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Do the QCD sum rules support four-quark states?
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We test the validity of the QCD sum rules applied to the light scalar mesons, the charmed mesons
D(2317) and Dy, (2460), and the X(3872) axial meson, considered as tetraquark states. We find that, with
the studied currents, it is possible to find an acceptable Borel window only for the X(3872) meson. In such
a Borel window we have simultaneously a good operator product expansion convergence and a pole
contribution which is bigger than the continuum contribution. These results may indicate that light many-
quark states cannot be considered as resonances separated from the continuum.
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L. INTRODUCTION

From the light scalar mesons to the heavy
“charmonium-like” X(3872), there are now many states
that do not fit comfortably in the spectrum of constituent
quark model predictions. The light scalar states below
1.5 GeV are too numerous to be accommodated in a single
qq multiplet, and the nature of these states has been a
source of controversy for over 30 years [1]. The lightest
nonet is composed, in principle, by the isoscalars o(600)
and f((980), the isodoublet x(800), and the isovector
ay(980). In a naive gg assignment it is hard to explain
the fy — ao mass degeneracy and why o and « are broader
than the other two. The strange-charmed mesons
D,(2317) and D,;(2460) (J» = 0" and 17, respectively)
are too light to fit in the quark model prediction, with the
D,(2317) lying about 160 MeV below most predictions
[2]. The X(3872), with quantum numbers J©¢ = 17", does
not fit in the charmonium spectrum and presents a strong
isospin violating decay, disfavoring a c¢¢ assignment [2].

The structure of all these states has been extensively
discussed and many alternatives have been proposed: me-
son molecules, four-quark states, glueballs (in the case of
scalars), and hybrids (¢gg). The idea that the light scalar
mesons could be four-quark bound states has been first
proposed by Jaffe in 1977 [3], and has later been extrapo-
lated to heavier sectors. Jaffe proposed that some states
may be composed of two quarks and two antiquarks
(9qq ¢ ) arranged so that the (anti)quark-(anti)quark corre-
lation is important, forming what is called an (anti)diquark.
Recently the existence of tetraquarks received some sup-
port from lattice calculations [4], which, however, are not
yet definitive.

The QCD sum rules (QCDSR) [5-7] have been previ-
ously used to study the light scalars [8—11], the strange-
charmed scalars [12,13], and the X(3872) [14] as diquark-
antidiquark states.
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In [9] it was assumed that the light scalars were tetra-
quarks and no attempt to compute their masses in QCDSR
was performed. Instead a calculation of their decay widths,
using their experimental masses was presented. At the
same time, in [12] the masses of several charmed scalars
were calculated. With the tetraquark hypothesis, the decay
width of the D,;(2317) and of the X(3872) were calculated
in [15] and in [16] respectively.

While the masses were often very close to the experi-
mental values, the widths were not always as narrow as
found in experiments. This is expected because, unless
some symmetry violation is involved, tetraquarks can de-
cay more easily since no quark pair creation is needed and
a “fall-apart” decay is allowed.

From 2003 to 2006, the QCDSR calculations of masses
and decay widths evolved rapidly and became much more
rigorous. While the first calculations aimed only at esti-
mating some order of magnitude and only the Borel stabil-
ity was checked, the last ones were much more concerned
with operator product expansion (OPE) convergence and
with pole dominance, which are traditional tests, from
which one can determine the quality of the calculation.

The improvement of the standards was also motivated by
“the pentaquark experience.” In this case from the begin-
ning there was an experimental controversy about the very
existence of the particle. After the first round of promising
results, it was realized [17,18] that the pentaquark sum
rules were problematic, because it was always very diffi-
cult to find a Borel window in which one would have at the
same time good OPE convergence and pole dominance. In
favor of the QCDSR practitioners it must be said that sum
rules with more than three quarks present new and chal-
lenging aspects. The number of possible interpolating cur-
rents increases significantly and also one has to worry
about subtracting the two-hadron-reducible contributions
[19], a problem never encountered before in QCDSR cal-
culations. Finally, to make things even more complex,
there may be a mixing between two- and four-quark states.
This requires the combination of interpolating fields of
different dimensions with the introduction of a new
parameter.
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Relating pentaquarks and tetraquarks may be very in-
structive. In both cases negative results were gradually
found, but there was always still a lot of work to be
done, such as computing higher order contributions to the
OPE, instanton contributions, «, corrections, and new
possible interpolating currents. Therefore it took a long
time until a negative opinion about pentaquarks was
formed in the QCDSR community. We have now gathered
evidence to believe that QCD sum rules calculations of
tetraquark properties have reached the same turning point
found before in the case of pentaquarks. This is the point
where, even though there are improvements to be made, we
do not believe that these improvements will change the
conclusion of a series of works pointing to the nonexis-
tence of tetraquarks.

In this work we review some of the tetraquark sum rules
with special attention to the validity limits of the method.
In Sec. II we work out the sum rules of the axial strange-
charmed Dy, (2460) as a prototype for this analysis, and
extend the discussion to other states. The study of the
D,;(2460) complements the calculations published in
[12]. In Sec. IIT we extend the analysis of Sec. I to the
light scalars, studying some of the interpolating fields
proposed for these states and study also the charmed
scalars. In Sec. V we examine the sum rules for the
X(3872).

II. THE CHARMED AXIAL MESON D,(2460)

The interpolating operator for D;;(2460) (as a diquark-
antidiquark state) is built by extension of the operator used
to describe D((2317) in Ref. [12], changing the diquarks
so we get an axial current:

j _ ieabc €dec
g V2

where a, b, ¢, ... are color indices and C is the charge
conjugation matrix. We choose to work with an axial light
antidiquark to avoid instanton contributions to the sum rule
[20].

The sum rule for the charmed axial meson is constructed
from the two-point correlation function:

I,,(q) =i f d*xeX(0|TLj, (1)1 (0)110)

[(ulCyscp)iagy,C5L) + u—d], (1)

= —I11(¢")(8uvq* — 9.9,) + Mo(¢*)q .4,
2)

Since the axial vector current is not conserved, the two
functions, I1; and I, appearing in Eq. (2) are independent
and have, respectively, the quantum numbers of the spin 1
and 0 mesons.

The calculation of the phenomenological side proceeds
by inserting intermediate states for the axial vector meson
and parametrizing its coupling to the current j,, in Eq. (1),
in terms of the meson decay constant f,  as

PHYSICAL REVIEW D 76, 056005 (2007)

O1j Dy = 2fp, mh €, 3)

s1

the phenomenological side of Eq. (2) can be written as

2fb, M 4.4
th;:n(qz) — 51 Dsi (_ + 1H V> + 4)
g m%) - q2 " mZDsl

sl

where the Lorentz structure g,, projects out the spin 1
state. The dots denote higher axial vector resonance con-
tributions that will be parametrized, as usual, through the
introduction of a continuum threshold parameter s, [21].

In the OPE side we work at leading order and consider
condensates up to dimension six. It has been shown [22]
that the complete dimension eight calculation is techni-
cally difficult and nontrivial, and cannot be obtained by a
simple routine iteration of the quark propagator in an
external field. Violation of the factorization hypothesis
becomes increasingly important in higher dimensions,
and so the results become increasingly model dependent,
as more condensates will have to be introduced if factori-
zation is not valid. That is the reason why we consider
condensates up to dimension six; some dimension eight
graphs have been included in the X(3872) case as a crude
estimate of this dimension behavior.

We deal with the strange quark as a light one and
consider the diagrams up to order m;. To keep the charm
quark mass finite, we use the momentum-space expression
for the charm quark propagator. We calculate the light
quark part of the correlation function in the coordinate
space, which is then Fourier transformed to the momentum
space in D dimensions. The resulting light quark part is
combined with the charm quark part before it is dimen-
sionally regularized at D = 4.

We can write the g,,, structure of the correlation func-
tion in the OPE side in terms of a dispersion relation:

— *11,(¢?) = TOPE(g?) = f Tas )

m;g ST

where the spectral density is given by the imaginary part of
the correlation function: p(s) = L Im[TI°%(s)]. After
making a Borel transform on both sides, and transferring
the continuum contribution to the OPE side, the sum rule
for the g, structure can be written as

= 2, miy, e = f “dse= " p(s),  (©)
m

2
c

where  p(s) = pPi(s) + pla9(s) + p‘G(s) + pMix(s) +
p'99” (), with

pren(s) = L [ daxia, s)(l;“)3<3 +a), ()

2123776 J5

056005-2



DO THE QCD SUM RULES SUPPORT FOUR-QUARK STATES?

plae)(s) = 28_37174 /I daX*(a, s) 1 ;a [6ms(4<QQ>
+ (1 + a)ss)) + mc<ciq><— % +1+ aﬂ 3
o232 —

p(@(s) = % Al daX(a,s) 1 " “ [m%(3 + a)
X <1 ; a>2 + 6K (a, s)<$ — 2)} 9

mix — 1 ! =
P = 53 [A daK(a, s)[ms<6<qga.cq>

+(5g0.Gs)(2 — 3a))

— W(l —3a + 2a3)} (10)
P’ (5) = M fl daX(a,s), (11)
127 A

where A = m2/s and K(a, s) = m? — as. For the charm
quark propagator with two gluons attached we used the
momentum-space expressions given in Ref. [6].

In order to extract the mass m, , without knowing about
the value of the decay constant f, , we take the derivative
of Eq. (6) with respect to 1/M?, divide the result by Eq. (6),
and obtain

s f;:z dse /™M sp(s)
mi = )
Dui f:r?% dse /™ p(s)

12)

In the numerical analysis of the sum rules, the values
used for the quark masses and condensates are [23]: m, =
1.23 GeV, m, =0.1 GeV, {(gGq) = —(0.23)> GeV?,
(Ggo.Gq) = m3{gGq), with [7] m} = 0.8 GeV?> and
(gG?*) = 0.88 GeV*. We evaluate the sum rules for three
values of s: \/sg = 2.7 GeV, [sg = 2.9 GeV, and /s) =
3.1 GeV.

A. Pole versus continuum

We get an upper limit for M? by imposing that the QCD
continuum contribution should be smaller than the pole
contribution. The maximum value of M? for which this
constraint is satisfied depends on the value of s,. The
comparison between pole and continuum contributions
for \/sog = 2.9 GeV is shown in Fig. 1.

The same analysis for the other values of the continuum
threshold gives M? < 1.4 GeV? for S0 = 2.7 GeV and
M?* < 1.6 GeV? for /sy = 3.1 GeV.

In Fig. 2, we show the D,; mass obtained from Eq. (12),
in the M? region below the upper limit obtained above. We
limit ourselves to the region M? > 1.2 GeV? where the
curves are more stable. Averaging the mass over all this
region we get:
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FIG. 1 (color online). The dashed line shows the relative pole
contribution (the pole contribution divided by the total, pole plus
continuum, contribution) and the solid line shows the relative
continuum contribution. The pole contribution should be bigger
than the continuum, which happens for M? < 1.5 GeV? for
S0 = 2.9 GeV.

mp, = (2.3 *£0.2) GeV, (13)

which is compatible with the experimental value

D,,(2460) [2].

B. OPE convergence

There is however a stronger constraint to the lower
bound of the M? region. We have to analyze the conver-
gence of the OPE by comparing the relative contribution of

2.7
26' ——5,?=2.7GeV
] ----5,=2.9GeV
12
o5d | 8 =31Gevj
2.4
S 23 U
fa) -t~
£ 1- P =
2.2 P
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2.0
1.9 T T T T T T T T T 1
1.2 1.3 1.4 1.5 1.6 1.7
M (GeV?)

FIG. 2 (color online). The D,; mass as a function of the sum
rule parameter (M?) for different values of the continuum
threshold. The arrows indicate the region allowed by the upper
limit imposed by the dominance of the QCD pole contribution.
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FIG. 3 (color online). The OPE convergence in the region
1.0 = M? = 1.7 GeV? for /sy = 2.9 GeV. We start with the
perturbative contribution and each subsequent line represents the
addition of a condensate of higher dimension in the expansion.

each term in Egs. (7) to (11) to the right-hand side of
Eq. (6). The series converges better for higher values of
M?, so that requiring a good convergence sets a lower limit
to M?. This analysis in shown in Fig. 3.

Figure 3 shows no convergence in any region allowed by
the upper bound given by pole/continuum analysis. This
means that the lower bound given by OPE convergence
will be higher than the upper bound, and there is no “‘sum
rule window” where we can completely trust the results for
this current.

The results above illustrate very well how we can re-
produce the mass of a given state and then after a more
careful analysis conclude that the state is not a particle as
such, being rather one of the possible continuum
excitations.

II1. THE SCALAR MESONS
A. Light scalars

The same situation described in the last section is en-
countered in many sum rules with interpolating operators
built with more than three quark fields. The light scalar
meson interpolating operators used in Ref. [9] are

ja = eabcEdec(ugc’YSdb)(ﬁd‘YSC&eT)r
s €abc €dec
Jfo \/Q
- €abc €dec
]ao \/E
Jx = €wc€acc(ty Cysdy)(qaysCsl),

[(ulCyssp)igysCsh) + u < d],

(14)
[(ul Cyssp)iigysCsL) — u < dJ,
g=1i,d.

They yield very low upper limits to M? when the pole and
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continuum contributions are analyzed: M? < 0.73 GeV?
for ay(980) and f,(980), M? < 0.62 GeV? for the
«(800), and M? < 0.54 GeV? for the a(600).

The analysis was performed with the same parameters
used in [9]: s7 =1.0GeV?, sf=12GeV?, s)0 =
1.5 GeV2.

In Fig. 4 we show the OPE convergence for a((980) and
f0(980) (which have the same sum rule), in the same way
shown in Fig. 3. In this figure we see that there is no OPE
convergence in any region allowed by the upper bound. In
fact, the situation of the light scalars is even worse than that
of the Dj;(2460), since the relative contribution of the
dimension-6 condensate is even bigger. A possible reason
for this is the fact that we are working with very small
values for the Borel mass (M? < 1 GeV?). As a matter of
fact, once the integral on the right-hand side of Eq. (5) is
evaluated, the OPE side becomes a series with decreasing
powers of M?, which eventually become negative so that
higher condensates will be divided by higher and higher
powers of M?. In the case of the tetraquarks the series
begins with M'? and one still has a positive power of M?
for the dimension-8 condensate. However, it is hardly
justifiable to truncate the series at this point since higher
dimension condensates will be proportional to
(1/M?)P=10/2 where D is the dimension of the conden-
sate and for M?> < 1 GeV? these condensates will not be
suppressed, at least for D ~ 10.

It is interesting to notice that the authors of Ref. [24]
have arrived at the conclusion that the a@(980) scalar
meson is not a four-quark state using a different criterion.
The authors of Ref. [24] have analyzed the QCD sum rules
of the a;(980) meson considered as a normal two-quark
state, and also as a four-quark state. While they could
reproduce both the mass and width of the a,(980) consid-
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FIG. 4 (color online). The ay(980)/f,(980) OPE convergence
in the region 0.4 = M? < 0.7 GeV? for VS0 = 1.2 GeV.
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ered as a two-quark state, they were not able to reproduce
the width of the a((980) considered as a four-quark state.

It could be argued that these problems are related to the
specific currents that we are working with, and that there
could be other currents that might work better. In Ref. [11],
five different interpolating operators for each of the light
scalar mesons have been tested. In the case of the o these
currents were

§g = (ul Cysd,)a,ysCdj — i,ysCd}),

VS = (ul Cy,ysdy) i,y ysCdl — iyy*ysCdy),
T¢ = (ulCo,,dp) ot Cdl — i,o*”Cdl),

AZ = (ul Cy, dy) i, y*Cd} — i, y*CdL),

P§ = (ulCd,)(i,Cdl — &,Cdr).

15)

The currents for the other light scalars can be obtained by
the following substitutions: «: (ud)(id) — (ud)(d5),
fo: (ud)(@d) — (us)(@5) + (ds)(d5) and ay: (ud)(i d) —
(us)(@ 5) — (ds)(d5). The authors of [11] have tested all
these currents and various linear combinations and found
out that the better results were obtained with the particular
combination: 7y = cosfA¢ + sinfVy, with cosf =
1/+/2. They also obtain good results for the other light
scalars with similar combinations.

We used the same analysis used above with the spectral
densities obtained in [11] and agree that the OPE conver-
gence up to dimension 8 is quite good. On the other hand
the pole dominance requirement imposes very low upper
limits to M* M?<0.8 GeV> for ay or f, (/5o =
1.6 GeV), M? < 0.45 GeV? for « (/o = 1.2 GeV), and
M?* <0.35 GeV? for o (/5o = 1 GeV),

This means that the whole sum rule window lies below
M? <1 GeV? and, as commented above, it is at least
dangerous to truncate the series at this order.

It could also be argued that a narrow width approxima-
tion may not be appropriate for broad states, such as the o
The consequences of using a finite width have been tested
in [11] for the light scalars and in [12] for the charmed
scalars, and no significant changes have been found.

B. Charmed scalars

In the case of the charmed scalar D, (2317), the current
used for it in Ref [12] is

. €abc € _ _

Js = %[(Hgﬂscb)(uws&?) +u e d]
If we require that the pole contribution be bigger than the
continuum contribution we obtain M? < 1.37 GeV? for
S0 = 2.7 GeV. In Fig. 5 we show the OPE convergence
for the current (16) and we see that the OPE is still not

convergent in the allowed region, as in the case of the
meson Dy, (2460) studied in the previous section.

(16)
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FIG. 5 (color online). The j; OPE convergence in the region
1.0 = M? = 2.0 GeV? for /55 = 2.7 GeV.

IV. HEAVIER TETRAQUARKS

The situation improves as the quarks in the interpolating
operator become heavier. In the case of the X(3872), the
following operator was used in Ref. [14]:

X iE b Ed _ _
iy = %[(czg Cyscp)(Gay Cel)

+ (qLCy,cp)(GaysCEL)].

The continuum contribution analysis for jiﬁ sets the upper
limit at M? < 2.6 GeV? for a threshold of ./5; = 4.3 GeV.
The OPE convergence in this region is shown in Fig. 6.
We see that, for M2 > 1.9 GeV?2, the addition of a sub-
sequent term of the expansion brings the curve (represent-

a7

Perturbative
----+<qQ>

+<gfG>
—o—+m? <qg>
- D -t <qq>2
- ¥+ m? <qopt
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— T |
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FIG. 6 (color online). The jﬁ OPE convergence in the region
1.5 = M? = 3.1 GeV? for /55 = 4.3 GeV.
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ing the sum) closer to an asymptotic value (which was
normalized to 1). Furthermore, the changes in this curve
become smaller with increasing dimension. These are the
requirements for convergence, and in this case we get a
sum rule window in the region 1.9 GeV? < M? <
2.6 GeV?. The mass obtained in [14] considering the al-
lowed Borel window is

myx = (3.92 = 0.13) GeV, (18)

which is compatible with the experimental value X(3872).

A similar situation is found if we replace the ¢ quarks in
Eq. (17) by b quarks in order to predict the X, mass (as
done in Ref. [14]). In this case the allowed Borel window is
in the region 6.0 GeV? < M? < 7.0 GeV?, and the pre-
dicted mass is

my, = (10.14 + 0.11) GeV, (19)

which is in agreement with the findings in Ref. [25].

From what was seen above we can conclude that for
heavier tetraquarks the sum rules satisfy the validity crite-
ria and hence allow the determination of the masses of
these states. However, even in the present case we can not
yet be very positive. First because, as usual, the calcula-
tions might still be improved, with, for example, the in-
clusion of «; corrections. Second because it remains very
difficult to reproduce the X narrow decay width, as shown
in [16]. If the X(3872) is proved to be a tetraquark state, it
still remains to explain why we do not observe tetraquark
states with charge different from c¢ states, such as (cu) X
(¢d) or (cd)(¢ i) states, which would also have trustable
QCDSR as the X(3872). In this sense, the observation of a
double charmed meson ((cc)(g §)), which sum rule also
obeys all the convergence and pole dominance criteria
[26], would be very important to really determine the
existence of tetraquark states.
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V. CONCLUSION

We have performed a QCD sum rules calculation of the
D,,(2460) mass considering this state as a tetraquark and
reanalyzed other recent similar tetraquark sum rules, giv-
ing special attention to the validity criteria of the method.
We found that in the case of the lighter states, o(600),
k(800), ay(980), f1(980), and also in the case of the
intermediate D,((2317) and D,;(2460) states, for the cur-
rents used in Refs. [9,12], there are no values of the
parameters s, and M?> that satisfy all the desired conditions.
In order to obtain results from the sum rules for these states
we must abandon one or more of the conditions and choose
the parameters arbitrarily.

When the interpolating operator is constructed with
heavier quark fields the situation becomes better. We found
suitable regions for the X(3872) and its extension to the
bottonic sector the Xj,.

This problem was also present in the case of the penta-
quarks [17] and seems connected to the high dimension of
many-quark states interpolating operators, independently
of the exact form of these operators. This may be an
indication from the sum rules that light many-quark states
can not be considered as resonances separated from the
continuum. Heavier many-quark states are supported by
the sum rules in what concerns their masses. However it is
very difficult (if possible) to explain their narrow decay
widths.

While one might always argue that the so far existing
calculations could be improved and the final conclusions
might still change, to us at this point in time, this seems
unlikely.
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