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Probing new physics in the neutrinoless double beta decay using electron angular correlation
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The angular correlation of the electrons emitted in the neutrinoless double beta decay (0v20) is
presented using a general Lorentz invariant effective Lagrangian for the leptonic and hadronic charged
weak currents. We show that the coefficient K in the angular correlation dI'/d cos@ o« (1 — K cosf) is
essentially independent of the nuclear matrix element models and present its numerical values for the five
nuclei of interest ("°Ge, 8 Se, 1Mo, '3°Te, and '*°Xe), assuming that the 028 decays in these nuclei are
induced solely by a light Majorana neutrino, »,,. This coefficient varies between K = 0.81 (for the °Ge
nucleus) and K = 0.88 (for the 32Se and '°°Mo nuclei), calculated taking into account the effects from the
nucleon recoil, the S and P waves for the outgoing electrons and the electron mass. Deviation of K from its
values derived here would indicate the presence of new physics (NP) in addition to a light Majorana
neutrino, and we work out the angular coefficients in several v, + NP scenarios for the 7°Ge nucleus. As
an illustration of the correlations among the 028 observables (half-life T’ /,, the coefficient K, and the
effective Majorana neutrino mass |[(m)|) and the parameters of the underlying NP model, we analyze the
left-right symmetric models, taking into account current phenomenological bounds on the right-handed

Wx-boson mass and the left-right mixing parameter £.
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L. INTRODUCTION

It is now established beyond any doubt that the observed
neutrinos have tiny but nonzero masses and they mix with
each other, with both of these features following from the
observation of the atmospheric and solar neutrino oscilla-
tions and from the long baseline neutrino oscillation ex-
periments [1]. Theoretically, it is largely anticipated that
the neutrinos are Majorana particles. Experimental evi-
dence for the neutrinoless double beta decay (0v23) would
deliver a conclusive confirmation of the Majorana nature of
neutrinos, establishing the existence of physics beyond the
standard model. This is the overriding interest in carrying
out these experiments and in the related phenomenology
[2].

We recall that 0v2 3 decays are forbidden in the standard
model (SM) by lepton number (LN) conservation, which is
a consequence of the renormalizability of the SM.
However, being the low energy limit of a more general
theory, an extended version of the SM could contain non-
renormalizable terms (tiny to be compatible with experi-
ments), in particular, terms that violate LN and allow the
0728 decay. Probable mechanisms of LN violation may
include exchanges by: Majorana neutrinos v,s [3—5] (the
preferred mechanism after the observation of neutrino
oscillations [1]), SUSY particles [6—11], scalar bilinears
(SBs) [12], e.g. doubly charged dileptons (the component
&~ of the SU(2);, triplet Higgs scalar, etc.), leptoquarks
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(LQs) [13], right-handed W bosons [5,14], etc. From these
particles light vs are much lighter than the electron and
others are much heavier than the proton. Therefore, there
are two possible classes of mechanisms for the 0v28
decay. With the light »s in the intermediate state the
mechanism is called long range and otherwise it is referred
to as the short-range mechanism. For both these classes,
the separation of the lepton physics from the hadron phys-
ics takes place [15], which simplifies calculations.
According to the Schechter-Valle theorem [16], any
mechanism inducing the 02 8 decay produces an effective
Majorana mass for the neutrino, which must therefore
contribute to this decay. These various contributions will
have to be disentangled to extract information from the
0723 decay on the characteristics of the sources of LN
violation, in particular, on the neutrino masses and mixing.
Measurements of the neutrinoless double beta decay in
different nuclei will help in determining the underlying
physics mechanism [17,18].

Our aim in this paper is to examine the possibility to
discriminate among the various possible mechanisms con-
tributing to the 0»23 decays using the information on the
angular correlation of the final electrons in the process
Ni(A,Z) — Np(A,Z +2) + e + e . Apreliminary study
along these lines was published by us in 2006 [19], with
admittedly simplified treatment neglecting the nucleon
recoil and the P-wave effects in the outgoing electron
wave function. We rectify these shortcomings and provide
in this paper a detailed account of the improved treatment.
Restricting ourselves to the long-range mechanism, treat-
ing the electrons relativistically but with nonrelativistic
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nucleons, we derive the angular correlation between the
electrons using the general Lorentz invariant effective
Lagrangian involving the leptonic and hadronic charged
weak currents. Generally, this angular correlation can be
expressed as dI'/dcos® ~ 1 — K cosf, where 0 is the
angle between the electron momenta in the rest frame of
the parent nucleus. Expressing K = B/ A, with —1 <
K <1, we derive the analytic expressions for A and B
for the effective Lagrangian characterized by the coeffi-
cients efi encoding the standard, (V — A) ® (V — A), and
new physics contributions (see Eq. (1)). Essential steps of
these derivations are presented in Sec. II. The analytic
expressions derived here confirm the earlier detailed deri-
vations by Doi et al. [5], and we specify where the treat-
ment presented here transcends the earlier work. Specific
cases are relegated to Appendix A (for the decays involv-
ing scalar nonstandard terms), Appendix B (for the vector
nonstandard terms), and Appendix C (for the tensor non-
standard terms). We hope to return to the discussion of
including the short-range mechanism, neglected in this
paper, in future work.

.\

\
N
o

= N\
e
NN
Nl

N N
Q:\\‘ R
R
PN\

40 20
Q

R
N

FIG. 1 (color online).

|[<m>|, eV
0.6

0.2

N >
\\/\\\\\\/ 10

PHYSICAL REVIEW D 76, 093009 (2007)

Numerical analysis of the electron angular correlation is
presented in Sec. III, and the coefficients K for the various
underlying mechanisms in 022 8 decays are worked out. In
particular, numerical values of K for the five nuclei of
current experimental interest: '°Ge, 32Se, 1Mo, '3°Te,
and '3Xe are presented for the light Majorana neutrino
vy, case. Their values range from K = 0.81 (for the "°Ge
nucleus) and K = 0.88 (for the 32Se and Mo nuclei). To
study the uncertainty in the nuclear matrix elements, we
have employed the so-called QRPA model with and with-
out the p-n pairing for the °Ge nucleus [20], and a more
modern QRPA model, fixing the particle-particle pairing
strength [21]. While the uncertainty due to the nuclear
matrix element model is quite marked for 7'/, in some
cases, we show that it is rather modest for K, not exceeding
10% for the models discussed here. For the v, + NP
scenarios, we remark that the nonstandard coefficients

v-a T Ty
€y=4, €7,, and €;" do not change the value of the angular

coefficient K. The contribution of the scalar nonstandard
term from the €% coefficients is found to be numerically

small. So, what concerns the angular correlation, we have
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Correlation between the right-handed W-boson mass my,_, the angular correlation coefficient K, and the half-

FIG. 3 (color online).
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We take a closer look at the underlying physics behind
the coefficients €}=4 in Sec. IV. These coefficients appear
in the context of the left-right symmetric models which are
theoretically well motivated [22]. Also, the corresponding
nuclear matrix elements are available in the literature.
Making use of them, we work out the correlations among
the angular coefficient K, the half-life T ,, and either the
mass of the right-handed Wy boson, my, , or the W boson’s
mixing angle £, taking into account the current bounds on
the various parameters. Results are presented in Figs. 1-4.
The differential distribution dI'/d cosé for the 0v2 3 decay
of the 7°Ge nucleus is shown in Fig. 5 for some represen-
tative values of [{(m)| for my, =1, 1.5 TeV and for an
infinitely heavy my, . It is seen that the effect of the right-
handed Wy boson is more marked in the angular correla-
tion for smaller values of [{m)].

II. ANGULAR CORRELATION FOR THE LONG-
RANGE MECHANISM OF 0»2 DECAY

A. General effective Lagrangian

For the decay mediated by light v,,s, the most general
effective Lagrangian is the Lorentz invariant combination
of the leptonic j, and the hadronic J, currents of definite
tensor structure and chirality [23,24]

GF Vud

V2
+ Z[;’efijy; + He. } (1)

L =

V—A \:# g+
|:(Uei T ey A )Iveadv-ap

where the hadronic and leptonic currents are defined as:
J} = ua0,d and jiﬁ = e0gv;; the leptonic currents con-
tain neutrino mass eigenstates, and the index i runs over the
light eigenstates. Here and thereafter, a summation over the
repeated indices is assumed; a, 8=V + A, S+ P, Ty ¢
(O, = 201P,, o =i[y*,y"), P, = (17 ¥3)/2 is
the projector, p = L, R); the prime indicates the summa-
tion over all the Lorentz invariant contributions, except for
a=pB=V-—-A, U, is the Pontecorvo-Maki-Nakagawa-
Sakata (PMNS) mixing matrix [25] and V,, is the
Cabibbo-Kobayashi-Maskawa (CKM) matrix element
[1]. Note that in Eq. (1) the currents have been scaled
relative to the strength of the usual V — A interaction
with G being the Fermi coupling constant. The coeffi-
cients 6gi encode new physics, parametrizing deviations of
the Lagrangian from the standard V — A current-current
form and mixing of the non-SM neutrinos.

In discussing the extension of the SM for the 0v28
decay, Ref. [5] considered explicitly only nonstandard
terms with

PHYSICAL REVIEW D 76, 093009 (2007)

/

v-A _ 8V VA — ot
€yin; = k—U, €y i = MVe
8v
(2
gv
V+A
€vini = A Ve
8v

Implicitly, also the contributions encoded by the coeffi-
cients ey~ ; are discussed arising from the non-SM con-
tribution to U,; in SU(2); X SU(2)g X U(1) models with
mirror leptons (see Ref. [5], Eq. A2.17). Here V, U’, and V'
are the 3 X 3 blocks of mixing matrices for non-SM neu-
trinos, e.g., for the usual SU(2); X SU(2)x X U(1) model
V describes the lepton mixing for neutrinos from right-
handed lepton doublets; for the SU(2); X SU(2)g X U(1)
model with mirror leptons [26] U’ (V') describes the lepton
mixing for mirror left(right)-handed neutrinos [5], etc. The
form factors gy and g}, are expressed through the mixing
angles for left- and right-handed quarks. Thus, g, =
cosfe = V,; and g, = e®cosh., with 6. being the
Cabibbo angle, 6. is its right-handed mixing analogue,
and the CP violating phase 0 arises in these models due to
both the mixing of right-handed quarks and the mixing of
left- and right-handed gauge bosons (see Ref. [5],
Eq. (3.1.11)). The parameters «, m, and A characterize
the strength of nonstandard effects. Below, we give some
illustrative examples relating the coefficients €}, "% ,, ey 14 ;
and the particle masses, couplings, and the mixing parame-
ters in the underlying theoretical models.

In the R-parity-violating (RPV) SUSY accompanying
the neutrino exchange mechanism [6—11], SUSY particles
(sleptons, squarks) are present in one of the two effective 4-
fermion vertices. (The other vertex contains the usual W,
boson.) The nonzero parameters are

Ggifm = %T]E’ql)RRU”i’
Eil?i = 277?[;LL Uiy 3)
5§1§,i = _%(W?J)LR - 47’?];LR)U:P

6?,:,1' = %n?ql)ue niv

where the index » runs over e, u, 7 (1, 2, 3), and the RPV
minimal supersymmetric model (MSSM) parameters 7s
depend on the couplings of the RPV MSSM superpotential,
the masses of the squarks and the sleptons, the mixings
among the squarks and among the sleptons. Concentrating

. N T,
on the dominant contributions €35, and €;%; (as the
’ R>

others are helicity-suppressed), one can express n{'ql)LR

and 7 as follows [10]

nl

(LR
VY, 1 1

1 _ 11k nkl _: d

77(’ LR = Zi s1n2(7?(k)(—2 - ),

! T 2V2Gy Maw M
Ao A 1 1

nl _ k11'nlk . e

Myrr = —Sln20k<2—_2—>’

0 ; 2V2G N2 gy m2

“

where k is the generation index, 0;’,{) and 6¢

(r are the squark
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and slepton mixing angles, respectively, my and mg, are
the sfermion mass eigenvalues, and A, and Aﬁik are the

RPYV couplings in the superpotential.
For the mechanism with LQs in one of the effective
vertices [13], the nonzero coefficients are

€SP — _ V2 Ev
5=F 4Gp M3’
\/z €s

S+P — _

StP T T 4G, ﬁ%
1 D g ©)
evta— (% v )
oA 2Gp\ M2 M}
(R) (R)
VA = _ V2 (ag 4+ Qv
vea 4Gp\ M2 M3 )
where
el = Ueiefi, (6)
(L) (R)
the parameters €gy), @ S(v)? and gy depend on the cou-

plings of the renormalizable LQ-quark-lepton interactions
consistent with the SM gauge symmetry, the mixing pa-
rameters, and the common mass scale Mgy of the scalar
(vector) LQs [27].

The nonzero eh for the discussed models are collected in
Table 1.

The upper bounds on some of the el parameters (6) from
the Heidelberg-Moscow experiment were derived in
Ref. [28] using the S-wave approximation for the electrons,
considering nucleon recoil terms and only one nonzero
parameter egi in the Lagrangian (1) at a time.

The coefficients efi entering the Lagrangian (1) can be
expressed as

o, — ebus, @
where Ug‘;’ﬁ ) are mixing parameters for non-SM neutrinos
(see, e.g., Eq. (2)). As this Lagrangian describes also
ordinary B decays (without LN violation), the coefficients
é? are constrained by the existing data on precision mea-
surements in allowed nuclear beta decays, including neu-
tron decay [29]. For example, from these data we obtain the

conservative bound
Iéﬁﬁl <7X1072, ®)

From Egs. (6)—(8) and the bound |e}t4] <7.9 X 1077

TABLE I. Nonzero coefficients e’g for various models.
Model Nonzero es
: V-4 A
with Wes SE¥+A’V6§$AT
RPV SUSY €51 ps EV_A> €71
with LQs €35h €Vrh

PHYSICAL REVIEW D 76, 093009 (2007)
(see Sec. III B) we can assume that the nonstandard mixing
is small:

UVl = 1073, v, = U£Y+A,V+A)' )

B. Methods and approximations

We have calculated the leading order in the Fermi con-
stant taking into account the leading contribution of the
parameters € to the decay matrix elements using the
approximation of the relativistic electrons and nonrelativ-
istic nucleons. The wave function of an electron with the
asymptotic momentum p and the spin projection s can be

expanded in terms of spherical waves as [5,30]

eps(r) = €p(r) + ept(r) + ... (10)

We take into account the S;/, and the P,/ waves for the
outgoing electrons:

arm= (%) (1
P (810 To-Px;
() =i F1%7 T ) (12)

with # = r/r, p = p/p and the two component spinor y,.
We use the approximate radial wave functions [5]

(%‘)411[1—;@2} (13)
(pr)? = G aZ>2<%>2 +3azzer+ (P, (14)

(J;gjl ) = +An (s, "

1
i =—aZ+ 5(8 + m,)R,

N =

including the finite de Broglie wave length correction
(FBWC) for the §;/, wave. Here R is the nuclear radius,
¢ is the electron energy, and « is the fine structure constant.
For the normalization constants A.; we use the approxi-
mate Eq. (45) (see below).

The nucleon matrix elements of the color singlet quark
currents are [8,31]

(P(K|ad(1 ¥ y5)IN(k)) = [F$(¢%)
+ FQ(PANWK )y k),
(16)
(P(KNNiy*(1 F ys5)IN(k)) = (k') y*[gv(g?)
T ga(@yslriyk), (17)
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(P ac™ (1 7 ) IN(K)) = W)[w

=5 [0

(18)
(3) iy
g =T ()at + S (yig ~ y'q)
nmp
7o
3 v 1
+ =5 (0"Pq,q" — 07" q,q9"), (19)
n
where
P
r=(y) 20)

is a nucleon isodoublet.

The nonrelativistic structure of the nucleon currents in
the impulse approximation is derived using Refs. [32,33],
see Appendices A, B, and C. We have calculated the
nucleon recoil terms including the recoil terms due to the
pseudoscalar form factor.

C. Electron angular correlation

Taking into account the dominant terms introduced in
the Appendices A, B, and C in the closure approximation
[5] we obtain the differential width in cos@ for the
0%(A,Z) = 01(A, Z + 2)e” e transitions:

dar In2
" ="Z|MsrP A0 — Kcosh), 21
T oosd > [Mgrl* A( ) (21)

where 6 is the angle between the electron momenta in the
rest frame of the parent nucleus and the angular correlation
coefficient is
K= B
A’
The Gamow-Teller nuclear matrix element Mgy is defined
in Eq. (51) below.

The expressions for A and B for different choices of
€l with only one coefficient considered at a time, are
shown in Tables II and III.

In these tables

—1<K<l. (22)

c; = cosy,, s; = siny; (23)

and

u = {my/m,, ,u,g = mff/me, 24)

with the standard effective Majorana mass (m) = 3 ,U2m;
and the nonstandard ones:

S—P _ S—P V-A _ V-4
Mgzp = ZUeieSiP,imi’ Myza = ZUeiEVIA,imi’
7 7

T, _ T,
myt = ZUeieTLvR,im,-. (25)

1
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TABLE II. Expressions for A in Egs. (21) and (22) for the
stated choice of €.
€ A
ey_4 Ay +4C  plluy 4l +4C ny 41
V4 Ay +4Colullmyitlco +4C  ny Al
e\‘;tﬁ Ay + C3|M||€gtﬁ|cz + C5|€“ﬁtﬁ 2
evia Ao+ Colulleyiile; + Cileyial
St Ag + 4C5P |l S legs + 4CP | uS L2
€5ip Ay + 4G | ull s pleos + 4CT g ol
Egtg ﬂo + C§P|,LL||E§J:£|C4 + Cgplfgirg 2
€5in Ay + CFullesiples + G lesipl?

T, T, T,
ETZ ﬂo + 4C(7)-|,LL||,U/T2|C06 + 4C1T|,U/Ti|2

T, T
€7, €7, Ay

T, T T
572 Ay + Cg'ﬂ«”frglcs + C3T|GTI;|2

The quantities A and B for all zero eg are
Ao = Cilul?, By = Dylul? (26)
and the relative phases are
gor = arg(mhpyia”), Yoo = arg(mpy=i),

= arg((m)ey 4

hos = arg(uypi—5),

s = arg((w)es'p),

P = arg((p)eyia’),
oy = arg((u)pi b,

S+Ps

27
Uy = arg(<ﬂ>€s+P ) @7

Yoo = arg(uipr'™), s = arg((u)er”),

W6 = arg(pher’).

TABLE III. Expressions for B in Eq. (22) for the stated choice
of eg.

€ B

evi By + 4Dy plluy=dleoy + 4D [y =412
€V By + 4Dolullwyidleor + 4Dy luyial?
eyt By + |ulleV A(Dscy + Ds_sy) + Dsley 412
eria By + |ulleViAl(Dycy + Dy_sy) + Dyleyi41?
€5 % By + 4D |l w§~plsos + 4D I u§ LI
€55p By + 4D§7 | ull i plsos + 4D I w§ ol
estt By + |ullestPl(D5P ey + D5Ps,) + D5Flesh?
€51p By + |ullegipl(D3 s + D3Ps3) + DY lesipl?
er' By + 4D} _| pll 7t |sos + 4DT | it 12

62;, E?Z By

€t BO+D5|,LL”6?;|C5 +D§|e;’;|2
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The coefficients C; and CE-SP ™) in Table II are
Co = (x3 — DAgy, C, = (xr — D*Aq), Ci+ = (xr + D*Ay,, Cy = (xr = Dx2-Ao3s — X1+Aw),
C3 = —(xr — D(x2+4A03 — X1-Aws — XpAos T XrAoe); Cys= X3_ Ao — 5x1+ X2-Aos T 5xT 1 Aoss (28)
Cs = x3,An — 3x1-X2+A0s T 35X Aoy + XFAos — XpXkAo7 + XEAw;

G = ~0cr = XA, O =AY, OF = G- D - DAY O = Q- Al

(29)
(3) (3)
T T9\2
Ct = ——(xr — DAY, Cl = <L> Ady
84 84
1
Ch=—(xr— 1)[()(&0 + XK+ xXkr, — XkDA0 + <§X€’T - 2X?>A32} (30)
1 2
CF = ke, XK+ Xk, = xR + (30 = 200) Al
The coefficients D; and DgSP’T) entering in Table III are
Dy = (x; — 1By, Dy = (xr — 1)*By,, Dy = (xp + 1)*Byy, D, = (xr — Dx2-Bos-,
Dy = —(xr = Dx1+Bos, D3 = (xr — D(x2+Bos — xpBos), 31)
D3 = —(xr — D(X1-Bouu— — XpBos— + xgBos-)» Dy = —x3_Boy + $x1, Boas
Ds = x3. By, — $x1_Bos — X3Bos + XpXkBo7 — X7 Boo:
Dt = (xr = Dxi"By-, DY = —xi”Bgi,  D3" = (xr = D@x7 — xp0)Bis, 32
D" = (xr = DQ2xp0 — xp0)B3-  D3F = Qxi — x20)°Bos:
(3) 3)
T T\2
Dj_ = ——(xr — 1By, Di = _(L> Bj;,
84 84
1
DI = —(xp - 1)[(){%&, + X%+ x&r, — x&h)Boi + (gX(T;’T - 2)(?’)352} (33)
1 2
DY = (xke, + XK X, — kB + (30— 247) B
{
where the integrated phase space factors are £51\2
s P P apg = ay + By, ap = <%> B+,
Age AT\ _ 1 _ao f av, ap dQy e i
BOk) B(OiP‘T) In2 (meR)2 bOk’ béiP’T) aogy = ZEB_, aoggy = —B+,
(34) m, 9
4 la 5 8
with the phase space element d(), defined as follows: dos = g(m R a+>, oo = m.R a-—,
e e (37)
= m>5 1/ 4 \2
d€, = m.>|pilIp2le e,0(e; + & ag = g(m R) ((ay —2m,Ra_),
+ E; — E;)de de,d(p, - Po). (35) 26 )
- 2 _
The constant a,, and the kinematic factors a, ag‘i’P’T), boks dog = <3me R) [{fas +4m R(mRay — {a )]
and bf)‘s,;‘P ") entering above are defined as follows: 4 \2

agy = (Grga)* IV ql*m2/(6475), k6 <meR
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SP_ SP _—

oo — A apg = a4,
sp_ €uR
ap, =~ —Lenlay + B4) +2m,B_]
3m,
&, R
i = (6211 ) [e3 s + (e} +4m2)B, + deyym,B_];
(38)
agy = 2B-, al, = 16a, = 16a;r,
al _ 8B+ ol — 8¢ 23 ‘ (39)
02 m,R’ 03 —meR +5
& 2
boy = v+ *+ 04, by, = <%> 5.,
€21 £ 4
by =2m—5+, bos— =2m—5,, b04=§5+,
4 8 4 ¢y
b047 = 667’ b05 = g’)/*‘»y bos, = § " R’
8 - 16 Jy.
bos— by = )
0 773 m,R)
4 \2
bos = [( }7+» by = <meR> Y
(40)
3
bg& =7- b(S)f =7+ = §b05’
SP _ 8%1 sp_ 2
b 3m (7+ + 5+) boz_ 382]R6_, (41)
sp _ (EuR)? 5 25 1.
bz = 6m [e3,(ys +84) —4m28.];
bl =4y- =4bi;_, by = 16y, = 6bys,
(42)
bgz = 8§8+, b& = (—8§ ) b4,
meR meR

where €, = g, — g is the difference in the electron en-
ergy. The characteristic features of the P/, wave are ex-

|
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pressed as
{=3aZ+ (g, + )R (43)

and the Coulomb corrections appear as the following com-
binations

ax = a1 4]* £ layl? B =la; > = la_y%,
4+ = 2Re(a11ai1_1),

8+ :ZRG(CY_HCYT_I), o_

y- =2Im(a; 0, _)),
=2Im(a—paj_y),
(44)

with aij = Ai(SZ)Aj(SI)'
For the normalization constants in the approximation
including terms up to (aZ)? [5]

e+ m,

Ay = Fo(Z, &),
+1 e 0( €)
4 _ . 4
Fo =ty 1y CPRT DG + in)Pem, (45)
1
yi=41- (a2,  y=aZs/p,
we have
1
) 2 (8182 = m2)Cy,
(46)

[\)»—A

(5
(Z,) 5 (&2 = &1)m,Cop,

v+ =06, =4pillp2ICo.  y-=6_=0, (47

where
FO(Z 82)F0(Z 81)

Coo = (48)
€&

Note that using Eq. (47) the expressions for B from
Table IIT are reduced to the form shown in Table IV.

In the definitions of C; and D; we use some combina-
tions of nuclear parameters similar to the ones in Ref. [5].
Thus,

1 gv\* Mg gv M
X2+ = XcTo * XFo ~ X155 = (xGr —6x7) *3xk X =<—> Y =
T F 9 1 GT T F F MGT g4 MGT
M, Fy) FY (8v\2 Mg
k=P RRT;, y=-—— k=T,GT,RC,,RT,; x¥¥=-"Sxrm  xib= —S<—> —=; (49
MGT 8v 8v Mgr
(3) (3) (3) T
F M T T M
P = "5 8v —ro. X =" xu k = R, RT,RC,, RT,; XL = k=GT, T,
8a 84 Mgr g4 Mar’

where the index F refers to Fermi, GT to Gamow-Teller, T
to tensor, P to the P-wave effect, and R to the recoil effect.
If x has prime or the index w then the same has the
according matrix element in the numerator. The nuclear

{

matrix elements defined below contain the operator 74 =
(71 + i73)*/2 converting the ath neutron into the ath
proton, and the initial (final) nuclear state are denoted by

10/ (O} I
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TABLE IV. Expressions for B in Eq. (22) for the stated choice
€® for the A, from Eq. (45).

€ B

€4 By + 4D | pllwy—4lcoy + 4Dy | wy =41
€r4 By + 4Dglullwy4lcor + 4Dy )4l
egtﬁ Bo+D3|/.L||€V+A|C2+D5|E +A|2
ey By + Dylulleyidle +D4|€¥+A|2
S-p sP

€sp By + 4D;F | iz hl?

eS*E B, + DSP|,U,||€S+P|C4 + DSP|eSEP
€5p By + D3| ullefiblc; + DEPledihl?
€ By, + 4D] | uj |

7, T

i o .

e BO+D£|,LL||6T2|C5 +D§|6T2|2

Z<O+||Zh+(rab,EN)T+T+||O+> (50)

a*b

MGT—Z<O+|IZh+(rab, Ey)o, - o745 10, (51)
a#b

ab)(o'b : f.ab)

My = Z<O+ I Zh+(rab’ Ey)(o, -

a#b
— 10, - o |74 75(0]), (52)

Migr = S OF IS, ra Ew)ora - o7t 74100, (53)

a*b

My = SO IS W ran B0, (5

a*b

top)(o) - Byp)

M} = Z<O+||Zh/+(rabr Ey)(o, -

a*b

- %o'a : o'h]7+7'+”0,'+>: (55)

Mp = Z<0+”Zh/ (T ap EN) eab {( - 0oy)
a*b
: [rab X r+ab]}7'+ 7'+||0?_>’ (56)

MR_Z<0+”;7I7/ (rab’ EN)_rab (0- ><])b

+D, X o'b)7'+7'+||0i >; (57)

Mgr, = Z<0+”Zh0w(rab’EN)0' -, 7474 110),
a#b

(58)

Mpo = S OFIS hoo(rap EN)T4 751107, (59)

N a*b

PHYSICAL REVIEW D 76, 093009 (2007)

Z(o*HZhg(rab, Ey)E -t 74 75010),  (60)

a*b

Z<0*”Z S Hyra EN)os

a#+b
-[B X r+]7'+7+||0,'+>: (61)

M(T}'IT = Z<O+||Zh/ (rub’ EN)_O- O'hT Tﬁllo;r),
N a#b

(62)

MY = S OIS . EN)—[w B (@) Fup)

a*b

1
3o «rb}irillom 63)

Mie = SOFI S 4 Es

a*b
(T, = T,,) 74 751107), (64)

Z<0+||Zh/ (rab’ EN)_(rab o Cb

a#b
- Carab : o-b)7-+ T+||0[ >: (65)
MRT Z<O+|| Zh (rain EN) ab (0' X Tb
a*b
+ T, X a,)7% 75 1]07). (66)

In the above expressions, the neutrino potentials
hi(rap, (Ex)) are defined as follows:

R dk 1 1
E = - + ik-r
e (rap, (En) 472 ] w <w +A o +A2>
=~ RH(r, A), (67)
1 dk 1 1 .
h E =_ | = _ ik-r
o7 (Ex) 27e), f w <a) +A o +A2>e
~ 2H(r, A) + raiH(r, i), 68)
r
hOw(rabr <EN>) = h+ - A_RhO,
_ (69)
B (rap, (En)) = hs + ARy,
AT2/R\2 -
(o (ExY) = —m—[;@ - ARm} (70)
14
with
H(r. A) 1 dk ekr 71
rnAd)=—s [ ———,
27 f ®w w+A
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A= <EN> —(E; + Ef)/2,

where r,; is the distance between the nucleons a and b, and
(Ey) is the average energy of the intermediate nucleus N.

To derive the expressions for A and B shown in
Tables II and III we have used the formulas:

(72)

m —-P F(3) B
CH(edZh) = Mgy —+£ - i, Ci(ei=5) =0,
CHeD) [ = Morelihudh, Oz =0
C%‘(fi?;)z = MGngigXPO’ (73)
Z¥(ey =) = Mgr(p + 2y~ (xr — 1),

Z¥(eyid) = Mgrlp(xr — 1) +2uy 4 (xr + D],

Z¥(ep i) = *Mgre) i (Xro * XFw)

— 74
ZY(ei) = F s MorelFAxis, 7
r
Zg(e\ﬁfx)_ = MGTE¥+£XP’
+
Z4R(6V+A) MGTEV AXRa
T, 17
WlU(eT )= _4MGTMT2 )
8A
T 7 Ty
Wip(ert) = —2MGT6Tﬁg—(X{zc,, + Xk T XRT, ~ XKD
A
3)
r T
WY (e")— = 2iMgrert — xbr,
2( Tk)r+ GT €T, g4 XGT
3)
r . T 1
u¢%eg)——=-—4m4neg-i—<—xgr+2xg> (75)
I+ 84 \3

For all other arguments eg these nucleon matrix elements
have zero values, except for

ZX(eVz4 = 0) = Mgru(xr — 1). (76)

We have calculated the numerical values of the inte-
grated kinematic factors A;, A(()Sip’ T), By, and ng’r) for all
the five nuclei of current experimental interest. We shall
use them in the results shown below in Table VI for the
angular coefficient K. However, as we will focus in this
paper mainly on the 0v28 decay of the "°Ge nucleus, we
give the values of these factors for this nucleus in Table V,

where we have used
Q=E —E;f—2m, = 2039 MeV, (77)

taken from Ref. [34], and the scaling factor for the neutrino
potentials is

PHYSICAL REVIEW D 76, 093009 (2007)
TABLE V. The integrated kinematic A and B factors [in

1071 yr~!] for the 0T — 0% transition of the 0v23 decay of
75Ge.
Ay 6.69 By, 5.45
Ay 1.09 X 10 B, 8.95
Ay 1.30 By, 1.21
Ags 2.08 X 10? Bys 7.27
Aog 1.69 X 103 — —
Ao 1.05 X 10° By 7.72 X 10*
Aog 6.59 X 103 Bog 4.97 X 10*
Ao 4.14 X 10 By 3.00 X 10°
ASk 2.55 — —
ASP 3.77 B§P 2.73
ASY 1.18 X 107! B$Y 7.20 X 1072
ASP 1.27 X 1073 BsY 3.71 X 1074
AL 6.03 X 10 BY, 4.36 X 10
Al 1.50 x 10° Bl, 1.40 X 10°
Al 7.67 X 10° B[, 7.16 X 10°
TABLE VI. The values of angular correlation coefficient K for
various decaying nuclei for the SM extended by the vs.

T6Ge 82 100\ [0 130Te 1365
K 0.81 0.88 0.88 0.85 0.84

R=rA'3,  ry=11"fm (78)

The values of Al and By; are of the order of 10™* yr~!
Hence these values are not given in Table V and the terms
with A?) and Bz can be safely neglected.

We recall that the analytic expressions associated with
the coefficients €},=4 given in this section and the values of
Ay; from Table V confirm the results of Ref. [5]. The

analytic expressions associated with the coefficients

V-A S7P Tk (SP 7) (SP,T)
€y5as €s5p» €, and the values of Ag; """, By;, By,

from Table V transcend the earlier work.

II1. ANALYSIS OF THE ELECTRON ANGULAR
CORRELATION

A. Qualitative analysis

If the effects of all the interactions beyond the SM
extended by the vys, which we call the “nonstandard”
effects, are zero (i.e., all €5 = 0), then K = By, /Ay;. Its
values are given in Table VI for various decaying nuclei.
We will concentrate on the case of °Ge nucleus in the
following. In this case the correlation (21) is proportional
to 1 — 0.81cosf. (Note that in the limit of m,/(E; —
E;)— 0 we have a, + 8, =y, +6, and K=1)
Tables II and IV show that the presence of the nonstandard

A
parameters €},-4, eT , or eT does not change the value of
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K and therefore the form of the angular correlation. The
presence of any other parameter € does change this
correlation. From the fact that there are no contributions
due to P-wave and recoil effects to the scalar nonstandard
terms in the closure approximation (see Appendix A), it
follows that the values of Ag?, A3Y, ByY, and BSY are small
and there are two additional nonstandard parameters that
do not change significantly the form of the angular corre-
lation, namely, €315,

Using Table I and taking into account the fact that I,ug |
are suppressed in comparison with A by the factor
m;/m, (the chiral suppression), we find the coefficient K
and the set {€} of nonzero €’s that change the 1 —
0.81 cosf form of the correlation for the SM plus vys,
see Table VII (the lower two entries). They correspond to
the following extensions of the SM: v,,s plus RPV SUSY
[10], vs plus right-handed currents (RC) (connected with
right-handed W bosons [5] or LQs [13]). Hence, the angu-
lar coefficient K can signal the presence of these NP
interactions.

We remark here that in our earlier analysis [19] we had
neglected the P-wave and recoil effects, which is not a
good assumption. Our current study shows that these ef-
fects give significant contribution to the terms with €},*4
and e;’; Hence, they have to be included in any realistic

analysis of the data, as and when it becomes available.
Including them, not only the model called v;, + RC but
also the model vy, + RPV can essentially change the
angular coefficient K from being 0.81 in the decay of the
76Ge nucleus. Left-right symmetric models belong to the
class v;; + RC and we have studied these models in detail
in Sec. IV, where the correlations among the parameters K,
T\ ), and either my, or { are worked out for the case
[{m)| # 0, cosi; = 0 considered in Sec. 111 B.

Note that the decay half-life and angular correlation do

: T Ty

not give any bounds on the parameters € and e because
the according expressions for A and B do not depend on
them.

B. Quantitative analysis

Let us now consider some particular cases for the pa-
rameter space. We will analyze only the terms with €},%4 as
the corresponding nuclear matrix elements have been
worked out in the literature. We use various types of the

QRPA model for the 7°Ge nucleus [20,21] as a test case.

PHYSICAL REVIEW D 76, 093009 (2007)

Using the case of [(m)| = 0, which gives conservative
upper bounds on | ,ugl and | €2, the decay half-life is ex-
pressed from Eq. (21) as

T1/2 = IHZ/F = (lMGleﬂ)il. (79)

From Eq. (79), using Tables II and V and the values of
the nuclear matrix elements reported in Refs. [20,21], we
have the following expressions for the half-life [in yrs] for
various choices of the parameters |u}=4| and |e}Z4l,

taking only one parameter at a time:

Ty = 1.1(1.3) X 10| u} 4172,

(80)
Ty = 3.2(4.0) X 10| wV 74172,
Ty = 4.0(21) X 10|} 24172, s
Ty, = 4.5(6.8) X 102wl 74172,
T, = 3.7(27) X 108]€V+4|72,
1/2 V—A (82)

T1/2 = 10(97) X 1013|E¥i£|_2.

Equation (80) corresponds to using the pnQRPA model
with particle-particle strength parameter g,, = 1.02(1.06)
[21] and Eqgs. (81) and (82) correspond to using the QRPA
model without (with) the p-n pairing [20] (note that the
definitions of the nuclear matrix elements y, and yz in
Ref. [20] differ from x/, and y% in Ref. [5] by the factors
1/2 and 4/(m,R), respectively). Comparing the numerical
results in these equations, we note that the dispersion in the
half-lifes is less marked for the coefficient |u} 4l.
However, the half-lifes involving the coefficients |u{ -4

and |e} 74| show a very strong nuclear matrix element
dependence. For the QRPA model worked out in [20], it
is not clear to us if this is due to a numerical artifact or the
treatment of the isoscalar neutron-proton pairing. An im-
portant, and related point, is how to fix correctly the
particle-particle strength of the nuclear Hamiltonian.
Fixing the particle-particle pairing parameter, and varying
it as done in [21], leads to rather stable values for the half-
life of °Ge nucleus. Clearly, these issues remain to be
further discussed and clarified. A detailed discussion of
these nuclear models will take us far afield from the main
point of our paper. The theoretical uncertainty in the nu-
clear matrix elements [2,35] plays an essential role in the
numerical analysis. However, as we show below, the

TABLE VII. The angular correlation coefficient K for various SM extensions for decays of
76Ge.

SM extension {e} K

Yy — 0.81

vy + RPV SUSY e -1<K<1
vy + RC €rTh ~1<Kk<1

093009-11
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TABLE VIII. T/, and K for the fixed values of the parameters |u{=4|, [e}=4] for decay of 7Ge for the case of [(m)| = 0 in QRPA
without (with) p-n pairing [20] [pnQRPA with g,, = 1.02(1.06) [21]].

luy=4l =5x 1077 luysal =5x 1077 lel 4l = 5% 107° lep Al =5x 1077
T,/ (10% yr) 1.6(8.4)[0.44(0.52)] 1.8(2.7)[1.3(1.6)] 1.5(11) 4.0(39)
K 0.81(0.81)[0.81(0.81)] 0.81(0.81)[0.81(0.81)] —0.73(—0.73) —0.79(—0.87)

nuclear-model dependence of the angular coefficient K is
rather modest.

The fact that the dependence of K on the nuclear matrix
elements is much weaker than the uncertainty in 7', ;, from
this source is illustrated in Table VIII for QRPA models
[20,21] for the assumed values of the parameters:
luyv=Al = lelbidl = 5 1077, |el 4l =5X 1077, It is
clear from Table VIII that measuring K with 10% accuracy
(or better) produces useful experimental data that could be
sensitive to the new physics. We note that for the parame-
ters |y =4[, the angular coefficient does not depend on the
nuclear matrix elements, as can be seen from Tables II and
II (for || = 0) and Egs. (28) and (31), leading to K =
BO]/A()l = (.81.

Using the numerical results given above, the current
lower bound Ty, > 1.6 X 10% yr for the °Ge nucleus
[36] yields the upper bounds on the parameters |u}=4]
and |e} 4| shown in Table IX. The bound on e} 4] is
stronger than the others shown in this table due to the
relatively large values of the recoil and P-wave matrix
elements in this case. The bounds on |e}*4| given in

Table IX are comparable with the bounds |e} 4] <4 X
1077, |ey 4] <6 X 1077 given in Ref. [28].

To be definite, we use the QRPA model without p-n
pairing [20] in the following. The bounds given in Table IX
could be used for deriving the bounds on the parameters of
the particular models (see Sec. Il A). For example, using
Eq. (5) we have the following conservative constraints on
the couplings of the effective LQ-quark-lepton interac-
tions:

M; 2

|a§L)| =1.1X 10_9<7> ,
1 V

00 Ge (83)

M, 2
W =26%x107 Lo 1=
a1 =26 X107 50 Gev ) - SV

(i) Consider a more general case of [(m)| # 0, cosyy; =
0, where the index i depends on «, S (as above, we
take only one nonzero €4 at a time). Using Tables 11

and IV we have

A = Clul +4Cub)?

KA = D\|ul + 4D;| I, *
and
A = Cilul + CilelP,
KA = D,|ul? + D;|€8)2. ®
Hence, using Eq. (79) we obtain
lul? = (A = LK)/Ty s, 86)
|€6l> = (= A5 + MK)/Typ = 4luial’,
with the coefficients
D; Gi
R [T,
N T
|Mgrl*A, |Mgrl*A,

where A; = C\D; — D,C,.
Using Eqs. (86) and (87) we have for €},4 # 0

|wl?> = (7.9 + 10 K) X 10'2/T 5, (88)
leb T4 = (5.1 — 6.3 K) X 10'2/T},
and for )4 # 0

|wl?> = (7.7 + 10 K) X 102/T 5,

VHA2 _ g (39)
|€V—A| (19 24 K) X 10 /T1/2,

with T/, in years. Figure 1 shows the correlation
among [(m)|, T,/, K (left) and the correlation
among |ey14], Ty, K (right) for the choice of a
nonzero €}:4. Figure 2 shows the same for the
parameter €},*4. It is clear from Figs. 1 and 2 that

the closer K is to 1 for the fixed value of T /,, the
weaker [(m)| is bounded and the stronger |e}¥4] is
bounded. The correlations among |e}*4|, T/, K
will be used in the next section in the analysis of

left-right symmetric models.

TABLE IX. Upper bounds on |u}=4l, l€+4] for decays of 7°Ge for the case of [(m)| = 0 in QRPA.

Nuclear model ey =4l luyial lev 4 ley Al

pnQRPA with g, = 1.02(1.06) [21] 2.6(2.9) X 1077 4.5(5.0) X 1077 — —
QRPA without (with) p-n pairing [20] 5.0(11) x 1077 5.4(6.5) X 1077 4.8(13) x 107° 7.9(25) X 1077
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Note that if several 65 are nonzero in the considered
model then the respective interference terms should
be taken into account.

(ii) To extract |ul, |,u,§|, l€2], ¢; in the general case of
[{m)| # 0, ¢; # 0 we need to analyze the data on at
least two decaying nuclei. This analysis will be
presented for the five nuclei already discussed in a
forthcoming paper [37].

IV. ELECTRON ANGULAR CORRELATION IN
LEFT-RIGHT SYMMETRIC MODELS

The experimental bounds on the €” are connected with
the masses of new particles, their mixing angles, and other
parameters specific to particular extensions of the SM
[4,5,8,10,12,13]. To illustrate the kind of correlations that
the measurements of T/, and the angular correlation co-
efficient K in the 0»23 decay would imply, we work out
the case of the left-right symmetric models [22]. In the
model SU(2); X SU((2)g X U(1) the parameters 1 and A
(see Eq. (2)) are expressed through the masses my, and
myy, of the left- and right-handed W bosons and their
mixing angle ¢ [5]:

n = —tan{, A= (my, /my,)% (90)
under the condition
My, << Ny,. 91
Equations (2) and (6) and the relation [5]
Vi =V, 92)
of the SU(2); X SU(2)gr X U(1) model yield

!/

v+a _ ) 8V
€yiq = A=U,Vei

8v

eyt =nU, V.. — (93)

To reduce the number of free parameters, we assume the
equality of the form factors of the left- and right-handed
hadronic currents:

gv = 8v- (94)

The small masses of the observable vs are likely described
by the seesaw formula that in the simplest case gives

m; ~ sz/MR’ MR > mp, (95)

with the Dirac mass scale mp (for the charged leptons and
the light quarks mp, ~ 1 MeV) and the mass scale My of
right vs (in the majority of theories M > 1 TeV). In the
left-right symmetric models these scales arise usually from
the two scales of the vacuum expectation values of Higgs
multiplets [22]. In the seesaw mechanism, the values of the
mixing parameters V,; (for i numbering light mass states)
have the same order of magnitude as mp/Mg. In our
discussion we use two rather conservative values (compare
with Eq. (9))

PHYSICAL REVIEW D 76, 093009 (2007)
€e=107%5x10"7 (96)

for the mixing parameter
€=UV, 97

We recall that here the summation index i runs only over
the light neutrino mass eigenstates (the summation over the
total mass spectrum including also heavy states gives
strictly zero due to the orthogonality condition [5]).

From Egs. (90), (93), (94), and (97), we have

V+A

my, = my, (e/1€) 54012, £ = — arctan(|e}*4]/e)

(98)

Using Eq. (91) we note the approximate equality of my,,
and the mass of the observed charged gauge boson W,
(my, = 80.4 GeV [1]).

The correlation among my, ({), K, and T/, for the case
of [(m)| # 0, cosiy; = 0 (see Sec. III B) is shown in Figs. 3
and 4 for the two chosen values of €. The numerical results
for these figures have been obtained using Eqs. (88) and
(89). It is clear from Figs. 3 and 4 that the closer K is to 1
for the fixed value of T/, the stronger the lower bound on
my, is (the upper bound on ¢). However, this bound is
weaker than the one my, > 715 GeV, obtained from the
electroweak fits [1]. There is still a more stringent bound
my, > 1.2 TeV, obtained in Ref. [38] for the 0v23 decay
mediated by heavy Majorana neutrinos using arguments
based on the vacuum stability [6] and additional theory
input. We assume my,, = 1 TeV in the next figure.

While experiments in the 0»28 decay would measure
the product of the quantities called A and the neutrino
mixing matrix elements U,;V,; in Eq. (93), collider experi-
ments at the Tevatron and the LHC can, in principle,
measure A by determining my, . Assuming these logically
independent possibilities, we plot the differential width
(21) vs cos# in Fig. 5 for a set of values of |(m)| and
my,, taking €} 4 at a time and assuming € = 107°. In this
figure, we consider the values of |{(m)|, starting from
[{m)] = 0.03 eV up to |[(m)| =5 meV, covering two of
three scenarios of neutrino mass hierarchies and mixing
angles: normal and inverted mass hierarchies (see Ref. [39]
for a recent discussion and update). It is seen that the
sensitivity of the electron angular correlation to the right-
handed W-boson mass my, increases with decreasing
values of the effective Majorana neutrino mass [(m)|, as
can be seen from Fig. 5 (right), where this correlation is
shown for |[(m)| = 5 meV, 10 meV.

In conclusion, we have presented a detailed study of the
electron angular correlation for the long-range mechanism
of 0v2f decays in a general theoretical context. This
information, together with the ability of observing these
decays in several nuclei, would help greatly in identifying
the dominant mechanism underlying these decays. At
present, no experiment is geared to measuring the angular
correlation in 0283 decays, as the main experimental
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thrust is on establishing a nonzero signal unambiguously in
the first place. We note that the running experiment
NEMO3 has already measured the electron angular distri-
bution for the two neutrino double beta decay, and is
capable of measuring this correlation in the future for the
0728 decay as well, assuming that the experimental sen-
sitivity is sufficiently good to establish this decay [40]. The
proposed experimental facilities that can measure the elec-
tron angular correlation in the 0v2B decays are
SuperNEMO [41], MOON [42], and EXO [43]. We have
argued in this paper that there is a strong case in building at
least one of them.
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APPENDIX A: 0723 DECAY RATE FOR SCALAR
NONSTANDARD TERMS

The nucleon currents in the impulse approximation in
the nonrelativistic form are used in this paper [32,33].
Keeping all terms up to order p/m » in the nonrelativistic
expansion we have

Jizp(x) = Y 14 8(x—1,)(F * Fy'B,),
. _a (AD)
a 2m, "’
TEAx) =3 4 8(x—r,)[g"(gyl, — gaC.)
+ 8""(ga0um — VDY — 8aPL)]  (A2)
c _0,-Q J'o,-q
“ 2m, @+ md
m X m
pr=2" (1 +g’”>l[" a” (A3)
2m, 8y 2m,
q"o, " q
pr=92%a 1
“ @+ m;

where g* = p* — p'* is the 4-momentum transferred
from hadrons to leptons, Q* = p* + p'*; p* and p'*
are the initial and final 4-momenta of a nucleon; m, is
proton mass and m . is pion mass.

We neglect the dipole dependence of the form factors
F (s3 ), FY P s 8vs 84, &y on the momentum transfer and omit
the zero argument of the form factors. Note that g, (0) = 1.

Consider the pure SP case assuming (m) = 0. In terms
of the combinations of hadronic currents

p
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JE, = (FITEINXNIIET D),

o - (Ad)
Ji= =FIJLTINXNIJZID),
Jr=epdsp+ €51 pi5tp (A5)
Ji = €ipidsip T € b5 p
T =ut, (A6)
and the combinations
sLR(2y, 1x)  sbR(1y, 2x
{,LYR:,L(y ) sp(ly )’ (A7)
m w + Al w + A2
o 5%, (2y, 1%) s, (1y, 2%) A8)
An w+ A w+ A,
of electron currents
sﬁyR(Q’yr IX) = éz(}’)?’#(l + '}’5)6?(7(), (Ag)
5,2y, 1%) = &,(y)ya(l — ys)yef(x),
e;(x) = ep,,,(x), the matrix element is expressed as
1 (GplV,4l
RSP = ( P ud ) 2 f Xdy ——
o Jz_ Z (2 )3
X ST~ I
+ A, — I )] (A10)
where r = y — X. By using the identities
skR(1y, 2x) = sBE(2x, 1y),
(A11)

Sﬁ,u(ly’ 2x) = _sﬁ/\(zxy 1Y),

the algebraic formula

2(am * bn) = (a + b)(m = n) + (a — b)(m = n),
(A12)
the constant
G2V,4l* 2
¢y, = GrlVual” 2me (A13)
827 R
and the neutrino potentials
dk e*T (1, w, k')
Hj;, H , HL 4 sttt Al4
(Hy Hojo Hi) =47 | op o wva, A9
the matrix element (A10) is expressed as
RSP = COVZ Z( LMY, + MSP> (A15)

Each part of this matrix element is expressed as a sum of
nonvanishing (indexed by n) and vanishing (indexed by c)
terms, in the closure approximation:
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MEE =My, + (Mt (A16)

R
M}, = ) dedyTN(Hl + H)[(A; + Ap)F2,

+ (A} + ALp)FL, + B\gFY + (B, + Bip)FL],

(A17)
m R 0
MY}, = ) /dXdyTN(Hl — H))[(A; + Ag)F5_
+ (A + AlR)FL_ + B\gFY + (B, + Bip)F', ],
(A18)
k R i i\
{MSP}n = % dXdyTN{(le - HwQ)[_(A4 + A4R)E+
+ ByrE_]+ (HL, — HL)[—(A; + AsR)E"
+ (A% + AR)ER + (By + BiR)E-T,  (A19)
k R i i \pi
Mgp}, = I dxdyTy{(H,, + H,)[— (A} + A}z)EL
+ ByrE, ]+ (HL + HL)[—(Ay + Asg)EL
+ (A”‘ + A ER + (Bl + B4R)E+]} (A20)
with
Ty = g2(FIS 7 INNIS 72 D8 (x—r,)8(y—r,).
a b
(A21)
The electron currents are defined as
F. = 3[u(yx) = u(xy)]
Fs. = Yus(yx) * us(xy)],
FE = [ut(yx) * u*(xy)],
FE, = [uf (yx) = uf (xy)],
FE = J[utr(yx) + uk”(xy)], (A22)
FE2 = Jul" (yx) = ut”(xy)]
E.=F. + Fs.,
E. =F% + Fg’i
with
u(yx) = &(y)e§(x),
us(yx) = &,(y)ysef(x),
Jz =3 M o€
u (yx) eZ(y)’y e](X): (A23)
uf (yx) = &,(y)ysy*ef(x),
utr(yx) = —iey(y)o+ef(x),
ut” (yx) = —iey(y)yso*”ef(x).
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The nucleon operator matrix elements are defined as fol-
lows:

A=A+ AP, B =B+ B?, (A24)
A= 2G(‘)/85, A —GOeBSCJr - G(‘),spBJr,
A, = ZG?/S’S, Ayp = =Gl &l Cq + GYeLB.,
Ay = Gjesot, Asp = —GlepB,,, — GyesDl,
Aé’,"e = —GOSSPi , Al = Ggs’saﬂr,
Al = GaepBl, — GyegD, Ay = —GjelPL,
Aé = igiAl, Ag} = isilkAiR: (A25)

BlR = _GOSSc, + G(‘)/SPB,,

Bor = —GYesC_ — GYehB_, B = GYeg0,
Bi, = —G%pBi_ — GYesD,  Bli=—GlsP.,
= GYelol, Bip = GSehBi,_ — GYelD",
BF, = —GYelPL (A26)
with
B+ = By, = 1,By, Bl . = oiB, * B0}, A7)

Pi. = Pil, = I,P}.

Under the exchange of running indices a and b (i.e. x <
y), nuclear operators A, electron currents £, and F,, and
neutrino potentials H; and H ; are even, while B, E_, F_,
and Hy; are odd.

The constants are defined as

Gy = (Uel+ €y_ A1)+€V+Al]
gA
= (Uei + €y Az) - E“;+£,ir =G(e =0),
G = —Ue,, G% = U, (A28)
8A
(3)
F
&5 = i(fg it ETh )
8A
(3)
F _
&p = gi(eg—Pz €S+Pl)
4 (A29)

(3)
— S+P S+P
ey = ——(e5ip; + €575,),
8A

(3)
gl = FP €S+P GS+P
P ga S+P,i S—P,i

Note that in the notations of Ref. [5]:
I — 0l 01
r=u"+us.

t=u+ us, (A30)

Since the nucleon recoil term P, behaves as an even
parity operator while the neutrino momentum k and the
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recoil terms B,, C,, D, as odd ones, each of the A;, k - A,
Bj, k - B; has a definite parity. The operators

Al,Ai,Ai,APi,APi; Bi,BPi;
3 A4 A3p A4R 3 PO3R (A31)
r- B4R’ rlAZR, rlAé’}e,
have even parity and the operators
A Al Algs  Big Bag, Bigs
1R A3p> A4R 1R D2p, D3p (A32)

r- Byt Bl rlA, rAK HAL,

have odd parity. The odd-parity operators do not contribute
to the 0T — J* transition in the case where both the
electrons are in the S-wave state (the S — S case) with no
de Broglie wave length correction (no FBWC).

Using the definitions of neutrino potentials

R 1
h+=§(H1+H2), hy =—(H, — H,),
€71

R R
how =—(Hyi = Hy). Wi = i (H, + Hy),
€

21

Wi = —i——(H}, — Hjy), (A33)
21

in the S — S case with no FWBC, Eqgs. (A17) and (A19) are
reduced to

M), s-s = fdxdyTNh+[A1F(5’+ + (Af + ATRFE. ]

(A34)
ey R . .
(M7} s = 221 ] dxdyTyho(B, + BLFL, (A35)
Mk - 1821 dxdyTyho, (Al + APV EL.
{ sp}n,S—S Xayly Ow( 4 4R)
le R
+ 5 221 [ ax dyTN—h’ !
me

X (—AREly + AGEY), (A36)

2 iR R
Mples s = — [ dxdyTy s W E - Big,, (A37)

e

where E, F are taken forx =0,y = 0.
For the 0t — 0™ transition we have

— {M?p}s—s = gf‘C‘I‘I (5)+’ (A38)
m
7 Me N

{C RIcE+, (A39)

> 3 Mk =

with
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m.

C? = <m—l h+A1>,
e

where £ =r/r and (X) =
h(r, Ey).

In the S — Py, case with no FBWC for the 0" — 0"
transition we have

iR R
(Ch. = <; ny B4R>,
(A40)

S, SO0 I1X110F), with h =

Ml s—p,, = /dXdyTNh+(A§RF§+ + BiyFL),
(A41)

&R o S
(M3 hsp,, = 25 [ dxdyTyho(WigFs + B

(A42)
k _ 1 &21
{MSP}VLS_Pl/z T o dxdyTyhy, AR E"
+—— ]d xd, TN—h() HM[—A,E!,
+ (AL + AGHEL ], (A43)
{M§P}C,S—Pl/2 = - m.R dedyTNhOwAZREL
2 iR
" ] dxdyTN’z—rhwl[—AzEl,
+ (A% + APEX ], (A44)

The squared modulus of the matrix element (Al5),
summed over the polarizations s; of the electrons and
multiplied by the phase space element (35), yields the
differential decay rate for the 0T — 0" transition

m

ar =3 IR§LP 2

S1,52

- (m Ig)2 (45"

— b1 - P2B3"1dQy,, (A45)

with a, being defined in Eq. (36). Here the coefficients are

4
A =S M, (A46)
i=1

BSP = Re(M|M; + MM, + M3M};, + M3M,), (A47)

with
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e e i (3

821R r 821R

-2t + R IC )2R (e = cf
~Che - %)é + 5o 2) e — e,
-l — (€l |+ [ 2 et + fchl

- 3{CERF}C)}}, (A48)

. 2 m,R(
M, = a”{[C’? +m R{CfR Ci|+ [( 3 (m R+2>C§R

SZIR{ >2R 221711 (Ch— 5~ Ch
~Closg oz )({cé}c—{cg*}c (Ce
-l |+ [S22 ey + (e

= 3{Cerd) | (A49)

M; = aTl{[ {CB.). } [8261R (‘;2‘ + 2>(c§ -

e

r

_C?R _C?R R 6

(ozZ)2
2m,R

— (i) —{C R}»} [ (2, +{Chl.

= 3{CERF}C)H, (A50)

= 2oic R}} [SzgR(%—z)<09—
~Cly~ Cloget e —{cil
~{Clle ~ (et | + [;fnze;qcﬂ +{Clde
= 3{Clr)e )}} (AS1)
where @;; = A;(£,)A;(¢,) and the nucleon matrix elements

are
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Cho= (" hor Bag). (Chele= (2 hors Bag ).
Cip= <nn;—:§h+r+ 'A3R>: {Crbe = <Z_i;h0r ) A3R>’
Cle= <2;h0w1'+ Au) (Chl= <;h0wr Au)
ci= <%h’0f wds) (Cfl= A
C?(R):<§h6?irj+A;{R)>’ {Clpte = < h ”’]AS(R))>

Rri+r
(CB. 1= <’ Ta ™ Thpr 4. B4R> (A52)

2r 2R?

withr, =y + x = 2RF,.

The terms in the first brackets in Eqs. (A48)—(A51)
come from the § — § case, the terms in the second brackets
come from the § — P;/, case, and in the third brackets
there are the most important terms due to the Py, — Py,
case and FBWC.

Assuming now {m) # 0 for the dominant terms we have

M, = a”‘_l_l{[zf -Cl + iR{CfR ci|

(@t - glag )

X ({C2), {C;‘}C)M, (AS3)
et ] [t

><2;+é(m‘:R )({CA} — {4, )}} (AS4)
ol el

X (Ch— ) 2; 2 )}} (AS5)
e }c} 229

><(C/3—C>2;e é ~teti |} ase)

In the expressions for My, ..., My, the terms with { are
due to the inclusion of the P wave in the electron wave
function and those with C%; are from the inclusion of the
nucleon recoil effect. In the closure approximation there
are no contributions due to the P-wave and the recoil
effects. Note that some of the subdominant terms should
be taken into account in case of large cancellation among
the dominant terms.
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APPENDIX B: 028 DECAY RATE FOR VECTOR
NONSTANDARD TERMS

In this appendix we in general follow the derivation of
Ref. [5]. However in addition to Ref. [5] we keep in our
calculations the terms associated with the parameters €},-4
and the pseudoscalar form factor.

The nucleon currents in the impulse approximation up to

order p/m,, in the nonrelativistic expansion are [32,33]:

J{/L;A(X) = ZTL}F(S(X - ra)[gﬂo(g\/la + gACa)

+ 8M"(XgaTum — gvDY F gaPY)]  (BD)
with C,, D7, P given in Eq. (A3).
In terms of Sy 5, Vi 15; (a, B = L, R) [5] the matrix

element

RVA =C R axayan -2 v
oy ouzgzme] Xxay 77(277)3 T(mi LLPLpv
+ IRV iur T IR Vaus), (B2)
may be expressed as
Rt = Co, 3 (M + )
14 v 5
TN\ (B3)

Ml\zl}xk = {Mr\;l}xk}n + {M’\'/lAk c

The analogues of Egs. (C.2.11), (C.2.23), and (C.2.24)
from Ref. [5] are as follows:

My}, =M, 1,

R ~
-5 f dxdyTy(H, + Hy)[(X, + X\ )E,

+ (Yi + Yig)EL], (B4)
My, =M, }
R ~
=3 dedyTN(I‘h — H)[(X; + X g)E_
+ (Y + Vi )EL] (BS)

{M]\C/A}n = {MV+A(a)}n
R _
= [ dxay Tyl B0 + s
e
+ YapFo_ + (X, + X F, + (Y + Y )FL ]
+ (HLy + HO)XE + XL FO + (Y + VL) F2,
+ (X + XRVFE + (Y + YIRFELTL,  (B6)

PHYSICAL REVIEW D 76, 093009 (2007)
My} =Myl
R .
=[xy Tl + Ha )0+ S5
+ YarFY, + (XL + X FL + (Y4 + VL) FL ]
+ (HY — HRI(XE + XL FO + (Y + Vi) FO_
+ (X + XBVFY + (YR + YRIFET,  (BT)

with X = X + XP, Y = Y + Y”. The operators X and Y
are defined in [5], except for the operator YéR = —YéR
which is defined to remove the minus sign from the
EqS. (B6) and (B7), Xl = XlS? Y1 = YlS'

The additional operators are

P _— 2 pii
XlR - GAPO'+’
Pl _— yPl — [
X3R - X4R =G_P ’
P _ ii
XSR = GASAP0.+,

XE = —Gaepl64 P, — (P, + PY )]

+iGregPl, (BS)
Yii = GyG4PL + G%isijkpg:—,
Yigt = —iG_ ey P,
Yg)fé - iGASAglijPi'ri+ - G+Pl_,
Yip = _iGASAslijPZ+ -G, P,
with
P, = o P} + Pio,. (BY)

Under the exchange of running indices a and b, nuclear
operators X, electron currents £, and F ., and neutrino
potentials H; and H,,; are even, while Y, E_, F_, and Hy;
are odd.

New constants are defined as

_ 8V, v+a V+A R V+A
ey = _(EV+A,1‘ TepTai) €A T €yiai T €y—a;
8A
(B10)

The operators
P . i yPi.
Xi, Xigs Y1, Yigs

YL YE v Ysg, rlYiK,

X3, X5 XD, XPL v - Xag, XK

(B11)

have even parity and the operators

Xigs  Yigi Xsg Xip v Xs, v+ X8 /X FIXE
Yap, Yip v - Ya, - YL, FYE HYPIE (B12)

have odd parity.
Using the definitions of the neutrino potentials from
Eq. (A33) and

R2
h, = T(H‘”l + H,») (B13)
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in the § — S case with no FBWC we have

M s = j dxdyTyhs (X, + XP)E,,  (Bl4)

R . o
Mg s = fal f dxdyTyho(Yi + YPOEL, (B15)
(M} 55 = dxdyTwho[(X5 + X5 ) FO,

e

4 iR
+ (XL + XPOFL ]+ 7 [dxdyTNE

e
X ', FLYLFY, + YIkFE ] (B16)

f dxdyTyh, (Y} + YPLHFL, + 22

MY} es-s =

e

2
m,R

]dxdyTN—hOr’(XéRFO XgrFY),

(B17)
where E and F are taken for x =y = 0.
For the 0t — 0" transition we have
m.
Zm—lZ{M%}s—s = g1 (Zf + ZXR)E,, (B18)
T Me N
t]
S S M) = [ 2 (72X + 28 + {28 F
TN
4 v o
T FY, | (B19)
e
with
m; m;
A (i) A ()
X _ y _ IR,
Z3 = <h0wX3>, Z4R = Ethr : YSR , (B20)

Zé(;; = <h0wX§R>! {Z’;R c = < hor X3R>

In the S — P/, case with no FBWC for the 0" — 0"
transition we have

My ns—p,, = f dxdyTyh,Yi E", (B21)

821R

{M%}C,S_Pl/2 = ]dxdyTNhoYlRE;, (B22)

€21
{M{C/A}n,S*PVz e [dXdyTNhow(XiRFﬁ + YgpF5 )

e

+ (Y + YR FE ], (B23)

iR, .
2,1 PLXE + XER PR
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2
Mbdes—r,, = — f dxdyTyhy (XLgFL + YL FL.)

e

€21
+

e

+ (Y, + YERFE_]

dx dyTN—h’ PLXE + XEIFY

(B24)
The decay rate for the 0T — 0 transition takes the form

dl' = Z|R0y|2 e 7d{y,

S1,52

oy [AVA

- — b1 - P2BY 140,

(B25)

where the coefficients are

4
Ay =S INP, (B26)
i=1

B(‘)/A = Re(N|N; + NYN, + N3N; + N3N,),  (B27)
with

4
N, = a* 7X + 7XP — zy
1 all”: 1 1R m,R 4R

[ (( R 2>ZTR I )

2( )ZG+Z +{ZGR})

3
#3224~ . + 2. )}
i

(az)?

({z5}. + 32 RF)M (B28)

. 4
Ny = ainf| 28 2+ |

myr({ ¢ €3 R
+ | == Z0 + 2 {70 )
[ (G )

2
+ — 3 (ng + 2)(26 + ZYP +{ZL.}. )

821R

3 28 (2 - U2+ 1230
[ (az)’

& (25} + 325 }} (B29)
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« &
Ny = iy 24+ 2 = T+ 2 120 |

e

r 1
+ |:6—R ({Z{R + 5821(821 + 2me)R2Z§R>

1 821 1 r
+ 3m, f(sz - 5({24)1(}0 + {Zé(]f}c)>ﬁ
e o\ ogx B30
3 (Z; 6R ar) |1 (B30)

% E
N, = a* 11{[2{ + 2+ 2z 2 {Z§R}0)}

r 1
+ |:6—R <§ZIYR + 5821(821 - Zme)Rzz§R>

1821 1 r
— 3 o2 = Uz + 12500 )
+l<m_

: 2)(23{ + 75— 27%, H (B31)

e

where the terms in the first brackets in Eqs. (B28)—(B31)
come from the S — S case and the terms in the second ones
come from the § — P/, case. The terms in the third
brackets in Eqgs. (B28) and (B29) are the most important
terms of those that come from the P/, — P/, case and
from the S — S case due to FBWC. The nuclear matrix
elements are

m; 1 m; i
Zir= <m—lﬁh+1"Y1R>, {Zi}e = <m_:ﬁh0r+ 'Y1R>,

| U i
5 +r’r/+Y61>, ZX£=<—Zh’+r’r/+Y4RJ>,

i
<2Rh‘”r ’ Y6R>’ Zggp= <2Rh0wl' . Y6R>,
1, ... .
{Zg}c = <;h6f*lrlYé/>y {ZXR}C = <;h6;}lrj YQJR>’
il T
< hoot+ - X4R>, {z}}.= <;h(’)rl .¢4 >
1. . p 1 o
{Z§£}c=<;hamx£,;f>, z55=<;hwxg>,
51 yR2 tella 2 Th 5h

iRr:+ rlz) .
a—hﬁrr' Y5R>‘

ZgRF = <Z 2R2 (B32)

The dominant terms give

. 4 20 ¢ .
b=l 4w [ Gr 2Rl

(B33)
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. 4 2/ ¢ r
ol ] [ s

(B34)
. g 1/e
o - ]
(B35)

€21 1 ey
Ny=o* | Z5+—=Z§ |+ |5(——2)Zf || (B36
e[z a5 2] e
that agrees with Eq. (C.3.7) of Ref. [5] taking into account
the correspondence with their notations:

¥ =127, Z¥ =17, Z! =7

v " X (B37)
Z4R = Zug, Z4R = Zsg, Z4 = Zs,

and the fact that Z, is absent, as we have calculated only
the leading contribution of the parameters €. Recall that
in Ref. [5] the pseudoscalar form factor is not taken into
account. However, the terms associated with this form
factor do not contribute to the dominant terms (B33)—
(B36). Note that in the expressions for N; and N, given
above, the terms with £ are due to the inclusion of the P
wave in the electron wave function and the ones with Z},
are due to the nucleon recoil effect. We remark that some of
the subdominant terms, like those with Z5,, {Z5}., {ZL,}..
{ZX}., and Z¥, ., should be taken into account in the case of
large cancellation among the dominant terms. The same is
valid for the contribution due to the pseudoscalar form
factor g, P!, which yields corrections at about 10% to the
dominant terms.

APPENDIX C: 0728 DECAY RATE FOR TENSOR
NONSTANDARD TERMS

The nucleon currents in the impulse approximation up to

order p/m, in the nonrelativistic expansion are used
+

[32,33], Ji, ", from Eq. (A2) and

TpLr

I =TS 7 5(X—ra){(g“"g”° — 808"y
a

_1
+ g#mgynskmna-ak + ESMVPU[(gpngO

- ngg(rk)Tak + gprgo'sarska-ak]}’ (CDhH

T8 = [T — 219k 1, + TV[or, X Q1F1/T I m),
(C2)

where, as before, g* = p* — p'* is the 4-momentum
transferred from hadrons to leptons, Q* = p* + p'#,
p*, and p'* are the initial and final 4-momenta of a
nucleon. We neglect the dipole dependence of the form
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factors T{S) and T§3 ) on the momentum transfer and omit
the zero argument of the form factors.
Consider the pure T; p case assuming (m) = 0. In terms
of the hadronic currents
T = (FIIEHINKNITE T |D), .
T = (FITEINXNITE D),

Furt _ my+ T, quv+
JT, eTL Jr, T e Jr, ©h
j,u,v+ _ J,uv+ 1€ Tr

uv+
eTRl TL lJ ’

A

I =u,Jh, (C5)

and the leptonic tensors

th,Qy 1x) .1y, 2x
O = pr(2¥,1%) 14, (1y ), C6)
(L)+A1 CL)+A2

{l _ Q,\My(2y5 lx) ttl;y/\“y(lyr 2X)
arpy w + Al w + A2 ’

(C7)

2~ a9 10 a(ly, 2%)
mra w + Al w + A2 ’

(C8)

€2 _ My,\a(2Y) lx) ti,,,\a(ly, 2X)
Mw\a w + Al w + A2 ’

(€9)

with the electron currents defined as

ttl)zp,y(zy: IX) = é2(Y)7a(1 - YS)O-,LLVeT(X),

L2 1X) = & (V) Vol = ¥5)Ya0 uref (%),

(C10)
r Va(ZYx 1X) = EZ(Y)O-MV(I - 'YS)’}/aeg(X)r

a2y, 1%) = &(¥) 7, 72 (1 = 75)yaef(x),

the matrix element is expressed as

R :J?(GFIVudI) szd <dy (2 )3

zkr

2w
+ kML L]

aAuv

S Co + I o)

+ J’T’“RVL"%VM)]. (C11)
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For the electron currents we have the identities

tiypdv(ly: 2X) = /J,Va(zy; IX)

> (C12)
a)‘l‘”/(ly’ 2X) = t,uV)\a(zy’ IX)

Using Egs. (A12)—(A14), the matrix element (C11) is
expressed as

(C13)

D) Z( M+ Mk>

MR = {MpRy, + My, (C14)

with nonvanishing (n) and vanishing (c¢) in the closure
approximation parts:
(7}, = R [ dxdyTytdy + H)I(U, + D1o)FS,
+ (U + Ulp)FL, + VigFY + (Vi + Vig)FL],
(C15)

(7). = R [ dxayTy(th ~ HW, + D)3
+ (Ui + Ulp)FL_ + Vg FO + (Vi + Vi) FL ],

(Cl6)

R ~
(), = = [ dxdyTy(Hoy ~ HolVanE-

+ (UL + Ui FY + (U + T ) F]
+ (Hiy + H[(Vi + ViR)Ey + (Uy + Upp) FY
+ (UL + Ol F + (U7 + U5 FY

+ (UY* + O F4], (C17)

My, = f dxdyTy(H,, + Ho)[VarEs

+ (UL + Ui FY + (U + UF ) Fi ]

+ (Hyy — H)[(Vi + Vi) E_ + (Uy + Upp) FY
+ (UL + UL FL + (UY + TS FY
+ (Ut]k Uljk ij] (Clg)
where the nucleon operators are
U=vu+Uf, V=V+VP (C19)
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Uy = —2G%(eg, + e1,)0,07, Ulr = GS(er, + &r,)PiL,,
Uig = GY(er, + e1,)Di, —iGS(eq, + &7,)TH,, U, = 21(;94(8/71 + ep)o,0,
Ul = —iGy(eh, + e7)Py., Usg = —iGY (e}, + e1,)Di, + G(ef, + e1)TH,,
Uy = —GY(er, + &1, Uth = —iGS(er, + 8T2)8,~jkP{,11,

Uig = GS(eq, + &1,)Ch . — iGY(er, + e1)eix Dy — iGY(er, + e1)T, — iGS(er, + e1,)ei4Th-,
U, = —iGy(eh, + ef)ol, Uy = —Gi\(eh, + s )eiuPi,

Uig = iGY (e}, + &} )Chy — GY(eh, + e ey D= — GY(eh, + eh )T, + iGS(eh, + & )en T
Ul = —iGY v(er, +er)al, Uvkh = GOS’T sl-jkP{f_,

Ui, = —iGA(sT1 + 8T2)C§, + GvsT ,jkDJ _ - GY v(er, + ef, )T + iGY s l]kT(, ,

i 1 Pij
U6’ = —G vier + st)suka"i, Ugd = lGO(sT1 + 8T2)P,T+,
Ul = —L60(eh + e )euCh, — GY(eh + e ey Th + iGY(eh + &h)DY, — iGY (e} + ef )T (€0
6R — T VA €r, T er,)EijikL o+ 2 er, STZ Eiply T 1 €T, 8T2 1 er, 8T2 o+
Uy = +GY V(e + e )eah — 21G0(8T + el Voo, + oha),
Ui = _G?x(sTl + 8T2)8ijkca'+ (ST + ST )SUka +iGY (ST + 8T )(D + D~{rl+)
— G\(e}, + el )T, + T2,
UsW = +iGY(el, + e )(PY, + PIL,),
’ 1
k
Ud" =+~ G a(er + e Nep(ohol + olol) + 28,,(0loh + ohol)],
o o
U;;JR = _EG(‘)/(S/TI + s’Tz)sljkDi;Jr Gvsllj(sr D, + sT DKL)
i . .
— EGB\(slTl +&h e Tl — iG ey (el T, + & THL),
N 1 .
k i
nglej = EG?](SITI + SITZ)Sljkpiﬁ - Ggsilj(slT,P * 8T P,
Vig = —GY(er) + ep)Di_ — iGh(ery + er)TE, Vik = —Gi(eq + er,)Pi_,
Vor = —GY(el + ehy)Di_ + iGS (el + el T, vh = —GS(eh, + s’Tz)PZ_,
Vi=G)(er, + er,)ol +2iG\(er, + er)o, X 0],
. . ik
Vig = —G%(er + er)Ch_ + iGY (e, + STZ)SUkDo-+ +iGY(er, + &g )T- — iGS(er, + &7,)e;uTh,, (C21)
Vi = iGS(er, + sT,)sijkPﬁ, Vi =GY(ef, + e )0’ —2iGi(ef, + e o, X o],
i i ik . i Jjk
Vig = —Gl(e, + en)Ci + iGY (e + e )eiuDlyy — iGY (e + e )T. — GY(ef, + e )eiuTh,
[ ik
Vig = ’G,%(SITl + 8/Tz)8ijkP}],—+r
with
Ti = Til, + 1,T}, T, = T + Tio), XU, = olX] + X0, X=D,T,P. (C22)

Under the exchange of indices a and b, nuclear operators U, electron currents F . , and neutrino potentials H; and H ,; are
even, while V, F_, and H;; are odd.
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The new constants are defined as

G) e
er, = —(fTLz + 6%1) e€r, = L(G%,i - G%I)r
8a 8a
(3) (3) . ’
ST, = _A( Tpii GT 1) 8/Tz = L(Eri,i - Esz)
(C23)

The even-parity operators are

Uy, Uy, K Usg, U, USE, UL, URE KU, U,

Ugll?j’ ki U7Rr ki U§J1§; (Cc24)
VfR’ V2R’ V3, V3R’ K - Vyg;
and the odd-parity operators are
Uig k'Uy, k'USy, Uip, Ui, klUg, klUSR’ Ué]}e’
KUT KUz KU KU (C25)

Vig Vor, Vig k- Vi, k - Vg,

Using the definitions of the neutrino potentials from
Egs. (A33) and (B13), in the S — S case with no FBWC
we have

M55 =2 f dxdyTyh. [(U, + UP)FY,

+ (U + URFL, ] (C26)
M} s—s = €y R dedyTNho[VfRF+
+ (Vi + VEDF.], (C27)
E . . .
(et = 21 [[axayTumo (U} + U FY
+ (U + UG FT]
4
+ dxdyTN—hgf VigEs, (C28)
R 2r

2
M} s—s =
{ T}C,S N m.R

e

[ dxdyTyh,ViLE.,

iR . . o
+ 5 fdxdyTNl—hgfl[UZRFT + UlyFY
me

+ UZFY + Uk FIR, (C29)
where E and F are taken for x =y = 0.
For the 0" — 0" transition we have
Z Z{Mﬁs s = gal2(Wl + Wi F,
+ ey R{IWIEY FO], (C30)

PHYSICAL REVIEW D 76, 093009 (2007)
2¢3
Z Z{MT}S s =% (2W4R +{W3LEL,  (C3D)
with

m; m;
WlU = <m—h+U1>, WIURP = <m—h0U{JR>,

m;
{WY;}C = <m—e hOVfJR>,

In the S — Py, case with no FBWC for the 0" — 0"
transition we have

(C32)

{M?}n,S,pl/z = zdedyTNh+(U§RF§+ + VéRFl,),
(C33)

M5 p,, = enR f dXdyTyhy(UlgFi_ + VigFi),
(C34)

k _ €
{MT}n,SfPl/z - mi

e

fdxdyTNl’lom UZRFQ,Z

R . .
S FL(U, + UL FY

+ (U;f + UL FY, (C35)

2 . .
{Ml%}c,s—P,/z = R fdxdyTthUgRF(l’

&
+21

e

+ (UY + USHFY]

iR . .
dxdyTy —~h[(Uy + UL FY
(C36)

The decay rate for the 07 — 07 transition takes the form

r 2 M 40
dl’ = Ry, |?—%d
Sl,zszl 0V| 477_3 Ov
doy A
=GR A ~ B BBild0,  (C3T)
where the coefficients are
4
af =310, (C38)
i=1
Bi = Re(0,05 + 070, + 0;0; + 030,), (C39)

with
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0, = a*ll{[—z(wllf +WUP) +

mer g _ U

|5 (e 2
3(aZ)? 1

+ [_%(WXRF + E{WZVI{F}C):H’

W+ W) |

821 rR

{WgR}c}

(C40)

0, = aTl{[2(WU + Wl + (W4VR +{WyEl. )}

szer

e

+ [_ msfr(mfR + 2>W3l§e
NEC e

wy }C}

(C41)

2
03=C¥T]{|: 821R{W1 } +
m

e

= (W + (W })}

+ [% <@ n 2>W3R + gsz—‘r{WyR}c

e

e 2)<wﬁe — W) — (W), — (Wi,
WY = 3 L W WY W Wi
%{W&}J} e [-292 e+ w0 )

(C42)

. 2
0, = a_11{|:821R{W1 e T m
mer 821
+ [_3<me - 2>W3VR
R
PR (2 2) e — W — W — O,

- -5
3(aZ)?

Sow })] [ o

where the terms in the first brackets in Egs. (C40)—(C43)
come from the S — § case and the terms in the second ones
come from the § — P/, case. The terms in the third
brackets in Eqs. (C40) and (C41) are the most important

7 Wi+ W30 |

821}’

—— Wik

+

e

U U UP Up
Wy + W7 + Wi + Wi

XOB) e + 5 WG, >}}

(C43)
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terms of those that come from the S — S case due to
FBWC. Note that in the S — S case there is the contribution
to Egs. (C40) and (C41) from the (H,; + H,,) combina-
tion in Eq. (C18). Therefore the contribution from the
P,/ — Py, case should not be taken into account.

The nuclear matrix elements are

m; l m,-i
W3R:<m_ﬁh+r+'U3R>: {W3L;€}c=<m_;h0r'U3R>’

m; i m; i
WB‘»/R = <—;h+r ’ V3R>r {W3VR}C = <m—e ﬁhoh 'V3R>’
v /i R,
Wir= ﬁh()wl# “Usr )» {Wz b= or £LU,),
< h6f'~f+U§R>, (woy, —<rh6fff{ U;f>,
R .. .
{(wWyry, = <h6?’ 7, Ui,gf>. (C44)
r
Assuming now (m) # 0 for the dominant terms we have
0, = a*ll{[z 2wl + — (W4R +{W)El. )} }
(C45)

6

2
0, = afl{[Z)f 2w+

e

7 W+ W30 |+
(C406)

03 = aT—IH:Z)I( +

n [823}R<@+2>(W4R —{wW¥}. —{w¥})
4
3

ROl Wi |

e

me

mfR(wg + W7U)}+},

(C47)

(W4R + WY )}

me

21

i

(821 )<w4R — (WYY, — (W},
o

me

wY + w¥ :|+} (C48)
Again, in the above expressions, the terms with / are due

to the inclusion of the P wave in the electron wave function

and the ones with Wy} and Wi,(X = U, V) are due to the

nucleon recoil effect
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