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Virtual photon structure functions to the next-to-next-to-leading order in QCD
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We investigate the unpolarized virtual photon structure functions FJ (x, 0% P?) and F 7 (x, 0% P?) in
perturbative QCD for the kinematical region A?> < P? <« Q?, where —Q? ( — P?) is the mass squared of
the probe (target) photon and A is the QCD scale parameter. Using the framework of the operator product
expansion supplemented by the renormalization group method, we derive the definite predictions for the
moments of Fg (x, Q% P?) up to the next-to-next-to-leading order (NNLO) (the order aa,) and for the
moments of F} (x, Q% P?) up to the next-to-leading order (NLO) (the order aa,). The NNLO corrections
to the sum rule of F g (x, Q2, P?) are negative and found to be 7%—10% of the sum of the LO and NLO
contributions, when P? = 1 GeV? and Q% = 30 ~ 100 GeV? or P> = 3 GeV? and Q2 = 100 GeV?, and
the number of active quark flavors n; is three or four. The NLO corrections to F} are also negative. The
moments are inverted numerically to obtain the predictions for F7(x, Q% P?) and F}(x, Q% P?) as

functions of x.
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I. INTRODUCTION

The experiments at the CERN Large Hadron Collider
(LHC) will begin shortly and it is much anticipated that
signals for the new physics beyond the standard model
(SM) will be discovered [1]. Once these signals are ob-
served, they will be examined more closely in a proposed
e*e” collider machine called the International Linear
Collider (ILC) [2]. In analyzing these signals for the new
physics, the knowledge of the SM, especially of QCD, will
be more important than ever before. It is well known that,
in eTe™ collision experiments, the cross section for the
two-photon processes e e~ — e*e” + hadrons shown in
Fig. 1 dominates at high energies over other processes such
as the annihilation process e*e™ — y* — hadrons. Here
we consider the two-photon processes in the double-tag
events, where both the outgoing e and e~ are detected. In
particular, we investigate the case in which one of the
virtual photons is very far off shell (large Q> = —¢?),
while the other is close to the mass shell (small P? =
—p?). This process can be viewed as a deep-inelastic
electron-photon scattering where the target is a photon
rather than a nucleon [3]. In the deep-inelastic scattering
off a photon target, we can study the photon structure
functions, which are the analogs of the nucleon structure
functions. The photon structure functions are defined in the
lowest order of the QED coupling constant a = e?/4
and, in this paper, they are of order «.

The unpolarized (spin-averaged) photon structure func-
tions FJ (x, Q) and F} (x, Q%) of the real photon (P* = 0)
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were first studied in the parton model (PM) [4] and then
investigated in perturbative QCD (pQCD). A pioneering
work was done by Witten [5] in which he derived the
leading order (LO) QCD contributions to F) and F). A
few years later the next-to-leading order (NLO) corrections
to F 27 were calculated [6]. These results were obtained in
the framework based on the operator product expansion
(OPE) [7] supplemented by the renormalization group
(RG) method. The same results were rederived by the
QCD improved PM powered by the parton evolution equa-
tions [8,9]. Recently, the lowest six even-integer Mellin
moments of the photon-parton splitting functions were
calculated to the next-to-next-to-leading order (NNLO)
and the parton distributions of the real photon and the
structure function F;/ were analyzed [10]. The same au-

FIG. 1.

Deep-inelastic scattering on a virtual photon in the
ete™ collider experiments.
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thors later gave the compact and accurate parametrization
of the photon-parton splitting functions up to the NNLO in
Ref. [11].

When polarized beams are used in e*e™ collision ex-
periments, we can get information on the spin structure of
the photon. The QCD analysis of the polarized structure
function g7 (x, Q?) for the real photon target was performed
in the LO [12] and in the NLO [13,14]. For more informa-
tion on the theoretical and experimental investigation of
both unpolarized and polarized photon structure, see
Ref. [15].

A unique and interesting feature of the photon structure
functions is that, in contrast with the nucleon case, the
target mass squared — P? is not fixed but can take various
values and that the structure functions show different be-
haviors depending on the values of P2. The photon has two
characters: The photon couples directly to quarks (point-
like nature) and, also, it behaves as vector bosons (hadronic
nature) [16]. Thus the structure function FJ(x, 0?) of the
real photon (P?> = 0) may be decomposed as

F%,(.X, QZ) = F;(x, Qz)lpoimlike + F%/()C, Qz)lhadronic- (11)

The first term, a pointlike piece, can be calculated, in
principle, in a perturbative method. On the other hand,
the second term, a hadronic piece, can only be computed
by some nonperturbative methods like lattice QCD, or
estimated, for example, by the vector meson dominance
model [16].

The moments of F%/(X, Qz)lpointlike and F;(XJ Qz)lhadronic
for even n may be written, respectively, as

1 1
d n_sz ’ 2 ointlike —n+b
/;) XX 2(x Q )lp tlik a{as(Qz)a n

+ @(as(Qz))}, (12)

fl dxxnizF’Zy(x’ Qz)lhadronic = ahn(as(Qz)): (13)
0

where x is the Bjorken variable and a,(Q?%) = g*(Q?%) /4w
is the QCD running coupling constant. Since 1/a,(Q?)
behaves as In(Q?/A?) at large Q?, where A is the QCD
scale parameter, the first term a,/a,(Q?) dominates over
the b, term and also over the hadronic term A, (a,(Q?)).
The definite prediction for the LO contributions a, was
given in Ref. [5]. Meanwhile, the NLO corrections b,, were
calculated only for n > 2 in Ref. [6]. For n > 2, the had-
ronic moments £, (a;(Q?)) vanish in the large-Q? limit and
the b, terms give finite contributions. However, at n = 2,
the hadronic energy-momentum tensor operator comes
into play. Because of the conservation of this operator, b,
shows a singularity at n = 2 and h,—,(a,(Q?)) does not
vanish at large Q2. Actually, h,(a,(Q?)) also develops a
singularity at n = 2 which cancels out the one of b,,, and
h,(ay(Q?) and b,, in combination give a finite but pertur-
batively incalculable contribution at n = 2 [17]. The fact
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that definite information on the NLO second moment is
missing prevents us from fully predicting the shape and
magnitude of the structure function of F (x, Q%) up to the
order O(a).

It was then pointed out in Ref. [17] that the situation
changes significantly when we analyze the structure func-
tion of a virtual photon with P?> much larger than the QCD
parameter A2. More specifically, we consider the following
kinematical region,

AN < P2 < Q% (1.4)
In this region, the hadronic component of the photon can
also be dealt with perturbatively and thus a definite pre-
diction of the whole structure function, its shape and
magnitude, may become possible. In fact, the virtual pho-
ton structure function FJ(x, 0 P?) in the kinematical
region (1.4) was calculated in the LO (the order a/«;)
[18] and in the NLO (the order «) [17,19], and the longi-
tudinal structure function FJ(x, 0% P?) in the LO (the
order «) [17] without any unknown parameters. It is no-
table that the pathology of singularity, which appeared at
n = 2 in the term b,, of Eq. (1.2) for the real photon target,
disappeared from the moments of FJ(x, 0%, P?). The par-
ton contents of the virtual photon for the case (1.4) were
studied in Refs. [20-22].

In the same kinematical region (1.4), the polarized vir-
tual structure function g} (x, Q% P?) was investigated up to
the NLO in QCD in Ref. [23] and in the second paper of
[14]. Moreover, the polarized parton distributions inside
the virtual photon were analyzed in various factorization
schemes [24]. Quite recently the first moment of
g7 (x, 0% P?) was calculated up to the NNLO [25].

In this paper we investigate the unpolarized virtual
photon structure functions F3 (x, Q% P?) and F; (x, Q% P?)
in the kinematical region (1.4) in QCD. Here we neglect all
the power corrections of the form (P2/Q%*)* (k=1,2,...)
which may arise from target mass and higher-twist effects.
We present definite predictions for FJ (x, Q% P?) up to the
NNLO (the order aa;) and for F}(x, Q% P?) up to the
NLO (the order aeer). The recent calculations of the three-
loop anomalous dimensions for the quark and gluon op-
erators [26,27] and of the three-loop photon-quark and
photon-gluon splitting functions [11] have paved the way
for this investigation. Using the framework of the OPE
supplemented by the RG method, we give, in the next
section, an expression for the moments of F} (x, 0% P?)
up to the NNLO corrections. In Sec. III we enumerate
all the necessary QCD parameters to evaluate the NNLO
corrections. In Sec. IV the second moment of FJ (x, 0%, P?)
will be evaluated up to the NNLO. The numerical analysis
of F}(x, Q% P?) as a function of x will be given in Sec. V.
In Sec. VI the longitudinal virtual photon structure func-
tion F}(x, Q% P?) will be analyzed up to the NLO. The
final section is devoted to the conclusions.
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II. THEORETICAL FRAMEWORK BASED ON THE
OPE AND THE NNLO CORRECTIONS TO
F}(x, Q% P?)

In this article we analyze the virtual photon structure
functions FJ(x, 0, P?) and Fj(x, Q% P?) using the theo-
retical framework based on the OPE and RG method.
Unless otherwise stated, we will follow the notation of
Ref. [6]. Let us consider the forward virtual photon scat-

tering amplitude for y(q) + y(p) — y(gq) + y(p) illus-
trated in Fig. 2,

T,uvpr(p: Q) = ifd“xd”’yd“zeiq'xeip’(y*z)

X (OIT(J . ()T, (0], (¥)J7(2))]0),

where J,, is the electromagnetic current. Its absorptive part

is related to the structure tensor W,,,,,(p, ¢) for the target

photon with mass squared p> = — P? probed by the photon
with ¢> = — Q%

(2.1)

1
W,LLVpT(p’ Q) = ; ImT,quT(p: CI) (22)
Taking a spin average for the target photon, we get
1 *
W,?;:;(P, Q) = ngf,\)(P)W;wm(P: Q)G(TA)(P)
1 T
== zgp W/.LVpT(p) 4)
1 .
=5 [ A DI WL O P i
2.3)

Now W2,(p, q) is expressed in terms of two independent
structure functions F} (x, Q% P?) and FJ(x, Q°, P?):

9,4q,) 1
Winp. @) = {8, = 4521 0, )
q“p” + p*q"  pPuPy
+ {_g,uv + - . 2 qz}
Pq »-q

1
X _Fg(x) Q2) Pz)x (24)
X

where x = Q%/2p - q.
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FIG. 2. Forward scattering of a virtual photon with momentum
g and another virtual photon with momentum p. The Lorentz
indices are denoted by u, v, p, 7.
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Applying OPE for the product of two electromagnetic
currents at short distance, we get

i ] x0T (], (07, (0)

_ 9udv 2 \n e
=[5 1 Z (@) 9 g Tnor

n=even

[ ~8,1800@* T 8200 t 8vodudr — 8urdrds)
2y | Ao
x Z (@) qu o 'ql-bn—zz'CZ,nOi e + - )
13

n=2
n=even

(2.5)

where C , and Cj, are the coefficient functions which
contribute to the structure functions F; and F}, respec-
tively, and O*""* and O}"""#* are spin-n twist-2
operators (hereafter we often refer to O™ as O7).
The sum on i runs over the possible twist-2 operators,
and - - - represents other terms with irrelevant coefficient
functions and operators. In fact, the relevant O” are singlet
quark (¢), gluon (G), nonsinglet quark (NS), and photon
(7y) operators as follows:

O’IZ""“” = "Lyl pra - . DRI — trace terms,  (2.6a)
Op! e =%i’"2G{a’”D“2 <o« DMn-1 GYMY — trace terms,
(2.6b)
ONL = "Lyl pra e piad
X (Q?%, —(e*)1)¢ — trace terms, (2.6¢)
2 g L g Fara} — trace terms,

(2.6d)

MMy 1
Okt =1

where {} means complete symmetrization over the Lorentz
indices w; * - - u,, and D* denotes the covariant derivative.
In quark operators Oy, and O} given in Egs. (2.6a) and
(2.6¢), 1is an ny X ny unit matrix, Qgh is the square of the
ny X ny quark-charge matrix, with n, being the number of
active quark (i.e., the massless quark) flavors, and (e?) =
(S e/ n; is the average charge squared where e; is the
electromagnetic charge of the active quark with flavor i in
the unit of proton charge. It is noted that we have a relation
Tr(Q%, — (e*)1) = 0. The essential feature in the analysis
of the photon structure functions, in contrast to the case of
the nucleon counterparts, is the appearance of photon
operators O in addition to the familiar hadronic operators
0y, 0¢, and O [5].

The spin-averaged matrix elements of these operators
sandwiched by the photon state with momentum p are
expressed as

YN0y (p))spin av = A (2, PP pHr -« - pho

— trace terms} 2.7
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with i = ¢, G, NS, v, and u is the renormalization point.
Then the moment sum rules for F) and F] are given as
follows [7]:

1 .
f dxx"2F)(x, 0% P?) = C3 (0% 12 512, @)
0

>

i=y,G,NS,y
X AL (2, P?), (2.8)
1 .
f (P = Y €02 2 a(u?), @)
0 i=.G.NS,y
X AL (2, P?), (2.8b)

with g(u?) being the effective running QCD coupling
constant at u2. Recall that in this article the photon struc-
ture functions are defined to be of order «. Since the
coefficient functions CJ , and C} , are O(a), it is sufficient
to evaluate A at O(1). Thus we have

AL(u2 P2) = 1. (2.9)
On the other hand, the matrix elements A, (i = i, G, NS)
for the hadronic operators start at O(a). For —p? = P> >
A?, we can calculate Afl (i = ¢, G, NS) perturbatively in
each power of g2. When u? is chosen at P2, they are
expressed as

A (2 P poop = —Ai(g(PY), for i= 4G, NS.
47
(2.10)

Let us first analyze the structure function FJ (x, 0%, P?).
We will evaluate its moment sum rule up to the NNLO.
The Q> dependence of the coefficient functions
G} (0*/p? g(u?), @) in (2.8a) is governed by the RG

equation. Putting u?> = —p? = P2, its solution is given by
. 2Py y,(g a)

Ci (Q*/P2, 3(P?), a) = <Texp[ f dg 2" D
2 #(0%) B(g) )i

X 5 ,(1,8(0), a), (2.11)

with i, j = ¢, G, NS, and y. Here B(g) is the beta function
and y,(g? «a) is the anomalous dimension matrix. To the
lowest order in «, this matrix has the following form:

yn(g) C() = (Kn(g, a) 0

where 9,(g?) is the usual 3 X 3 anomalous dimension
matrix in the hadronic sector,

Y8 v,(8) 0
Yic@® veele) 0 |
0 0 7”1\/5 (g )

Valg) = (2.13)
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and K, (g, a) is the three-component row vector

K, (g a) = (Kj(g a), Ki(g ), Kys(g @),  (2.14)
which represents the mixing between the photon operator
and the remaining three hadronic operators. Then the
evolution factor in (2.11) is expressed as [6]

P y,(g a) M, 0
T d =(Tn , 2.15
exP[/g(QZ) 87 B(e) } (Xn 1) @15
where
M,(Q%/P2, g(PY) = Texp[ f “ g ?”(g)} (2.16)
a0 B(g)

X ,(Q*/P? g(P?), a)
, Vu(gh)

2P K,(g a) g
= dg -~/ d . (2.17
[g(QZ) 87 B(g) eXp[fg@z) 8 B(g’)} @17

Thus using (2.9), (2.10), (2.11), (2.15), (2.16), and (2.17),
we get

fldxx”*zF;/(x, Q2% P?)
0
= A, (3(PY) - M, (Q/PA §(PY) - €, (1, 3(0%)
£ X,(0%/ P 3(P), a) - €, (1, 2(02)

+C7,(1, (0%, @), 2.18)
with
A,(8) = (A1(2), AS(3), AN (3)), (2.19)
and
cy.(1,8)
C,,(1,3)=|cS,(1,9) (2.20)
Cy3(1,3)

In order to evaluate M, (Q?/P?, g(P?)) in (2.16) up to the
NNLO, we first expand ¥,(g) in powers of g2 up to the
three-loop level as

7.0 = 70) + 9 + 9P (g) + - - -

g2 ~(0) 84

- 70 4 5 g°
1672 " (1672)?

n t+
YT den?)?

,9512)

(2.21)

Then, putting g, = g(P?) and g, = g(Q?), we find that
M, (Q?/P? g(P?)) is expanded as

114009-4
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M,(0*/ P 5P =Texs| [* dg %(f))}
82

SIRG =i

SRR

To evaluate the integrals, we make full use of the projection
operators obtalned from the one-loop anomalous dimen-
sion matrix y,, in (2. 21) [6]:

Iy J— n pn
’)’ n = Z A} Py,
i=+,—,NS

where A(i = +, —, NS) and P! are eigenvalues of 7(0)
and the corresponding projection operators, respectively.
The explicit forms of A} and P} are given in Appendix A.
Expanding B(g) in powers of g up to the three-loop level
as

(2.23)

3 5 7

__ & _ 8 _ &
ﬁ(g) - 16772 BO (1677_2)2 ﬁl (167T2)3 :82 +

(2.24)
we perform integration in (2.22). The final form of
M, (Q%/P?, g(P?)) up to the NNLO is given in (A7) in
Appendix A.

Similarly, expanding K, (g, ) in powers of g2 up to the
three-loop level as

2 2.2
_ e g g
Kilg @) = =10 5 K" = (1672)>

+ -, (2.25)

Kﬁ,l) _

e b e el Rl o
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asesa] [ a8 Pl [ Bl
~O0) 1 ~0) 4 (1)
p[fgzdg"yx';’(g))} [} dsaee] [ '7&5)} /';(;i;)

[ me] [ P

~O0)
ex p|: f dg" ¥ ((ﬁ,))}r (2.22)
[

we can evaluate X,(Q%/P?, g(P?), a) in (2.17) up to the
NNLO. The result is given in (A8) in Appendix A.
Finally, expansions are made for the photon matrix
elements of hadronic operators A,(g(P?)) in (2.19) as
well as the coefficient functions C5,(1, g(Q?)) in (2.20)
and CJ (1, 2(0?%), @) in (2.18) up to the two-loop level as

follows:
A, (g(PY)) =AY + g (P )A<2> + - (2.26)
_ g2 (0% (0%
Con(1,8(Q%) = €5, + 5 =5 €Y + (1 5 2)2022,1
4+ (2.27)
L€ 2g%(0%)
Cy,(1,8(0% a)= 4 (1672)2 cgfj) NE
(2.28)

Then putting (2.26), (2.27), (2.28), (A7), and (AS8) into
(2.18), we obtain the expression for the moment sum rule
of FJ(x, 0% P?) up to the NNLO (aa;,) corrections as

follows:
a,(Q)\
as(P2)> }

A%

o1 (A8 oo o - (A
+ Zé’?[l - (Z((g))y} Z}‘n[] - <(_g22))>m+1} N gn> + @(ag)}, withi= +. — NS,

where d! = 2% The coefficients L7, A, B!, C", D, &},

L1 =KOpic)

Pn?(l)Pn C(O)i
N +2B,

K(O)Z An

— KOpic0 P B

(2.29)
", and G" are given by

1
T (2.30)
Bo 7 1=di, K“)P"Cg";d— —2BpAPICY), (2.31)
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i3V Py

1
n — KO ©
B K";Ay—Ay+2BOC

1+ dy

cr=2By(CY) + AP - ),

1
D = —KOprc) <31 B _><1
i 2.n B() BO 1 — d:[

n 1) pn
Py P!
(0) n
— K Z/\"—)\"+4,8

nAl n 1 ¥
P9 Py, Pl o

+ K(O) Pnc(l)

Pn ')’n Pn

) KO Z
/\n

1 —dl +d"
c Bt < i 1> + KO
B\ 1 —dr Z At —
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© Bi d?’

0 pn
— KRGy,

Tr (2.32)

(2.33)

— n
0Bl —d
A28y 2By 1 —dr
P}’L,i}(z)Pl’l
A+ 4Bo

o 1
2 —dn

o 1

_ Kﬁlo) 1
%()\? — A+ 2B0)(AF = AT+ 48y "1

VS

Pn ?511)1)"

1

1
KPP T A X+ 2B,

Z Al — )\” T

c© Bt Bil
2.n
A”+230 Bo d”

el WW@glw

_ K(O)Z =

~ K(O)Z Pn ’f/(l)Pn ’f/(l)Pn 0 1
T (= AL+ 2B (N = AT+ 2B0)

_ P9y P
1 J
R vy v 23
o J

O png@ 1 ©) pn (1) Bi
Fr =K P’C2n1+dn KYpic

K(O)Pnc(20,)1<:81 B 1 )

B2 ,801+d”

n () pn
_ K(O)Z P yn Pj C(O) Bl
A=A 15,5 g

—d A By

CY) —2B,APPrCY) g Ld

1
1
K

Pn ?(I)Pn

K(O) Z /\n —

- K PicY)

Cg):, + 28, A(I)Pnc(o) gl

N
KO
Z/\"—A;? + 28,

0 1+d;7

pr4\l pn
e B n K;l)z " Yn P
— \"

P AP E2By M-y

- 2B,A2PrCY, (2.34)

1
(I)Pnc(zl) dn + K(O)Pnc(zozl gl (1 _ d;z)
0
c Bt

X+ 2By " By

o 1

n o) pn
pray pr

2nﬁ1 +K511)Z i Yn P 0
:80 Jj A} ' d?

F— A+ 28,

— 2B, AV PrCY), (2.35)
251 i
(O)Z Piyn P}

A= A+ 2130

)n n
Py co B4
2.n
" Bo 1+ df

m 1
20+ g

dn Pn ’?(2)P”

1
K(O) C(O)
Z X — AT E 4,

211+ dy

(1) pn 4 (1)
+ KEO)Z Ry F e
. ()\”—)t”+2,80) 2,n

G" =2B,(CYY + AP - ) + AP - Y, (2.37)
with i, j, k = +, —, NS. The LO term L was obtained by
Witten [5]. The NLO (a) corrections 54 B!, and C"
without terms with A{" were first derlved by Bardeen
and Buras [6] for the case of the real photon target (i.e.
P? = 0). Later, authors in Ref. [17] analyzed the NLO (a)
corrections for the case of the virtual photon target (P> >>

A?) and the terms with A" were added to A and C". The

— A+ 2B

1 1
: 2.36
A;?—Az+4,30>1+d;? (2:36)

[

coefficients D7, £, F7, and G" are the NNLO (aay)
corrections and they are new.

For n = 2, one of the eigenvalues, A”=2, in Eq. (2.23)
vanishes and we have d"=2 = 0. This is due to the fact that
the corresponding operator is the hadronic energy-
momentum tensor and is, therefore, conserved with a null
anomalous dimension [6]. The coefficients A"=2 and £"=2

have terms which are proportional to # and thus diverge.
However, we see from (2.29) that these coefficients are
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multiplied by a factor [1 — (a,(Q?)/a(P?))* "] which
vanishes. In the end, the coefficients A"~2 and %2
multiplied by this factor remain finite [17].

III. PARAMETERS IN THE MS SCHEME

All the quantities necessary to evaluate the NNLO (a«y)
corrections to the moments of FJ(x, Q% P?) have been
calculated and most of them are presented in the literature,
except for the two-loop photon matrix elements of had-
ronic operators ASLM’, A~512 )G, and Aff) NS Also for the three-
loop anomalous dimensions Kg)’”, Kg)‘", and K%’”, we
only have approximate expressions in the form of photon-
quark and photon-gluon splitting functions. In the follow-
ing we will enumerate all these necessary parameters. The
expressions are the ones calculated in the modified mini-
mal subtraction (MS) scheme [28].

A. Quark-charge factors and £ function parameters

The following quark-charge factors are often used be-
low:

ng

5¢ = <€2> = Ze%/"f: oys = 1,
i=1

3.1

nyg

8, =3ne*)=3 Ze?.
i=1

The B function parameters 3y, B, and B, [29] are given
by

12
BO :?CA _gl’lf, (32)
34 , 10
B1 =7 Ci =5 Cany = 2Cpny, (3.3)
2857 , 1415 205 79
P =54 Ci ~ =53 Gy — g CaCeny + 53 Canj
11
¥ Cony & 5 Crmj (34

with C4 = 3 and Cr = § in QCD.

B. Coefficient functions

As shown in (2.27) and (2.28), we need the hadronic
coefficient functions C; , (1, 2(0?) withi = ¢, G and NS,

and the photon coefficient function C7 (1, g(Q?), @) up to
the two-loop level. At tree level, we have
0) _ G(0) __
C,720n - 5'7”’ CZEz) =0, (3.5)
R N o

The one-loop coefficient functions were calculated in the
minimal subtraction (MS) scheme in Refs. [28,30]. The
MS results are written as

PHYSICAL REVIEW D 75, 114009 (2007)
Czl//(l) = 5¢B$, Cg(l) = (Swgn,
) (3.6)
s = sysBys, LY = 6,81,

where B}, = B} and BY; are obtained, for example, from
the MS- scheme results for Bj, = By and Bg given in
Egs. (4.10) and (4.11) of Ref. [6] by discarding the terms
proportional to In(47 — yg). B is related to Bf, by B =
The two-loop coefficient functions corresponding to the
hadronic operators were calculated in the MS scheme in
Refs. [31,32]. They were expressed in fractional momen-
tum space as functions x. The results in Mellin space as
functions of n are found, for example, in Ref. [33]:

CYD = 5,42 ™ (m) + ¢ m) + AP (37)
5 = 8ych(n), 3-8)
CNS(z) = Sys {0(2) () 4 C(Z) “S(p)}, (3.9)

where c(z) S (), c(z) “(n), c(z) pq(n) and c;, @) (n) are given
in Egs. (197), (198) (201), and (202) in Appendlx B of
Ref. [33], respectively, with N being replaced by n. The
two-loop photon coefficient function C{ (,,2) is expressed as

3y = 8,5 (), (3.10)
where c;’ zy(n) is obtained from c(z) (n) in (3.8) by replacing
Cy —0and ¥ —>1 [10].

C. Anomalous dimensions

The one-loop anomalous dimensions for the hadronic

sector were calculated a long time ago [34,35]. The ex-

pressions of ’yf/%" = yg\%", 75%’1, V(C?an, and ’y(g)G" are

given, for example, in Egs. (4.1), (4.2), (4.3), and (4.4) of
Ref. [6], respectively, with f being replaced by n;. As for
the one-loop anomalous dimension row vector KY =
(Kff)’”, K(c?)’” (0)") we have K(O)” =0, and K«))” nd

K](\(,)L)g’” are given, respectively, in Egs. (4.5) and (4.6) of
Ref. [6] with f being replaced by n; again.

The two-loop anomalous dimensions for the hadronic
sector were calculated in Ref. [30] and recalculated using a
different method and a different gauge in Ref. [36]. The
results by the two groups agreed with each other except in
the part of ygé" proportional to CZ, but this discrepancy
was solved later [37]. They are given by

(W — 5,0+ ()

¥k @3.11)

" = 2 ) + ),

Yo = (3.12)
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You = 2v4 (), (3.13)
ygl)/;" = 27(])(n), 3.14)
Yyt = 290 (n), (3.15)

where y'*(n) is given in Eq (3.5) of Ref. [26], and
yps)(n) 7(1)(11) 7(1)(n) andy )(n) are given, respectively,
in Egs. (3.6), (3.7), (3.8), and (3.9) of Ref. [27], with N
being replaced by n. The factor of 2in (3.11), (3.12), (3.13),
(3.14), and (3.15) appears since, in Refs. [26,27], the
anomalous dimension y of the renormalized operator O
is defined as dO/d1n u> = —vyO instead of dO/dIn u =
—vO0.

The two-loop anomalous dimensions K, W gn and

K(l)” can be obtained from 7(1)" and 7(1) by replacing
color factors with relevant charge factors [6]. Moreover we

need an additional procedure for K(G!)’". They are given by

K" = =3ne?)CrDyg(n), (3.16)

K" = =3n,((e% — (X)) CpDyg(n),  (3.17)
KD = —3n(e2)Cr(Dgg(n) — 8), (3.18)

where D;(n) and Dgg(n) are obtained from y(l)” and

78)0 , respectively, by replacing C4 — 0 and Cpny — 2.

The number 8 in (3.18) is due to the gluon self-energy
contribution to ygz;", which should be dropped for Kg)‘"
[38,39].

The three-loop anomalous dimensions for the hadronic
sector have been calculated recently in Refs. [26,27]. They
are expressed as

YR =29 (), (3.19)
Y2 =20y (n) + YR (), 3.20
b Y n Yps (n (3.20)
Y =2v@& ), (3.21)
yoy' = 2v& (), (3.22)
YA = 2y@(n), (3.23)

where ym) (n) is given in Eq. (3.7) of Ref. [26], and
ypg)(n) y(z)(n) y(z)(n) and y(z)(n) are given, respectively,
in Egs. (3.10), (3.11), (3.12), and (3.13) of Ref. [27], with N
being replaced by n.

Concerning the three-loop anomalous dimensions K @), ",
K,(\%", nd K(Gz) ", the exact expressions have not appeared
in the literature yet. In fact, the lowest six even-integer

PHYSICAL REVIEW D 75, 114009 (2007)

Mellin moments, n = 2, ..., 12, of these anomalous di-
mensions were calculated and given in Ref. [10]. Quite
recently, the authors of Ref. [10] have presented compact
parametrizations of the three-loop photon-nonsinglet quark
and photon-gluon splitting functions, Pl(ng)y(x) and P(z) 5 (x),
instead of providing the exact analytic results [11]. It is
remarked there that their parametrizations deviate from the
lengthy full expressions by about 0.1% or less. They also
gave in Ref. [11] the analytic expression of the three-loop
photon-pure-singlet quark splitting function Pg)y(x). It is
true that we can infer the analytic expressions for some

parts of K, 2)n KI(\?;” and K (Gz)’” from the known three-loop

(2) " and y(z) ". For instance, the expressions of

K(Z)” and K(Z;" which have the color factor C% are ob-
2),n

results of y ¢

tained from 7y, by taking the terms which are propor-

tional to the color factor n;C%. Also, the terms of Kg)’"
which have the color factors n;Cp and C% are related to the

ones of y(z) "

with the color factors n7Cp and n,Ct,
respectively. But, at present, we do not have the exact
analytic expressions of K,(//z)’", K2, and K2 as a whole.

Under these circumstances we are reconciled to the use
of approximate expressions for Kf//z)’", K](\%”, and Kg)‘".
They are obtained by taking the Mellin moments of the
parametrizations for Pffg)y(x) and Pg (x), and of the exact

result for P](st)y(x), which are presented in Ref. [11]. Then
we have

K" = K& = —3n,(e*) — (2)2)2ER (n),

NS approx
(3.24)
K" = Ko = —3n{e20ERY™ (1) + Epy ()}
i approx ngle nsy 1 psy Vs>
(3.25)
K" =~ KGi o = —3n ?2ER ™ (n),  (3.26)
where the explicit expressions of Enly ™ (n), E,(n), and

EapprOX(n) are given in Appendix B. Again the appearance

of the factor of 2 in (3.24), (3.25), and (3.26) is due to the
difference in definition of the anomalous dimensions. As
mentioned earlier, the lowest six even-integer Mellin mo-

L 12, of K;&;’", Kl(f)’", and Kg)’" were given

in Ref. [10]. When we write K&" and K2 as

—3n;((e*) = (€*))2E sy (n),

ments,n = 2, ...

K" = (3.27)

K& = —3n(e*)2EG,(n), (3.28)

then we get the exact results of E,, (n) and E,, (n) for even
n=2,...,12. We give in Table I the results of Ensy(n),
Exy ™ (n), Eg,(n), and Eépﬁmx(n) in numerical form for the
lowest six even-integer values of n. We see the deviations
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TABLE I. Numerical values of E,

nsy

PHYSICAL REVIEW D 75, 114009 (2007)

(n), Exsy™(n), Eg,(n), and Eap pmx(n) for the lowest six even-integer values of n. The values for

E,,(n) [Eg,(n)] are found in Eq. (3.1) [Eq. (3.3)] or obtained by evaluatlng Egs. (A.1)—(A.6) [Egs. (A.7)—(A.12)] of Ref. [10]. The

approx

values of Eygy

(n) and EZY rOX(n) are obtained from the expressions given in (B2) and (B3) in Appendix B, respectively.

EGy(n)

Eg);)rox (n)

Epy(n) Ey ™ (n)
n=2 —86.9753 + 1.47051n; —86.9844 + 1.47104n,
n=4 —102.831 + 1.47737n, —102.848 + 1.47787n;
n=6 —109.278 + 1.656 53n; —109.299 + 1.656 99,
n=38 —111.167 + 1.695 50n; —111.192 + 1.69592n;
n=10 —111.035 + 1.67061n; —111.062 + 167099,
n=12 —109.943 + 1.61908n; —109.972 + 1.61943n;

31.4197 + 5.15775n,
23.9427 + 1.108 86n,
15.6517 + 0.695953n,
10.9661 + 0.498 1967,
8.16031 + 0.379 060,
6.34829 + 0.300274n;,

31.4155 + 5.15803n,
23.9419 + 1.108 88,
15.6507 + 0.695 944n
10.9651 + 0.498 178n,
8.15953 + 0.379 038,
6.34777 + 0.300250n

of Exty " (n) from E,,(n) and EZY rOx(n) from Eg,,(n) are

both far less than 0.1% for these Values of n.

D. Photon matrix elements

The two-loop operator matrix elements have been calcu-
lated up to the finite terms by Matiounine, Smith, and van
Neerven (MSvN) [40]. Using their results and changing
color-group factors, we obtain the photon matrix elements
of hadronic operators up to the two-loop level.

First we clear up a subtle issue which appears in the
calculation of the photon matrix elements of the hadronic
operators. The one-loop gluon coefficient function BY; in
(3.6) was calculated by two groups, BBDM and FRS (we
have taken initials of the authors of Refs. [28,30], respec-
tively). Both groups evaluated one-loop diagrams contrib-
uting to the forward virtual photon-gluon scattering as well
as those contributing to the matrix element of the quark
operator between gluon states, and they took a difference
between the two to obtain BZ. But actually BBDM calcu-
lated the gluon spin-averaged contributions, i.e., multiply-
ing g,, and contracting pairs of Lorentz indices p and 7,
whereas FRS picked up the parts which are proportional to
gpr- Thus the BBDM results on the contributions to the
forward virtual photon-gluon scattering and the gluon ma-
trix element of the quark operator are different from those
by FRS, but the difference between the two contributions,
i.e., BL, is the same, as it should be.

We have defined the photon structure functions F and
F] in (2.3) and (2.4), taking a spin average of the target
photon for the structure tensor W, Vp,( P, q). We, therefore,
adopt the BBDM result rather than that of FRS and convert
it to the photon case. Then, for the photon matrix elements
of the hadronic operators at one-loop level, we get

A“ill)'ﬁ — 3nf<€2>H£11)(n)’ A;l)G =0,
F(DNS 4 2423 g7(1) (3.29)
Ay =3n,(e*) — (e*)*)Hy (n),
where
1 4 4
HY () =4 — =+ - +
¢ () [ w2+ 12 (nt 22
1 2 2
+(-———+ .
(n n+1l n+ 2)S (n)} (3.30)

with §y(n) = 3" 1. Actually, H(ql)(n) is related to the
j

BBDM result on the one-loop gluon matrix element of

the quark operator Af();l/’ given in Eq. (6.2) of Ref. [28] as

Ay’ = G Y HY (n).

MSvN have presented in Appendix A of Ref. [40] full
expressions for the two-loop corrected operator matrix
elements which are unrenormalized and include external
self-energy corrections. The expressions are given in par-
ton momentum fraction space, i.e., in z space. Taking the
moments, the unrenormalized matrix elements of the
(flavor-singlet) quark operators between gluon states are

written as [see Eq. (2.18) of Ref. [40]]

2
A —P~ 1\ _ teuvs, (D) | FEOM 2)
Aqg,pf(”’ P ’;> =Ay "(M)Tpr + Ay, (n)T/(zr

+ AN ()T, (3.31)
where
1 A —p2 1
Ak (n =f dzz" 'Ak,<z,—,—>,
a5 (") 0 B\ P e (3.32)

k=PHYS, EOM and NGI,

and the expressions of APHYS(z, ) AEOM(Z, 72, l)

and AI;IEI(Z, M]Z ,%) are given in Eqs. (A7), (AB), and (A9)
of Ref. [40], respectively. Refer to Ref. [40] for the expla-
nation of the “PHYS,” “EOM,” and “NGI” parts. The
tensors T(’) (i = 1,2, 3) are given by [see Egs. (2.19)—(2.21)
of Ref. [40] and note that we have changed the Lorentz
indices of gluon fields from wv to p7]

(1) __ ppAT + App A Arp n
T T T A ’
p [gp A-p (A - p)? (A-p)
(3.33)
A+ A A, A_p?
TL22=|:ppr_pp T pp7+ p Tp2j|(A'p)n,
p A-p (A-p)
(3.34)
PoAr+ A p, AN D
T(37} _ | _Fp P P A-p), 3.35
e el L SYOUBCED)
where A, is a lightlike vector (A2 =0). The renormaliza-
tion of Aqg, pr(7, _M’ZZ, i) proceeds as follows: First the cou-
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pling constant and gauge constant renormalizations are
performed. Then the remaining ultraviolet divergences
are removed by multiplication of the operator renormal-
ization constants. We get the finite expression at > = — p?
as

Agepr o = {—a;';< >+( ) 2 >}T;;z
{—b“’( >+ (5 ) b2 )}TEJ

a? (3)
+ T;7.
<4”> AT

The expressions of aE,'g)(n) and bgfg,(n)(i = 1,2) are given in

(3.36)

Appendix C, while af;i(n) is made up of the terms propor-
tional to Cy %f and is, therefore, irrelevant to the photon
matrix element of the quark operator. Now multiplying g*”

and contracting pairs of indices p and 7, we get
1 1

zng (A ) AquT(n)llu -p?

PHYSICAL REVIEW D 75, 114009 (2007)

We can see from the expressions of aly(n) and b2 (n) in
(C2) and (C3), respectively, that the FRS result for the one-
loop gluon matrix element of the quark operator corre-

sponds to a(n), while the BBDM result corresponds to
the combination {a'}J(n) — éb(qlg)(n)}. Indeed we find that
H(l)(n) in (3.30) is written as %fH,(jl)(n) = {asilz(n) —
1 b(l)(n)}

The two-loop photon matrix elements of the quark op-
erators are derived from the combination {a(ng) (n) —
1b(z)(n) (2)(n)} in (3.37) with the following replace-
ments: CA — 0 ( [)?—0, and Cp3 % —[Cr X charge factor].
The terms proportional to (2’ )% in agy 2 () and b(z)(n) come

from the external gluon self-energy corrections and should
be discarded for the photon case. Thus we obtain

AP =3n(eHH (n),

40 ) FONS _ 4y (o232 gD (338)
{ D(n) — __bqg( )} A =3n,((e*) — ()P H, (n),
i (4#) { (2)( )~ _b@)( )~ 2 512/2(”)} (3:37) where
|
HP0) = Col( g+ g (351007 45200810+ 5 $u() — 16851 — 488 ) + 5107~
16 16 0 32 >+S(n)<i— 80 . 56 16 48 64 32
n+2 n2 (n+1?2 (n+2)? ! n+l n+2 n* (m+1? (+2? 3
L7628 )4—5 00(6_%:3 16_F 40 32 ) 3870 , 56 56
n+13 (n+2)3 2n n+1 m+12 +2?%) n n+l n+2 2
o198 144 2 40 128 20 88 }
m+1? (m+2?% n* (+ 1)3 (n +2)3 (n+1)*
(3.39)

Similarly the renormalized matrix elements of the gluon
operators between gluon states at u> = — p? are written as
[the unrenormalized version is given in Eq. (2.33) of
Ref. [40]]

Agepr ()] oo = {4— af)(n) + (47) a@(n >}ryz

{4—bi’lg)( n) + <4 )

# L alion + (=) a7
(3.40)

b2 (n )}ngg

The one-loop results aé?(n), bgg) (n), and aéﬁ(n) are all
proportional to the color factor C, and thus they are
irrelevant to the photon matrix elements. Also, the two-

[

loop result a (n) is made up of the terms proportional to
CiorC, 2’ and is irrelevant. The expressions of a gg)(n) and
(2)(11) are given by (C6) and (C7), respectlvely, in
Appendix C. Then, we take the combination {a'2(n) —
%bﬁ) (n)} and make replacements, C, — 0, (3)> — 0, and
Cr* — [Cr X charge factor]. Furthermore, we realize
that the last two terms in parentheses of (C6) have also
resulted from the external gluon self-energy corrections
and are thus irrelevant for the photon case. In the end, we

obtain for the photon matrix elements of the gluon opera-
tors
AP =3n(e)HD (n), (3.41)

where
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16 4 4 16 8 8 32 32 32
H?(n) = 2 4+ +-— — e B N ol
G (" CF{(Sl(n) Sz(n))<3(n -1) n n+1 3n+2) w2 (n + 1)2> Sl(n)( n—1) n n+1
32 32 8 64 32 48 32 32 32 32
t - T 5 o) TS0 T - )
9(n +2) mn+1? 3+2? P m+1) 3n—1) n n+1 3n+2)
" 872 @ 16 . 856 @ 104 n 64 + 44 * 28 128 @
27n—1) n n+1 27n+2) n2 (m+1)?* 9n+2)? n+1° 3m+2° n
88
- 3.42
(n + 1)4} G4

With all these necessary parameters at hand, we are now
ready to analyze the moments of FJ(x, Q% P?) up to the
NNLO. First we evaluate the coefficients L7, A?, B!, C",
D, g, Fr,and G" with i = +, —, NS, the expressions of
which are given in Egs. (2.30), (2.31), (2.32), (2.33), (2.34),
(2.35), (2.36), and (2.37), for n = 2,4, ..., 12 in the cases
of ny = 3 and n; = 4. The results are listed in Table II (for
ny = 3) and Table III (for n; = 4). In Table 1 of Ref. [17],
the numerical values of the seven NLO coefficients, A7,
B!, and C" with i = +, —, NS for n = 2,4, ...,20 in the
case of n; = 4, were already given. Our results for A7,
B}, and C" in Table III are consistent with those in
Ref. [17] except for the values of A" and A™. The
discrepancy in the values of A" and ‘A" arises from
the term —8 in the parentheses of Eq. (3.18). See the
discussion below Eq. (3.18). The numerical calculation of
the NNLO coefficients D%, D™, and D} for n =
2,4,...,12 in Tables II and IIl was performed by using
the “exact” values of the three-loop anomalous dimen-
sions, Kj(\%", Kl(//z)’", and K(Gz)’”, for n =2,...,12 given in
Ref. [10] and also by using the approximate expressions
K,%prmx, gﬁgpmx, and K(Gz)a;pmx defined in Egs. (3.24),
(3.25), and (3.26) (in parentheses). The coefficients A"

and &" cannot be evaluated at n = 2 since they become

TABLE II.

Numerical values of L, A", BY, D}, EY, Fi(i = +,

[

singular there. More details concerning this singularity will
be discussed in the next section.

The coefficients D" and DY, in Table II take extremely
large values at n = 6. The values of D"~% and D} ° in
Table III are also large. This is due to the fact that D" and
Dy, have terms with the factors = and 1_—'% respec-
tively, and that d” and d}¢ happen to be very close to 1 at
n = 6. Actually, we obtain d"~° = 0.995846 and d’;5° =
1.000 35 for ny = 3 (Table II), and d"=% =1.07427 and
dys® = 1.08038 for ny = 4 (Table III). But we see from
(2.29) that D" and D”NS are multiplied, respectively, by
the factors [1 — (575 (Pz))d" “1and[1 — Z*((g @(0)ydis~1] which
become very small when d” and dj¢ are close to 1. Thus
the contributions of the parts with "=% and D76 to the
6th moment of F}(x, 0% P?) do not stand out from the
others.

IV. SUM RULE OF F}(x, 0% P?)
The sum rule of the structure function FJ,
1
f dxFJ(x, Q% P?),
0

can be studied by taking the n — 2 limit of Eq. (2.29). At
n = 2 one of the eigenvalues of 9,-,(g), the anomalous

4.1)

—,NS),and C" and G" for n = 2,4, ..., 12 in the case of n; = 3.

The calculation of D", D", and D} ¢ was performed by using the exact values of K,(\?;", K, @)n ,and K G given in Ref. [10] and also

by using the approximate expressions K](VS approx’ Kfl,zlgpmx, and KG approx defined in Egs. (3.24), (3.25), and (3.26) (in parentheses).

n I I Lo An An Al B B! B cr

2 0.4690 0.4267 0.4248 —2.8403 —5.5940 1.7481 —1.8535 0.8290 —9.3333
4 0.004 336 0.3639 0.1836 —0.5543 —2.6267 —1.3299 0.07353 3.3149 1.4607 —10.7467
6 0.000 5428 0.2324 0.1164 0.06133 —1.8806 —0.9403 0.016 52 29783 1.5349 —9.1088
8 0.0001493 0.1689 0.084 51 0.009 544 —1.6566 —0.8277 0.006 245 29612 1.4906 —7.7504
10 0.00005803 0.1318 0.06591 0.002 817 —1.5336 —0.7664 0.002993 2.8263 1.4169 —6.7116
12 0.000 027 48 0.1075 0.05375 0.001 087 —1.4425 —0.7210 0.001 652 2.6744 1.3390 —5.9074
n Dy D Diys &L et Exs Fh T Fis g

2 | 60.5098 (60.5014) 32.9286 (32.9251) 63.1965 (63.1909) —10.5867 —10.9168 6.9729—-13.7973 3.7817 —251.3619
4 7.9871 (7.9873) 25.9791 (25.9222) 11.6147 (11.5840)  —9.3990 —23.9288 —10.5807 1.3106 48.8620 20.6599 —204.5836
6 0.01877 (0.01877) —4007.0415(—4011.3304) 24 025.6303 (24 050.8845) 1.8667 —24.0991 —12.4017 04596 56.4575 29.3881 —176.9466
8 0.03222 (0.03221) 165.7976 (165.9277) 822116 (82.2758) 03993 —29.0367 —14.5993 0.2217 67.5380 34.0579 —157.4181
10 | —0.001732(—0.001738) 109.3285 (109.4090) 54.5447 (54.5847) 0.1453 —32.8877 —16.4753 0.1249 73.0111 36.6197 —142.6108
12 | —0.01825(—0.018 26) 86.8381 (86.9019) 43.3780 (43.4098) 0.06532 —35.8891 —17.9598 0.07764 75.9024 38.0024 —130.8717
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TABLE III.

Numerical values of L7, A", B, D, &, Fi(i = +, —, NS),and C" and G" forn = 2,4, .

PHYSICAL REVIEW D 75, 114009 (2007)
, 12 in the case of ny = 4.

The calculation of D%, D", and D}, was performed by using the exact values of K%”, K; @n and Kg @) given in Ref. [10] and also

by using the approximate expressions KI(\%.)Sprrox’ Kl(//zz"qpprox’ and KG approx defined in Eqgs. (3.24), (3.25), and (3.26) (in parentheses).
n L L L An An An B B Bl c
2 0.8078 1.0582 0.6231 2.7608 —6.0944 3.8774 —8.5894 1.3076 —16.3237
4 0.009356 0.7327 0.2661 5.1244 —3.7321 —1.3858 0.1688 0.4820 2.1599 —18.7956
6 0.001235 0.4656 0.1679 0.09529 —2.9038 —1.0480 0.03909 6.0485 2.2395 —15.9311
8 0.000346 5 0.3374 0.1215 0.01953 —2.7046 —0.9735 0.014 95 5.9573 2.1613 —13.5552
10 0.0001362 0.2627 0.09461 0.006 354 —2.5904 —0.9322 0.007216 5.6671 2.0468 —11.7384
12 0.000 064 97 0.2140 0.07704 0.002 598 —2.4906 —0.8963 0.003 999 5.3501 1.9293 —10.3319
n D D Dy en e g FLFL Fus G"
2 | —84.4549(—84.4748) 64.6182 (64.6102) 63.5804 (63.5722) 13.2519 —12.7900 7.0067 —68.4928  0.8275 —439.6247
4 | —17.3048(—17.3044) —140.7574(—140.9078) —64.7231(—64.7847) 92.4633 —2.4550 —11.2489 2.6666 —28.0786 24.5807 —357.8108
6 0.4163 (0.4163) 894.6070 (895.0955) 301.7867 (301.9492) 3.0154 —37.7241 —13.9828 1.0159 99.2476 37.1197 —309.4744
8 —0.04747(—0.04749) 326.5791 (326.7480) 116.7791 (116.8392) 0.8428 —47.7463 —17.3117 0.5046 121.0094 43.9510 —275.3197
10 | —0.2306(—0.2306) 2289242 (229.0460)  82.2373 (82.2809)  0.3366 —55.8735 —20.1683 0.2888 132.4677 47.7946 —249.4221
12 | —0.7548(—0.7548) 183.5002 (183.6024)  65.9952 (66.0319)  0.1600 —62.2711 —22.4456 0.1813 139.2236 49.9533 —228.8909
dimension matrix in the hadronic sector given in (2.13), B B ) ) pn
vanishes, due to the conservation of the energy-momentum &'~ = |:—K O pn G, (1) Lk Z )\” ) (1)
tensor. Thus we have a zero eigenvalue, A"~2 = 0, for the Bo
one-loop anomalous d1mens1on matrix y( ) and, there- 5,(1) P! B

=2 _ +KVprcl) - K“”Z 0L
fore, we get d"~- = W = (0. Among the coefficients 2,n Al +2 ,3 G Bo

which appeared in (2.29), two of them, namely, A" and
&", would develop singularities at n = 2, since those co-
efficients have terms with the factor d” . However, as we
see from (2 29), both A" and £” are multiplied by a factor
[1-C5n 0 PQ))" ] which also vanishes at n = 2. Provided that
we regard the expression 1 (I — x€) as its limiting value for

€ — 0, —Inx, then the A" and &" parts of (2.29) give
finite contributions as

T (a0 ra (0
iA1= () = AT G @2
< on _ as(QZ) " _on=2 as(Qz)
ez 1= () | e @
where
7 n=2 0 P O — KOpr Bi
A =[ —K, ZA”+2,B ) — K, P,CME
+ KQ)PQC(Q?)Z} E (4.4)

P ASJ)P'L Py
- K(”O)Z - R4 Vn k
S (=ML +2B) (N +2B,)

W P O
+ K .
Z /\n + 2B0 :|n,2

C(O)

4.5)

The coefficient functions, anomalous dimensions, and pho-
ton matrix elements at n = 2 are given in Appendix D.
Using these values we obtain A"2 = —1.3274X
(—2.2857) and £"~% = 5.7664 (18.553) for nyp=3(4).
The numerical values of L'=2, A"=2 Br=2 Dr=2
=2, Fu=2 (i =+, —, NS), and C"=2 and G"~2, except
for A"=2 and £"=2, were already given in Table II (for
ny = 3) and Table III (for ny = 4).
Let us express the sum rule in the following form:

1 [ 4
f dxF)(x, Q% P?) = E 28, {—(22) cLo T cNLo

a,(0%)
47

canto + @(a%)}, (4.6)

where the first, second, and third terms in the curly brack-
ets correspond to the LO, NLO, and NNLO contributions,
respectively. The coefficients c; g, cn1.0, and cynio depend
on the number of the active quark flavors ns, and also on
a,(Q?) and a,(P?). For the QCD running coupling con-
stant a,(Q?), we use the following formula which takes
into account the 8 function parameters up to the three-loop
level [41],
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TABLE IV. The numerical values of the coefficients c; g, cni0, and cynzo 10 Eq. (4.6), and the NLO and NNLO corrections relative
to LO for the sum rule of F}(x, 02 P?) in several cases of Q% and P?. The ratios of the NNLO to the sum of the LO and NLO
contributions are also listed. For the QCD running coupling constant a,, we have used the formula given in Eq. (4.7) with A =

0.2 GeV.
02(GeV?)  PXGeV®)  cio NLO o | LO NLO NNLO  NNLO/(LO + NLO)
ng =73 30 1 0.7631 —11.66 —331.2 1 —0.2063 —-0.0791 —0.0997
100 1 0.8613 —12.21 —355.3 1 —0.1649 —0.0558 —0.0668
100 3 0.6690 —11.22 —313.8 1 —0.1949 —0.0634 —0.0787
ny = 4 30 1 1.429 —18.90 —525.7 1 —0.1950 —0.0800 —0.0993
100 1 1.614 —19.59 —551.4 1 —0.1541 —0.0551 —0.0651
100 3 1.257 —18.38 —507.5 1 —0.1855 —0.0650 —0.0798
a,(0%) 1 1 B 1 B1\2 where the integration contour runs to the right of all
= - — InL + — ; it Y 2 p2y;
. BoL  (BoL)’ Bo (BoL)* \ By singularities of MJ(n, Q%, P°) in the complex »n plane. In

N2 BoBa 5 1

x [(m 2) + 4} + @<L4>, @.7)
where L = In(Q?/A?), and By, B;, and B, are given in
Egs. (3.2), (3.3), and (3.4). Taking A = 0.2 GeV, we get,
for example, a,(Q> = 100 GeV?) = 0.1461 (0.1595) and
a,(Q* =3 GeV?) =0.2487(0.2717) for the case n; = 3(4).
We list in Table IV the numerical values of the
coefficients ¢, cNLo» and cxnLo for the cases ny =3
and 4. We have studied three cases: (Q2? P?) =
(30 GeV?, 1 GeV?), (100 GeV?, 1 GeV?), and
(100 GeV?,3 GeV?). We already know that cy( takes
negative values [17]. We find that the coefficient cynio
also takes negative values which are rather large in magni-
tude compared with those of ¢; g and cyp . Also listed in
Table IV are the NLO (aa,) and NNLO (aa?) corrections
relative to LO (&) and the ratios of the NNLO to the sum of
the LO and NLO contributions for the sum rule of
F)(x, Q% P?). We see that the NNLO corrections give
negative contributions to the sum rule. In fact, we will
see in the next section that the NNLO corrections reduce
FJ)(x, Q% P?) at larger x. For the kinematical region of Q?
and P? which we have studied, the NNLO corrections are
found to be rather large. When P> =1 GeV? and Q? =
30 ~ 100 GeV? or P? =3 GeV? and Q% = 100 GeV?,
and ny is 3 or 4, the NNLO corrections are 7%—-10% of

the sum of the LO and NLO contributions.

V. NUMERICAL ANALYSIS OF F3(x, Q2 P?)

We now perform the inverse Mellin transform of (2.29)
to obtain FJ as a function of x. The nth moment is denoted
as

B onP) (5.1)
X

1
MJ(n, Q% P?) = f dxx"1

0
Then by inverting the moments (5.1) we get

Y 2 2 1 C+ioo
7}?2 (x’ Q ’ P ) =5 f dnx_any(n’ sz Pz)) (52)
X 2’7Tl C—ioo

order to have better convergence of the numerical integra-
tion, we change the contour from the vertical line connect-
ing C — joo with C + joo (C is an appropriate positive
constant), introducing a small positive constant &, to

(5.3)

n=C-—c¢glyl +iy, —00 <y < 00,

Hence we have

y 2 p2 1 foo
F2 (x, Q , P ) — / [RC{M;,(Z, QZ, PZ)e—zln(x)}
X T Jo

— eIm{M}(z, 0% P2)e"}]dy,
5.4

where z = C — ey + iy.

As we see from Egs. (2.29), (2.30), (2.31), (2.32), (2.33),
(2.34), (2.35), (2.36), and (2.37), the nth moment
MJ(n, Q% P?) is written in terms of coefficient functions,
anomalous dimensions, and photon matrix elements, which
in turn are expressed by the rational functions of integer n
and also by the various harmonic sums [42]. Thus we need
to make an analytic continuation of these harmonic sums
from integer n to complex n. There are several proposals
for this continuation [43,44]. The method we adopted here
is to use the asymptotic expansions of the harmonic sums
and their translation relations. The details are explained in
Appendix E.

In Fig. 3 we plot the virtual photon structure function
FJ(x, Q% P?) predicted by pQCD for the case of n, = 4,
0% =30 GeV?, and P? =1 GeV? with the QCD scale
parameter A = 0.2 GeV. The vertical axis corresponds to

3 2

FI(x 0% P/ 2 n (e (5.5)
T P

Here we show four curves: the LO, NLO, and NNLO QCD
results and the box (tree) diagram contribution including

nonleading corrections. The box contribution is expressed
by [17]
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0.7 i Box n,=4 Q*=30GeV? P?=1GeV?
----- LO

0.6 ki|---"NLO . )
— —— NNLO . |_|
£ o5 :
e
£
S 0.4 o~ —
- o \
g 03
—w
0.2

0.1

0

X

FIG. 3. Virtual photon structure function F7 (x, Q% P?) in units
of (Bange*)/m)In(Q*/P?) for Q> =30 GeV? and P? =
1 GeV? with n =4 and the QCD scale parameter A =
0.2 GeV. We plot the box (tree) diagram contribution including
nonleading corrections (short-dashed line), the QCD LO (dash-
dotted line), the NLO (long-dashed line), and the NNLO (solid
line) results.

2

3
Fg(box)(x, 02 P?) = ;anf<e4>{x[x2 + (1 — x)?] lnﬁ

—2x[1 — 3x + 3x?

+ (1 —2x +2x%) lnx]}, (5.6)
where power corrections P?/Q? and quark mass effects are
ignored. It is noted that, in these analyses, even for the LO
and NLO QCD curves, we have used the QCD running
coupling constant a(Q?) which is valid up to the three-
loop level and is governed by the formula (4.7), and we
have put A = 0.2 GeV.

The LO and NLO QCD results with the same values of
ns, Q% and P?, as well as the box contribution, were
already given in Fig. 6 of Ref. [17]. But in Ref. [17] the
formula for a,(Q?) which is valid in the one-loop level was
used to obtain the LO curve, while the two-loop-level
formula for a,(Q?) was applied for the NLO graph, and
the QCD scale parameter A was set to be 0.1 GeV in both
cases. The LO result in Fig. 3 has a similar shape as the
corresponding one in Ref. [17] but is different in magni-
tude; the former is slightly larger than the latter for almost
the whole x region. This is due to the fact that the one-loop-
level formula for a,(Q?) was used for the LO curve in
Ref. [17], while we applied the three-loop-level formula
even for the LO result. On the other hand, the NLO curve in
Fig. 3 is similar to the corresponding one in Ref. [17] in
shape and magnitude.

Now we observe in Fig. 3 that there exist notable NNLO
QCD corrections at larger x. The corrections are negative
and the NNLO curve comes below the NLO one in the
region 0.3 < x < 1. This is expected from the n = 2 mo-

PHYSICAL REVIEW D 75, 114009 (2007)

07 L[ Box n,=4 Q*=100GeV2 P?=1GeV?
----- LO

0.6 [+ "7 NLO
- —— NNLO 7
£ o5 i
g [
sl 0.4 S
c 0.3 :
[}
Y
L 0.2

0.1 o

X

FIG. 4. Virtual photon structure function FJ(x, Q% P?) for
0% =100 GeV? and P? =1 GeV?> with ng=4 and A=
0.2 GeV.

ment analysis in Sec. IV. From Table IV we see that the
ratio of the NNLO to the sum of the LO and NLO con-
tributions for the sum rule of FJ(x, Q% P?) is —0.099 for
the case of ny = 4, 0* = 30 GeV?, and P? = 1 GeV?. At
the lower x region, 0.05 < x < 0.3, the NNLO corrections
to the NLO results are found to be negligibly small.

We have also studied the QCD corrections to
FJ(x, 0% P?) with different O and P? but with n, = 4.
In Fig. 4 we plot the case for Q> = 100 GeV? and P?> =
1 GeV?. Another case for Q% = 100 GeV? and P? =
3 GeV? is shown in Fig. 5. We have not seen any sizable
change for the normalized structure function (5.5) for these
different values of Q% and P2. In both cases the NNLO
corrections reduce FJ (x, Q% P?) at larger x. We have ex-
amined the ny = 3 case as well. It is observed that the
normalized structure function (5.5) is insensitive to the
number of active flavors.

07 b Box n=4 Q?=100GeV? P?=3GeV?
_____ LO . - \'\_‘
0.6 (| """ NLO :
Iy —— NNLO ’ :
Z 05 :
g
£ D
e 0.4 Pas e wigy
) R P
< 03
(3]
Y
“ 02
0.1

0 0.2 0.4 0.6 0.8 1
X

FIG. 5. Virtual photon structure function FJ(x, Q% P?) for
Q% =100 GeV? and P? =3 GeV? with n; =4 and A =
0.2 GeV.
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Finally we should note that the spin-averaged structure
function directly accessible in the experiment is not ) but
rather the so-called effective structure function FJ =
F} + (3/2)F] as discussed in Refs. [15,21,45].

VI. LONGITUDINAL STRUCTURE FUNCTION
Fi(x, 0% P?)

We have considered the structure function F) so far.
Regarding another structure function F, its LO contribu-
tion, which is of order «, was calculated in QCD for the
real photon (P> = 0) target in Refs. [5,6]. The analysis was
extended to the case of the virtual photon (A? < P? <
0?) target [17]. We will now derive a formula for the
moment sum rule of F)(x, Q% P?) up to the NLO
(O(aay)) corrections. Comparing Eq. (2.8b) with (2.8a)
and examining the form of (2.11), we see that the formula
for F} (x, Q% P?) is obtained from (2.18) only by replacing
C5,(1, (Q%) and C7,(1,8(0%), a) with Cy,(1,&(Q%)
|

f dxx"2F)(x, Q*, P?) =
a,(P?)

where the coefficients fo’L) " (L), SFL)’I., F f’L),l., and GFL) are

1
Bl = KPPICL, 7 (6.4)
Cry = 2B,C), (6.5)
O ey B 1= d}
EE’L)Z - _Kn P?CL,n% —d:l
I’l’\(l) n
P Yn Py 1
(0) (1)
_K Z)ln _ An +2B CL,nE
1
+ KE,“P;?CQL i 2B0AVPICY,  (6.6)
1
1 By "
— 2O pn@ _ 2O pn() B
Fio = K PiCLu T d! K P?CL’”B_O 1 +ld?
50 pn
P! 1
+ KO n i A 7
Z)\"—A"+2B CL'”1+dl’." (©6-7)
Gl =2By(CIY + AL - ), (6.8)

with i, j = +, —, NS. The coefficients fBZ’ 1), and C(L) rep-
resent the LO terms [5,6,17], while the terms with 8 (L).i7
Fr ()i and G( 1) are the NLO (a«) corrections and they are
new. It is noted that, among these coefficients, 5(’“_

. {ZBW'[I ) (%

PHYSICAL REVIEW D 75, 114009 (2007)

and CJ (1, §(Q%), @), respectively. An expansion is made
for €y ,(1, g(0?)) and C} (1, §(Q%), a) up to the two-loop
level as

_ PR N 2 (% PRI Al (0.0 N
CL,n(l’ g(Qz)) - CL,n 167 2 CLn (16 2)2 CLn
+ e, (6.1)
252 2
_ m 4 €89 o
Cz,n(l» g(Qz): a) = 16 ) CZ n (16772)2 Cz,n +oe
(6.2)

Here we note that there is no contribution of the tree
diagrams to the longitudinal coefficient functions and
thus we have C?n =0.

The moments of F} (x, Q%, P?) are then given as follows
[see Egs. (2.29), (2.30), (2.31), (2.32), (2.33), (2.34), (2.35),
(2.36), and (2.37) for comparison]:

ay(Q2)\di+1 >d7+1} e %?T%Z%m[l - (%)dd
+Zl7:<L)’[ _<i> } )+ @(az)} it i

—, NS, (6.3)

[

becomes singular at n = 2 since it has terms with the factor
d” and d” vanishes as n — 2. But again, as in the case of
the moments of FJ (x, 02, P?), this coefficient is multiplied
by a factor [1 — (a,(Q?)/a,(P?))?" ], and thus the product
remains finite at n = 2.

The one-loop longitudinal coefficient functions are well
known [28,46,47]. They are written as

C«#(l) — 6!//B|//L’ CG(I) = 5¢Bn
(6.9)
NS(1 1 n
C n( )= = OnsBis. CY( )= 57379
where Bj,; = Bjg,, Bg,, and B, are given, for ex-

ample, in Egs. (6.2)—(6.4) of Ref. [6]. The two-loop longi-
tudinal coefficient functions corresponding to the hadronic
operators were calculated in the MS scheme in
Refs. [31,32].! The results in Mellin space as functions
of n are found, for example, in Ref. [33]:

CID = 5,42 + PP, (6.10)

oY = 8,0, (n), (6.11)

The earlier calculations [48—51] were found to be Partly
incorrect. For quark coefficient functions CL s and c
Eq. (6.10), there is a complete agreement between Ref [51]
and Refs. [31,32,52], while for gluon coefficient c(LZ’) in
Eq. (6.11) the result of Ref. [49] was corrected in Ref. [53].
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CY3® = SyscZh™ (), (6.12)

where c(L%)q’“S(n), c(Lz’)q’ps(n), and c(Lzzg(n) are given in

Eqgs. (203), (204), and (205) in Appendix B of Ref. [33],
respectively, with N being replaced by n. The two-loop
photon longitudinal coefficient function 7@ is expressed

L,n
as
y® =5, (), (6.13)
and c(L%)y(n) is obtained from c(Lz,)g(n) in (6.11) by replacing

Cy—0and ¥ — 1.

Inverting the moments (6.3), we plot in Fig. 6 the lon-
gitudinal virtual photon structure function F}(x, Q2 P?)
predicted by pQCD for the case of n; =4, Q% =
30 GeV?, and P> = 1 GeV? with the QCD scale parameter
A =0.2 GeV. The vertical axis is in units of
F}(x, Q% P*)/3%n(e*). Here we show three curves: the
LO and NLO QCD results and the box (tree) diagram
contribution, which is expressed by

FY*(x, 0% P?) = 3;Ot",f<€4>{4x2(1 ~-x) (614

The LO result in Fig. 6 is consistent with the corresponding
one in Fig. 5 of Ref. [17], although the formulas used for
a,(Q?) differ in detail. We see from Fig. 6 that the NLO
QCD corrections are negative and the NLO curve comes
below the LO one in the region 0.2 = x < 1.

The QCD corrections to F} (x, Q%, P?) for different val-
ues of 0%, P?, and n; are also studied. The case for Q* =
100 GeV? and P? =1 GeV? with n; =4 is shown in
Fig. 7. The LO curve has hardly changed from the one
for 0% = 30 GeV? and P? = 1 GeV?2. The NLO correc-

07 b Box n=4 Q*=30GeV? P?=1GeV’
----- Lo
06 [lZZZ NLO
0.5 :
3l »",’
% S
< 04 ¢
=
() Dy
~ Vi
3~ 0.3 &
X!
2
0.2 )
B
%
0.1 s Y
et 3
— \
0 L
0 0.2 0.4 0.6 0.8 1

X

FIG. 6. Longitudinal photon structure function F; (x, Q% P?)
in units of 3ang(e*)/) for 0> = 30 GeV?* and P*> = 1 GeV?
with ny = 4 and the QCD scale parameter A = 0.2 GeV. We
plot the box (tree) diagram contribution (short-dashed line), the
QCD LO (dash-dotted line), and the NLO (long-dashed line)
results.
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FIG. 7. Longitudinal photon structure function F; (x, Q% P?)
for 0% = 100 GeV* and P? = 1 GeV* with n; =4 and A =
0.2 GeV.

tions get smaller. The LO and NLO QCD curves for Q> =
100 GeV? and P> =3 GeV? with n; =4 appear to be
almost the same as those in the case of 0 = 30 GeV?
and P? = 1. The cases for n = 3 are examined as well and
we find that the normalized function
F}(x, Q% P?)/3%n(e*) is insensitive to the number of
active flavors.

VII. CONCLUSIONS

We have investigated the unpolarized virtual photon
structure functions FJ(x, 0 P?) and Fj(x, Q° P?*) for
the kinematical region A? < P? < Q% in QCD. In the
framework of the OPE supplemented by the RG method,
we gave the definite predictions for the moments of
F)(x, 0% P?) up to the NNLO (the order aay) and for
the moments of F}(x, 0 P?) up to the NLO (the order
aay). In the course of our evaluation, we utilized the
recently calculated results of the three-loop anomalous
dimensions for the quark and gluon operators. Also we
derived the photon matrix elements of hadronic operators
up to the two-loop level.

The sum rule of FJ (x, Q% P?), i.e., the second moment,
was numerically examined. The NNLO corrections are
found to be 7%—-10% of the sum of the LO and NLO
contributions, when P?>=1GeV? and Q>=230~
100 GeV? or P? =3 GeV? and Q* = 100 GeV?, and n;
is 3 or 4.

The inverse Mellin transform of the moments was per-
formed to express the structure functions F} (x, 0%, P?) and
F(x, Q% P?) as functions of x. We found that there exist
sizable NNLO contributions for F) at larger x. The cor-
rections are negative and the NNLO curve comes below the
NLO one in the region 0.3 < x << 1. At the lower x region,
0.05 = x = 0.3, the NNLO corrections to the NLO results
are found to be negligibly small. Concerning F, the NLO
corrections reduce the magnitude in the region 0.2 = x <1.
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The comparison of the present NNLO theoretical pre-
diction for the virtual photon structure functions with the
existing experimental data will be discussed elsewhere.
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APPENDIX A: EVALUATION OF M, (Q%/P?,
AND X, (Q*/P* §(P), a)

In order to evaluate the integrals for M, (Q?/P?, g(P?))
given in (2.22), we employ the same method that was used
by Bardeen and Buras in Ref. [6] and make full use of the
projection operators obtained from the one-loop anoma-
lous dimension matrix $9:

g(P?)

=3 APy (A1)

i=+,—,NS
where A(i = +,
expressed as

—, NS) are eigenvalues of %) and are

AL =Hy" + ves =gy — v6e'?
+ dyyives' 1 (A2)

d!
dn

M (QZ/PZ g(PZ)) — ZPr}(g_%)d? N 1 an(g_%
n : > Fil 22 lom? 2" 1\ g2
i i 1

) g2 d” + 1
gz(gl) } (16772>2Z

1

5 2y _ (1)
2) 167 2ZPn P7 /\n

K
(5) { [fi 5l
~ s 2>ZZP”A(')P7W§;
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Mos = Y5, (A3)

and P! are the corresponding projection operators,

PL= e 751,3;" v(Gé"—A’?z 0] (Ab
B 0 0 0
0 0 O
Pyvs=<o 0 0). (A5)
00 1

With an expansion of B(g) up to the three-loop level in
(2.24), we get its inverse as follows:

L
B(g)

1672 1{1 g’ 31+ gt <,3%_32>

By & 167 By (16722\B2  Bo
+}

(A6)
Then, using (Al) and (A6), we perform integration in
(2.22).
The result is

1 [_2<§%>dﬁ’
_\n 81 =2
/\j + 2,[’;0 gl

e+ (@) @ - 27|

52\ d" 52\ d"
4"32)| 32 82\% _ -2(82\%
ola) e

(d"gl

A
(16 )’ 4 T = A+ 4B Bo & g

1 Pn,j‘,(z)Pn g2 dan gZ dr ) (1)
- @r(5) - @ (5) |5 Pr P Py
(16772)2%A§‘—A7+4B0[ 1 \g? 7 \g ZZ

" 1 1
(X2 = A+ 2B0) LA} — A} + 4B,

{(g%V@—%)"Z - (g%>2(§—§) }
= A;l? + 2B, {g 1g2<§f) -l 2)2@2

(A7)

1

where g2 = g*(P?) and g5 = 2*(Q?). The first term is the leading, and the second and third terms are the next-to-leading

terms. The rest are the next-to-next-to-leading terms.

Once we get the above expression for M, (Q?/P?, g(P?)) expanded up to the NNLO, we use an expansion of K, (g, @) in
(2.25) up to the three-loop level and we can evaluate X,(Q*/P?, g(P?), ) in (2.17) up to the NNLO. The result is
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GG mal -G
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(0) n
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0 Bi
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P

1 +d} —d} | gh\di+1
N +4By  di+1 )[ (g) }

Py )P" 1—d}
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Z P 1+ d, di |- g2 dl—1 n e_z g% K(O)
AT — A” +48) dI—1 2 2B, (1672)2 "

Pl’l ,)’\/(2) Pn 1

XZ@A?—A%%%H[“(

2 =2
€ 82

g%)d?ﬂ} 3 PiyIPr [1 (g%>drlﬂ
2 NI = A 4By dr — 1 2

28, (1672)?

K&O)Z{Z )ln _ )\n + 250

/\"+2,80 Al = AL +4By)di +1

(BP0 g
-G }ZM—Aww-mmod;{ (&)

P9 P19 P 1

K(I)Bl

= A= AP+ 2B A -

ol g

1 A e
1—(22 - ML
wrma-il ) e s,

di—1 +i 23 K
2B, (1672)2 "

- vrmal \8) Xy (&

i 6_2 %
2B, (1672)?

where g7 = g?(P?) and g3 = g*(Q?). The first term is the
leading, and the second through fourth terms are the next-
to-leading terms. The rest are the next-to-next-to-leading
terms.

APPENDIX B: Ex}"™*(n), EgY)™ " (n), AND E,(n)

We give the explicit expressions of Exky (1), Eappmx( ),

and E,,(n) which have appeared in (3.24), (3. 25) and

ol i) ow)

(A8)

[

(3.26). They are obtained by taking the Mellin moments
of the parametrizations for Pﬁ?y(x) and P(gzy) (x) and of the

exact result for P](st)y (x), which are presented in Egs. (6)—(8)
of Ref. [11]. Using a single harmonic sum S,,(n) defined by

L
=zj_m,

Jj=1

Sn(n) (B1)

they are expressed as
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1
Eny™(n) = — f dxx""Yther.h.s. of Eq.(6) inRef.[11]}
0

_ 128S,(n)* n 62.52448,(n)? _ 50.08S,(n)3 _ 2568,(n)S,(n)? _ 175.38,(n)? _ 195.4S,(n)?
27n n n+1 9n n n?
B 150.245,(n)? B 203.2278,(n)S(n) B 150.245,(n)S(n) B 1024S85(n)S,(n) B 128S,(n)? n 785.145,(n)
(n+1)? n n+1 27n 9n n
| 305.48,(n)  300.485,(n)  175.3S,(n)  520.85y(n) 150.248,(n) 59L151S5(n)  100.16;(n)
n3 (n+1)> n n? (n+ 1)? n n+1
256S,(n) 492.087 1262 449.2 1445 1279.86 1169 403.2 160  300.48
- - + - + + + - o
9n n n+1 n+2 n+3 n? (n+ 1)? n3 nt (m+1)*
_ 52 _ 325,(n)? _ 258.1428,(n)? n 2708, (n)? n 269.4S,(n)? 4 535.2448,(n)S(n)
9n’ f{ 27n n n+1 n? n
_905.065,(n) | 540S,(n) | 17.0468,(n) _258.1428,(n)  270S,(n)  286.4465,(n) _553.4765(n)
n (n + 1)? n’ n n+1 n? n
628.124 1144 24.86 53.39 49.5895 26.63 21.984 540 64
- - + - - + -0
n n+l n+2 n+3 n? (n + 1)? n’ (n+1)3 9n4}

(B2)

, 1
BB (n) = — ]0 dxx"the rh.s. of Bq.(7) in Ref.[11]}

RS0 325,00 | 19138, 79.138,(n)> _ 433.25,(n)? _ 429.6445, ()
27n 27(n + 1) n n+1 n? (n + 1)?
_ 862.844S,(n)S,(n) N 862.844S,(n)S,(n) 4 1512.39S8,(n) _ 1512.39S,(n) n 549.55,(n) _ 707.76S,(n)
n n+1 n n+1 n? (n+ 1)?
| 24608,(n) | 4185.605,(n) | 628.635,(n) _628.635,(n) _ 2893.25,(n) | 3756.04S,(n)
n’ (n+1)>» n n+1 n? (n+1)?
_ 3324.0385(n) n 3324.0385(n) . 73.1409 _ 1673.57 n 3180.43 _ 1420 n 406.7 566.7

n n+1 n—1 n n+1 n+2 n+3_n+4
128 6400 3688.39 22474  990.14 1600 9438.76 3584 3584

3(n—1)2+ 3n? _(n—i-l)z_ n3 +(n+1)3+ 3n* +(n+1)4_ 9n’ +9(n+1)5
2460 2460 2460 2460 328, 328,(n)* 9.133S,(n)®  9.133S,(n)?
2y S i iz 2
n n+1 n (n+1) 9n 9(n+1) n n+1)
_ 18.2668,(n)Sy(n) | 18.2668,(1)S(n) | 46.42645,(n) _46.4264S,(n) | 16.185,(n) _23.29115,(n)
n n+1 n n+1 n? (n+ 1)
| 76.668,(n) | 113.1928,(n) | 19.73568,(n) _ 19.7356Sy(n) _ 85.7935(n) | 104.0595,(n)
n3 (n+1)>3 n n+1 n? (n + 1)?
B 94.92655(n) n 94.92655(n) n 40.5597 B 21.1683 4 17.0286 B 93.37 4 101.05 B 44.1 n 115.341
n n+1 n—1 n n+1 n+2 n+3 n+4 n?
_ 161.767 _ 52.82 n 13.3489 _ % 299 }
n+1? n (m+1?P 9wt (n+ 1)

(B3)

1
Epy(n) = — f dxx""'{ther.h.s. of Eq.(8) inRef.[11]}

0
2464 432 72 38360 344 368 3584 288 208

=nCpl———-+—+ - - - - + =+ ———
nr F{ 8ln—1 n n+1 8ln+2 n2 m+1? 21n+12 n® (n+1)3
448 96 96 256 64 128 }

0 2y + T
om+2?> n m+1D* 3m+2* B (n+1)

(B4)

Note that E, (n) is an exact result.
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APPENDIX C: MELLIN MOMENTS a.}(n) AND b\}(n) WITH i = 1,2 AND a%(n) AND b'2(n)

The expressions of a\is(n) and b\'y(n) with i = 1 and 2 are obtained by taking the moments of the functions aly(z) and
bik(z) as
Dy = [ dezn=149 Dy = [ dzen=1p®) i =
age(n) = . dzz" lag,(2), bgz(n) = . dzz" 'byy(z), with i=1,2 (C1)

where asfg,(zz) and bfjg,(z) are extracted from the e-independent terms of AS?YS(Z,;IZZ:? given in Eq. (A7) and of
AESM(z, ;—’;, %) in Eq. (A8) of Ref. [40], respectively. See also Egs. (2.27) and (2.28) of Ref. [40].

The one-loop results are

g (n) 2 4{<n n+1 * n+ 2>(Sl(n) D+ n?  (n+1)>2 * (n + 2)2}’ ©2)
1) _ l’lf 1 _ 1
baen) =3 16<n +1 n+ 2)' ©3)

The two-loop results are

i = (g g ) (350 45200810+ 5 a00) — 1683, 0n) — 482

2 n+l n+2
6 24 32 16 40 32 12 8 40 16 128
+”Wﬁ‘wu*?ﬁ‘?+m+w‘@+w%“M%;ﬂﬁi‘ﬁﬁ PRy P
8 32 176 128 )+S(n)<6_8+16_16+ 0 3 ) 14
m+2? n* (m+13 (n+2)° 2\n o on+1 n+2 P n+1)? m+2?) n
38 48 64 12 80 22 88 128 20 88
n+l1 n+2 n? (+1? +2?> »n¥ +1)3 +23 n* (n+1)4}
, ny nr\?
+ terms proportional to C Ay o (7> , (C4)
b%(n) N 16CF%{(S1(n)2 * SZ(H))(_ % * nzTZ) Sl(n)(% * n1+1 1 n 1—52 a (n -li-ol)2 * (n 52)2>
3 4 1 1 9 8 6

n n+l n+2 n2 (+1? +2? (+1)3

. ng ng 2
} + terms proportional to Cy 5 or <7> ,

(C5)

where S, (n) = - 1.5,(j). The terms proportional to (%f)2 in aﬁ,%}(n) and bﬁ,zg)(n) come from the external gluon self-
energy corrections and should be discarded for the photon case.

Similarly, the expressions of a2 (n) and b3 (n) are obtaiined by talging the moments of the functions flg(z) andzbg (z)
which are extracted from the e-independent terms of AZ?YS(;;—@,%) given in Eq. (A12) and of AE?M(z,;—@,lg) in
Eq. (A13) of Ref. [40], respectively. See also Egs. (2.34) and (2.35) of Ref. [40].2

The two-loop results for a2 (n) and b3 (n) are

*Two terms, y(g(fg) bg‘él) and ygi,) bf,‘él) , are missing in the e-independent terms of Eq. (2.35) of Ref. [40]. They both are needed in order

to extract b3 (z) correctly.
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16 8 8

6 4 4
afn) = {(slw + sz<n>)<ﬁ +2o 4
4128 128 + 32 24 64 B 32
9(n +2) n+1?2 3n+2?2

680 48 16 184 56

+ -+ + -
271n—1) n n+1 27n+2) n?

16 48 32
_3(n+2)_ﬁ_(n+1)2>+Sl(”)<9(n—1)_7+n+1

48 >+s (n)< 2 3%, RN 3 )
(n+1)3 23m—-1) n n+1l 3n+2)
56 256 44 4, 76 128 40
(n+ 1)2 9(n + 2)2 n o (n+ 1)3 3(n+2)7> n

88 55
— m 3 + 1642} + terms proportional to C3 or C A (7f> (C6)
(2) 7 32 32 64 32 128 64 448 32 96
S =———-"=1+ - - L
gln) = z{“mem—m) n 3n+2) m+12) 9m—-1 n 9nm+2) 2 (n+1)
128 96 . ng
+ 3+ 37 + ot 1)3} + terms proportional to C3 or C, 5 (C7)
The terms proportional to (%f)2 in agg)(n) again come from 0 _ 5 c%0 _ o
the external gluon self-energy corrections and should be 2n=2 v 2n=2 (D1)
discarded for the photon case. Furthermore, the contribu- Cg i(:o)z = 6ys C{ (,?):2 = (.
tion of the last two terms in the curly brackets of (C6),
more explicitly, Cr 4 (=3 + 16{3), also results from the
external gluon self energy corrections and is thus (i) At one-loop level
irrelevant.
- ), =6,C s, = 8n(—1
APPENDIX D: VALUES AT n = 2 S = 6,Cr(3), e ww(g,mb

1. Coefficient functions

With Sd/ = <€2> 6NS
the following:
(1) At tree level

1, and &, = 3nf<e ), we have

|

135 81

3677 128 457
(#92—54c¢}< g>+cw(———>+c%

810 5
3677 128
135 5

4799 16 115
ngz = 5!,//{Can<_ <o T *fs) + CA”f(@ - 2§3>},

C12V;§(2) = 5NS{CACF<

{)+Cﬂ”(4)+€%

) = onsCrd), €L, = 8,(-1).

(iii) At two-loop level

4189 96§
810 3)}

4189 96 4799 32
+ §3>}, Cg,(nZ)=2 == 57CF<_ — + ?§3>

810 5 405

(D3)

2. Anomalous dimensions

(i) At one-loop level

(0),n=2

_ _ 16 _ 4
n=2 __ _(0),n=2 _ 0),n=2 _
YnNs = 7¢¢n = CF(_3 >, 'Y¢Gn = nf<_ 5 R

and

K" = 3nged)

(i) At two-loop level

K(G()),n=2 _

K02 = 3n,((e*) — ())®) (DS)

114009-21



TAKAHIRO UEDA, KEN SASAKI, AND TSUNEO UEMATSU PHYSICAL REVIEW D 75, 114009 (2007)

= 752 128 224
poselB) ool 8o )

752 2()8 224
(1),n=2 __
70 148
Dn=2 _ + Cpng[ — — D6
Y G = Cyn f( 27) CF”Q;‘( 27 >; (D6)

7152 208
1),n=2 _

70 148
(1),n=2
Yo = Can f<27> + CF”f(f);

(22
o)

and

K72 — 30, ((e%) — <e2>2>cp(296)

296
(n=2 _
> K, 3nf<e2)Cp< >

_ 80
(Dn=2 _ 2 _
77 K; 3nf<e )Cp< 27). (D7)

(iii) At three-loop level, we get from [26,27]
= 6256 128 41840 128 448 17056
Yﬁ)s 2:CACan<_7_T§3> CFC2< +7§3>+CF’1]2‘<_7>+C%‘CA<_7_ 128{3)

243 243 3 243 243
6824 128 1120 256
+C12”"f( 243 7§3>+C13”<_ 243 +7§3>’
- 44 256 41840 128 _ 568 17056
2),n=2 _ o _ 2 2 —
14188 256 1120 256
*Gn( -t 53) C3F<_W+T§3)’
278 208 2116 3589 346
@),n=2 _
4310 64
+C?v"f( 73*?53)’
_ 44 256 17056 41840 128 568
(@.n=2 _
'yGw _CACan(g +—§3> CAC2< 243 +128§g>+C2CF< W_T§3>+Cpn%<ﬁ>
14188 256 1120 256
* G 3 0) 5 4
_ 278 208 2116 3589 346 4310 o4
2),n=2 __ 2 _ 2 2 —
Yoo —CACan< ) CAl’lf< 243 >+CAnf<W 48§3>+Cpnf<%>+Can<% ?§3>,
(D8)
and from [10]
- 536 6044 64 8620 128
K](V; = —3nf(<e4> - <62>2){Can<%> + CFCA< 243 {3) + C2F<_ m + T§3>},
_ 692 6044 64 8620 128
@n=2 _ _ 2 _ —_ —_ 2 _
_ 1880 1138 = 64 9592 128
@n=2 _
Note that a relation y(')" zyg)c" 2 yflj)G” 27(01)(; =2 =0 indeed holds for i =0, 1, 2.
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3. Photon matrix elements of quark and gluon
operators

(i) At one-loop level

AVE=30(e@,  ANS =0,

- (D10)
AL =3n((e") = ().
(i) At two-loop level
- 1
A = 3nf<e2>cF(% - 164
- 383
Aglzlg = 3n.f<62>CF(ST>’
- 616
A2 = 3y ~ @RIy - 166)
(D11)

APPENDIX E: ANALYTIC CONTINUATION OF
THE HARMONIC SUMS

The moments of F(x, Q% P?) given in (2.29) are ex-
pressed by the rational functions of integer n and the

various harmonic sums. The single harmonic sums are
defined by

_ < [sen(k)V
Sulm) = > BT (EI)
j=1 J
where k = =1, =2, ..., and the higher harmonic sums are

defined recursively as

Sk,ml,.“,m[, (l’l) = i [Sg‘;g{f)]jsml,...,

j=1

() (E2)

where indices k and my, ..., m » take nonzero integers. In
order to invert the moments so that we get F as a function
of x, we need to make an analytic continuation of these
harmonic sums from integer n to complex n. Since the
moment sum rules of the s-u-crossing-even structure func-
tion F) are defined for even integer n, the continuation
should be performed from even n. Thus whenever a factor
(—1)" appears, it should be replaced by (+1). The method
we adopted here for the analytic continuation is to use the
asymptotic expansions of the harmonic sums and their
translation relations. Choosing the following two harmonic

PHYSICAL REVIEW D 75, 114009 (2007)

sums,

n 1
Silm) =Y -, (E3)
=17

i

n J (_])k k 1
Si1,-21(n) = Z . Zl - ]; 2 ;7 (E4)
== -

~] =
.| —

i=1

as examples, we explain how we get approximate analytic
formulas for these sums.

The asymptotic expansion of S;(n) for large n is well
known:

11 1
Si(n) =In(n) + vy + — — —— 4
) =) + e o = o5t o

+---. (ES)
The right-hand side has a simple analytic property. On the
other hand, S,(n) satisfies the following translation rela-
tion:

1

This relation is valid not only for integer n, but also for
complex n. Therefore, our algorithm to evaluate S;(n) at
arbitrary complex n is as follows: (i) If [n| = n,, where n,
is some positive integer at which the asymptotic expansion
(E5) holds at a desired accuracy, then we use the expansion
(E5) to evaluate S,(n). (ii) For |n| < ny, we apply the
translation relation (E6) and shift the argument n — n +
1 repeatedly, until the shifted new 7 satisfies the condition
|7i| = ng so that the asymptotic expansion (E5) for S (7)
may be used with a desired accuracy. Then S,(n) is eval-
uated by the formula

a—n 1
Si(n) = 8,(7) — Z nti (E7)
i=1

where the expansion (E5) is used for S (7).

In the case of a more complicated higher harmonic sum
S1.1,—2,1(n) with even integer n, its asymptotic expansion
for large n is given by

ciqIn(n
S?‘V{C‘H,Z’I(I’Z) = Coyzlnz(}’l) + CO,I ln(n) + CO,O + 1’17()

c ¢y 1 In(n c
£+2172()+%0+...,
n n n

+ (E8)

where
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Con = c11 = —%m) — 037564278+, ooy = —§7E§(3) - %gz(z) — —0.63658940- - -,
Co0 = — = yel(2) — ~y2L(3) — M@Lis( L) — LI Q)Z0) + LI @)CQ) — —=1032) + 2 L)ZB) + ~¢(5)
007 T30 7E 16 E 4(2) 16 6 30 8 8
i
- L15<§> — ~0.89930722- -, (E9)
= 2 () = 202) + 2 £(3) = 0.057 348080 - - - — 3 £(3) = 0.062607 130 - - -
€10 16 VE 80 16 ' © 21T e ' ’

5 1 15
Cro = 9—6755(3) +—222) - a5(3) = —0.22868296- - -.

160

Also ST, | (n) satisfies the following translation relation:

1 1
Seven o Seven + 2 — _I_
Th21(0) = STi% (0 +2) (n +1 n+ 2>
1

X SN (n+2) + ———————
P ) e DT D

X 895 (n + 2). (E10)
Note that the right-hand side of (E10) is written in terms of
the same harmonic sum S7*7, | and lower harmonic sums
ST | and S251 but with a larger argument n + 2. When
|n| = n,, the asymptotic expansion (E8) is used to evaluate

{
S$" 5 1 (n). For |n| <ng, we apply (E10) and shift the
argument n — n + 2 repeatedly, until the shifted new 7
satisfies the condition |i| = n, so that the asymptotic
expansion (E8) of S{'f", (7)) can be used with a desired
accuracy. The lower harmonic sums S} | (1) and S25", (1)
are evaluated in a similar fashion.

In practice, we take ny = 16 for all harmonic sums.
Then the asymptotic expansion formula for each harmonic
sum is derived so as to ensure double precision accuracy
(15 significant figures) at n = ng. For example, S;(n) and
8§, 1 (n) are expanded up to the terms with 1/n'" and
1/n'8, respectively.
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