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Higher-spin currents and thermal flux from Hawking radiation
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Quantum fields near black hole horizons can be described in terms of an infinite set of d = 2 conformal
fields. In this paper, by investigating transformation properties of general higher-spin currents under a
conformal transformation, we reproduce the thermal distribution of Hawking radiation in both cases of
bosons and fermions. As a by-product, we obtain a generalization of the Schwarzian derivative for higher-

spin currents.
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I. INTRODUCTION

Hawking studied quantum effects of matter in the back-
ground of a black hole formed in collapse and concluded
that the black hole will emit thermal radiation as if it was a
blackbody at the Hawking temperature [1,2]. Soon after
Unruh [3] realized importance of choice of vacua and
showed that eternal black holes emit the same radiation.
There are many other derivations and all of them univer-
sally give the same result.

Recently Robinson and Wilczek proposed a new partial
derivation of Hawking radiation [4], which ties its exis-
tence to the cancellation of gravitational anomalies at the
horizon. The method was then generalized in [5] to
charged black holes by using the gauge anomaly in addi-
tion to the gravitational anomaly and further applied to
rotating black holes [6,7] and others [8—13]. The essential
observation is that quantum fields near the horizon behave
as an infinite set of two-dimensional fields and ingoing
modes at the horizon can be considered as left moving
modes while outgoing modes as right moving modes. Once
the ingoing modes fall into the black hole, they never come
out classically and cannot affect the physics outside the
black hole. Quantum mechanically, however, they cannot
be neglected because, without the ingoing modes, the
theory becomes chiral at the horizon, which makes the
effective theory anomalous under general coordinate or
gauge transformations. In this sense, the ingoing modes
at the horizon only affect the exterior region through
quantum anomalies.

The derivation of the Hawking flux through quantum
anomalies indicates universality of the Hawking radiation,
but it is so far only partial because the full thermal distri-
bution has not yet been obtained. Schwarzschild black hole
emits thermal radiation with the Planck distribution
N~ (w). Here N*(w) is given by
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where 1/8 is the Hawking temperature of the black hole
and * corresponds to fermions and bosons, respectively.
The energy flux is given by the following specific moment
F5 of N*(w), but in order to derive the complete thermal
radiation it is necessary to obtain all the fluxes with higher
moments F; [14]. Here we define F;; (n = 1) as an (n —
1)th moment of the Planck distribution
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The integrals can be performed as

1
F;, = —B,k> (3)
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where B,’s are the Bernoulli numbers (B, = 1/6, B, =
1/30) and k = 27/ is the surface gravity of the black
hole.

F5 is the energy flux from the black hole. Similarly F5,
can be expected to be given by fluxes of higher-spin
currents. Since each partial wave of quantum fields near
the horizon is described by d = 2 conformal field, there are
infinitely many higher-spin conserved currents near the
horizon. To determine their fluxes in a similar method
adopted for the energy flux [4] or the charge flux [5], we
need to calculate quantum anomalies for higher-spin cur-
rents to fix the boundary conditions of the currents at the
horizon. Covariant calculations of these anomalies are
quite involved and we leave them for a future publication
[15]. In this paper, we use a much simpler and powerful
technique of conformal field theories to derive the com-
plete thermal spectrum of Hawking radiation.

II. ENERGY FLUX

We first review a derivation of the energy flux from
Hawking radiation for Schwarzschild black hole by using
a conformal field theory technique [16,17]. Since each
partial wave of quantum fields in a Schwarzschild black
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hole background behaves as an independent two-
dimensional conformal field, we can treat them separately
in the two-dimensional (z, r) plane. Covariant energy-
momentum tensor T, = (2/,/=g)85/6g*" is classically
traceless and conserved but when the matter field is quan-
tized they give rise to a conformal anomaly T/, = c¢/247R
where c is the central charge of the matter field. In the
conformal gauge g,, = e“n,,, the conservation of the
energy-momentum tensor can be solved and the (#u) com-
ponent becomes

c

Tl 0) = 5= (e =5 0,02) + T, &)

Here u = t — x and v = ¢ + x are light cone coordinates.

7 (4) is holomorphic (i.e. independent of v) and inde-
pendent of the conformal factor ¢. We need a boundary

condition to determine 7" (x) in the black hole back-
ground. This is essentially the same as the derivation given
by Christensen and Fulling [18]. Under a holomorphic
coordinate transformation (u, v) — (w(u), y(v)), since
T,, transforms covariantly and the conformal factors are
related as @(w, y) = ¢(u, v) — ‘(fl—:f %, the holomorphic
part transforms as

0 = (o) (10w + s tna),

where {w, u} is the Schwarzian derivative,

w3 w2
{w, u} = W §<W> . (6)

The prime means a derivative with respect to u.

In the case of Schwarzschild black hole, we are inter-
ested in the outgoing energy flux measured by asymptotic
inertial observers whose natural coordinates are asymp-
totic Minkowski variables (u, v) where u =t —r, (v =
t + r,) are outgoing (ingoing) light-cone coordinates, and
r. is the tortoise coordinate. Regular coordinates near the
horizon, on the other hand, are given by the Kruskal
coordinates (U, V) which are related to (u, v) as U =
—e " and V = ¢*V. Hence we have a relation

Téeom (1) = ( ! ) ( 7o () +o

i 1w, u}) %)

As in [3] we impose a boundary condition for the outgoing
energy flux such that physical quantities should be regular
at the future horizon U = 0 in the Kruskal coordinate. This

requires that (T(Conf)(U )) is finite at the horizon, and hence

(TLY is determined to be —(c/24m){U, u}. We further
assume that there is no ingoing flux at infinity. As a result
we obtain the asymptotic flux by the value of the
Schwarzian derivative

——{U Lt}——K2 ®)

<TUU> = 48
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If we put ¢ = 1 (¢ = 1/2), this coincides with the energy
flux F5 (F5) from the thermal radiation of black holes.

The purpose of the present paper is to reproduce all the
fluxes F5, from conformal transformation properties of
higher-spin currents.

ITII. FOURTH-RANK CURRENT

In order to reproduce the full spectrum of thermal
Hawking radiation, we need to calculate all the moments
F,,. We can obtain these higher moments by considering
behavior of higher-spin currents in the black hole back-
ground. First let us consider a fourth-rank current for a
scalar field ¢ [19]. In flat d = 2 space-time, there is a
conserved traceless current

Juvpoe = (88#¢8,,6pa(,¢ —120,0,¢0,0,¢
—48,,0%40,0,0,¢ +8g,,010,09,0,¢
~ 8uv8pcd"07$3)9,¢) + symm. )
The “symm.” means symmetrization under (uvpo). Its

holomorphic component is given by a sum of two terms
Jown * 0,993 — 3/202¢32 . In curved space the cur-
rent will acquire trace anomaly and the holomorphy will be
lost, but it is plausible to think that we can separate the
nonholomorphic part as we did in the case of energy-
momentum tensor and define a holomorphic fourth-rank
current, whose conformal transformation laws contain a
generalization of the Schwarzian derivative. From the OPE

between J,,,, and TS, we can obtain a transformation
law of J,,,, under an infinitesimal conformal transforma-
tion. In order to obtain its finite transformation law, we
follow the derivation of the ordinary Schwarzian derivative
in [20]. Two operators, : — 9,692 ¢: and :02¢ 9% ¢:, have
different transformation properties but we can show that
they give the same value of the Schwarzian derivatives for
our specific transformation from u to the Kruskal U.
Therefore we will restrict ourselves to considering only
the first type : — 99> ¢(u):. The normal ordering of the
operator is defined by a point splitting method as

1003 Pp(u): = ll_l’}l’(l)( 3 364)
(10)
Here d(uy, v)d(uy, v3) ~ —(1/47) In(uy; — uy) X

(v| — v,). Conformal transformations of the right-hand
side under u — w(u) can be easily calculated. Taking the
limit € — 0, we obtain

03 Pp(u): = ww":0¢p™ad™ (w):
+ 3(W")2w":0 ™ a2 p ) (w):
+ (W)™ a3 p™ (w):

1
— ——{w, u}3), (11)
aa

480
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where
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is a generalized Schwarzian derivative for the operator
0093 d(u):.

We apply this transformation law to the conformal trans-
formation from u to the Kruskal coordinate w = U =
—e ™", By imposing the regularity condition at the future
horizon in the Kruskal coordinate, it is necessary to require
that all the operators in the Kruskal coordinate must be
finite at the horizon. Hence the outgoing flux of the fourth-
rank current from the black hole in the (#, v) coordinate is
given by

pr
480

This precisely agrees with the 3rd moment F', for bosons.

¢ = 067 B = oo (U, uhuy = (13)

IV. HIGHER-SPIN CURRENTS FOR BOSONS

The derivation of F, can be generalized to the higher
moment F,, whose current is given by a linear combina-
tion of 9, ...9, ¢d, . ...d,, ¢. The holomorphic
component is a linear combination of
(—=1)"tmampo2n—m ey Since we can show that all these
terms give the same value of the Schwarzian derivative for
the conformal transformation u — U, we consider the
m=1 case. A conformal transformation for
(=1)""19¢9?" 1¢: can be more easily obtained by in-
troducing its generating function

e}

L0pIdW+a) =Y fl—’::&¢(u)8”“¢(u): (14)

n=0

than calculating each term separately [21]. Its conformal
transformation under u — w(u) can be calculated as

W0pw)ad(u + a): = o,w(u)d, w(u + a):
X 9, " (W(u)d,, ™ (wlu + a)):
+ Ap(w, u), (15)

where A, (w, u) is a generating function of the generalized
Schwarzian derivatives for bosons {w, u} ,, and given by

1 9,ww)o,w(u + a) 1
47 (w(u) — w(u + a))?

Ay(w, u) = — (16)

47ra®’

In our case, w = U = —e™ **  the conformal transforma-
tion becomes

1y V(UW)ay ¢ (Uu + a)):

—_ Ka 1 2 . .
— <E) Lodwodu + a): — AU, W], (17)
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K2 1 1
- + .
167 sinh* &2 47a?

Ap(U,u) = — (18)

Regularity at the future horizon in the Kruskal coordinate
determines the expectation value of the generating function
of the higher-rank currents as

God(u)od(u + a):) = A,(U, u).

A, (U, u) can be expanded as the following power series of
a,

19)

0 Bn+]K2(n+l) a2

AU w0 = 3 (U

n=0

(20)

Hence the outgoing flux of the 2nth rank current for bosons
is given by

=1 10ho™  lu)) = —— B k2. (21)

8mn

This reproduces the flux from thermal Hawking radiation
F,. The relation (21) is a higher-spin generalization of (8)
and (13). We now conclude that the conformal field theory
technique gives the full thermal spectrum of Hawking
radiation for the bosonic case.

Two comments are in order. First, by using the
same technique of the generating function, we can
show that the Schwarzian derivative for the operator
(=1)Fmampo®mep:  gives the  same  value
(B, /8mn)k*" for its expectation value in the black hole
background. Or it is equivalent to state that the Schwarzian
derivative vanishes for a total derivative operator
9(d%pa'¢) under the conformal transformation u — U,
and we do not need to worry which linear combination of
them is a holomorphic component of the conserved
current.

The second comment is the meaning of A, (U, u). It is a
generating function of the Schwarzian derivatives of
higher-spin currents under a conformal transformation
u— U = —e"* It can be written in an integral form as

AU, 1) = f ©do N (@)cos@w).  (22)
o 2
This is the temperature-dependent part of a finite tempera-
ture Green function for (T9¢(x)dd(x + a))sz as can be
seen from

2 .
1o = [ (e
+27TN‘(le)é(k2)>e‘ik(x‘>’). 23)

It is the reason why we can reproduce the fluxes of all the
higher-spin currents. Appearance of the finite temperature
Green function [22] is natural because the conformal trans-
formation from u to the Kruskal coordinate U = —e™ ** is
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nothing but a conformal transformation from zero tempera-
ture to finite temperature.

V. HIGHER-SPIN CURRENTS FOR FERMIONS

The calculation can be similarly applied to a
fermionic case. A difference here is that spinor has a
conformal weight 1/2 and transforms as i(z) =
(0,w(2))"2") (w(z)). In order to calculate the conformal
transformation of operators like :¢/9"/(z):, we again con-
sider its generating function;

W ar = 3 Gy Q)
Under a conformal transformation, we have
Wu)p(u + a): = (9,ww)d,wlu + a))'/*:
X P (w(w)yp™ (wlu + a)):
+ Ar(w, u), (25)
where
Ayow, ) = i @uwadwlu +a)' 26)

27 wu+ a) — wu) 2ma’

Here we have used ¢(u;)i(uy) ~ —i/2mw(u; — u,). In the
case, w = U = —e X" it becomes

AU, 1) = L(’“’ 1 @)

— — 1)
2ma\ 2 sinh%? )

This is the temperature-dependent part of a finite tempera-
ture Green function for fermions. Expanding this as a
power series of a, we find

_ 21—2n)BnK2n a2n—1
2n— 1

(28)

— o (1
A U, — 2n+1
f( 4) nZl ! 47rn

Hence the flux of the 2nth rank current from a black hole is
given by the value of its Schwarzian derivative as

<:i2n?_llp82n—1¢(u):> — (1 B 21_2”)Bn K2n_

8mn

(29)

This again precisely gives the thermal flux F5, for fermi-
ons. The difference in the Planck distribution between
scalars and spinors comes from the difference of conformal
weights. It is amusing to consider fields with another
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conformal weight to derive possibly different thermal
spectrum from N=(w).

VI. DISCUSSION

In this paper, we have applied a conformal field theory
technique to obtain the full thermal spectrum from
Hawking radiation in both cases of bosons and fermions.
We have shown that, by investigating transformation prop-
erties of higher-spin currents under a conformal transfor-
mation which maps the null coordinate u to the Kruskal
coordinate U = —e™ ", the expectation value of each
higher-spin current in the Unruh vacuum exactly coincides
with a corresponding specific moment of the Planck dis-
tribution. The full thermal distribution of the Hawking
radiation can be reproduced from these expectation values
for the higher-spin currents. In the previous analyses using
anomalies in [4-13,18], only the zeroth and first moments
of the Planck distribution, corresponding to fluxes of
charge (or angular momentum) and energy, could be de-
rived. In this sense, our present calculation has made the
previous partial results complete. But it is more desirable if
we can reinforce the present conformal field theory calcu-
lation by a covariant calculation of higher-spin currents. It
is known that even in the gravitational and gauge field
background, two-dimensional massless field theories can
be described by conformal field theories, and the present
calculation of using holomorphic (or antiholomorphic)
higher-spin currents is naturally justified. In a covariant
formulation, these higher-spin currents are given by spe-
cific components of covariant tensors. To clarify them, it is
necessary first to construct covariant traceless higher-spin
tensors and then to calculate the trace anomalies of these
tensors. By solving these equations, we should be able to
extract the (anti)holomorphic components, corresponding
to those we have used in our paper. It is also interesting to
see what kind of transformations these higher-spin currents
will generate as the conformal energy-momentum tensor
generates conformal transformations which are combina-
tions of coordinate transformations and Weyl transforma-
tions. We will come back to these problems in the near
future [15].

ACKNOWLEDGMENTS

We would like to thank H. Itoyama for his fruitful com-
ments. T. M. was supported in part by JSPS.

[1]1 S. Hawking, Commun. Math. Phys. 43, 199 (1975).

[2] S. Hawking, Nature (London) 248, 30 (1974).

[3]1 W. Unruh, Phys. Rev. D 14, 870 (1976).

[4] S.P.Robinson and F. Wilczek, Phys. Rev. Lett. 95, 011303
(2005).

[5] S. Iso, H. Umetsu, and F. Wilczek, Phys. Rev. Lett. 96,
151302 (2006).

[6] S. Iso, H. Umetsu, and F. Wilczek, Phys. Rev. D 74,
044017 (2006).

[7] K. Murata and J. Soda, Phys. Rev. D 74, 044018 (2006).

124004-4



HIGHER-SPIN CURRENTS AND THERMAL FLUX FROM ...

(8]

(9]
[10]
[11]

[12]
[13]

[14]
[15]

[16]
[17]

E. Vagenas and S. Das, J. High Energy Phys. 10 (2006)
025.

M.R. Setare, Eur. Phys. J. C 49, 865 (2007).

Z. Xu and B. Chen, Phys. Rev. D 75, 024041 (2007).

S. Iso, T. Morita, and H. Umetsu, J. High Energy Phys. 04
(2007) 068.

Q. Q. Jiang and S. Q. Wu, Phys. Lett. B 647, 200 (2007).
Q. Q. Jiang, S. Q. Wu, and X. Cai, arXiv:hep-th/0701048;
Phys. Rev. D 75, 064029 (2007).

Since N*(w) is defined for positive w, it is sufficient to
consider even n.

S. Iso, T. Morita, and H. Umetsu (unpublished).

L. Thorlacius, Nucl. Phys. B, Proc. Suppl. 41, 245 (1995).
A. Strominger, arXiv:hep-th/9501071.

[18]
[19]
[20]

(21]

(22]

124004-5

PHYSICAL REVIEW D 75, 124004 (2007)

S. Christensen and S. Fulling, Phys. Rev. D 15, 2088
1977).

A third-rank conserved current does not exist for real
scalar fields.

P. Di Francesco, P. Mathieu, and D. Senechal, Conformal
Field Theory (Springer-Verlag, Berlin, 1997).

Here we have summed over both of even and odd-rank
currents for notational simplicity. Since the odd-rank
currents can be written as total derivatives, their expecta-
tion values vanish identically for a translationally invariant
system.

G. W. Gibbons and M.J. Perry, Proc. R. Soc. A 358, 467
(1978).



