, of course, only
specific values of cqyw are relevant, in the range 1 =< cqy =
1.8, corresponding to perturbative or nonperturbative de-
terminations. For definiteness, we have set N. = 3, g =
1/ay,and B, = 2N,/g2 = 6.0. Our results up to two loops
for each Z are shown for both Ny = 0 and Ny = 2, and

0.90 : , —

088l

0.0 0.5 1.0 1.5 2.0

070} (b)

0.0 0.5 1.0 1.5 2.0

FIG. 7 (color online). (a) Zé‘MS(aL,a) versus cgw (N, =3,
a = 1/ay, B, = 6.0). Results up to two loops, for the flavor
nonsinglet operator, are shown for Ny = 0 (dashed line) and
Ny =2 (solid line); two-loop results for the flavor singlet
operator, for Ny = 2, are plotted with a dash-dotted line; one-
loop results are plotted with a dotted line. (b) Z§'R' /(aL L) versus
csw (N. =3, i = 1/ay, B, = 6.0). Same notation as in (a).
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compared to the corresponding one-loop results.
Furthermore, in the scalar case, we also present the two-
loop result for the flavor singlet operator.

In Fig. 9 we present, on the same plot, the values of

LMS LMS ~LMS LMS
zZ zZ V4 d Zg Gingler UP to two loops, versus

csw. We have chosen N, =3, @ = 1/a;, Ny =2, and
B, = 5.3. The corresponding results in the RI’ scheme
are plotted in Fig. 10.

There are a number of nonperturbative estimates of
renormalization constants in the literature, in the RI’
scheme (see, e.g., [38—40]) and in the Schrodinger func-
tional scheme [41]. Our two-loop results still differ from
nonperturbative results in RI’, and this leaves open the
possibility that higher loop effects may still be important,
even though the perturbative series shows reasonable signs
of convergence. A putative reason for this difference is the
fact that the bare coupling constant g, is known not to be a
good expansion parameter. One may also express the re-
normalization functions in terms of the renormalized cou-
plings: g5 or ggy. The resulting expressions for Zé’y,

Zp", and Zg{ . (Y = MS, RI'), as a function of cgy,

are shown in Figs. 11 and 12, for the same values for N,

(a)

[ L.MS
|<n P, 1-loop

............................................................. (b)
0.76 } LRI 1
ZP, l-loop 7
074}
2 0.72 LRI 1
ch. ZP 2-loop Nf_2 -
0.70 m
0.68 | ]
0.66 . . .
0.0 0.5 1.0 1.5 2.0

FIG. 8 (color online). (a) Z,L;MS(aL,a) versus cgw (N, =3,
a=1/ay, B, = 6.0). Results up to two loops are shown for
Ny = 0 (dashed line) and Ny = 2 (solid line); one-loop results
are plotted with a dotted line. (b) Z,L;R[I(aL ) versus cgw (N, =
3, i = 1/ay, B, = 6.0). Same notation as in (a).
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1.20 T T T
............................. SLMS
LISE L‘% 2loop ]
Lo T ]
1.05 ]
1.00 ]
L LMS i
095 ZP ,2-loop T
0.90 . ]
L.MS
0.85
0.80
0.75
0.70 L L .
0.0 0.5 1.0 1.5 2.0

FIG. 9 (color online). ZLMS (dotted line), Z&™S (dashed line),
ZEMS (solid line), and Zé,’?ﬁélet (dash-dotted line) up to two
loops, versus csw (N. =3, i = 1/ap, Ny =2, B, = 5.3).

1.20 T T T

.................... ["RI,

............................... Z\U, 2-loop 7"

Lo e ]
1.00 - 1

L LRI ]
0.90 ZP, 2-loop

L LRI’ |
0.80 ZS , singlet
070 TTtS=esea e
0.60 1 1 1

0.0 0.5 1.0 1.5 2.0

FIG. 10 (color online). Z}Lb'm, (dotted line), Zé’R’ , (dashed line),
Z,L;RI , (solid line), and Zé‘gn/g,et (dash-dotted line) up to two loops,

versus csw (N, =3, i = 1/ay, Ny =2, B, = 5.3).

14} .
12f :
1.0 .
0.8 ]
0.6 ;
04Ff zl%gfmp — ;
02 ZSinger ~°" 1
000 02 04 06 08 10 12 14 16 18

FIG. 11 (color online). Two-loop renormalization functions

ZEMS (dashed line), Z5™* (solid line), and Zéfs}\illjsglet (dash-dotted

line) expressed in terms of the renormalized coupling constant
gurse versus csw (N. =3, o = 1/ay, Ny =2, B, = 5.3).
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1.2¢ 1
1.0f 1
0.8
0.6
0.4 ,
L, RI
ZP, 2-loop
02F , ]
L, RI — =
ZS. singlet
0.0 L L L L L L L L
00 02 04 06 08 10 12 14 16 18

Csw

FIG. 12 (color online). Two-loop renormalization functions
Z¢""" (dashed line), Z5"*" (solid line), and Z§ [ ., (dash-dotted
line) expressed in terms of the renormalized coupling constant

grr'» versus csw (N, =3, o = 1/ay, Ny =2, B, = 5.3).

Ny, ji, and B, as in Figs. 9 and 10. For values of the clover
parameter beyond its typical range, cgw = 1.8, the behav-
ior of the renormalization functions shows signs of insta-
bility at the scale @ = 1/a;. There also exist several
alternative definitions of an effective coupling in the lit-
erature; one should be aware, however, that the use of
many of these definitions (coming, e.g., from boosted
perturbation theory) can only be justified for one-loop
quantities, not beyond. For this reason, we have preferred
to provide the bare results in this paper, leaving to the
reader the straightforward task of converting these results
to their favorite scheme.

IV. DISCUSSION

As can be seen from Figs. 6(a), 6(b), 7(a), 7(b), 8(a), and
8(b), all two-loop renormalization functions differ from
one-loop values in a significant way; this difference should
be taken into account in Monte Carlo simulations, in order
to reduce systematic error. At the same time, two-loop
contributions are consistently smaller than one-loop con-
tributions, indicating that the (asymptotic) perturbative
series are under control.

The dependence on the clover parameter cgqyw is also
quite pronounced. In the present work, cgw was left as a
free parameter; its optimal value, as dictated by O(ay)
improvement, has been estimated both nonperturbatively
[42] and perturbatively (to one loop) [19].

Our results regard both the flavor nonsinglet and singlet
operators. For the pseudoscalar operator, these cases coin-
cide, just as in dimensional regularization. The scalar
operator, on the other hand, receives an additional finite
(ay, i independent) contribution in the flavor singlet case.
Zs singlet 18 seen to be equal to the fermion mass renormal-
ization Z,,, which is an essential ingredient in the compu-
tation of quark masses.
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We note also that, in dimensional regularization, both
the scalar and pseudoscalar flavor singlet operators renor-
malize in the same way as their nonsinglet counterparts, for
mass independent renormalization schemes. Consequently,
the conversion factors Cg and Cp, as well as Zs, stay the
same for flavor singlets.

A breakdown of our results on a per diagram basis has
not been presented here, due to lack of space; it is available
from the authors upon request.

The two-loop computation of the renormalization func-
tions for the vector, axial, and tensor bilinears is work
currently in progress.

Besides the strictly local definitions of fermion bilinears,
T, one can consider a family of more extended opera-
tors (see, e.g., [42]), with the same classical continuum
limit, as dictated by O(a;) improvement. The renormal-
ization of these extended operators involves more
Feynman diagrams, since their vertices may also contain
gluon lines; however, the computation is actually less
cumbersome, since all additional contributions are now
free of superficial divergences. We will be reporting the
results of this computation in a future work.
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APPENDIX: FERMIONS IN AN ARBITRARY
REPRESENTATION

Our results for Z,,, Zg, Zp, Egs. (49), (51), and (53), can
be easily generalized to an action with Wilson/clover
fermions in an arbitrary representation R, of dimensional-

In this case, the gluon part of the action remains the
same, while all link variables appearing in the fermion part
of the action assume the form

= exp(igoAy, () T%) —
= exp(igoAy, (X)TR).

Ux,x+y,

Ux,x+y. (A 1)

Using standard notation and conventions, the generators 7
in the fundamental representation satisfy

N2 —1

Ta, Tb — 7 abcTc, ,
[ 1=if N

ZT”T“ =lcp=1
1
tr(TeT?) = 8%t = aahz. (A2)

In the representation R we have

PHYSICAL REVIEW D 76, 094514 (2007)

[T TRl = if T D TiTi = lep,
a (A3)

t(TaTp) = 61y,

where tg = (dRCR)/(ch - 1)
For the one-loop quantities, Eqgs. (47) and (48), convert-
ing to the representation R is a straightforward substitution:

and, in addition, for Eqs. (41)—(46),
Cr — Cp. (AS)

Aside from these changes, all algebraic expressions (and
the numerical coefficients resulting from loop integrations)
remain the same.

A similar reasoning applies to the two-loop quantities in
Egs. (49), (51), and (53): For most diagrams, once their
value is expressed as a linear combination of ¢%, c;N.., and
cpNy, it suffices to apply substitutions (A4) and (AS). The
only exceptions are diagrams containing a gluon tadpole
(diagrams 7, 14 in Fig. 2; diagram 3 in Fig. 4; one-loop
diagrams, when expressed in terms of agy, agy by means
of Z,, Z,): In these cases, only one power of ¢ should be
changed to cp; a possible additional power of ¢ originates
from a gluon tadpole and should stay as is. This peculiarity
implies that, in order to perform the substitutions as de-
scribed above, one must start from the per diagram break-
down of two-loop results. To avoid presenting a lengthy
breakdown, we apply, instead, substitutions (A4) and (AS5)
indiscriminately on Egs. (49), (51), and (53); consequently,
we must then add a correction term, as follows:

LRI LRI gs
Zy R =Zy" | epmcoN 2N 1 T WCR(CR —cp)

=47 In(a2 @2) — 467.914 166 1(2)
+ 88.7817709(1)cw + 55.161 8942(2)c2y ]
(A6)
Zg™ g = 2™ e N—2Ntp T L”CR(CR —cp)
FCR (162
-[—127% In(a? %) + 708.732752(6)
+305.48068(1)csw — 54.495244(2)c3yw ],
(A7)

4
LRI LRI 8
Zp g = Zp" |epmcpN—an 0 T+ WCR(CR —cF)

-[—1272 In(a} @) + 1089.424 358(4)
— 88.7817709(1)csw + 80.378 675(2) 3y -
(A8)

[Actually, the reader could arrive at these results without
knowledge of the per diagram breakdown, by virtue of the
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following fact: All “exceptional’” powers of ¢y cancel out
of Z@’Rﬂ, Z?Rl,, Z,L;R]/, if these are expressed in terms of the
renormalized coupling constant agp;. Thus, one may
(1) Express Egs. (49), (51), and (53) in terms of gy by
means of g, = (Zé’Rll)gR,/, with Zé’ml in the funda-
mental representation, Eq. (48),

PHYSICAL REVIEW D 76, 094514 (2007)

(i) Apply substitutions (A4) and (AS) throughout,

(iii) If desired, reexpress everything in terms of g,
using (ZL®")~! from Eq. (48), with N;— 2Ntg
and ¢y as is.

No correction terms are necessary in this procedure.]
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