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By adopting the 5D version of the Wu-Yang ansatz we present in closed form a black hole solution in
the Einstein-Yang-Mills-Gauss-Bonnet theory. In the Einstein-Yang-Mills limit, we recover the 5D black
hole solution already known.
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The 5D line element is chosen as

 ds2 � �f�r�dt2 �
dr2

f�r�
� r2d�2

3; (1)

in which the S3 line element will be expressed in the
alternative form

 d�2
3 �

1
4�d�

2 � d�2 � d 2 � 2 cos�d�d �; (2)

where

 0 � � � �; 0 � �; � 2�:

This form has a nearly Euclidean appearance with the
advantage of admitting two explicit killing vectors @� and
@ . We introduce the Wu-Yang ansatz [1,2] in 5D as

 

Ai �
Q

r2 �
i
jkx

kdxj;

Ai�3 �
Q

r2 �x
idw� wdxi� �i; j; k � 1; 2; 3�;

(3)

in which r2 � x2 � y2 � z2 � w2 and Q is the only non-
zero gauge charge. The latter coordinates are expressed in
terms of the Euler angles
 

x� iy � r sin
�
�
2

�
expi

�
��  

2

�
;

z� iw � r cos
�
�
2

�
expi

�
��  

2

�
:

(4)

It is observed that the reduction S3 ! S2 amounts to
taking � �  and �! 2�. Although the isomorphism
SO�4� � SO�3� � SO�3� supports two independent sets
of rotation matrices, this will not be our strategy here.
Instead, we shall parametrize both groups in terms of the
common Euler angles which implies mixing of the groups.

The gauge potential 1-forms in terms of the Euler angles
have the following explicit form

 

A1 �
Q
4
�cos sin�d�� cos� sin�d ��sin�� sin �d��;

A2 �
Q
4
�sin sin�d�� sin� sin�d ��cos�� cos �d��;

A3 ��
Q
2

sin2

�
�
2

�
�d��d �;

A4 �
Q
4
�cos sin�d�� cos� sin�d ��sin�� sin �d��;

A5 �
Q
4
�sin sin�d�� sin� sin�d ��cos�� cos �d��;

A6 �
Q
2

cos2

�
�
2

�
�d��d �: (5)

The Yang-Mills (YM) field 2-forms are defined as fol-
lows:

 F1 � dA1 �
1

Q
�A2 ^ A3 � A5 ^ A6�;

F2 � dA2 �
1

Q
�A3 ^ A1 � A6 ^ A4�;

F3 � dA3 �
1

Q
�A1 ^ A2 � A4 ^ A5�;

F4 � dA4 �
1

Q
�A2 ^ A6 � A5 ^ A3�;

F5 � dA5 �
1

Q
�A6 ^ A1 � A3 ^ A4�;

F6 � dA6 �
1

Q
�A4 ^ A2 � A1 ^ A5�:

(6)

We note that our notation follows the standard exterior
differential forms; namely, d stands for the exterior deriva-
tive while ^ stands for the wedge product. The hodge star 	
in the sequel will be used to represent duality [3].

The integrability conditions
 

dF1 �
1

Q
�A2 ^ F3 � A3 ^ F2 � A5 ^ F6 � A6 ^ F5� � 0;

(7)

plus five other similar equations, are easily satisfied by
using (6). The YM equations
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d	F1�
1

Q
�A2^	F3�A3^	F2�A5^	F6�A6^	F5��0;

d	F2�
1

Q
�A3^	F1�A1^	F3�A6^	F4�A4^	F6��0;

d	F3�
1

Q
�A1^	F2�A2^	F1�A4^	F5�A5^	F4��0;

d	F4�
1

Q
�A2^	F6�A6^	F2�A5^	F3�A3^	F5��0;

d	F5�
1

Q
�A6^	F1�A1^	F6�A3^	F4�A4^	F3��0;

d	F6�
1

Q
�A4^	F2�A2^	F4�A1^	F5�A5^	F1��0

(8)

are all satisfied.
The energy-momentum tensor

 T�� � 2Fi �
� Fi�� �

1
2g��F

i
��F

i ��; (9)

where Fi��F
i �� � 6Q2=r4 has the nonzero components

 

Ttt �
3Q2f�r�

r4 ;

Trr � �
3Q2

r4f�r�
;

T�� � T�� � T  �
Q2

4r2 ;

T� � T � � �
Q2

4r2 cos�:

(10)

The Einstein-Yang-Mills-Gauss-Bonnet (EYMGB)
equations [4],
 

G�� � �f
1
2g���R	
��R

	
�� � 4R��R
�� � R2� � 2RR��

� 4R
�R


� � 4R��R���� � R

��

� R���
g � T��; (11)

reduce to the simple set of equations
 

2r
�
�
r2

4
� ��f�r� � 1�

�
f0�r� � r2�1� f�r�� �Q2 � 0;

r2

�
r2

2
� 2��1� f�r��

�
f00�r� � 2r3f0�r� � 2�r2f0�r�2

� �f�r� � 1�r2 �Q2 � 0; (12)

in which a prime denotes derivative with respect to r.
This set admits the solution

 f�r� � 1�
r2

4�



����������������������������������������������������������������
r2

4�

�
2
�

�
1�

m
2�

�
�
Q2 ln�r�
�

s
; (13)

in whichm is the usual integration constant to be identified
as mass. We notice that under the limit �! 0, and the
(� ) sign [i.e., Einstein-Yang-Mills (EYM) limit], the
solution reduces to [5]

 f�r� � 1�
m

r2 �
2Q2

r2 ln�r�: (14)

The difference of this solution from the 5D Reissner-
Nordstrom solution requires no comment.

By using (10) the energy density is

 � � �gttTtt �
3Q2

r4 ; (15)

whose integral diverges logarithmically as in the Reissner-
Nordstrom case. The surface gravity 	 defined by [6] [note
that for our purpose we are choosing the (� ) sign and� �
0 in (13)],

 	2 � �1
4g
ttgijgtt;igtt;j; (16)

has the form

 	 �
��������1

2
f0�r��

���������
�������� r

4�
�

�
r3
�

4�2 �
Q2

r��

�
1����
�
p

��������; (17)

where

 � �
r4
�

�2 � 16�
8m
�
�

16Q2 ln�r��
�

(18)

and r� is the radius of the event horizon which is the
greater root of f�r� � 0.

This can be reduced to the following simple equation,

 r2 �m� 2Q2 ln�r� � 0; (19)

which is � independent. It is remarkable to observe that �
does not change the radius of the event horizon.

To go further, let us take m � 1, with Q< 1, then one
can easily show that the particular radius of the event
horizon r� is equal to 1 and consequently

 	 �
1�Q2

4�� 1
: (20)

Clearly at the EYM limit (i.e., �! 0) 	 � 1�Q2 and
asymptotically when �! 1, 	! 0, which states that the
space is flat. The associated Hawking temperature is given
by

 TH �
	

2�
�

1

2�
1�Q2

4�� 1
(21)

in natural units c � G � @ � k � 1.
The expression (13) suggests that the square root term

must be positive; this restricts our choice of the Gauss-
Bonnet parameter � to certain limits. In order to get rid of
the negative sign in the square root for any arbitrary �, one
can shift the origin to the largest root of the square root
term [4].

As a final remark we wish to express optimism that in a
similar manner it is possible to construct analogous solu-
tions for the EYMGB equations in higher dimensions. This
all amounts to defining appropriate gauge potentials and
overcoming the tedious calculations.
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