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We consider a particular large-radius limit of the world sheet S matrix for strings propagating on
AdSs X $3. This limiting theory interpolates smoothly between the so-called plane-wave and giant-
magnon regimes of the theory. The sigma model in this region simplifies; it stands as a toy model of the
full theory, and may be easier to solve directly. The S matrix of the limiting theory is nontrivial, and
receives contributions to all orders in the o’ expansion. We analyze a guess for the full world sheet S
matrix that was formulated recently by Beisert, Hernandez, and Lopez, and Beisert, Eden, and Staudacher,
and take the corresponding limit. After doing a Borel resummation we find that the proposed S matrix
reproduces the expected results in the giant-magnon region. In addition, we rely on general considerations
to draw some basic conclusions about the analytic structure of the S matrix.
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I. INTRODUCTION

Recently there has been a lot of activity regarding the
world sheet S matrix for type IIB string theory on AdS5 X
S, and the corresponding S matrix' for planar N = 4
super-Yang Mills theory. This is an object that arises when
one considers operators or states with very large charge J
under an SO(2) subgroup of SO(6). In the limit J — oo
with A — J finite, where A is the conformal dimension, we
are led to consider a finite set of impurities propagating
along an infinite spin chain [1]. The Hamiltonian of this
spin chain is formulated to reproduce the action of the
gauge theory dilatation generator on single-trace operators
in 2N = 4 super-Yang Mills theory. On the string theory
side, one can go to light-cone gauge and obtain a rather
complicated looking two-dimensional theory on an infinite
line [2,3]. Both systems have elementary excitations that
have been dubbed magnons. These theories are conjectured
to be integrable, so that the full S matrix on either side of
the correspondence is determined entirely in terms of 2 —
2 scattering processes. It was shown by Beisert that the
matrix structure of the basic 2 — 2§ matrix is fixed by
symmetries [4], so what remains is to determine the phase
factor. Recently there has been an interesting guess for this
phase proposed by Beisert, Eden, and Staudacher (BES)
[5], based on previous work by Beisert, Hernandez, and
Lopez (BHL) [6]. We will refer to this guess as BES/BHL.”

In this article we study an interesting strong-coupling
limit of the world sheet S matrix, wherein the sigma model
describing the system simplifies, but the S matrix itself
remains nontrivial. We find this limit interesting, in that it
still captures some important aspects of the full problem.
As we take A = g3\,N — oo, we can scale the magnon
momentum p (p ~ p + 27) in different ways [6]. The

"This § matrix should not be confused with the notion of a
spacetime S matrix.

*The paper [6] contains a couple of guesses. The correct one,
based on the results in Ref. [7], seems to be the one in Ref. [5].
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simplest limit is taken by scaling p such that pv/A =
fixed. This produces the plane-wave limit of [8], where
excitations are free and the S matrix is unity. Another
simple limit is to keep p fixed. In this case the elementary
excitations can be viewed as nontopological solitons of a
weakly-coupled two-dimensional theory. Here, the basic
magnon excitations of the theory turn into large solitons, or
“giant magnons”’ [9]. The giant-magnon S matrix can be
computed using semiclassical methods, and one obtains an
answer that scales as 1ogS ~ v/Af(p;, p»), where the func-
tion f has a branch cut at p; = p,. In the exact theory we
expect that this branch cut is replaced by a sequence of
poles or zeros with a spacing of order 1/+/A. In both of
these limits the leading-order answer for the S matrix is
described by a weakly-coupled theory that can be solved
easily.

The third interesting limit corresponds to scaling p in
such a way that one probes the region in between the
previous two regimes. Namely, we keep pA'/* fixed. In
this regime the S matrix is nontrivial and receives contri-
butions to all orders in a’. The S matrix develops a singu-
larity for complex momenta that approaches the real axis
for large A. After going to suitable rescaled variables,
however, the singularity remains a finite distance from
the axis. This singularity is intimately related to the struc-
ture Janik’s crossing-symmetry equation [4,10], which
remains nontrivial even after taking this limit.
Furthermore, the full sigma model describing strings in
AdSs X S° simplifies significantly in this limit, and leads
(after gauge fixing) to a rather simple-looking (albeit non
Lorentz-invariant) theory in 1 + 1 dimensions. The mag-
nons in this theory have rescaled momenta that lie between
zero and infinity. For momenta close to zero, the S matrix
becomes the identity and we recover the plane-wave results
as well as the leading finite-J deviation away from the
plane-wave limit [11]. For large rescaled momenta, how-
ever, the elementary excitations turn into solitons, and we
recover results that are similar to those obtained for the
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giant-magnon regime in Ref. [9]. In particular, we find a
semiclassical S matrix with a branch cut, which should be
replaced by a string of poles in the exact answer.

The limit characterized by p ~ A~'/* was studied in
Ref. [12], as it arises when one considers the flat-space
limit. Our discussion is not directly relevant to the compu-
tation of energies of string states in flat space, because the
part of the S matrix we consider drops out from that
computation. We are interested in the particular part of
the S matrix we consider here because it stands as a toy
version of the full S matrix, and displays several interesting
features of the full problem. Moreover, it is described by a
self-contained Lagrangian that might prove easier to solve
directly than the full AdSs X S° theory (though we were
not able to solve it).

We can also consider the corresponding limit of the
recent BES/BHL [5,6] proposal for the § matrix. After a
Borel resummation, the phase is given by a simple-looking
integral expression that allows us to explore some of its
analytic properties. In particular, we show that we recover
the expected structure in the giant-magnon region. Namely,
we see that the branch cut in the semiclassical answer
disappears and is replaced by a sequence of double poles.
We also check that the crossing-symmetry equation is
obeyed after choosing an appropriate contour.

The paper is organized as follows. In Sec. II we discuss
the kinematics of this “‘near-flat-space” limit. In Sec. III
we discuss the world sheet theory that is obtained in this
limit. We first consider an analogous limit for the O(N)
sigma model, and then we turn to the full AdSs X S5
theory. For each case we find a pair of theories describing
the system before or after imposing the Virasoro con-
straints. In Sec. III we consider the BES/BHL S matrix in
this limit and study some of its properties. We also include
several Appendices where we discuss various related
topics.

II. THE “NEAR-FLAT-SPACE” LIMIT

As mentioned in the introduction, we are interested in a
limit in which we scale the magnon momentum p such that
p ~ A~!/4 This particular scaling choice can be motivated

by introducing the kinematic variables used in
Refs. [13,14]:
1 1 1 . +
X X g 2 X .1
2= A gyuN
167 167’

where gy is the conventional Yang Mills coupling. Note
that we have replaced p by a pair of variables x* obeying a
constraint equation. The matrix structure of the S matrix is
dramatically simplified when expressed in terms of these
variables [4]. Furthermore, crossing symmetry acts in a
rather simple fashion: x* — 1/x*.
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We now want to focus on the regime where x* ~ x~ ~

1, as it connects the two possible ways of approximately

solving the equation in Eq. (2.1) at strong coupling,

namely, x* ~ (x7)*!. We define rescaled variables w™ via

T = oW /B, (2.2)

and take g — o0, keeping w™ fixed. In this limit we can see
that the constraint (2.1) linking x* and x~ becomes

w2 —w)P=i k=pJfg=—iw" —w"), (2.3)

where we have defined a rescaled momentum k that is kept
fixed as we take the limit. These equations can be solved to
express w* in terms of k:

1/1
= =_(==*ik).
W 2(k )

It will also be useful to introduce a new variable u, defined
as

(2.4)

(2.5)

where the momentum k is positive. Small k (k < 1) cor-
responds to the large-momentum regime of the plane-wave
limit, while large k (k > 1) probes the small-momentum
regime of the giant-magnon region: see Fig. 1. In these two
regimes we have a simple, weakly-coupled description of
the dynamics. For k ~1 we are forced to consider an
interacting theory.

It will also be useful to consider the following expres-
sion for the energy:

Giant-magnon region -~

~~--1--" Plane-wave region

p T

FIG. 1. The dispersion relation €(p) at large A. The plane-
wave region corresponds to the region near p ~ 0, where the
dispersion relation looks like that of a relativistic massive
particle. In the giant-magnon region, the dispersion relation is
essentially € ~ +/A sinp/2. We are interested in the interpolating
region, which overlaps with limits of both of the previous
regimes.
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1 1
= §<x+ — x4 —,) = |1+ 16g%in2 2. (2.6)
i X X 2

To leading order in the strong-coupling expansion (g >
0), we find that the energy is € ~ 2,/gk, representing
particles that move close to the speed of light to the right.
The two approximate solutions under consideration corre-
spond to the plane-wave and giant-magnon regimes. Of
course, there is a similar region where x* ~x~ ~ —1,
where we get particles that move very fast to the left.
This region is related by world sheet parity to the one
discussed here.
It will be useful to define a rescaled energy by picking
out the subleading k dependence as
k3

s i _ _1_¥
é —gll_'ngo[Z\/'g_(e 2,/gk)] % .

; 2.7)

Now that the dispersion relation is not exactly relativistic,
we can see that excitations will travel with different veloc-
ity, and one can define an S matrix that encodes scattering
between two of these right-moving excitations. In other
words, the velocity is

By A
4.3 \k

dk

Physically, the rescaling of the energy in Eq. (2.7) means
that it will take a long time for the magnons to separate,
and small deviations of the metric from flat space lead to
large effects, which, in turn, lead to a nontrivial S matrix.

Let us pause here to consider the relation between this
limit and the flat-space limit considered in Ref. [12]. When
one is interested in reproducing the energies of strings in
flat space, one should rescale J ~ A!'/4. Strictly speaking,
this is not the infinite-J limit, and one cannot be sure that
the asymptotic S matrix formulas apply. Nevertheless, one
can proceed and find that the order of magnitude of the
momentum, p ~ n/J ~n/ A4 indeed scales as discussed
above. In this case, one can keep the leading dependence of
the energy € ~ 2,/gk, but consider both left- and right-
movers to have zero total momentum on the world sheet.
Upon writing the Bethe equations, one needs only the S
matrix between left- and right-movers, but the S matrix for
the left-movers drops out of the analysis. The S matrix
between left- and right-movers is rather simple, and one
can obtain the flat-space results [12] in a straightforward
manner. In summary, the discussion presented here will not
be relevant for finding the energies of states in flat space
(which was already done in Ref. [12]). Rather, we will be
primarily concerned with understanding the full structure
of the S matrix and the connection between the two simple
strong-coupling regimes discussed above (i.e., those of the
plane wave and giant magnon).

We can therefore view our limit as a toy version of the
full problem, where we have retained some of the interest-
ing structure of the complete theory, but we have lost one

(2.8)
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parameter, namely A. In fact, one can check that in this
limit the structure of the § matrix [4] remains nontrivial
and, consequently, the crossing symmetry Eq. (2.10) is also
nontrivial and becomes’:

So(_le WZ)SO(WI’ Wz) = 02(_W1, Wz)UZ(le Wz)

_ <(w] +wy ) (wy — w;)>2
(2.9

(wi +wy)wi —ws

wi —w)wi +wy) ,

where Sy(wy, w,) = S
(wi —wy)wy +w)
The crossing transformation itself maps w*= — —w= along
a path that we will specify later. It is amusing to note that
the constraint (2.3) looks very similar to the constraint
between energy and momentum in a relativistic theory in
1 + 1 dimensions. Thus one may introduce a rapidity
variable 7 via*

wt = ei7r/4 — ei7r/4

(2.10)

In fact, the variable 7, which starts out living on a cylinder,
is what remains after taking the near-flat-space limit of
Janik’s torus [10].

One can attempt to solve the crossing equation directly
by looking for a meromorphic (but not periodic) function
in 7. The right-hand side of the crossing Eq. (2.9), how-
ever, has a structure that excludes any such solution. (For a
detailed argument see Appendix A.) One is therefore
forced to introduce branch cuts somewhere. In fact, the
recently proposed solutions in Refs. [5,6,15] all have
branch cuts, as we will see later. A similar result is also
true for the full crossing-symmetry equation presented in
Ref. [10]. Namely, there is no meromorphic solution as a
function of the coordinates of the torus z;, z,, even after
going to the covering spaces of the two tori (which com-
prise two complex planes).

coshm, w™ sinh7.

ITII. LAGRANGIAN IN THE NEAR-FLAT-SPACE
LIMIT

In this section we consider the near-flat-space limit of
the sigma model. The limiting sigma model is a well
defined system on its own, which looks simpler than the
original system. We investigate its properties with the hope
that it will prove easier than the full sigma model to solve
directly.

A. The O(N) case

As an exercise, let us consider the O(N) sigma model.
The target space of this sigma model is a sphere SV 1. Let
us consider a state with a constant spin density J = J,,

3The conventions we employ in defining S, and ¢ are the same
as those in Ref. [6].

“The system does not have relativistic invariance under n —
n+ constant. For example, the right-hand side of (2.9) is not
simply a function of n; — 7,.
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where J,; are rotation generators in the k/ plane. We denote
the corresponding angle on the sphere by ¢. Starting with a
classical analysis, we see that the lowest energy state is
given simply by ¢ = const. For simplicity, we can take the
case with N = 3 and parametrize the S? according to

2

R2
S=— | cos?0(dp)* + (36)?, — =g (3.1
41 41
Starting with a solution for which ¢ =1, § = 0, we can
perform a boost on the world sheet coordinates 6= =
% + ¢! and expand in small fluctuations around the

constant-spin-density solution

ot =2/go", =2
ot+o- b X
¢ = +—==go" +-, (3.2)
r & T g
o y
x=—=35, 0=—, g — o,
4 V8

where o™ are the coordinates after performing the boost.

Note that we will be interested in solutions where y =
%0’7 + 6, with & representing a small fluctuation. Under
these rescalings, the action, up to constant and total de-
rivative terms, is finite:

S=4/8,)(6+,\/+ dyyd_y — y*o_x. 3.3
By setting y = ‘—1‘07 + 8, we see that to leading order we
have a massless field 6 and a massive field y. Long wave-
length fluctuations in § are simply sound waves, or spin-
density waves propagating along the system. The massive
field y is the massive field that arises in the plane-wave
limit. We thus find that the system is described by a simple
Lagrangian (3.3) in the near-flat-space limit. Notice that
the only nontrivial interaction is a cubic interaction that
breaks Lorentz invariance. To generalize to the case of an
O(N) (as opposed to O(3)) sigma model, all we need to do
is replace y> — y° in the above Lagrangian, where y has
N — 2 components.

From the point of view of the O(N) sigma model, this
limit has the following interpretation. The ground state
with constant spin density gives rise to a sort of Fermi
sea of particles, all with the same spin. Since the particles
are interacting, it is not exactly a Fermi sea, but in the
thermodynamic limit there is a sharp cutoff in the momen-
tum of the particles [16]. The theory described by Eq. (3.3)
corresponds to considering excitations around the ground
state that are moving with a momentum close to one of the
Fermi momenta® * p Iz

SFrom this point of view, this limit is reminiscent of the
double-scaling limit of matrix models, where one focuses near
the end point of a distribution of eigenvalues (see, e.g., Ref. [17]
for a review).
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The equations of motion for the theory in Eq. (3.3)
appear as

y2

0 = 8, j ’ A’
I+ 2 (3.4)

J+ =04x—
0=0d_0d,y+yi_yx

where the first equation implies the existence of a chiral
conserved current j,. It is useful to understand what
happens to the Virasoro generators in this limit. The 7_ _
generator is

T__=(3_x)*+ (0-y)?

and it is conserved according to Eq. (3.4): 0. T__ = 0. In
fact, we see that the action (3.3) is right-conformal invari-
ant. In other words, it is invariant under o~ — f(o ™).
However, the action is not invariant under left-moving
conformal transformations. The original left-moving con-
formal symmetry has become a chiral U(1) symmetry act-
ing as y — x + €(o™). The right-moving stress tensor of
the original theory takes the form

(3.5)

Ty ==+ j+ +0(1/3) (3.6)

NSRS

where j, was defined in Eq. (3.4).

In the full theory we will impose Virasoro constraints
after adding a timelike direction, and we consider a solu-
tion with 7 = 1, or t = ¢° = \/go" + - [see Eq. (3.2)].
The leading-order term in Eq. (3.6) should be equated with
the contribution of the timelike direction to the stress
tensor. The zeroth-order term in Eq. (3.6) should be set to
zero, which leads to the constraint j,; = 0. Similarly,
Eq. (3.5) should be equated with the timelike contribution,
which leads to the constraint 7__ = %. We see that both
constraints are attainable classically, since they are related
to symmetries of the theory.

After adding a trivial time direction and imposing the
two Virasoro constraints

T__ = (3.7)

i, = 1
J+ 0) 16

we can move to a gauge-fixed Lagrangian by defining new
coordinates

xT =07, X =U—+2x=a_+26.

+ + T = 3.8
. (3.8)

The derivatives then transform as
ag.+ = (:)X+ + 2(80%/\/)8)( = ax* + yzax’r (39)

atr’ = 2(% + a*/\/)ax”

where we used the constraint j, = 0. After using the

Virasoro condition 7__ = % one can check that the

gauge-fixed Lagrangian becomes®

(’Essentially, we perform the change of variables in the equa-
tions of motion and write the Lagrangian from which they
follow.
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S = 4fdx+dx_[a+y8_y — % +yHo-y)?]  (3.10)
The momentum is given by
1
k=J§p=J§[(d¢—dUO)=fdx—Zd0_ Zfdé
2
= f[—Z(ay)zdx + (y? + 2yz(a,y)2>a’)fr } (3.11)

where the derivatives in the second line are taken with
respect to x*. Note that we can understand the momentum
both as an angle’ and as a Noether charge under x~ trans-
lations. In the limit of interest, the momentum k is not
periodic but is defined on the semi-infinite line (0, 00). The
expression for the energy takes the form

k,—e=—4 f (829 + (92 x)2)dot — y2dy

y2
= 4][Z - yz(a_y)ﬂdx_
—[(81y)* +2y*9yd_yldx™,

where d, = d,+ in the first line, and 9+ = d,= in the
second.

It is interesting to consider giant-magnon solutions to
this Lagrangian. For this purpose we consider the O(N)
case with N = 4, and we focus on the first two components
of y. We can start with the solution carrying an additional
angular momentum J, in the complex y; + iy, plane [18—
20], and then take the limit. We obtain

(3.12)

1 k
X=10'*+5, 5=§tanhu,
| 5 k
L 2 = piv = — “+_g7F
YT ey coshu ! J%—i—k“o- 17
Lk 1,
= +-—=0". 3.13
YT Ta” (3.13)

To think about the elementary giant magnon we can set
J, = 1; the other solutions can be thought of as bound
states of the elementary solution [18]. The energy of these
states is given by

]2 k3
e=2-—,
2k 6
which, for J, = 1, reduces to Eq. (2.7). Notice that the
velocity of these particles can be computed as

T

(3.14)

do™ dk 2
Gk
G+ k)?*

(3.15)

do' 1-wv_
do® 1+ v_

"Note that in this limit & ceases to be periodic.
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Notice also that they always move with a speed that is less
than the speed of light, and they all move to the left.®

Near k ~ 0, the above theories (3.3) and (3.10) are
weakly coupled, while as k increases toward the region k ~
1, the theories become strongly coupled. We expect that the
elementary excitations become giant-magnon solutions
(3.13) for large k. In this latter region the giant magnon
is extended, so that the classical description becomes
appropriate. In fact, we can see that the size of the solution
is of order k for large k. We can find the giant-magnon
solution for the Lagrangian (3.10) by defining the coordi-
nates x~ as above (3.8). The equation is invertible since
b =1+4+20-8>0.

Because they are limits of integrable theories, the above
Lagrangians (3.3) and (3.10) are themselves integrable. In
Appendix B we display explicitly the Lax connection for
O(N) theories in this limit. We can ask whether the theory
(3.3) remains right-conformal after we take into account
quantum corrections. In Appendix B we argue that right-
conformal symmetry is broken if N # 2, but for N = 2 the
theory remains conformal. Thus, the theories (3.3) and
(3.10) will not be equivalent as quantum theories. We
know, however, that the theory (3.3) is quantum integrable,
since it is a limit of the integrable O(N) sigma model. We
could therefore solve the quantum theory (3.3) by taking a
limit of the O(N) quantum theory [21], but we will not do
so here. However, let us mention one result. If one com-
putes the scattering amplitude for giant magnons in the
region where k; — k, <k, > 1, one finds that the
branch cut in the semiclassical scattering amplitude, which
is the same for all N, becomes a sequence of single poles
for N # 2 and a sequence of double poles for N = 2. For
N = 2, the model can be viewed as a limit of an OSP(M +
2|M) theory, as explained in Ref. [22].

The theory in Eq. (3.10) may or may not be integrable at
the quantum level. However, for N = 4, (3.10) is also a
limit of the Fadeev-Reshetikin theory [23,24], so it must be
quantum integrable in this case. These theories are remi-
niscent of the chiral Potts model, in that they are integrable
and they break Lorentz symmetry.9

B. The near-flat-space limit of the AdSs X S° sigma
model

We can now consider the full AdSs X S sigma model,
starting with the Green-Schwarz action as written in
Ref. [2]. We parametrize by ¢ the angle on S° that is
shifted by the action of the generator J. We also pick ¢ to
be the coordinate on AdS5 whose shift corresponds on the
field theory side to the action of the gauge theory dilatation
operator A. We then perform the following rescalings

8Before performing the boost in Eq. (3.2), they traveled to the
right (2.8).
We thank B. McCoy for a discussion on this topic.
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T X
t=.go" +—, o = Jgot +=,
Vet g VBTt g
6=3/Vs  B=2/J5 (3.16)
U/ Py
®1 ) 2 ~ = g — 00,
gl g/

where y denotes the four transverse directions in the S°
subspace, z denotes the transverse coordinates on the AdSs
subspace, and ® denote two ten-dimensional Weyl spinors
of type IIB string theory after fixing kappa symmetry (so
that ¢ are SO(8) spinors).

Upon taking the limit we obtain the Lagrangian

.E :4{_a+7877+ 6+X6,X+ 6+2372+ 8+)—))8,)7)
_5))28_/\/_226_7'"‘ i¢+a_¢+
+2i(0_7+d_x)p_ o w_+2i(d_7+o_x)y_lly,
— iy (9_Z T+ 9y TV (T — y' T
+ 50 (r+ YTy Ty
—y Ty g Ty T,

where .. are real, positive-chirality SO(8) spinors, I' are

real SO(8) gamma matrices, and IT = I''T?I*T™* is the

product of the first four gamma matrices.'® The indices i,

J run over the four transverse directions in AdSs, and the

indices i/, j' run over the four transverse directions in S5,

As in the O(N) case, we have the following chiral

conserved currents
2
A=y — % i o + 2ip T, + 4 fermi,

(3.17)

+
a-j% =0,
2
jr=0s7+ 5" i_o, i —2i_ 1l — 4 Fermi,

a_j7 =0, (3.18)

where we have not explicitly recorded the four-fermion
terms proportional to the last term in (3.17). These currents
are conserved due to the equations of motion for 7 and y.
In addition, we have the conserved stress tensor

T__ = —(0_7) + (0_x)? + (9_2)% + (9_y)?

+2i(0_T+o_x)p_o_y_, (3.19)

obeying d.T__ = 0. So, as above, we have a field theory
that is conformal for the right movers. In this case, we
expect that the field theory remains right-conformal, even
after we include quantum corrections.
Following the example above, we can now gauge-fix by
imposing the conditions
2—y?

0=+ =0.(r+x)+ 5 0=T—.

(3.20)

'"We can redefine ¢, — Iy, to get rid of this matrix, which
only appears in the fermion mass term.
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We choose the coordinates'!

xt=ot, x~ =21+ y), (3.21)
so that the derivatives become
dpr = 0 + (22— yHo,,
7 ! ' (3.22)

ao” = 2[60"(7- + X)]ax"

We thereby obtain the following gauge-fixed Lagrangian:
L=40,70_2+0,50_ - 1@+ + (P -

X [(0-27 + (0-3)*] + it 0_py + ith_ 0.9

+ip Mgy + iG> = 2)p_o_- — ip_(9_Z/TV

+ 0y T/ (T — y T + Ay Ty Tiiy_

— ¢ Ty g Ty T}, (3.23)
where we have also performed a simple rescaling of .

Even though this action looks complicated, it is much

simpler than the full gauge-fixed Lagrangian that was
written in Ref. [3]. These theories ought to have the full
extended SU(2[2)? X R?> symmetry algebra described in
Ref. [4], so it is useful to study the form of this algebra

in the limit we are considering. We start with the super-
symmetry algebra in Ref. [4], which can be written as

{08, 07} =8k,

ke = k' F Ky,
{0, @)} = 8k, + SU(2) currents,
{0}, 0}} = 8k

We can think of k* as a2 + 1 dimensional momentum [9],
k" = € as the ordinary energy, and k| , are the two central
charges introduced in Ref. [4].

For the short representation corresponding to the ele-

mentary magnon, these charges obey

(3.24)

02 — k? — 13 = 1. (3.25)

Kik- — K3 = (k

For a single particle with momentum k, one obtains the
values

k' +ik* = —i2ge'Pi(e’? — 1), (3.26)

where p; is the sum of the momenta to the left of the
excitation. The appearance of this phase factor reflects
the Hopf algebra structure of the problem [25].'* Notice
that, according to Eq. (3.25), the physical energy does not

"These coordinates are similar to the ones chosen in Ref. [3].

'>The presence of this phase is easy to understand by drawing
the pictures described in Ref. [9]. In that work the magnons are
represented as line segments that join points on a circle, and the
momentum is the angle subtended by these points. The segment
itself can be viewed as the complex number k; + ix,. The fact
that the phase depends on the number of magnons to the left is
then clear: the magnon in question has to be positioned on the
circle at a point where the previous magnon ends, and thus its
orientation depends on the total angle, or momentum, subtended
by all the magnons to its left.
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depend on the overall phase in Eq. (3.26), and it is therefore
well-defined for each individual magnon. In the near-flat-
space limit that we are considering, we can rescale the
charges as Q. — gil/“QAi and introduce similarly re-
scaled quantities K+ (we do not need to rescale «,).
After these operations, the final algebra takes the same
form as in Eq. (3.24), but expressed in terms of rescaled
quantities. The expressions for the rescaled central charges
in terms of the momentum are

N . 1 K » ’
K_:4k, K+=—+Z+k kl+kkl’

Ik K> =k(k+2k1)

3.27)

We see that the central charges acting on a single magnon
state still depend on the momentum of the magnons to their
left (k;), so they retain their Hopf algebra character.

At first sight it is a bit surprising that the energy, which is
conjugate to x*, can be negative [as seen for large k in
Eq. (3.14)]. In a supersymmetric system we might have
expected the energy to be positive. In fact, the right-hand
side of the 0, anticommutator is &, and is not the energy
(or id4). Indeed, k. is always positive.

Notice that k is proportional to k_. In fact, the right-
moving supercharges O_ act in the ordinary way on the
Lagrangian (3.23). One can write the Lagrangian (3.23) in
terms of (0, 2) superfields by realizing explicitly two of the
8 right-moving supercharges. The action of the 0. super-
charges will be more nontrivial. The authors of Ref. [26]
have expanded the action around the plane-wave limit up
to terms quartic in the fields, so a limit of their computation
should give the proper symmetries of Eq. (3.23). (See also
the discussion in Ref. [27] for further details.) We have not
done this analysis here, and it would be interesting to check
explicitly that this Lagrangian indeed admits the full sym-
metry algebra.

C. The S matrix in the weakly-coupled regions

The above theory becomes simple when the momenta of
the excitations are small or large. For small momenta the
excitations are described by ordinary weakly-coupled mas-
sive quanta. In the limit of very small momenta, they are
free and the S matrix goes to the identity for k; — 0. The
leading correction away from this limit is given by the
computation done in Ref. [11,27] (see also Ref. [1]). In
fact, it is simply the high-energy limit of the result in
Ref. [11,27]. More explicitly, their result for the o factor is

2:1+i~2~2 ij2 _ ijl
7 2gp1p2[1+62 1+ e
1
X ~ ~ ’
(e, + ey + 1) — p1p

(3.28)

where p; are the momenta rescaled to the plane-wave
region
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p = 2gp, € =41+ p* (3.29)
By taking the near-flat-space limit (2.2) we find
ki —k
2 1 _ 1 2
o =1—i2kik, LTk (3.30)

This result is valid for small k, where the correction is
small. As we increase k we should also consider higher-
order corrections.

Similarly, we can consider the large-k region. In this
region the magnons can be approximated by classical
solitons, and their scattering amplitude is a simple limit
of the one computed in Ref. [9] for the full theory.13 The
limit produces the following scattering phase:

ky — k>
ky + k2>'

logo? ~ —i(k} — k%)log( (3.31)
This result is valid as long as the right-hand side is large,
which occurs for large k.

Both of the results in Egs. (3.30) and (3.31) are summa-
rized by the Arutyunov-Frolov-Staudacher (AFS) phase
factor [12], which in this limit can be written as

o wi + w2 /Wi 4+ wy) (w4 wi)\i2e—e)
(wi +wy)2\(wi +w)wy +wy) '
(3.32)

However, we should emphasize that this is not the leading-
order answer in the region where k ~ 1 or w= ~ 1, despite
the fact that g is large. In fact, in this region all higher-order
corrections should be taken into account, as we show more
explicitly in the next section.

We digress briefly to discuss the branch cut present in
the semiclassical amplitude (3.31) at k; — k, = 0. In prin-
ciple, the exact phase can have branch cuts, but we do not
expect that the exact phase would have branch cuts travers-
ing regions of physical (real) momenta, or at least mo-
menta that are very close to the real axis. So, for the
purpose of this discussion, let us assume that the function
S(z), where z = k| — k,, is meromorphic. We expect that,
as in other integrable theories, the branch cuts would be
replaced by poles.

We know that the function S has the approximate ex-
pression

logS ~ h(z)logz. (3.33)

This expression should hold on the real axis and should fail
when we approach the line of zeros or poles. Since the
function should obey a unitarity condition S(1,2) =
1/S(2, 1), the existence of a pole in the upper half plane
would imply a zero in the lower half plane. Let us assume,
therefore, that there is single line of zeros in the upper half
plane and a single line of poles in the lower half plane, both
starting at z = 0. Here, by a line of poles we mean a very

3Note that Sgefe = (559])71'
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FIG. 2. A closely spaced sequence of zeros or poles should
replace the branch cuts in the semiclassical scattering amplitude
(3.31). We expect to have zeros in the upper half plane and poles
in the lower half plane.

closely spaced sequence. Thus, we will put half of the
branch cut in Eq. (3.33) in the upper half plane and the
other half in the lower half plane. As we cross the branch
cut in the upper half plane the function jumps by 27ih(z),
and when we cross the lower one it jumps by —i7h(—z).
After we use that h(z) = h(—z), we see that the total jump
of the function as we go around a circle centered at z = O is
indeed 27ih(z). (As an example, the reader could think

about the function § = rr((jéi) .) We now consider a contour

that goes through z = 0 and then circles around the line of
zeros in the upper half plane, as depicted in Fig. 2. We then
perform the following integral:

1 1
Ny =N, =5~ 34 dlog$ ~ = h(zo), (3.34)

where N, . represents the number of poles or zeros en-
closed by the contour. For this to make sense we need that
h(zg) is real, which constrains the possible locations of
zeros. Applied to the above problem, this logic would
indicate the appearance of zeros in the upper half plane,

where

N, = (8 - B),

> (3.35)

and N, is taken to be real and positive. The formula (3.35)
should be interpreted as giving the mean density of zeros,
not their precise location. As discussed in Ref. [9], the
sigma model has localized time-dependent solutions, and
one might be tempted to interpret these poles as physical
bound states. Note, however, that this is not the only
possible interpretation. In fact, if the poles turn out to be
double poles, as we will see below (based on the BES/BHL
guess [5,6]), then another possible interpretation is that of
“anomalous thresholds” [28].14 This issue will be ad-
dressed in a future publication.

'“This interpretation was suggested to us by N. Dorey.
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IV. CONJECTURED S MATRIX IN THE NEAR-
FLAT-SPACE LIMIT

As usual, we will parametrize the contribution to the
scattering amplitude as

2 = QRidiy,

812 = x(wi, wy) — x(wi, wi) — x(wi, wy)

+x(wi,wy) — (1< 2),
X=>x"
n=0

where the y” represent contributions to the phase at n
loops.

4.1)

A. Tree level and one-loop order

As mentioned above, the tree-level contribution in the
scaling limit becomes [12]

X°wi, wy) = xXP(wy, wi) = —(wi — w3) log(w; + wy).
“4.2)

The one-loop contribution turns out to be the simplest
solution of the iterated crossing Eq. (2.9). In fact, when
written in the appropriate variables, the one-loop result in
this limit is the same as the one-loop result in the full
theory. We will begin by discussing a couple of aspects
of the one-loop answer before taking the limit.
If one defines the variables [6,29]
* = tanh—,
X anh—
then the double crossing'® equation becomes

Olaoop(0F + 2im, 07 + 2im, 67, 605)

4.3)

07 —6F 07 —65
tanh? 2.2 tanh? L2
= 2 2 0207, 07,65, 65),

o
0F—6; 6-—0; = 1-loop
tanh? == tanh? ==

4.4)
where ¢ is the one-loop contribution to the phase factor.
The simplest solution to this equation is [29]

g2 hoT —0Dner ~ 67)
loop (g — 65 )h(0; — 605)

where A is a function of the form

4.5)

o0

h(6) = ]‘[

n=-00

(6 — 27in)? n
((6’ — 2mi(n + 3))(0 — 2mi(n — %))) ’
(%
h(—6) = 1/h(0), h(0 + 27i) = tanhzzh(ﬂ).
(4.6)
5As in Ref. [6], “double crossing” means that we iterate the

crossing transformation x — 1/x — x along some particular
path.
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As shown in Ref. [6], this solution is actually the same as
the one-loop contribution to the S matrix [30].
Now, as we take the near-flat-space limit, we can expand

X* = tanh— ~ | — 2e7 0",
4.7

A+

— log(2/g) + im, wt=e 0.

A

0= =06~

Note that certain quantities such as 67 — 65 = 67 — 5

remain the same in the limit. Thus the one-loop answer is
|

¥ =- 40 %F(n -

(—2m)" x;x3

i e e = mISE _> <

These expressions manifestly display the singularities at
x; = 1, and are valid for n = 2.

We can now take our near-flat-space limit in Eq. (2.2),
and we find that only the leading singular terms with g =
w = 0 in Eq. (4.8) contribute:

X'(wy, wy) = gLngc}"(xl, X)),
{(n) 1
(=2m)" (wy + wy)" 1 2wy)" !

"2+ 10— 1) (wy + wy)!
rg+1 (2w,)!

/\/n(wl’ W2) = - (49)

=0

As anticipated, we need to keep all orders in o' in this
regime. The weak coupling expansion corresponds to the
expansion in powers of 1/w. The expressions in Egs. (4.8)
or (4.9) are such that if x; ~ 1, but x, ~ —1, then there is
no contribution as g — 0. Similarly, the one-loop contri-
bution also vanishes in this limit as 67 — 67 — oo in
Eq. (4.5), and we use that h — e~ /4 in that limit, so
that o7_,,, — 1. Then in the region x; ~ 1 and x, ~ —1,
the leading contribution is just the tree-level contribution
(4.2), which was shown in [12] to reproduce precisely the
flat-space spectrum. In other words, the BES/BHL guess
[5] has a structure that renders the computation of the flat-
space spectrum in Ref. [12] valid.'®

One nice aspect of this strong-coupling series is that it is
Borel summable. As shown in detail in Appendix D, we
can write the full sum over n as

'This of course holds with the caveat we mentioned above
regarding the need to take J ~ /g, which might make the
asymptotic analysis unreliable.

-] EEE
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the same as Eq. (4.5), except that we replace 6~ — 6*,
which is related to w* through Eq. (4.7).

B. Higher orders

In BES/BHL [5,6], a concrete proposal for the S matrix
was made. The answer was expressed as a series expansion
in1/gand 1/x;, 1/x,. Since we are interested in the region
near x; ~ 1, we will need to sum the series expansion in
1/x. After this is done (for details, see Appendix D) we
obtain

IG+1-9q)
T(A+1-g9l'G—q)

m+
_> g (4.8)
[
Xwy, wy) Z "(wy, wo),
" ) 1 [ 1
Wi, Wp) = — T——————————
AL W 27 ﬁ) wyt+twy,+ 71
X log[1 — e~27m ~27(2w)7], (4.10)

This integral defines the sum exactly for all values of w*.
Note that the odd-n contributions were essential to be able
to Borel sum the expression.'” The full phase factor is then
x=xX"+x"+x
It is also possible to write a combined integral expres-
sion for y of the form
1 [ dr

X(wo, wy) = ——

wi, w _
Xy, wa) = 27 Jo witwy, + 71

sinh[77(7 + 2w,)]
1 {Sil’lh[’?TT(T + 2w;)]

('T + 2W1)
(r+ ZWQ)}'

One can perform a few checks on this expression. First,
one would like to check that the expression obeys the
crossing-symmetry equation. All the contributions from
loop orders two and beyond, constructed from Eq. (4.10),
should not change under double crossing, but should
change in a very specific way under single crossing [6].
We can see that this is indeed the case, provided we choose
the crossing contour shown in Fig. 3. We can characterize
the contour in terms of the variable 7 introduced in
Eq. (2.10) by stipulating that n = € + it, with € small
and positive. The crossing transformation corresponds to
t — t + ar, while double crossing takes t — t + 27i. Of
course, the starting point for the crossing transformation

(4.11)

17 Another double-scaling limit was considered in Ref. [31],
where only even n were summed, which led to singularities.
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wt -

W
g
FIG. 3. Contours that we should choose for performing the

crossing transformation. We need to enforce the the constraint
(w)? — (w™)?> = i, and move w" and w™ together as we do the
crossing transformation. The dots sit at +e™/7/4,

need not be on this contour, in which case we deform the
contour in such a way that we go around any possible
branch cuts. This choice of contours is important because
the integrand has singularities at

T = —wy £ .w3 +in,

for all integers n € Z, and these might lead to additional
contributions. These points lead to branch cuts in y at
w, = *./in. These branch cuts were not present in each
of the individual terms in Eq. (4.8) and, for this reason, it is
nontrivial that there exists a contour that allows the cross-
ing transformation to work. The explicit check of the
crossing equation is discussed in more detail in
Appendix D.

Note that the final result is a smooth function without
singularities as long as Re(w), Re(w,) > 0. This condition
is obeyed at the physical (real) values of the momenta (2.3).
Thus, we smoothly interpolate between the small k and
large k regimes. At this point it should be checked that the
large-k answer is indeed the one we expect from Eq. (3.31),
and we want to see how the branch cut in Eq. (3.31) is
replaced by poles. At first sight we seem to have a problem,
since the leading-order result (3.32) has a branch cut at
w; + wy ~ 0. In fact, Eq. (4.10) also contains a branch cut
that precisely cancels the leading-order result (3.32). This
branch cut arises from the pole of Eq. (4.10) at 7= —w; —
w,. This cancellation is most easily seen by looking at
Eq. (4.11), which is manifestly nonsingular at 7= —w; —
wWs.

In addition, we can see that we will get additional
singularities whenever two singularities of the integrand,

which are at 7 = —w, + /w3 + in, pinch the integration
contour. All these singularities arise away from the real
physical values of momenta. However, for large momenta
they can lie very close the physical values. Focusing on the
singularities that are very close to the physical subspace,
we can show that the full factor ¢ contains double poles at

(w3 )2 +in+w; =0,

where n > 0. Appendix D gives the derivation of this

(4.12)

(4.13)
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u, . :
. :
Lin
| !
| )
U2 E —i/2
. !
o ;
(a)
U.l x

i2

-il2 u,

(b)

FIG. 4. We fix a real value for u, and display the poles and
zeros in the complex u; plane. There is a branch cut in the
amplitude starting at u; = *i/2, and possible additional branch
cuts appear at larger imaginary values. If u, <0, as in (a), the
poles are immediately accessible by moving #; in the complex
direction. They are denoted by dots. If we start with u, > 0, as in
(b), the poles are in a second branch that is accessible only after
taking u; through the branch cut. We denoted these by crosses.
Thus, for u, > 0 we do not encounter poles when we move u; in
the imaginary direction.

result. Here we define the branch of the square root in
such a way that its real part is positive when the real part of
w; is positive. Of course, we also have double zeroes at

VW +in+wy; =0.

We also find that the one-loop expression has a single zero
atwy + w; = 0, which is cancelled by a pole in the sum of
all the higher-order terms. The net result is that the o
factor does not have a zero or pole at wy + w; = 0 (see
Appendix D). In fact, it is analytic at this point. This is
again most easily seen by looking at Eq. (4.11).'8

(4.14)

"8The first version of this paper had an incorrect statement on
this point.
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We can also express Eq. (4.13) as

Uy — Uy, = in, n>1, (4.15)

but here we are losing information since we do not distin-
guish between the two possible signs in the square root on
Eq. (4.13). In fact, we do not find these poles if we start
with large positive u; ~ u, and analytically continue in the
imaginary direction. We only find them if we start with
negative u; and analytically continue. This structure is
shown in Fig. 4. We get a mean density of poles consistent
with the one sketched at the end of Sec. III C."

Note that it is a nontrivial check of BES/BHL [5,6] that
we get the expected results in the giant-magnon region. In
fact, some of the other guesses in Ref. [6] do not have this
property. Note, in particular, that the elementary excita-
tions and the giant magnon only differ by their momentum,
and they are continuously connected and do not constitute
two different kinds of excitations.

V. CONCLUSIONS

In this article we have studied some aspects of an
especially interesting limit of the world sheet S matrix of
type IIB string theory on AdSs X S°. Since the limit is one
in which the spacetime curvature radius is taken to infinity,
one might have thought that we would arrive at a free
theory. Nevertheless, the effects of the leading deviation
away from flat space are still important in this limit. The
reason is that the excitations have a long time to interact:
the effects of small curvature are thus compounded, pro-
ducing large contributions.

In this limit, the theory has many of the features that are
encoded in the full S matrix, such as the fact that the
magnon scattering is off-diagonal and admits a nontrivial
crossing-symmetry equation. Moreover, we have found
that the Lagrangian in this limit looks fairly simple, and
might be exactly solvable in some fashion. Since the string
theory ultimately becomes weakly coupled, one would
expect that there is a clever way to solve this model
directly.

We also studied the BES/BHL [5,6] proposal for the S
matrix and found that it correctly reproduces the salient
properties of the giant-magnon region, at least in this limit.
We also found that we have double poles in this region. The
physical interpretation of these double poles will be ad-
dressed in a future publication.
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APPENDIX A: ANALYTIC PROPERTIES IMPLIED
BY THE CROSSING RELATION

We introduce the variable 7 defined via

+ — i1/4

w = {4 sinh7. (A1)

Crossing symmetry shifts n — n + i7. Let us write the
crossing symmetry Eq. (2.9) [10] in terms of these varia-
bles. We find

coshm, w™

(sinhn; — coshn,)?

2 : 2 _
o + i, loa , = ;
(m M)a*(n1, M) (coshm; + sinhn,)?

(sinhm; + sinhn,)?

(coshn; — coshn,)?
_ (sinhm; — coshn,)?

* (coshm, + sinhn,)?
1

X tanh2 M1 ;le ’ (AZ)

where we have simplified the second factor. We can iterate
the equation once to obtain the equation

o?(ny, my — 2mi) = o?(n, + 2im, 1,)
(coshm, + sinhn,)?

_ 2
=0 ) .
(1, 712) (sinhn; — coshn,)?

(sinhn, + coshn,)?

(— coshn, + sinhn,)?

4™ — M

X tanh s (A3)

where we have used the equations for crossing of 7; and
7,. So we see that o should pick up the above factor when
we shift its argument by 27i. If we had just the last factor
involving the hyperbolic tangent it would be easy to find a
meromorphic solution to Eq. (A3).%° The problem arises
from the first factor. We will now show that there exists no
meromorphic solution, as a function of 7n; and 7),, which
solves (A3).

First, we focus on a particular pole developed by one of
the factors in Eq. (A3):

sinhn, — coshn, = 0. (A.4)

Solving for 7, as a function of 7, we see that we have Z,
branch points where sinhn; = *1. If we take a contour in
the complex 7; plane going around these two branch
points, we see that 17,(7,) will change by 27ri. This con-
tour is depicted in Fig. 5.

*OThe solution is just A2, with & in Eq. (4.6).
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2ni|Q A
/—\ nilP B
B~CP | o7 A
1, plane
n, plane
0|Q A

FIG. 5. Contour in the 7 plane that leads to a shift in 1, when
we impose the equation sinhn; — coshn, = 0. Letters indicate
points that are mapped to each other, and the contour on the left
maps into the contour on the right.

Now, let us imagine that we obtain a putative meromor-
phic solution o?(7;, 7,). Consider the holomorphic func-
tion f(n,) = d?(ny, 12(n;)), and assume that for some
value of 1, the function f is neither zero nor infinite. Then,
by assumption, we will get a meromorphic function f(7,),
which could have branch points where 7,(n;) exhibits
branch points. However, by continuing 7; along the con-
tour in Fig. 5, so that 7,(n,) — m,(n;) + 24ri, we find that
f(7m,) becomes identically zero by virtue of the crossing
relations. This is a contradiction, because we would find
that f becomes zero after going through a branch cut. If
o?(n,, 1) has a finite-order pole or zero at 7, = 1,(n,),
then we can repeat this argument after we go around the
contour a sufficient number of times so as to cancel the
given pole or zero.

To evade this contradiction we need to either allow
branch cuts in ¢ or allow essential singularities along
the regions where Eq. (A.4) is obeyed.”' The option with
essential singularities appears to be incorrect, since the line
of essential singularities approaches the real physical line,
for example, as w; = wy — 0.

Even though we have made this argument in this special,
near-flat-space limit, the same argument can be made for
the full crossing-symmetry equation in Ref. [10]. In this
case one may start with the assumption of a meromorphic
solution on the two planes that result from going to the
cover of the two tori appearing in the description used in
Ref. [10].

APPENDIX B: SOME PROPERTIES OF THE O(N)
SIGMA MODEL IN THE NEAR-FLAT-SPACE
LIMIT

1. Classical integrability
Consider the theory

S=]a+§a,)7+a+)(a,/\/—§28,)(. (B1)

2Igolutions with essential singularities do exist [29].
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The Lax connection can be obtained by taking a simple
limit of the connection for the O(N) theory [32]. To write it
down explicitly, let us select one of the O(N) generators,
J1», and consider the off-diagonal generators that mix the
(1, 2) plane with the rest: we call them J=/, where i =
1,--+,N —2. We will need the following commutation
relations:

[JlZ} Jii] — iJii’ [J+i’ J*j] — _51']']12 _ Jij’

[0, JH] = 8,012 — Ju. (B2)

We then construct the flat connection A (w), where w is
the spectral parameter

d+ A=d+ A,dot + A_do~,

dA + A% =0,
le+ — - [e—ia'+wyij+i 4 e+i0+wyiJ_i],

A =

HEESE

1 - oo
_ia,/\/.llz — ¢l Wa,y’]“
V2

1 . . .
+ —e v Wo_yi gt B3
5 y } (B3)

We can now use the new variables (3.8) and the gauge-
fixing conditions j, = T__ = 0 to derive the Lax connec-
tion for the gauge-fixed Lagrangian (3.10). It will be con-
venient to employ the relations

dot = dx™, do 2G + d,-x) = dx~ — y*dx™.

(B4)

Using these equations and the constraints we find the new
connection

d+ A,dxt + A(dx — y*dx™),
1

- 1 1 - oL
A=—|—il=—(9.- 2]]2_ *lxwailji’l
W[ l<4 (xy)> Nk Y

1 .. L
+—eirtwy iy | BS
5 y } (B5)

and A , is the same as what we had above in Eq. (B3).2
One can perform a gauge transformation to remove the
constant part of the connection

i(l/4w)x’]‘2‘

(B6)

A —- A =g ' Ag+ g ldg, g=ce

We then find that the quantities in the above equation
become

*’Note that the “+”_component of the connection in these
variables is A, — y>A.
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d+ Al dxt + A'(dx~ — y*dx"),

L [e—ix+w—i(1/4w)x_

7
A=,y

‘/,ZVJr — yiJ+i + eix+w+i(1/4w)x_yi1—i]’

_ Le*ix+vv+i(l/4w)x’ axfy"J“

1 .. . _ L
+ Eelx wi(1/4w)x ax,yl‘]_l]‘ (B7)

2. The quantum theory

We now consider the quantum theory based on Eq. (B1).
To avoid IR problems, it is convenient to expand the theory
around a vacuum where d_ y = m?. In this way the field y
becomes massive. We obtain a divergent diagram from the
one-loop self energy of y of the form

2\ _ l d*p 2 2
1) = (N =) f S loe(p? ). (B
We can see that
B (N— 2) r&p 1
Ol = f(Zﬂ')z p*+ m?
(Ng 2 10g(A2/m?) 73)

Thus it is clear that I ~ m?logm?®. This violates the right-
conformal symmetry o~ — Ao~ that rescales m?. This is
perhaps not surprising, given that the original O(N) sigma
model is not conformal once quantum corrections are taken
into account. Thus the theory is not right-conformal in
general.

Even though the quantum theory is not conformal it is
still integrable, and one can solve it using the known
solution for the § matrix for the O(N) sigma model [21].
Note that, for the particular case of N = 2, the theory is
conformal. At first sight this theory is trivial, since in that
case we do not have any y. However, as stressed in
Ref. [22], we can view this theory as one based on the
OSp(M + 2|M) supergroup. In this case we would have M
bosonic y fields and M fermionic y fields. The OSp(M +
2|M) theory was studied in Ref. [22,33] as a toy model for
the full AdSs X §3 sigma model. One can similarly study it
in the limit we consider here, where some of the equations
in Ref. [22] simplify a bit. Using those results, one can
show that the scattering of impurities in this model gives
rise to double poles.

APPENDIX C: A PROOF OF FORMULA (4.8)

In this section we consider the sums that appear in the
definition of the phase. The starting expressions will be the
conjectured forms in BES/BHL [5,6], for n = 2:
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{(n) 1 X1
(=2m)" g"'T(n — 1) (xx,
o~ L+ 1+m+5HC(m+7%) 1
ZOZ Ft+3+m—5CQ2+m—145 x'y™’
t+2, s =r+1+2m,

y = x3. (CD)

X' = (1)

)2/?7

U

X = XXy,

In the last line we related the summation indices in Ref. [6]
to our own. Using Mathematica, we can easily show that
Eq. (C1) is equal to Eq. (4.8), for low values of n. These
were also summed in Ref. [6]. One can give a general proof
as follows. When the sums are performed one typically
generates hypergeometric functions. We will use the fol-
lowing identity:

1 L -
mF(m’b’m +b—17,2)
_ I'(d —m+ n) " — i+ s)[(7 — )
T — A)L(b) Z sTA—m+7a—ys)
X (1 —2z)577, (C2)

which is true if %, 71 are integers, and 0 < /i1 < 1.
The first step will be to do the sum over ¢ in Eq. (C1).
This gives

1+t+m+n/2) I'n—1)
ZF(Z+3+m—n/2)x T TQ+m—Y
*21“(2+m 2+ 5)
- 1\st1l-n
><<1——> L (©3)
X

after using Eq. (C2) with /i = 1 and i = n — 1. The result
for y is therefore

n—2
. 1 1\s+1-n
¥=Tr-1> —,(1——> Y(s,n,y),
5! x

< I'Q+m—=5+95I'(m+%) .

Y(s,ny) =
Y mZO T2 +m— 1y
re—-5+sre@ n n n
== 2 W pl2-2+522-22
T2 -2y 32( R )
n
—5,1/y). (C4)

We now use the identity

I'(by) /
drre~!
F(a3)F(b2 - 03
X (1 - t)b2 T 12Fl (al:aZ) bl,tZ)

(C5)

3F2(a1, aj, 03;b1, b2, )

Applying this formula and choosing a; = 1, we find that
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the parameters of the hypergeometric function ,F| are related in such a way that we can apply Eq. (C2) with

rh=a1=l, ﬁ=al+az—b1=l+s, Cl3:g. (C6)
(we take n to be a real number and s to be integer). We then find
n n n n re —n? 1
FplL2)—=4s5:2—2,2— -, 1)y) =<2 | au"/271(1 -l
3 2( R T T /y> rare-m Jo M T ey
n n
><2F1(1,2_§+S,2_§,t/y>
I'2-42 (s + 1
_rn( ) dtt(”/z) 1(1 t)l*n n(s )n
G2 —n) ra—-59re—-5+s)
S I(1 -2+
(Tt D1 iy
q=0 q!
_ T@2-v2 I(s + 1) (1 —"+q)
FrGOre—n) ra —5re—-5+s) Z
1
x f iDL = )1n(1 = 1/y)as, (C7)
0
{
and F(ﬂ) FS+1 _n_|_ )
Y(s,n,y) = ( ) Z q
! 2)-1 1- —-s—1 rg-9ra-49 s
f det/ 27N (1 = 171 = t/y)1s
0 n
” _ Fl=,1-— +s,2——;1/y. (C9)
TOrQ-n)  /n n %2 1<z 1 2 )
=—= " Fl=1—-qg+s2—=;1/y) (C8

Let us now go back to the sum we wanted to evaluate

Eq. (C4): |

I's+DI'r—1)

Using Eq. (C2), with i =1—¢q + s, b =n/2, and /i =
n— 1+ s — g, we obtain

ra—-5+gq

Y(s,n,y) =
0

ra-»5 Zq!r(1+s—q)l—‘(—n/2+l—s+q)

X
k=0

So the final answer takes the form

2n2vn2 F(l_%‘i‘q)

"2l (—n/24+1—s+qg+kT(n—1+s—q—k) 1\k—n+1+g—s
2 KT(n—1— k) ( > :

(C10)
y

I'=n/2+1—-s+qg+k)In—1+s—q—k)

Ao y) = r(1—") ;););]q'r(l+s—q)r(—n/2+1—s+q) KT(n —1— k)
% <1 _l)k n+l+q— s(l _l>s+1—n, (Cll)
y x
with
_ 4 1 Tm—-1) 1 _ _ ra-5+gq
=~ nara—p 2! )] ZO 2, Z T +s5—gl(—5+1—5+ g
F(=3+1-s+q+kln—1+s—q—k) 1= _ 1\kta
8 KIT(n —1— 1K) (1—%> (1 x_%> | (12
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Note that we have expressed the full phase in the second
expression. The leading-order answer in the scaling limit
comes from g = k = 0. In that case one can see that this
expression reduces to Eq. (4.9), after a relabeling of the
indices. When 7 is even, we can rewrite the last result in a
way that is slightly more concise:

—{ {(n) 1 !t —1)F<>

(—2m)" x\x3

Lol

s n—2 )q+k F(ﬂ + 5 — q)

Z Z Z q'T'(1 +2s —gI'G—q)

'n—1+s—qg—k%) :

X B m
IF'G+s—q—kl'(n—1—k) 1-4
X
(1 _i>k+q‘
x2

APPENDIX D: COMMENTS ON THE ANALYTIC
STRUCTURE OF THE PHASE

(C13)

We consider the antisymmetric combination

XaWi, wa) = x(wy, wy) — x(wop, wy), (DD

since y always appears in this combination. We then define
w, =w; + wy, and w, = w| — w,, and add the tree-level
result in Eq. (4.2) to the above expression. We define by x/,
the antisymmetric combination of the form in Eq. (D1),
including all contributions except that at one-loop order.
Up to terms that will cancel in the full phase, we find

;o °°d T 1
aw,Xa - 0 T T+ w, e2mT(THwe—w,) _ |
1

2rr(t+w . +w,) _

+1}—1+ We } (D2)
e 1 a+rT

where the last two terms are introduced to make the
integral finite. The quantity « is a constant that will drop
out of the combinations appearing in the total phase (4.1).
In the end we find that these last two terms can essentially
be ignored.

We are interested in understanding the analytic structure
of this function. We see that the integrand is an analytic
function of 7 with poles at values that depend on w,, w,.
Let us first understand the branch points. These will arise
when any of the singularities of the integrand approaches
7 = (. In general, if we have an integral of the form

/ dT h(T) (D3)
then we find a branch cut at a = 0 of the form
h(a)loga. (D4)

Following this logic, one might expect that there is a
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branch cut at w, = 0. This branch cut is actually not
present because the residue on this pole vanishes. This
happens because we combined the n = 2 contribution
with the tree-level answer (4.2). This shows that the branch
cut at w; + w,, which is present in the tree-level answer, is
removed in the exact answer. Note also that the one-loop
answer does not have a branch cut at this position. This, in
turn, implies that the branch cut in Eq. (3.31) is removed.

We can then look at points where the exponentials in
Eq. (D2) lead to poles in the integrand. These occur at 7 =
7o (wy), 75 (W,), where

Ty (Wy) = —wy = 4/wi +in.

In these cases the residues do not vanish, and we find
branch cuts that arise when we move along a contour in
w,, in such a way that 7* encloses the origin. If 7" circles
around the origin in an anticlockwise manner, then we get
the following shift in the phase:

(D5)

Axol = pomis ~ ilog(wy + wy + 7, (w))). (D6)

We find similar terms with w, — wy, and a flip of the
overall sign. Note that we have integrated the result ob-
tained from analyzing the singularities in Eq. (D2).

The case corresponding to 7, (w,) = —2w, deserves
special attention, since its partner 74 = 0 apparently
does not encircle the origin. In this case we get

o wy + wy
AX O, W)t = —zlog(w). (D7)

We get a similar expression for w; enclosing the origin:

= log<M>. (D8)

AX(Wl’ W27)|w2’—>ez”"w2’ Wi — w
2

If we thought that this was the only contribution obtained
from double crossing, then we would find a contribution
coming from the one-loop answer that precisely cancels
this.

However, if we follow the path in Fig. 3, then there is an
additional contribution arising in y(w;, w;) from the term
involving 7%,(wy) = —w3y *w;. We find that
75,(w3) = —w3 + w; encircles the origin in a clockwise
fashion, while 7—,(wy) = —w3 — w5 cycles around the
origin in an anticlockwise fashion. This can be seen most
easily by using the variable 7 in Eq. (2.10) so that —

w; ~ e*", and remembering that 7 — 7 + 27 under the
double-crossing transformation. The net contribution from
these two terms is
AxO01, Wi )le _primpe = —ilog(M). (DY)
Wi — Wy

When we consider the contour for w;, we find that
i (w]) = —w; = w3 enclose the origin. In fact, these
are the same combinations that we considered above,
producing a contribution of the form
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N ) wy + wi
AX(W], ) )lT;:_,eizm'T;; = —q log(ﬁ) (DIO)
2

With the contour choice we have made, all the other 75,
which were not explicitly considered, do not encircle the
origin and therefore do not give rise to a shift in y. We see
that when we add all of these contributions together, the
shift of A[ y(w, w3) — x(w, wy )] vanishes. Here we will
have to sum over w; — wf, but each one vanishes on its
own. Thus we see that, with the contour choice that we
have made, the double-crossing equation is obeyed. Note,
however, that the branch cuts at w*= = 0 in the one-loop
expression seem to be canceled by the branch cut coming
form higher-order contributions. Of course, it would be
nice to understand the analytic properties of the full phase
more completely.

1. A check of the single crossing equation

The contribution to the phase from the terms with n = 2
can be written as

1 y 1 1
0 T 2n jwz dT( T - _>
2 wi T+ w T+ w,;

X log[1 — e~ 277 =(n))]

1 Wy 1 1
- — dr T 7)
2 wi (T + w; T+ w,

X log[1 — e~ 27T =) (D11)

where we have used that ¢2™"")’ = ¢270v")* To check the
crossing relation, we want to evaluate 0+6=
O(—wy, wy) + 6(wy, wy). Let us first ignore possible terms
that are acquired under continuation. We therefore write
this expression as follows:

_ 1 w3 1 1
0+0=— 27dT -
21 /W; (7’2 —(wi)? - (wl_)2>

X log[1 — e 277 ~")]

1 Wi 1 1
- — 27dT -
M G )

X log[1 — =277 =D, (D12)

where we have combined the term scaling like 1/(7 + w{)
from 6 with the term scaling like 1/(7 — w{") from 6. In
the second line we see that # involves an integral in the
interval [—w{, —w[]. Under a change of integration var-
iables 7 — —7, we recover an integral with the same limits
as the one we had in 6, but with an extra minus sign in the
denominator. It is assumed that in all of these manipula-
tions we do not cross the contour or acquire any extra
contributions to the expressions.

We can now invoke a change of variables u =
72 — (w3 )?* in the first integral, along with a similar change
in the second integral. Imposing the constraint between w;*
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in Eq. (2.3), we get

_ 1 —i 1 1
+0=— = log[1 — e~27
o+0 277'[() du(u—B u—5+i>0g[ ¢ ]
1 —i 1 1
- _ 1 1— —27u
27 Jo d”(u+5 u+8+i>0g[ e
8=w)?*—(wy)~ (D13)

Note that Re(8) < 0 in the region |wy | > [wi |, with w3
almost real. By changing variables ' = —(u + i) in the
second line, we find that the limits of integration of the
second term are the same as in the first term. In addition,
the integrand looks very similar. After combining terms we
obtain

_ 1 (i 1 1
0+60=— d -
Zﬂﬁ) u(u—ﬁ u—5+i>

X (log[1 — e~ 2™] — log[1 — €2™)),

(D14)
where
log[1 — e 2™] — log[1 — €*™] = —27u — iw. (D15)

Note that the —ir is correct in the difference of logs, since
the first log is defined such that it is real for # > 0, and the
second so that it is real for # < 0. We then get

+(6—1i/2)1 .
—5 O i/Dloe—5m
(D16)
We now compute the change in the tree-level expression
4.2):

0%+ 6° = —251log(—8) — (=6 + i)log(—6 + i)
— (=8 —i)log(—6 —i).

When we add this to the results of Eq. (D14) we find

- [ -0 +i

@+6+(+6%= —%log_a_l,.

After taking into account the change in the one-loop an-
swer, the total change should indeed be (D18) (see Ref. [6]
for further details).

0+6=—(5+i/2)log

(D17)

(D18)

2. Poles

Let us now focus on the poles in the amplitude. It is
simplest to consider the expression involving a derivative
(D2), and the poles in the S matrix will give rise to poles in
Eq. (D2). These poles arise when two singularities of the
integrand come close together. In principle, they have to
pinch the integration contour, but it seems that by analyti-
cally continuing in a suitable manner we will get a singu-
larity on some of the branches discussed above.

An interesting set of singularities arises when

—w.=1T7r(wy) or 0=w, *+/(wy)*+in (DI19)

At these singularities we find that w,w, = in. We can
therefore take w, = in/w. + € and expand the integral
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for small €. When we do this we see that the contour can be
pinched, and we can find a singularity in the phase of the
form

/

X, = —iloge ~ —ilog(w; = +/(wp)> + in).  (D20)

The analysis thus far does not immediately tell us
whether we get a singularity in the region close to the
physical space. We expect that some general principle
will tell us what the physical region is. For the moment,
we will just define it as having values of w = | which are
close to the physical values and far from the branch points.

In particular, we can consider the scattering amplitude in
the giant-magnon region, where k; >> 1. In this regime, w;
are large and almost purely imaginary, and we find that all
branch points are far from the physical line. We would then
like to know if there are any poles that arise as we analyti-
cally continue around this region by a small amount. For
this to happen, we need to have values of 7, (w,) and w; +
w, that can pinch the contour. In particular, we would like
to have w; + w, be small. This happens only if we con-
sider the combinations (w{, wy) and (w, w; ). We can
then find that when we analytically continue in the region
where k; ~ k, > 1, we pinch the contour and get poles
that, by our definitions, are close to the physical line.

A simple way to see this is to start with the expression in
Eq. (D2), for the case with w; = wi and w, = w5 , with
ki, k, > 1. We can then rotate the contour to the line 7 =
¢(/4)y with real and positive y. The integral along the
new contour gives an exponentially small contribution (up
to analytic terms in the phase). So the only remaining
contribution arises from the poles that we pick up when
we rotate the contour. These poles are at

=7 (WF) = —wy +4/(wy)? +in,

where the branch of the square root is chosen so that, for
physical values of w™, the real part of the square root is
positive. The contribution at each pole is given in terms of
the residue of the integrand, and is equal to

™ (w3) 1

l =
Ti(wy) +wy +w 2(rF(wy) + wy

n>0, (D21)

= —awrilog(r,f(w;) + w3 +wp). (D22)

There is a similar contribution from the terms with
(wy, wy ). These two combine to give

o2~ e*2i/\/,’,(wl’,w;)+2i)(ﬁ,(wz’,wr)

© (W) +in+w;)?

n=1(,/(w)? +in+wy)?

= \/m+wg)( (wy)? —in+w{)
-T1 . (D23)
n=1 (0w + in w002 = in - wd)
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These products in the right-hand side are defined only up to
analytic terms which are divergent.”> We have written a
couple of different expressions whose poles are the same in
the region of interest. This expression is similar to the one
written for the so called ““giant magnon’ phase in Ref. [6].
In fact one can add other contributions to obtain an ap-
proximate expression that looks like the ‘“‘giant” guess in
Ref. [6]. However, the full phase is not the same as the
“giant magnon” phase in Ref. [6], since the expression
(4.10) has a branch cut at w = 2 = 0, while the expression
in the “‘giant magnon” phase in Ref. [6] does not. In terms
of the variable u introduced in Eq. (2.5), the poles lie at

U, — Uy = in, n>1. (D24)
Notice that displaying the poles as in Eq. (D24) is mis-
leading, since in the region u; >> 0 we do not have poles
near the physical region. This is the plane wave region. On
the other hand, for u; <« 0, which is the giant-magnon
region, these poles are close to the physical region. The
reason that this happens is that there are many branch cuts
starting from the one at u; = *=i/2 (see Fig. 4).

It turns out that at u; — u, = i the factor o2 is finite,
with no zeros or poles. We should simply note that
Eq. (4.11) is analytic at w; + w; = 0.

The following is a longer argument showing the same
fact. To analyze possible poles at u; — u, = i, or, more
precisely, at w{ + w; = 0, we need to analyze the one-
loop term in Eq. (4.5). So far we have not discussed the
one-loop term because, due to its form in Eq. (4.6), we see
that it can produce only poles or zeros for u; — u, =
0 or u; —uy, = *i. Most of these poles are in other
branches that one reaches after going through the cuts at
u; = *i/2. We are only going to discuss poles in the main
branch, which is directly connected to the physical values
of u. For this purpose, it is useful to notice that as we
change the physical momentum k from zero to infinity, the
imaginary part of 6" in Eq. (4.7) goes between zero and
—ir/2. Similarly, the imaginary part of §~ goes between
zero and +i7/2. When we do an analytic continuation in
the neighborhood of the physical values of w™, the imagi-
nary part of 6~ will not change by a large amount. Since
differences between ;" can only be at most +i7r, we only
need to worry about the following terms in /& [see
Eq. (4.6)]:

0+ im)

In addition, the only differences that can get close to *im
are 0 — 0, ~ —imor 0] — 05 ~ im. In the first case we

#3To produce a formula that makes mathematical sense, we can
take the log on each side and take derivatives Oy 0ypr The
divergence comes from a similar divergent term that we cziropped
after we rotated the contour. The expression we started from, on
the left-hand side, is finite.
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see from Eqs. (D25) and (4.5) that we will get a pole in o
as wi + w3 ~ 0. In the second case we get a zero in o as
wi +wy ~0.

When we analyzed the contributions from the higher-
loop terms coming from Eq. (D2), we considered deriva-
tives with respect to w, = w; — w, for fixed w; + w,, so
we could have missed contributions involving purely w; +
wj. In order to find such contributions from the higher-loop
terms, we would be tempted to simply set w; = w, first
(which amounts to setting w, = 0), and then we would find
that there is no singularity at w, = 0. But we should be
more careful since the function has branch cuts at w; = 0.
It is safer just to keep w, to be finite, as it would be in the
physical region (giant magnon region) we are exploring
and then compute the behavior of the function for small w..
Approximating the integral for small w., we find that
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singularities come from small 7 so that we also expand
the integral for small 7 to find

1 dr T— W i
I rl= 2
Xa =5 | 77 w, log[T + w,} 2 logw,,  (D26)

where we had to use

"
=1 W2
= Ogi_ T

wp —w,

log—r L IO (D27)

Wy

when we start from physical particles and then we go to the
limit where w3 + wi ~ 0.

Thus we see that the higher-loop contributions to o
produce a single pole of the form o ~ (w; + w)~!. This
pole cancels the one-loop term and gives no net pole or
zero in o2 for wi + w; ~0.
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