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Can Gravity Probe B usefully constrain torsion gravity theories?
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In most theories of gravity involving torsion, the source for torsion is the intrinsic spin of matter. Since
the spins of fermions are normally randomly oriented in macroscopic bodies, the amount of torsion
generated by macroscopic bodies is normally negligible. However, in a recent paper, Mao et al. (arXiv:gr-
qc/0608121) point out that there is a class of theories, including the Hayashi-Shirafuji (1979) theory, in
which the angular momentum of macroscopic spinning bodies generates a significant amount of torsion.
They further argue that, by the principle of action equals reaction, one would expect the angular
momentum of test bodies to couple to a background torsion field, and therefore the precession of the
Gravity Probe B gyroscopes should be affected in these theories by the torsion generated by the Earth. We
show that in fact the principle of action equals reaction does not apply to these theories, essentially
because the torsion is not an independent dynamical degree of freedom. We examine in detail a
generalization of the Hayashi-Shirafuji theory suggested by Mao er al. called Einstein-Hayashi-
Shirafuji theory. There are a variety of different versions of this theory, depending on the precise form
of the coupling to matter chosen for the torsion. We show that, for any coupling to matter that is
compatible with the spin transport equation postulated by Mao et al., the theory has either ghosts or an ill-
posed initial-value formulation. These theoretical problems can be avoided by specializing the parameters
of the theory and in addition choosing the standard minimal coupling to matter of the torsion tensor. This
yields a consistent theory, but one in which the action equals reaction principle is violated, and in which
the angular momentum of the gyroscopes does not couple to the Earth’s torsion field. Thus, the Einstein-
Hayashi-Shirafuji theory does not predict a detectable torsion signal for Gravity Probe B. There may be

other torsion theories which do.
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I. INTRODUCTION AND SUMMARY

A. Theories of gravity with torsion

General relativity (GR) is in good agreement with all
current experimental data from laboratory tests, the solar
system,' and binary pulsars [2]. However there is good
motivation to consider modifications and extensions of
GR: low energy limits of string theory and higher dimen-
sional models usually involve extra, long range universal
forces mediated by scalar fields, and in addition the ob-
served acceleration of the Universe may be due to a modi-
fication of GR at large distances. One may hope that new
and highly accurate experiments, such as Gravity Probe B
(GPB) [3], will enable one to test for deviations from GR.

One natural framework in which to generalize GR is to
allow the connection I'#, to be a nonsymmetric indepen-
dent dynamical variable instead of being determined by the
metric. The covariant derivative of a vector v* is defined in
the usual way as

Vﬂv”zaﬂv”—kr”wv)‘. (1.1)
If one retains the assumption that the connection is metric
compatible, V,g,, = 0, then it can be shown that the
connection is determined uniquely by the metric and the
torsion tensor

'An exception is the Pioneer anomaly [1], which remains
controversial.
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One obtains

F/\MV = ,{‘LV} - Kp,v/\ (13)

where the first term is the Levi-Civita connection deter-
mined by the metric and

A:_S /\_S/\ S/\

K v

uv v~ P uv (1.4)

is called the contorsion tensor. A spacetime equipped with
a metric g,, and a torsion tensor is called a Riemann-
Cartan spacetime. The Riemann tensor R*,  of the full

connection (1.3) is related to the usual Riemann tensor
R* ), of the Levi-Civita connection by

R¥,,, = RMW +V,K, *—=V,K,* + K, *K,,’
- K,,."K,,’, (1.5)

where V u 18 the Levi-Civita derivative operator, and our
convention for the Riemann tensor is given by Eq. (BY).
The action for theories of gravity in this framework has the
generic form

S[gp,w I‘/\,uw \P] = SG[g,uw F/\,LLV]
+ Smatter[gp,w I‘)\,uw \I’],

where S; and S, are the gravitational and matter ac-
tions and ¥ collectively denotes the matter fields. There is

(1.6)
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extensive literature on theories of gravity of this type; see
the review articles [4-7].

It is often useful to reexpress these theories using the
tetrad formalism [8]. In this formalism the independent
variables are taken to be a tetrad of four linearly indepen-
dent vector fields e,*(x), and a tetrad connection w M“b =
—w, " defined by

Vi ér = e, 8. (1.7)
Here tetrad indices a run from O to 3 and are raised and
lowered wusing the Minkowski metric 7, =
diag(—1,1,1,1). The two sets of variables, 8uw F)‘W,

and e,*, w,, are related by’
Euv = nubeauebw (183)
F/\,u,v = ea/\[eav,,u, + w,u,abebv]l (18b)

where the dual basis of one-forms e, is defined by

ea“e”# = &b, (1.9

The action of the theory in terms of the tetrad variables is
Sle,*, ,%, W] = Sgle,, w, ]

+ Smatter[ea'u’ w,u,ab’ \P] (110)

Normally the theory is invariant under local Lorentz trans-
formations A, = A,”(x) of the tetrad

et — Nleyt,

= AN 0, g = A LA

(1.11a)
(1.11b)

O
together with the corresponding transformations of any
fermionic matter fields.

There are three different categories of theories involving

torsion:

(1) Theories in which torsion is an independent dynami-
cal variable and the field equations for torsion are
algebraic, for example, the Einstein-Cartan theory
[4] in which the gravitational action is proportional
to the Ricci scalar. In these theories the torsion
vanishes in vacuum.

(i1) Theories in which the torsion tensor is an indepen-
dent dynamical variable and a propagating degree of
freedom, for example, Refs. [4,6,7,9-12]. The
source for torsion is the tensor

o H = 1 6Smatter
ab \/_—g Swﬂab :

For the standard, minimal coupling of torsion to
matter, this tensor is a measure of density of funda-
mental or intrinsic spin, and thus is very small when
averaged over macroscopic distances in unpolarized

*The connection (1.8b) is automatically metric compatible by
virtue of the antisymmetry of @, on a and b.
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matter [4,6]. (For nonstandard couplings it is con-
ceivable that this tensor could be non-negligible.)

(iii) Theories in which the torsion is not an independent

dynamical variable, but is specified in terms of
some other degrees of freedom in the theory, for
example, a scalar potential [13,14] or a rank 2
tensor potential [7,15,16].

A particular special case of the third category are the so-
called teleparallel theories [17-32]. In these theories the
only dynamical variable is the tetrad e,*; the tetrad con-
nection w M“” is not an independent variable. In addition,
the local Lorentz transformations (1.11a) are not a sym-
metry of the theory. The tetrad therefore contains 6 extra
physical degrees of freedom which are normally gauged
away by the local Lorentz symmetry. In linear perturbation
theory about flat spacetime these extra degrees of freedom
act like an antisymmetric, rank 2 tensor potential for the
torsion; see Sec. Il below for more details. In teleparallel
theories the torsion is defined to be

S,lLI//\ = %ea)‘(eav,,u - ea,u,v)-

(1.12)

The form of this equation is invariant under coordinate
transformations but not under the local Lorentz transfor-
mations (1.11a). It follows from this definition and from
Eq. (1.8b) that the tetrad connection w #“” vanishes, and it
follows that the Riemann tensor

Rah/“} = ea)‘eh(TR)La'l“/

b ch

7
(1.13)

— ab _ ab a ch __ a
=w,” o, ’,,+a)M cWy w,' W

also vanishes. Thus in teleparallel theories the curvature
(1.5) of the full connection vanishes, and so on the right-
hand side of Eq. (1.5) the contorsion terms must cancel the
curvature term. Hence, if the spacetime metric is close to
that predicted by general relativity, so that R ~ M/r3 at a
distance r from a mass M, then the torsion must be of order
S ~ K ~ M/r*. Therefore, teleparallel theories generi-
cally predict a non-negligible torsion for macroscopic,
unpolarized bodies, unlike conventional torsion theories.

B. Constraining torsion with Gravity Probe B

The prevailing lore about torsion theories has been that
they are very difficult to distinguish from general relativity,
since the torsion generated by macroscopic bodies is nor-
mally negligibly small for the reasons discussed above
[7,33]. However, a recent paper by Mao, Tegmark, Guth,
and Cabi (MTGC) [34] points out that teleparallel theories
are an exception in this regard. They suggest that GPB
might be an ideal tool to probe such torsion theories. In
particular, they argue that, since the angular momentum of
macroscopic bodies generates torsion, one would expect
that the angular momentum of test bodies such as the GPB
gyroscopes would couple to the Earth’s torsion field, by the
principle of “action equals reaction.”
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MTGC also review the literature on the equations of
motion and spin precession of test bodies in torsion theo-
ries [14,16,35—44]. They argue that, because there is some
disagreement in this literature, and because the precise
form of the coupling of torsion to matter is not known, it
is reasonable to assume that test bodies fall along geodesics
of the full connection (called autoparallels), and to assume
that the spin of a gyroscope is parallel transported with
respect to the full connection. They introduce a theory of
gravity called the Einstein-Hayashi-Shirafuji (EHS) the-
ory, a generalization of an earlier teleparallel theory of
Hayashi and Shirafuji [18], and compute the constraints
that GPB will be able to place on this theory for their
assumed equations of motion and spin transport.

In this paper we reexamine the utility of GPB as a probe
of torsion gravity theories. We agree with the general
philosophy expressed by MTGC that the precise form of
the coupling of torsion to matter is something that should
be tested experimentally rather than assumed a priori.
However, while it is conceivable that there could exist
couplings which would predict a detectable torsion signal
for GPB, we show that teleparallel theories and the EHS
theory, in particular, do not.

We start by discussing the action equals reaction prin-
ciple. This appears to be a robust and very generic argu-
ment, indicating that the angular momentum of a test body
should couple to torsion in theories where spinning bodies
generate torsion. In fact, there is a loophole in the argu-
ment, and, in particular, it does not apply to the EHS
theory, as we show in detail in Sec. IV below. The nature
of the loophole can be understood using a simple model.
Consider in Minkowski spacetime the following theory of
two scalar fields @, and ®, and a particle of mass m,

S = —% fd4x[(v¢1)2 + (V®,)7]

/ dx* dx”

Here A is a parameter along the worldline and ¢ is a scalar
charge. In this theory the particle generates a @, field but
not a @, field, and correspondingly it feels a force from the
@, field but not the P, field, in accordance with the action
equals reaction idea. However, consider now the theory in
noncanonical variables ®, = ®,, &, =P, + ®,. In
terms of these variables the particle generates both a d,
field and a (iDZ field, but feels a force only from the (i)l field,
in violation of action equals reaction. Thus, we see that the
action equals reaction principle can only be applied to the
independent dynamical variables in the theory, which di-
agonalize the kinetic energy term in the action. In the EHS
theory, the torsion and metric are not independent dynami-
cal variables; see Sec. IV below.
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C. The Einstein-Hayashi-Shirafuji theory

In the remainder of this paper we examine in detail the
EHS theory suggested by MTGC. In this theory the defin-
ing relation (1.12) between torsion and tetrad for telepar-
allel theories is replaced by

g
St = EeaA(eaw =), (1.15)

where parameter o lies in therange 0 = o = 1.Foro = 1
this reduces to the teleparallel case, while for o = 0 the
torsion tensor vanishes. Thus, the EHS theory interpolates
between GR at o = 0, in which the torsion vanishes but the
Riemann tensor is, in general, different from zero, and the
Hayashi-Shirafuji teleparallel theory [18] at o =1, in
which the Riemann tensor vanishes but the torsion tensor
is, in general, different from zero.

The only dynamical variable in the gravitational sector
of this theory is the tetrad e¢,*, and, as for the teleparallel
theories, the theory is generally covariant but not invariant
under the local Lorentz transformations (1.11a) of the
tetrad. The action for the theory can be written as

S[ea'u'r ‘I’] = SG[ea'u] + Smatter[ea'u’ w,uab’ \P], (116)

where W denotes the matter fields and, in the second term,
1) M“” denotes the tetrad connection obtained from the
torsion tensor (1.15) via Egs. (1.3), (1.4), and (1.8b). The
matter action S, 18 not specified by MTGC, so there are
different versions of the EHS theory depending on the form
of the coupling to torsion chosen in this matter action. The

gravitational action is given by

Scle 1= /d“x,/—g[altw)‘t“’“\ + a,v,v” + aza,a”].
(1.17)

Here a4, a,, and aj are free parameters with dimensions of
mass squared (we use units with 7z = ¢ = 1), and the
tensors 7,,,,, v”, and a” are defined to be the irreducible
pieces of the torsion tensor (1.15), but with the factor of o
removed:

v, = o154, (1.18a)
a, =10 €,,,057"", (1.18b)

t/\,MV = 0-7]S1/(,u)\) + é(gv)\v,u, + gV,MU)\) - %g)\,u,vl/'
(1.18¢)

Also in Eq. (1.17) g denotes the metric determinant, where
guv 1s given in terms of the tetrad by Eq. (1.8a). For fixed
a,, a,, and as, this gravitational action is independent of
the parameter o; this parameter enters the theory only
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through the dependence of the matter action on the torsion
tensor (1.15).%

In Appendix B we show that the gravitational action can
be rewritten in terms of the Ricci scalar R({}) of the Levi-
Civita connection as

Scle*] = [d4x\/—_g[le({}) + 4d,v,v* + 9dsa,a”),
(1.19)

where d; = —3a,/8, d, = (a; + ay)/4, dz = a3/9 —
a;/4. We shall refer to the three-dimensional space pa-
rametrized by (d,, d», d3;) as the gravitational-action pa-
rameter space.

As mentioned above, there are different versions of the
EHS theory, depending on the form of the matter action
Smater chosen; MTGC do not specify a matter action.
Consider now what is required in order to predict the signal
seen by GPB. The experiment consists of an Earth-orbiting
satellite carrying four very stable gyroscopes, and the
measured quantity is the time dependence of the angles
between the spins of the gyroscopes and the direction to a
fixed guide star. To compute this quantity in an arbitrary
Riemann-Cartan spacetime, it is sufficient to know the
equations of motion and of spin transport for a spinning
point particle.4 These equations can be computed, in prin-
ciple, for any matter action. MTGC assume that the matter
action is such that the trajectory of the spinning point
particle is either an autoparallel (a geodesic of the full
connection) or an extremal (a geodesic of the metric), and
that its spin is parallel transported with respect to the full
connection.

D. Requirements necessary to ensure physical viability
of the theory

In this paper we constrain the parameter space of the
EHS theory by imposing a set of physical requirements. To
simplify the analysis we first linearize the EHS theory with
respect to a flat torsion-free spacetime, and then impose
physical requirements on the linearized theory. The line-
arized theory is completely characterized by two tensor
fields: a symmetric field %,,, and an antisymmetric field
a,,- In terms of these fields the torsion tensor is given by
St = a(h, 1 — 2a%;, 7)/2, and the metric is given by

gp,v = n,u.v + h,u,v‘
We impose three types of requirements. First, we require
that the theory have no ghosts, i.e., that the Hamiltonian of

*The parameters defining the theory are therefore
(aj, ap, a3, 0). MTGC use a different set of parameters
(cy, €3, €3, K, o) which are not all independent. The relation
between the two sets of parameters can be derived using the
identity of Appendix B and is a; = o%c; —4/(3k), a, =
o’c, +4/(Bk), a3 = d*c; — 3/ k.

*One also needs to know the trajectories of photons, but these
are determined by gauge invariance to be just the null geodesics
of the metric, as in GR [4].
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the theory be bounded from below. This requirement rules
out most of the three-dimensional parameter space of the
gravitational action Sg. The remaining viable subdomain
of the parameter space consists of two intersecting two-
dimensional planes.

Second, we further require that the theory have a well-
posed initial-value formulation. This means that, if the
physical degrees of freedom are specified on an initial
spacelike hypersurface, the future evolution of these de-
grees of freedom is uniquely determined. Now, for many
theories some of the degrees of freedom are nonphysical
and are associated with a gauge symmetry. For example, in
classical electrodynamics the field equations for the vector
potential A, are invariant under the gauge transformation
A, — A, + ¢,. These field equations therefore do not
predict a unique evolution for the vector potential, and
correspondingly consist of a set of underdetermined partial
differential equations. Nevertheless, classical electrody-
namics has a well-posed initial-value formulation, because
the degrees of freedom whose evolution cannot be pre-
dicted are pure gauge.

A similar situation arises in linearized EHS theory.
There, the gravitational action is invariant under certain
symmetries of the dynamical variables (not diffeomor-
phisms), and correspondingly the field equations form a
set of an underdetermined partial differential equations.
Therefore the theory can have a well-posed initial-value
formulation only if the undetermined degrees of freedom
are pure gauge. This can be the case only if the matter
action is also invariant under the symmetries. However, the
equations of motion and spin precession postulated by
MTGC do not respect these symmetries, and they should
inherit such a property from the matter action. We con-
clude therefore that the initial-value formulation is ill-
posed. This argument applies in most of the remaining
portion of the parameter space of the theory. The subdo-
main that is not excluded by this argument and by the
requirement of no ghosts consists of a single line in the
three-dimensional space.

Third, in this remaining subdomain, the linearized gravi-
tational action reduces to that of GR; it depends on the
tetrad only through the metric g,,. In particular, this
means that the torsion tensor is completely undetermined
in vacuum, and so for a generic matter action, the motion of
test bodies cannot be predicted. The corresponding incon-
sistency of the Hayashi-Shirafuji theory in this limit has
been previously discussed in Refs. [18,23,25-27,29-31].
This inconsistency is avoided if one constructs a special
matter action in which the unpredictability of the torsion
tensor is associated with a gauge symmetry of the theory, in
this case the predications of the EHS theory coincide with
the predictions of GR.

Finally, our argument that the initial-value formulation
is ill posed can be evaded by modifying the coupling of the
torsion tensor to matter in the theory. Rather than postulat-

124016-4



CAN GRAVITY PROBE B USEFULLY CONSTRAIN ... PHYSICAL REVIEW D 75, 124016 (2007)

TABLE I. A summary of the status of the Einstein-Hayashi-Shirafuji theory [34] in different sectors of its parameter space. The rows
of the table represent these different sectors; the parameters d, and d3, which appear in the gravitational part of the action, are defined
in Eq. (1.19) in the text. There are different versions of the Einstein-Hayashi-Shirafuji theory depending on the precise form chosen of
the coupling of the torsion tensor to matter fields. These different versions are the columns of the table. “Autoparallel” means that it is
assumed that the matter coupling is such that freely falling bodies move on geodesics of the full connection, while “Extremal” means
they move on geodesics of the Levi-Civita connection determined by the metric. These were the two cases considered by Mao et al.
[34]. “Standard matter coupling” means the standard, minimal coupling of torsion to matter fields [4,6], which, in general, gives rise to
motions of test bodies that are neither autoparallel nor extremal. The meanings of the various entries in the table are as follows.
“Ghosts” means that some of the degrees of freedom in the theory are ghostlike at short distances, signaling an instability that rules out
the theory. “I.V.E.” means that the theory does not have a well-posed initial-value formulation, and so is ruled out. “Inconsistent”
means that the theory does not predict the value of the torsion tensor, so the motion of test bodies cannot be predicted, while “GR”
means that the theory reduces to general relativity. Finally ‘“no GPB torsion signal”’ means that there is no torsion-induced coupling
between the Earth’s angular momentum and that of the Gravity Probe B gyroscopes; there is only a coupling between the fundamental
spins of the Earth’s fermions and of those in the gyroscopes, which gives a negligible signal as those spins are randomly oriented.

Autoparallel Extremal Standard matter coupling
Sector of parameter space
D, ={d, #0,d; # 0} Ghosts Ghosts Ghosts
D, ={d, # 0,d; = 0} LVE. LVE LVE
D, ={d, =0,d; # 0} I.VFE. I.VE. Consistent but no GPB torsion signal (action = reaction violated)
D;={d, =0,d; =0} Inconsistent  [Inconsistent/GR Inconsistent

ing the equations of motion and spin precession used by
MTGC, we instead assume that the coupling of torsion to
matter is the standard, minimal coupling described in
Refs. [4,6]. For this coupling, the matter action is invariant
under the symmetries of the gravitational action discussed
above, in a portion of the parameter space, and so the
theory has a well-posed initial-value formulation in which
the undetermined degrees of freedom are interpreted as
gauge degrees of freedom. This is the interpretation sug-
gested in the original paper by Hayashi and Shirafuji [18].
For this case, we again examine the linearized theory for
the fields %, and a,,. We find that &, satisfies the same
equation as the metric perturbation in GR, while a,,
satisfies a wave equation (with a suitable choice of gauge)
whose source is obtained from the intrinsic spin density of
matter. As discussed earlier, this implies that, for a macro-
scopic object for which the spins of the elementary parti-
cles are not correlated over macroscopic scales, a v will be
negligible. Hence the spacetime of the linearized theory is
completely characterized by the metric alone, and so its
predictions coincide with those of GR® and there will be no
extra signal in GPB.

A summary of the status of the EHS theory in various
different cases discussed above is given in Table I.

To summarize, there are no cases in which the EHS
theory gives a detectable torsion signal in GPB.
However, it is nevertheless possible that other torsion

SThis is despite the fact that the torsion tensor is generically
nonzero. The torsion tensor is not an independent degree of
freedom in this limit; it is given in terms of the metric by the first
term in Eq. (2.3b).

theories in the other categories discussed in Sec. I A,
with a suitable choice of matter coupling, could predict a
detectable signal. Various possibilities for nonminimal
couplings are discussed by Shapiro [6]. It would be inter-
esting to find a torsion theory that predicts a detectable
torsion signal for GPB; such a theory would be an example
to which the theory-independent framework developed by
MTGC (a generalization of the parametrized post-
Newtonian framework to include torsion) could be applied.

E. Organization of this paper

This paper is organized as follows. In Sec. II we derive
the dynamical variables and the action of the linearized
EHS theory. In Sec. II B we study the action for the anti-
symmetric field a,,, temporarily setting the symmetric
field &, to zero. We show that this theory has ghosts on
a subdomain of the parameter space. Section IIE and
Appendix A extend this result to the complete linearized
theory, including the symmetric field 4, thereby ruling
out a subdomain of the parameter space. We then focus on
the complementary subdomain and show that it is invariant
under certain symmetries. Section III reviews the neces-
sary requirements for a well-posed initial-value formula-
tion. In the subsection of Sec. III we use these requirements
to rule out a subdomain of the parameter space that has an
ill-posed initial-value formulation. The remaining portion
of the parameter space is discussed in Sec. IIF

Finally, Sec. IV considers the EHS theory with the
standard matter-torsion coupling. In a certain portion of
parameter space this theory has a well-posed initial-value
formulation and no ghosts, but we show that the deviations
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of its predictions from those of GR are negligible for
unpolarized macroscopic bodies. Final conclusions are
given in Sec. V.

I1. LINEARIZATION ABOUT FLAT,
TORSION-FREE SPACETIME OF THE
EINSTEIN-HAYASHI-SHIRAFUJI THEORY

A. Action and variables of linearized theory

To linearize the EHS theory we first decompose the
tetrads e,* and dual one-forms e“,, into background tet-
rads and one-forms and perturbations:

e, = b,* + eyt

a — pa a
e‘, bM—l—Be#.

(2.1a)
(2.1b)

We assume that the background tetrads b,* are constants
for which the metric (1.8a) is the Minkowski metric,
8ap = Map»> and for which the torsion (1.15) is vanishing,
S ;w/\ = 0. Thus, to zeroth order, the spacetime is flat and
torsion-free. Throughout this paper we will work to leading
order in the tetrad perturbations. Hereafter, unless we
explicitly state otherwise, Greek indices are raised and
lowered with 7, and Latin indices with 7.

From the definition (1.9) of the dual basis applied to both
the full tetrads and the background tetrads, we find that
oe’,b,” = —dc,”b,. Thus we can take de?, to be the
fundamental variable of the theory. We next convert this
quantity into a spacetime rank 2 tensor using the back-
ground tetrad, and take the independent symmetric and
antisymmetric pieces. This yields the definitions

(2.2a)
(2.2b)

= b
hy, = 2de (#b“y)’r]ub,
ayy = 8e’, b 1

The formulas (1.8a) and (1.15) for the metric and torsion
now yield

Cuv = Muv T "y (2.3a)
A_9 2 A
Syt = E(h (o] 2a [Vy#]). (2.3b)

The linearized gravitational action S{" can now be ob-
tained by substituting the expressions (2.3) for the metric
and torsion into the action (1.19) and expanding to qua-
dratic order in &, and a,,. The resulting action can be
written schematically in the form

Sl(i;near — SS[hMV] + SC[h,uV’ aaﬂ] + SA[a,uvl

where Sy is quadratic in the symmetric tensor &
quadratic in the antisymmetric tensor a
the cross terms.

2.4

wv SA is

v and S contains

B. The antisymmetric term in the action

We now focus on the antisymmetric term S, in the
action, ignoring for the moment the other two terms. For
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this theory we derive two kinds of results. First, we con-
strain the parameter space (d;, d», d;) by imposing the
requirement of no ghosts, and second we derive symmetry
transformations under which the action S, (with specific
parameters) is invariant. Later in Sec. I E we will extend
some of these results to the complete linearized action
Slinear.
G

The antisymmetric action Sy[a,,] is constructed from
the antisymmetric field a,,, in Minkowski spacetime, and
consists of terms that are products of derivatives of a,,,,, of
the form (9,a,,,)*. Actions of this type also arise in gravi-
tational theories with a nonsymmetric metric and have
been extensively studied. See Refs. [45,46] for a discussion
of the existence of ghosts in theories of this type.

There are only three linearly independent terms of the
form (9,4a,,)?, namely,

A T v,A Ay
a,, at* o, A gy rat”?, Ayypat™?.

From these terms one can construct only two functionally
independent actions, since the identity

A o __ Ao — A No Ao
at* ,a att%a, .\ = 0 (a*a,, at*%a, )

(2.5)

shows that a linear combination of the terms is a diver-
gence which can be converted to a surface term upon
integrating and thereby discarded. Therefore, the most
general action of this type can be written as

wo’

Sy = fd“x[dzaw\')‘a”",,, + dsaya™’ ] (2.6)

where a™” = —e*"?a,,/2 (here €*”” is the Levi-
Civita tensor of a flat spacetime), and d,, d; are free
parameters. Indeed an explicit calculation using

Egs. (1.18), (1.19), and (2.3) shows that S, is given by
the expression (2.6), where the parameters d, and d; are
those defined after Eq. (1.19). Next, we specialize to a
particular Lorentz frame, and rewrite the action in terms of
the vectors E and B defined by E; = ag; and B; = % €ijkQ j>
where i, j, k run from 1 to 3. This gives

aw\’)‘a’”ﬂ =(E+VXB)?—(V-E)? 2.7

where an overdot denotes differentiation with respect to
time. The corresponding expression for aj, yAato , has
the same form, except for the substitutions E — B and
B— —E.

We now consider the case where both d, and dj are
nonzero. In this case Hamiltonian density corresponding to
the action (2.6) takes the form

HA = L(77']3 + 2d3V X E)2 + d3(V : B)2
4d;
—d;(VXE)? + L(a-rE — 24,V X B)?
4d,

+dy(V-E)? — d,(V X B)?, 2.8)
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where 7 and 7rg denote the momenta conjugate to E and
B.

C. Ghosts

‘We now constrain the values of the coefficients d, and d;
by demanding that [ H, d*x be bounded from below. Let us
start by considering the coefficient dz, and suppose first
that d3 < 0. Ata given point in space, keeping the values of
E, B, and &y fixed, we can make H, arbitrarily negative
by choosing 77y to be arbitrarily large. The same is clearly
true for the integrated Hamiltonian [ H 1 d>x. Next suppose
that d; > 0. By fixing B, V - E, 77y and adjusting the value
of 7rg to keep the value of v + 2d3V X E fixed, we can
make H, arbitrarily negative, this time by choosing an
arbitrarily large value for V X E. By applying analogous
considerations to d, we reach the conclusion that the
theory defined by H, has ghosts on the domain

D, ={(d,, dy, d3)|dy # 0,d; # O} (2.9)

in parameter space. Similar analyses can be found in
Refs. [45,46] for nonsymmetric gravity theories, and in
Ref. [47] for teleparallel gravity theories.

D. Symmetries

We now consider the domain in parameter space not
excluded by the above analysis, which consists of the two
2D regions

D, ={(d,, dy, d3)|d, # 0,d; = 0}, (2.10a)
D, ={(d,, dy, d3)ld, = 0,d5 # 0},  (2.10b)

together with the line
D ={(d), dy, d3)ld, = 0,d; = 0}. (2.10c)

The antisymmetric action S, vanishes identically on Djs,
so in this subsection we will not consider D5 any further.

We are interested in the symmetries of the antisymmet-
ric action S, on the domains D, and D,. From the formula
(2.6) for the action we see that these two domains are
isomorphic to one another under the duality transformation

or E— B, B— —E. (2.11)

ﬁa*

a v

y72%

Therefore it is sufficient to focus on one of the domains,
say D;. From Egs. (2.6) and (2.7), the antisymmetric
action on this domain is

Sap, = f d[(E + VX B)?—(V-E)?]d*x. (2.12)

Consider now the initial-value problem for E and B.
Suppose that we are given sufficient initial data on some
constant time hypersurface, and that we wish to determine
the time evolution of E(z) and B(z) using the action (2.12).
Note that this action is independent of the longitudinal part
of B, which means that the evolution of this longitudinal
part can be prescribed arbitrarily, independent of the initial
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data. Therefore, the field equations for E and B must form
a set of an underdetermined partial differential equations.
As discussed in the Introduction, this can only be consis-
tent if the undetermined degrees of freedom can be inter-
preted as being gauge degrees of freedom.

The action (2.12) is invariant under the symmetry

(2.13)

o,
Auy 7 Auy + €uvapX 'Br

where y“%(x) is an arbitrary vector field. This can be seen
from the fact that the action (2.12) is given by the first term
in Eq. (2.6), which depends on a,, only through its diver-
gence a,,,’”. Similarly on the domain D), the antisymmet-
ric action (2.6) is invariant under the symmetry

Ay = Auy + Xpo) (2.14)

These are the symmetries that are responsible for the
indeterminacy in the evolution equations. We will study
in later sections the conditions under which these symme-
tries can be interpreted as gauge symmetries, thus allowing
the theory to have a well-posed initial-value formulation.
As discussed in the Introduction, the gauge symmetry
interpretation requires the matter action to be invariant®
under the symmetries (2.13) and (2.14).

E. The complete linearized action

Up to now we have ignored the pieces Sg and S of the
complete linearized action (2.4), and have studied a re-
duced theory depending only on the antisymmetric field
a,, described by the action S, alone. We showed that this
reduced theory has ghosts if both d, and d; are nonzero,
i.e., on the domain D,. In Appendix A this result is
generalized to the complete linearized theory, including
the symmetric field ,,,,, showing that the complete theory
also has ghosts in the domain 7). Essentially we show
that, whenever the Hamiltonian [ H 4dx is unbounded
from below, then the corresponding Hamiltonian of the
full linearized theory is also unbounded from below.

The symmetries (2.13) and (2.14) of the reduced theory
on the domains D, and D, also generalize to the complete
linearized theory. This can be seen as follows. Since the
symmetries only involve the antisymmetric field a,,,, the
only additional term in the complete action (2.4) whose
invariance needs to be checked is the cross term
Sclhyy, a,q]. This cross term can be written as

Sc = ] Ry, PEEYRIP A,

where P¥PYHVP s a tensor constructed from the Minkowski
metric. Integrating by parts and discarding a surface term
yields

°A general discussion of the problems that arise when the
gravitational action is invariant under a symmetry not shared by
the matter action can be found in Leclerc [31].
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SC = - fhaﬁaw,ypyP“'By#”pd“x.

At least two of the indices on a, ,, must be contracted
with one another, and since a ,,, is antisymmetric it follows
that only divergence terms of the form a,,,, “,, can appear.
These divergence terms are invariant under the symmetry
(2.13).

For the symmetry (2.14), we compute explicitly the
cross term S specialized to the domain D,. Since d, =
0, the only term in the general action (1.19) that can
contribute to this cross term is the a,a” term involving
the square of the axial piece of the torsion; the Ricci scalar
term depends only on £,,,. Using the definition (1.18b) of
this axial piece together with the formula (2.3b) for the
torsion in terms of &, and a,, gives

a, = %nMAEAVP”aW,p. (2.15)

Since this depends only on the antisymmetric field a,, it
does not generate any cross terms, and we conclude that the
cross term S vanishes identically on the domain D),.
Therefore the complete action is invariant under the sym-
metry (2.14) on D,.

F. The general relativity limit of the gravitational action

So far we have considered the domains D,, D), and D,
of the gravitational-action parameter space. We now focus
on the remaining domain 5. From the definitions (1.19)
and (2.10c) we find that in this domain the gravitational
action reduces to that of general relativity, so it is invariant
under local Lorentz transformations of the tetrad e, * —
A P(x)e,*. This invariance guarantees that the left-hand
side of the Euler-Lagrange equation

_ 0S¢
Se“p

is a symmetric tensor [8]. Consistency now requires the
right-hand side to be symmetric. However, the torsion
tensor is not invariant under local Lorentz transformations.
Therefore, a generic matter action that couples between the
torsion tensor and matter fields would break the local
Lorentz symmetry. This matter action produces a nonsym-
metric right-hand side for the Euler-Lagrange equation,
thereby rendering the theory inconsistent. The correspond-
ing inconsistency of the Hayashi-Shirafuji theory in this
limit has been previously discussed in Refs. [18,23,25—
27,29-31]. The inconsistency is avoided if the matter
action is invariant under local Lorentz transformations. In
this case the torsion tensor is undetermined by the EHS
theory, and the theory reduces to GR.

of _ 5Smatter a
un8pv 5ed
p

udpv

III. INITIAL-VALUE FORMULATION OF THE
THEORY

In this section we focus on the domains D, and D, that
are not ruled out by the existence of ghosts, and examine in
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more detail the conditions under which the theory on these
domains has a well-posed initial-value formulation.

Suppose that we specify as initial data {a,,, hop} and
{a,, h, ) on some initial constant time hypersurface, and
ask whether the evolution of the fields for all subsequent
times is uniquely determined. Now the action (2.6) is
invariant under certain symmetries which allow us to gen-
erate new solutions that correspond to the same initial data.
These symmetries consist of, first, diffeomorphisms x* —
x* — &#(x) under which the fields transform as

By = s + 26 ,0),

Apy = Ay + & p

(3.1a)
(3.1b)

and second, the symmetries (2.13) on D, and (2.14) on
D,. By invoking one of these transformations in a space-
time region to the future of the initial data hypersurface, we
can generate new solutions for the field equations that
correspond to the same initial data. Therefore the evolution
of the fields ,,, and a,,, cannot be uniquely predicted. For
the theory to have a well-posed initial-value formulation it
is necessary that all of these transformations correspond to
gauge symmetries, which means that all observables
should remain invariant under these transformations.
Then the failure of the theory to uniquely predict £,
and a,, is merely associated with the unpredictability of
nonphysical degrees of freedom.

We now focus on the observables that will be measured
by the GPB experiment. If we use the equations of motion
and spin transport for test bodies postulated by MTGC,
then these observables are not invariant under the symme-
tries (2.13) and (2.14), as we now show. Thus the initial-
value formulation is ill posed for these postulated equa-
tions of motion.

Observations with Gravity Probe B

We focus on one of the four GPB gyroscopes, and
represent it as a particle with trajectory z%(7) where 7 is
proper time, and with spin s%(7). We let the 4-momentum
of the photons from the distant fixed guide star be k*. Let 6
be the angle, as measured in the frame of the gyroscope,
between its spin and the direction to the guide star. Then
we have

5k
cos) = ————

(it - kNG
where § - k = guvs*k”. This can be seen from the formu-
las for these vectors in the rest frame of the gyroscope: it =
(1,0), k= w(l, —n), and § = (0,s), where n is a unit
vector in the direction of the star.

The equations of motion and spin precession postulated
by MTGC are

(3.2)

Du* _ 0 Ds# _o,

33
Dt Dr (3-3)
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where u* = dz*/dr is the 4-velocity and

D _ u

Dr UV
is the covariant derivative operator along the worldline
with respect to the full connection V. In other words,
the particle travels on a geodesic of the full connection (an
autoparallel curve). MTGC also consider the possibility
that the equation of motion is

(3.4)

Du*

Y =uV,ur =0, (3.5)
Dt

where v,, is the Levi-Civita connection determined by the
metric, so that the particle travels along a geodesic of the
metric (an extremal curve). As mentioned by MTGC this
possibility is theoretically inconsistent since by Egs. (3.3)
the orthogonality of u* and s, is not maintained during the
evolution. Nevertheless, we shall also consider this possi-
bility below. Finally, as mentioned above, photons follow
null geodesics of the metric:

kN k" = 0. (3.6)

We now apply the operator D/D7 to the formula (3.2)
for the angle 6, and use the autoparallel equations of
motion (3.3) together with V, g,,, = 0. This gives

1) el (- 557) 5]

The measurable accumulated change in cos() in the in-
terval 7, — 7, is therefore

T2 1 N 3‘) : Ig N Dig
Aleos®] = / e [(S - k”> 'E]'
3.8)

3.7)

Next, we examine how the change in angle (3.8) trans-
forms under the symmetry transformations (2.13) and
(2.14). For this purpose it is sufficient to consider the
motion of the gyroscope in a flat, torsion-free spacetime,
since we are working to linear order. We use Lorentzian
coordinates where

lap| = a0

which implies that for an initially static gyroscope u*, s,
and k* are all constants, so that A[cos(8)] = 0.

Consider now the effect of the transformations (2.13) or
(2.14). Denoting the transformed quantities with primes we

find that
Los] = Las] =°

re,, =0+4ére,, From Egs. (3.3) we find that

Z#(7) = z#(7) + 6z#(7) and s'#(7') = s#(7) + SsH(7),
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where both 6z(7) and 8s* are O(y). It turns out that the
precise expressions for these quantities are not required for
our calculation. Notice that for a fixed distant star the field
k*(x) (before the transformation) is approximately con-
stant in a neighborhood of the gyroscope, in the sense that
k* , = 0. Now, Eq. (3.6) implies that k*(x) remains in-
variant under the transformations. Therefore the derivative
of k'#(x) along 7'(7') is given by

Dk'*
D7/
Substituting Eq. (3.9) and s/, (7') into Eq. (3.7), and retain-

ing only terms which are O(y) (so we can drop the dis-
tinction between 7 and 7/) we obtain

(3.9

= SF“aBu’“k’ﬂ.

d[cos(6')] 1 [
e = | 5,8T* pu%kP
dr G- OVFEL* P
§ok

From Eqgs. (1.3), (1.4), and (2.3) the change BF“aB in the
connection coefficients is

ar#aﬁ = O-nﬁAe/i/\p{TXo',pa’ (311)
for the symmetry (2.13) and
8T = (/2D (xp o™ = X" op)  (3.12)

for the symmetry (2.14).

We substitute these transformation rules into Eq. (3.10)
and then substitute the result into Eq. (3.8). Recalling that
Xe are arbitrary functions of the coordinates, we find that
by invoking the transformations (2.13) or (2.14) we can set
Alcos(#)] to have an arbitrary value. Thus, the observable
angle is not invariant under the symmetry transformations,
and hence they cannot be interpreted to be gauge trans-
formations. [In particular, this implies that the matter
action must be noninvariant]. Consequently the initial-
value formulation of the theory is ill posed.

We now repeat this analysis for extremal worldlines
satisfying Eq. (3.5). Equation (3.10) acquires an additional
term

Sk - Di 5k
- - " k. =" " i a,, B
G VE Dr e
on the right-hand side. In addition, the change to extremal
worldlines alters the quantity du*, but this does not appear
in the final formula (3.10). As before we find that the
initial-value formulation is ill posed.
Finally, MTGC also consider the possibility of an ex-
tremal worldline together with the following equation for
the spin precession:

DSaB .

0. 3.13
DTt ( )
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Here the antisymmetric tensor s,z is related to the particle
spin through s* = €#"??u,s,,. This relation guarantees
that the orthogonality condition s*u, =0 is satisfied
throughout the motion of the particle.” By examining the
transformation of A[cos(6)] under the symmetries (2.13)
and (2.14) for an extremal worldline for which the law for
the spin precession is given by (3.13), we find as before that
the initial-value formulation is ill posed.

IV. EINSTEIN-HAYASHI-SHIRAFUJI THEORY
WITH STANDARD MATTER COUPLING

The analysis so far suggests that, in order to obtain a
consistent theory, one needs to choose a matter action
which is invariant under the symmetries (2.13) or (2.14)
of the gravitational action. This would allow those sym-
metries to be interpreted as gauge symmetries and allow
the theory to have a well-posed initial-value formulation.
In this section we show that the standard, minimal coupling
of matter to torsion [4,6] does respect the symmetry (2.14),
and so one does obtain a consistent linearized theory on the
domain D, by choosing this coupling.® For the special
case of o = 1, this matter action is the one suggested in the
original Hayashi-Shirafuji paper [18]. Following the analy-
sis of Hayashi and Shirafuji, we show that the predictions
of this linearized theory coincide with those of linearized
GR for macroscopic sources with negligible net intrinsic
spin.

The standard Dirac action in an Einstein-Cartan space-
time is Sp = [ d*x./~=gLp, where

i - - _
Lp = Eea“(tpy“DMﬂ — D, yd) — mypp,  (4.1a)
i
D,=9d,— Zabcgp,,eb”vﬂecp, (4.1b)
Vel =ad el +17,,¢e”, (4.1c)
i
ol = E[yb, ¥l (4.1d)

and y” are Dirac matrices with the representation given in
Ref. [48] that satisfy y%y? + yPy? = =29, Also
denotes the adjoint spinor defined by = ¢t9°, where
T denotes Hermitian conjugation. The torsion tensor enters
this action only through the covariant derivative in
Eq. (4.1b). As is well known, this action can be written
as the usual torsion-free action together with a coupling of
the fermion to the axial piece (1.18b) of the torsion tensor

"As noted by MTGC, normally one also demands a “trans-
versality”” condition saﬁwg = 0. However, by Egs. (3.5) and
(3.13) this condition cannot be maintained along an extremal
worldline. This also implies that the norm of s# is not constant
along the evolution.

8Note that this implies, in particular, that the standard matter
coupling does not predict either extremal curves or autoparallel
curves for the motions of test bodies, since those cases are not
invariant under the symmetry (2.14).

PHYSICAL REVIEW D 75, 124016 (2007)
[6]. Using the definitions (1.4) and (1.18) we obtain

Ly = 5e (y" Dy = Duyry') = miuy

3 _
+ iaeb”aﬂaﬁ)ﬁy”lﬁ. 4.2)

Here D, = 9, — id*g,,e,"V e /4,

v _ P v
Vel =0d,erl + {MV}eC ,

and v’ = iy%y'y?y3, where we use the convention
€013 =/~ &

Now the first line in the Dirac action (4.2) depends only
on the metric, and, in particular, it is independent of a,,,, s0
it is trivially invariant under the transformation (2.14). The
second line depends on a,,, only through the axial piece a,
of the torsion, which is given by Eq. (2.15), and which is
also invariant under (2.14). Therefore the entire action (4.2)
is invariant under the symmetry.

We conclude that on the domain D), we have a consis-
tent theory with a well-posed initial-value formulation, in
which the symmetry (2.14) is a gauge symmetry. The self-
consistency of this theory for & = 1 was previously dis-
cussed by Leclerc [32]. From Egs. (1.19) and (2.10b), the
complete action for the theory is

S[e? ,, W] = f d“x\/—_g[%R({}) + 9d3aua“}
+ SD[EQM, l,[/, (/_/] + ceey

where & = 1/(2d,). Here the ellipsis denotes additional
terms in the standard model of particle physics that are not
coupled to the torsion; the only term that couples to the
torsion is the Dirac action for the fermions (the ‘““minimal
coupling” scheme of Refs. [4,6]).

The linearized equation of motion for e? , obtained from
this action gives equations for 4, and a,,,:

(4.3)

_%DHW T Ep(u,v)p - %nwﬁp/\’p/\ = KT (), (4.4a)
Daw + 2ap[u,v]p = d—3T[/w]. (4.4b)
Here O = n*%d,d5, hyy = hyy — mu,h,°, T, is the

nonsymmetric energy-momentum tensor defined by

,2—’ v = 1 (SSrnatter e
I \/_—g Set Y I
and T, is its leading order term in a perturbative expan-

sion (i.e. T, is independent of %, and a,,). The source
terms in Eqs. (4.4) obey the conservation laws Ty" =0

4.5)

and T(W)"’ = 0, by virtue of the invariance of the matter

action under the transformations (2.14) and (3.1). By using
these transformations we can impose the gauge conditions

h,,” =0and a wr'” = 0, thereby reducing the field equa-

7
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tions to wave equations:

Uhy, = —2&T (40,

1
py = d—3T[m-

“ (4.6a)

Ua (4.6b)
The first of these is the usual linearized Einstein equation.

Next we examine the antisymmetric piece of the stress
energy tensor which acts as a source for a,,, in Eq. (4.6b).
One can show [ 18] that this antisymmetric piece is related
to the divergence of the spin density tensor by

Tiga) = 0b“ 0" gl * uls v, (4.7)

where the subscript b.” indicates evaluation at the back-
ground values of the tetrad. Recall that the spin density is
defined by

- 1 5Smatter[efop wycd’ \P]
Oup' = ’

NaF] ow, ab

where in this definition the matter action is considered to
be a functional of the independent variables e/ ,, ,°, and
V. The matter action can be brought to this desired form by
substituting D, = 9, — £o°g,, w?, _into the expression
for Lp in Eq. (4.1a). Relation (1.7) guarantees that this
expression for D, is equal to our original expression in
Eq. (4.1b).

Equations (4.6b) and (4.7) imply that a,,, is sourced only
by the intrinsic spin density of matter. As we have dis-
cussed, integrating Eq. (4.6b) for a macroscopic object for
which the spins of the elementary particles are not aligned
over a macroscopic scale gives a negligible a,,, [18], and
consequently the predictions of the linearized theory coin-
cide with those of GR. Thus there is no extra torsion-
related signal predicted for GPB for this theory.

The lack of an experimental signature of torsion may
seem strange, since the torsion tensor is nonvanishing even
in the limit where one can neglect intrinsic spin. As dis-
cussed in the Introduction, the explanation is that the
torsion is not an independent dynamical degree of freedom.
More specifically, to linear order, macroscopic bodies give
rise to a metric perturbation %, in the same way as in GR,
and then the torsion is simply defined to be

4.8)

A9
Suv’ =3 1u)

[c.f. the first term in Eq. (2.3b)]. This definition has no
dynamical consequence, since only the axial piece (1.18b)
of torsion couples to matter, and the expression (4.8) has no
axial piece.

V. CONCLUSIONS

Preliminary results from Gravity Probe B will be an-
nounced in April 2007. The primary scientific goals of the
experiment are to verify the predictions of general relativ-
ity for geodetic precession and for dragging of inertial
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frames [3]. However the mission is also potentially useful
as a probe of modifications of general relativity.

One class of theories of gravity that GPB could poten-
tially usefully constrain consists of theories involving a
dynamical torsion tensor. Mao et al. suggested a particular
class of torsion theories that they argued would predict a
measurable torsion signal for GPB [34]. We have shown
that this particular class of theories is internally consistent
in only a small region of its parameter space, and in that
consistent region it does not predict any signal for GPB.
There may exist other torsion theories which could be
usefully constrained by GPB. It would be interesting to
find such theories.
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APPENDIX A: GHOSTS IN THE LINEARIZED
THEORY

In this appendix we show that the Hamiltonian of the
complete linearized EHS theory (2.4) is unbounded below
whenever the corresponding Hamiltonian of the antisym-
metric term (2.6) is unbounded from below. This allows us
to deduce the existence of ghosts in the complete theory
from their existence in the reduced theory (2.6).

It is sufficient to show this property for the case of finite
dimensional, quadratic dynamical systems. We consider a
system with N degrees of freedom whose Lagrangian and
Hamiltonian are given by

L= %qmqumn - V(Qm)’ (Al)

H=1pupa(K™ ) + V(g,). (A2)

Here ¢,, denotes the generalized coordinates and p,, =
K,..q, denotes the conjugate momenta, where the indices
m, n tun from 1 to N, and K, = K,,,,. Recall that the
antisymmetric action S, was obtained by ignoring some of
the dynamical variables of the linearized EHS theory. In a
discrete theory this corresponds to writing a reduced
Lagrangian L, that depends only on some of the general-
ized coordinates ¢;, where i runs from 1 to M, M < N. The
reduced theory has the following Lagrangian and
Hamiltonian:

L, =34:q;k;; — U(q)), (A3)

H, =3p:p;j(k™1); + Ulg,).
Here p; = k;;q;, where k;; = K;; fori,j=1,..., M and

Ulgy, ... g, 0,...,0), (AS)

i.e., the potential U(g;) is obtained from V(g,,) by setting
gn=0form=M+1,...,N.

(A4)

qm) = V(g ..
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Now suppose that the potential term U(g;) of the re-
duced Hamiltonian H, is unbounded from below. It follows
immediately from the definition (A5) that V(g,,) is also
unbounded from below, and so the complete Hamiltonian
(A2) is unbounded from below.

Suppose next that the kinetic term of the reduced
Hamiltonian H, is unbounded from below. By virtue of
Eq. (A4) this means that at least one of the eigenvalues of
(k~1);; must be negative. Denoting the eigenvalues of the
matrix k;; by A, 1 =i =M, we find that there exists
an eigenvalue [ for which ’\(_1)1 < 0. This implies that

there exists an M-dimensional eigenvector wgl) for which
wfl) wj.l)k,- i = A < 0. We now construct an N-dimensional

vector defined by 7, = (w(ll), wﬁf), 0,...,0). By defi-
nition, this vector satisfies 7,,1,K,,, = Ay <0, implying
that K,,, has a negative eigenvalue. This means that the
complete Hamiltonian (A2) is unbounded from below.

APPENDIX B: ALTERNATIVE FORM OF
GRAVITATIONAL ACTION

In this appendix we derive the identity
8 8
[ ROt = [ ] St S

- 6%4, (B1)
where R({}) is the Ricci scalar of the Levi-Civita connec-
tion, and 7,,,,,, v, and a* are the irreducible pieces (1.18)
of the torsion tensor with the factor of o removed.
Combining this identity with the formula (1.17) for the
gravitational action of the EHS theory yields the alternative
form (1.19) of that action.
The idea is to introduce a new torsion tensor

) (B2)

¢ A=1, A(,a _ La
St =z5e.e,, —e
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This is just the torsion tensor (1.15) of the EHS theory

but specialized to o =1, i.e., it is the torsion tensor of

the Hayashi-Shirafuji teleparallel theory [18]. From

Egs. (1.15) and (1.18) it is related to the fields z,,,, v*,

and a” by

Sv,u/\ = %(t/\,u,v - t/\V/.L) + %(g/\#vv - g/\vvp,) + EA,quap'
(B3)

We denote the corresponding metric compatible connec-
tion by I'* 5, and the corresponding Riemann tensor by

R* - This Riemann tensor vanishes identically by virtue
of the definition (B2), as we discussed in the Introduction.
The Ricci scalar R = gF°R“ 5 also vanishes, which im-

plies

f J=gRd*x = 0. (B4)

We now substitute into Eq. (B4) the formula

ys raﬁﬁ,v - Favﬁﬁ + Fawruﬁﬁ o F“(S#F“YB,
(B5)

R%,

together with barred versions of Egs. (1.3) and (1.4). This
gives

[ VERIRG) ~ 20,8 R RO+ KA R

=0. (B6)

Here va denotes the Levi-Civita derivative operator.
Discarding the total derivative term and using the decom-
position (B3) together with the barred version of Eq. (1.4)
now yields the desired identity (B1).
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