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We report on progress in determining the complete form of vertex operators for the IIB matrix model.
The exact expressions are obtained for those emitting massless [IB supergravity fields up to sixth order in
the light-cone superfield, in which the conjugate gravitino and conjugate two-form vertex operators are
newly determined. We also provide a consistency check by computing the kinematical factor of a four-
point graviton amplitude in a D-instanton background. We conjecture that the low-energy effective action
of the IIB matrix model at large N is given by tree-level supergravity coupled to the vertex operators.
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I. INTRODUCTION

Realizing string theory as a matrix model is an efficient
way for investigating its nature beyond perturbation theory.
Among others, the IIB matrix model is in a sense the
simplest proposal, and there are several good reasons to
believe that it is a natural framework for type IIB string
theory. The first direct link between them is that the former
may be regarded as a matrix regularization of the latter [1].
Another suggestive fact is that, defined as a zero-
dimensional reduced model of the maximal supersymmet-
ric Yang-Mills theory, the IIB matrix model can be thought
of as an effective theory of D instantons. Since its has twice
as many supercharges as the original Yang-Mills theory, it
must also contain a graviton. Indeed the analysis based on
the one-loop effective action has revealed already an inter-
action due to a graviton exchange [1]. Furthermore, the
continuum limit of the loop equation was shown to repro-
duce the type IIB light-cone superstring field theory [2].

One of the issues of the IIB matrix model is how it
describes the coupling to the supergravity multiplet. The
first study of this question was undertaken by one of the
present authors [3], who constructed a set of vertex opera-
tors for the massless supergravity multiplet to leading order
in momentum k by repeatedly applying the N = 2 SUSY
transformations to the straight Wilson line operator. There
was also found a set of “wave functions’ which are dual to
the vertex operators and linearly transform under the N =
2 supersymmetry (SUSY) transformations.

To fully determine the complete form of them is a hard
task. In [4] it was noticed that the supersymmetric Wilson
loop operators were useful tools in determining the com-
plete form of vertex operators. In general, Wilson loops are
basic gauge invariant objects in any gauge theory. In
particular, in the IIB matrix model, they describe creations
and annihilations of fundamental strings [1,2], of which the
lowest excitations are the massless fields of IIB supergrav-
ity multiplet. Therefore, it is natural that Wilson loop
operators come into play in the construction of vertex
operators in the IIB matrix model. Expanding a supersym-
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metric Wilson loop operator as a polynomial of the “mean
field” fermion variable A, which may be identified as the
light-cone superfield variable, exact vertex operators have
been systematically derived [4] up to fourth order in A.

If one goes beyond that order, one is faced with the
enormous task of algebras and Fierz arrangements. In this
paper, to simplify the computations, we develop some
alternative ways of deriving them, as we will explain
shortly. Combining information obtained through these as
well as other available means, we determine the complete
form of vertex operators up to sixth order in A. The
expressions for vertex operators emitting a conjugate grav-
itino (W) and a conjugate two-form field (B,,) are the
new results. To compute the remaining two most compli-
cated ones of @(A7) and O(A®) (corresponding to the
conjugate dilatino and the conjugate dilaton) still require
another enormous amount of labor, and are not determined
so far.

One of the goals that we hope to achieve through these
computations is to rederive various known scattering am-
plitudes obtained in type IIB string theory. Despite the
evidence of the relation between the two, there is no proof
yet that the former is a constructive definition of the latter.
Therefore it will be important to evaluate amplitudes de-
fined in terms of vertex operators and verify an agreement.
Another goal we work toward is to gain insight into the
low-energy effective action of the IIB matrix model. As we
briefly comment in the last section, the form of the effec-
tive action is severely constrained by symmetries. The
precise knowledge of it may be useful to understand the
dynamics of the IIB matrix model.

The contents of this paper are as follows. In Sec. II, we
briefly review the general concept of vertex operators in the
IIB matrix model and the idea of how to compute them. In
Sec. III, we describe the method adopted in [4] as well as
our improved ones which simplify the calculation. In
Sec. IV, we present the new expressions for the conjugate
gravitino and conjugate two-form vertex operators. We
also display other vertex operators known so far for com-
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pleteness. In Sec. V a consistency check is given by com-
puting the kinematical factor of the four-point graviton
amplitude. Section VI is devoted to the conclusions. In
two appendices we collect useful formulas and summarize
our results.

II. VERTEX OPERATORS FOR THE IIB MATRIX
MODEL

The action of the IIB matrix model is [1]

S=—1ufA,, AP - Lu(THA, ¥)). 2.1)

where A, and ¢ are N X N Hermitian matrices which
transform as a D = 10 Lorentz vector and a Majorana-
Weyl spinor. Vertex operators in the IIB matrix model are
given by functions of them and are characterized by the
properties (i) they describe linear couplings to the back-
ground fields. and (ii) they are related with each other by
the supersymmetry transformations. Let V;(A, ) be the
vertex operator associated with the background field f;
which is any of the members of type IIB supergravity
multiplet. Then the property (i) implies that the interaction
terms are given by

S = D VilA, W)fi, (2.2)
and (ii) asserts that the following equation holds [5]:
D ViBA, 89)fi = D Vi(A )8 S, (2.3)

where 6 is a supersymmetry variation. The relation (2.3)
ensures the super invariance of correlation functions

W(f,) = <ZV,-(A, w)fl->, (2.4)

and, in principle, determines the form of vertex operators
completely [3]. Indeed, the vertex operators for all mem-
bers of the IIB supergravity multiplet were determined in
this way to leading order in momentum k [3]. The deriva-
tion of the complete form becomes, however, more com-
plicated as the vertex operator comes to include more
fermions.

The authors of [4] have developed, by utilizing a super-
symmetric Wilson loop operator, a more systematic way of
determining the exact form of vertex operators in the 1IB
matrix model. Let us focus on the operator

w(A, ; A) = e’ trekAe =101 (2.5)
where A is a Majorana-Weyl spinor and Q; is one of the
N = 2 SUSY generators of the IIB matrix model

] 1)
Lip rwe S

S Fwleas,, 26

o
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where F,, =[A,,A,]. w(A, ¢; ) is the simplest super-
symmetric Wilson loop operator first introduced in [6].
One of the nice properties of w(A, ¢; A) is that it transforms
under the N = 2 SUSY as [4]

2.7)

0
[€0), w(A, ¥ V)] = EﬁW(A, ¥ ), (2.8)

[€Qs, w(A, ¥; M)] = (EKND)W(A, ¢; A).

In other words, the operations (2.6) and (2.7) acting on the
space of functions of matrices A, and ¢ amounts to the
operations

(2.9)

5
oW = e—, 2.10

€51 (2.10)
5@ = gk (2.11)

on the space of polynomials of A. Since (2.10) and (2.11)
realize the N = 2 SUSY algebra, one may construct a
representation in this space. In the following we take k? =
0, then the irreducible subspace is spanned by monomials
of A of at most degree eight. Such a polynomial can be
regarded as a light-cone superfield for the massless
type 1IB supergravity multiplet [7].

The basic strategy of deriving vertex operators adopted
by [4] is as follows. We first find a set of homogeneous
polynomial of A such that each of them corresponds to
some supergravity field and transforms as a linearized
SUSY multiplet by the operations (2.10) and (2.11). Such
a polynomial is called a wave function. We expand the
supersymmetric Wilson loop w(4, #; A) as a polynomial of
A in terms of wave functions

WA, 3 0) = D VilA, 9)fi(A). (2.12)

One immediately finds

Z[éQ,-, Vi(A, p1fi(A) = ZV,-(A, PEVfi(A)  (2.13)

for j = 1, 2. Thus the supersymmetric Wilson loop realizes
the relation (2.3), and the coefficient of each wave function
can be identified as the corresponding vertex operator. The
fermionic variable A may be regarded as an isolated eigen-
value of the matrix ¢ representing the effect of the back-
ground as a ‘“mean field” [4,8]. Indeed the SUSY
transformations for such a single eigenvalue are generated
by (2.10) and (2.11) if the off-diagonal interactions are
neglected. Thus we see that the wave functions for the
external fields are realized as condensations of particular
spinor eigenvalues of the matrix model.
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III. THE METHODS

In this section we will show how we determine the form
of vertex operators in some detail. We begin by rewriting
the supersymmetric Wilson loop as

w(A, ; A) = tretk A+ =-1Gn, (3.1)
where G, is defined by
. o
G, = m[)th, - [AQy, ik - Al -]

(n commutators),

3.2)

and hence contains nA’s. The sum in the exponent of (3.1)
terminates at Gy because A has only eight independent
components. Each term can be evaluated as

Go = ik- A, (3.3)
G, = J/léA, 3.4
G, = ﬁb’“’[AM, Al 3.5

|

. 1 G,)}
W(A, ¢, /\) = Stre’k'A[l + Gl + (5(G1)2 + G2> + <—( 31') + Gl : G2 + G3> + <

(G
51

+G1G3+G4>+<

where “Str’” means the symmetrized trace whose defini-
tions and some properties are given in the appendix. If we
let i in (2.12) denote the power of A (but see below for i =
4), we obtain

Vo(A, ) fo(A) = Stre'F4, (3.10)

Vl (A, ¢)f] ()l) = StrGleik'A, (311)

1 ‘
Vo(A, ) f2(A) = Str(z—! (G))?* + G2>e’k'A, (3.12)

3
V3(A, ) f3(A) = Str<((;1!) +G, -G, + G3>eik-A’
(3.13)
VH(A) lvb)fn()\) _ Str((Gnl')’l e+ Gn>eik'A, (3.14)
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1 _
G3 - _ 5b,u,l/[)d"‘/uAy]’ (36)
1/i -
G, = Z(E bRV (AT ,,, MI[A?, A7] A, ]
— ibRAT 4, XFV;H), G3.7)

MIAT g, A7) A, ]

upo

1 _

+ %b“”()_lFMPUA)[[AP, A”), XFV¢]>, (3.8)

Expanding (3.1) and collecting terms with the same powers
of A, we get

(G))*
41

1 1
+ E(Gl)z "Gyt §(G2)2

1 1 1
#5361 - Ga +3G1 (G2 + (G~ Gs + Ga G + Gy - Gy + G5> . }

(3.9)

[

If we rearrange the right-hand side in terms of wave
functions, we obtain corresponding vertex operators [4].
Note that there are two independent wave functions (gravi-
ton and self-dual four-form field) at i = 4. Therefore, the
terms of @(A*) split into a linear combination of them:;
each coefficient is a vertex operator in this case.

Although this method offers a systematic derivation, it
requires too many calculations for orders higher than four.
In order to reduce the amount of labor in the derivation, we
have developed the following two improved methods. The
first one uses a different expansion of the supersymmetric
Wilson loop as

w(A, ; A) = e Q1 treikAe1Q:

= Str(e”"A +[AQ,, e*4]
1 - - .
+ E[)‘Ql’ (A0, e* AT + - -

| R - .
g0 gy e ]-1). - 31s)

Again, the sum terminates at O(A®). From (3.15) we obtain
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VA S0 = St [RQ,, -+ [0, 4] -]

— Str— ((AF ¢)

o
F NG lkA
~ Pl &p)

(3.16)
This equation relates the O(A") term with the O(A" 1)
term as

VA E 0 = (00 50

1)
2F/.LVF /\w> n*l(A’ lr//)fn*l(/\)-
(3.17)

Therefore, once we know the exact expression for
V,.—1(A, ), we can determine V,(A, /) by using this rela-
tion. Note that the operator in the right-hand side is the
homogeneous supersymmetry transformation (2.6) with
parameter A. Thus, V,(4, ) is determined by supersym-
metry. This is close to the original method adopted in [3],
but what is new here is that we can now use the precise
expressions of wave functions obtained in [4] as we present
in the next subsection.

The second alternative method uses another recursion
relation [9]

Ea% V(A ) fa(A) = (ENV,_ (A, P f1(X), (3.18)

which can be shown easily by comparing the O(A") terms
on the left- and right-hand sides of (2.9). Using this for-
mula, we can also determine the form of V,(4, ) if
V,_1(A, ) is known. In this case V, (A, ) is transformed
by inhomogeneous supersymmetry transformation (2.7).

The advantage of the first method is that we do not need
to calculate the polynomial of G;’s, which becomes longer
as the power of A gets higher. The disadvantage is that it is
not easy to reexpress the polynomials of A in terms of wave
functions. On the other hand, the advantage of the second
method is that the right-hand side can be written readily in
terms of the next wave function by using the SUSY trans-
formation formula. The disadvantage is that it is not a
trivial problem to integrate the left-hand side by .
Anyway, by combining information obtained in various
ways above, we have successfully obtained new expres-
sions for the vertex operators of @(A%) and O(A°), as we
now show.

IV. THE EXPLICIT FORMS OF VERTEX
OPERATORS

We will now display our results. The expressions for the
conjugate gravitino and conjugate two-form vertex opera-
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tors are new, while other vertex operators known so far are
also shown for completeness.

A. Wave functions

The wave functions corresponding to the massless 1IB
supergravity multiplet have already obtained [3.4]"

d(1) =1, 4.1)
P(A) = KA, 4.2)
B,,(A) = 2 ww 4.3)

I
v, = ﬂl““]()\bw, (4.4)
hy(A) = %buf’bpy, 4.5)

i
A,u,l/po‘()\) = - mb[uvbmﬂ
- vy (4')2 (buvbpe + bupbey, + busby,),

(4.6)

, i
Wi (A) = 4—5!FPI€/\bP”b(w, 4.7)
Gr(A) = 3 b#pb Dy (4.8)

o 1

Pe(A) = QF“”%/\bM,bP"bw, 4.9)
Pe(A) = b,"b,"b,7b, " (4.10)

g8l M

One may check the following SUSY transformations:

5D = &,d, 4.11)
- i
ob = ](Elq) - ﬁrﬂ’ypsz'qu, (412)
8B,, = —&I,,® +2i(&, ¥, +k,A,), (4.13)
8\];' = T[9FV 61 uvp FMVPU.EIHVpU]
i
+ = F Pkyh,, € + | R WS
+ kuf, (4.14)

1Signs are corrected in (4.7), (4.8), (4.9), and (4.10).
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Sh,, = %@ TV, + = ezrw«p + k€, (415)
_ 1 1
0Avpe = — W‘Elr[wpq’ o]l (4,)2 €l Vo
+ ki€ vpol (4.16)
C v l
W, = r Pkyh,, € i IovesT e F,
T[9rw &HS,, — T, 77 eH 0] + k, &,
4.17)
8B, = 2i(& T, V<) + ki, AS) — &I, @, (4.18)
- i
5(I)C = —ﬁrl‘“’pel wvp + %Ezq)c (419)
5P = g, P, (4.20)

where ¢, £, €,,,,, and A, are gauge parameters.

B. Vertex operator for the dilaton ® [3,4]
The dilaton vertex operator V® is simply given by (3.10)

VP(A, ) = Stre*4, (4.21)
J

o

B (A, $)B"()) = Str~ ((AF - —Lp vy
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where k?> = 0. Since there is no operator other than e**4 in
the symmetrized trace, Str is equivalent to the ordinary

trace.

C. Vertex operator for dilatino P [3,4]

The dilatino vertex operator V? is read off from the term
with a single A (3.11) as

VA, p)D(N) = Stre*AG, = Stre* A JEA

= Stre’* A D(N). (4.22)

We obtain

VE(A, ) = Streic 4y, (4.23)

The symmetrized trace is identical to ordinary trace.

D. Vertex operator of antisymmetric tensor field B,,,
[3,4]

The vertex operator for the antisymmetric tensor B,,,

can be obtained from the terms containing two A’s in the

expansions of the supersymmetric Wilson loop. Using
(3.17), we have

S\ - .
sa b A w)vq’(A,zp)cb(A)

— Str- <(/\F o) 5j : M,,F“”)\—)(z//]é/\)e’kf‘ —sa( (1/_/1()\)-(1/_/](/\)+iwa“”>e”"A

= Streik'A< lﬂ ](F,u,ylp 2 ,u,y

Hence the vertex operator for the antisymmetric tensor
field is given by [3,4]

. 1 -
VB (A, ) = Stre'“(g b KT — EFW). (4.25)

The vertex operator satisfies
k* VﬁV(A, ) =0. (4.26)

This implies that the coupling of the vertex operator with
the background field V5, (A, )B**(2) is gauge invariant.
|

)B,W(A)-

(4.24)

{
E. Vertex operator for gravitino W, [4]

The third order terms give the gravitino W, vertex

operator

Vi(A g) = Stre"k'A<— 1%(& KT, 0) — 2FW> - yT.
4.27)

It can be shown that (4.27) satisfies (3.18):

0
S0 Vi (A, ) We(2) =

Indeed, the left-hand side is evaluated as follows:

VE (A, y)(EKN)B*¥(A). (4.28)

2 VXA, W) = Stre4 - ER(ET ) T = L KG T )el™” = 2, & ()

Sy~

= Streik'A<—£(& KT, el wH(Q) — 2FWEFV~IM(A)>,

(4.29)
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whereas the right-hand side becomes
. 1 -
VAL BB () = Stxe™ (T 010
- %FW>21’€F[“‘I”’]()\). (4.30)
Thus we have established the Eq. (4.28).
This gravitino vertex operator is shown to satisfy
v -
k*V (A, ) = 0. (4.31)

The first term of V;f(A, ) trivially satisfies this relation,
while the second term is calculated as

kEVY (A, ) = Stre®*A2iik - A, A, JYT”
= Stfe*4, A, RiyT”
= —Stre’*42i[, A, JT” = 0. (4.32)
In the last line we have used the equation of motion for ¢:

T[A,, ¢] = 0. (4.33)

F. Vertex operators for graviton /4 ,, and fourth-rank
antisymmetric tensor field A, [4]

The next terms with four A ’s give the vertex operators
for the graviton h,, and the fourth-rank antisymmetric
tensor A In order to derive them, we use (3.17) with
n=4:

V,ZV(A’ (/I)h'uv()\) + Vﬁvpa(A’ w)A'LLVp(T()\)

1/ 5 i 5
= Z(i()tr,ﬁp)H - %FMVF“”Agp)V;f’ (A, $)T=(N).
"

urpo:

(4.34)

In evaluating the right-hand side we use many Fierz iden-
tities and properties of symmetrized trace. Here we only
write down the final results. The vertex operator for the
graviton is given by

. 1 - -
V,ZV = Strelk.A<_ %kpku'(lp : Fﬂpﬁ¢) ' (lﬁ : Fva'ﬁlp)
i - 1-
— K Toputh F)P + 50 TlA), o]

+ 2F,* - F,,p>. (4.35)
The vertex operator for the fourth-rank antisymmetric

tensor field is given by
= Stre”"A< !

A
Y 8- 41

nrpo

ko (T, 0) - (BT, 700
. 1 B
+ %lﬁ : F[Vp(r[{lb’ A,u]] + ZF[,U,V : (¢ : Fpg]ylp)ky

— iFy,, Fp(,]>. (4.36)
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These vertex operators satisfy the conservation laws

V(A ) = 0, (4.37)

kVA, (A, ) = 0. (4.38)

The first term of the graviton vertex operator trivially
satisfies this equation, while the second term is evaluated
as

. 1 _
Ste 4= A0 Tl 4, 49])

1

— Streik (5 b Toplh AB])

1

= Streik.A<+ E(z : FV[{p’ lk * A] + %lp : ]([{/I’ AV]);
(4.39)

where we used the equation of motion (4.33). Thus we
obtain

kEVE (A, @) = Stre™A(—iy) - T [ik - A, /]
+2i[F,,, AP])
= Stre®* A (+il{tho, Y}, ap
+2i[F,,, AP])
=0. (4.40)

where we have used another equation of motion

[AV’ [A,u,’ AV]] - %(Forﬂ)aﬁ{ww '1[’[3} =0.

We can similarly show that the vertex operator for the
antisymmetric tensor field satisfies the conservation law;
multiplying k#, the first term trivially vanishes while the
second and third terms cancel with each other. The fourth
term vanishes due to the Jacobi identity. Thus the couplings
to a graviton and a fourth-rank antisymmetric tensor
VEL(A YR (X), Va,,0(A, )ARPP7(Q) are, respectively,
gauge invariant.

(4.41)

G. Vertex operator for gravitino W,

The vertex operator for the gravitino W, can be obtained
from the terms with five A’s by using the following rela-
tion:

Vl‘f'[(A,lﬂ)qu#(A):%(i():FMlp) o iF rumi)

sa, 2twl™s,
X (Vi (A, ) (A)

+ Vivpo (A 9)ARTPI(R)).

(4.42)

Many identities are needed in order to derive the vertex
operator. Carrying out the complicated calculation, we
finally obtain
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V=St~ R T 7)) T

1 - -
+ ﬁk/\(lﬂ : F)\y,vlp) ' llll_wrp(r FP

= ATt IR F2, + LT[, ) T

2T A ) 3T+ 2 T

[A, 0P —iF,, F,, &rvrﬂff). (4.43)

It can be shown that this gravitino vertex operator satisfies
KV (A, ) = 0. (4.44)

This assures the gauge invariance of the coupling with
gravitino field V'(A, ¢)¥#(A). Using the following
identity

(l/_frlu,[Aw l/l])&ry\lfclu()\) = z(lﬁra[‘Apﬁ ,ﬁ])&]"m}rm()t)

+ 3T YA, PIT P (),

(4.45)

we can rewritten the vertex operator

V(A 9) = Stre“"A< -

16 4!
(¢f KL ath) - 9T2[A,, ¢]+

kAkaa(¢ FMAUIp) (lﬂ Fyralp) (&'Fyavlp)

('70 H[,u,a'ﬁ) (l/_f . ]él"a(rlp) ! FU'V] -
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c 1. i - - -
V= S = WD) (T 91

+ %k/\(lz : F)\MV¢) : lZFVF,m “FP
1, - :
- gk’\(lﬂ ‘Thap) - yIP-F*,
+ iU A, YY" —iF,,  F oy (/_IFVF‘D”).
(4.46)

Since the vertex operator for gravitino is the supercur-
rent, we obtain the supercurrent for IIB matrix model

TP(A, ) = (4.43) (or (4.46)). (4.47)

This is conserved due to (4.44).
H. Vertex operator for antisymmetric tensor field B,

The sixth order terms give the antisymmetric tensor field
B{,, vertex operator. After lengthy calculations we finally

obtained the following new expression:

) FPG - )

50 TLA7 91 G KT )

32'—',uva,8y (l/f FaB'yw) _[Aw Fm-] ('wb FT/LV'#)

1 - -
b i T cb) 97V o (B Ty )« F7 - FPY = (T k) - P2 - P
1 - - i -
g('wl’ [/url&//) CF7 FOtV] - i((/[ ' ka’ﬁ) CFPY F(rp + Zle . F,uva[AB’ '70] ' FCVB
i - i -
gl// pO’[/L[AV]’ '70] CFP7 A+ le : F(M[Ap)’ lﬂ] : Fpl/
l . - i -
4_1 F(,,[Ap), ] FPr —iF,, FP -F,,V+ZF#,,-FP -F,,p>, (4.48)
where =, is defined by
E,u,z/pa'r = {lpa’ ¢B}(Forﬂup07)aﬁ- (449)
This vertex operator satisfies
k/’“VB LA )= 0. (4.50)

Hence the coupling V5, (A, )B°**(}) is gauge invariant.

L. Other vertex operators

The next terms with seven A’s give the vertex operator for the dilatino ®. The calculation becomes more complicated.
We have not yet derived the complete expression so far. Here we give a part of our result:
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V(A ) = Streik-A(%(J/ “TaVR) - (- Tysk) - (§ - TOPRp) - T o5 —

PHYSICAL REVIEW D 75, 106002 (2007)
i

2-5!

Frae . (‘Z ' krozﬁdl) : (’15 : ](]_',BV(!/) : ‘r/_/r,uv

- - 1 - _
o — S FRY - FPO (i - I"me\aﬁ,mk/\ . wraﬁ — EFWI . FaB (- ](F'B’”;b) . '/’FMV
1 - - 1 - -

_ﬁF’w'(‘ﬂ'](raﬂ‘ﬂ)'Fﬁv'*/’F,uv_EFPU'(‘ﬁ'kaalﬁ)'Fw"ﬂrW"‘"'+"'

+ 2—141/_/ T ppporrFH0 - FP7 - FAT + i - F/”<FM, -FPo-F,_, — %F/’” “Fop- FW>>. 4.51)
The O(A®) terms give the vertex operator for the dilaton ®°. It also has partly been obtained as follows:
c o 1 - - - - i -

V(A ) = S (T ) - G Do) G Toght) (5 gl o G Ty o)« P

- i - 1
. FPO . FAT 4 [Aw &1 [*parvl/, . FuY . FPO 4 E(l/, -THv i) - (FMP “FP7-F,, — ZF/w “Fup- FW>

1
— (FW “F" - F,, - F7* _Z_LF’“’ -F"" - F,,

We summarize our results in Appendix B.

V. KINEMATIC FACTOR OF FOUR-GRAVITON
AMPLITUDE: A CONSISTENCY CHECK

As we already mentioned, the IIB matrix model was
originally proposed as a matrix regularization of the
Schild-gauge GS type IIB superstring, and may also be
regarded as composed of the D-instanton degrees of free-
dom of type IIB string theory. We have constructed a set of
massless vertex operators of the IIB matrix model by
requiring the covariance under supersymmetry, and there-
fore they form a massless type IIB supergravity multiplet
by construction. They also appear as factors of one-loop
block-block interactions, which serves as a consistency
check. As a further check on the validity, we will show
that the kinematic factor of the R* term may be derived by
using our vertex operators, precisely in the same manner as
was done by using the light-cone supermembrane vertex
operators [5,10].

Suppose that we consider the following four-graviton
amplitude

5.1

.
<1] Vh,y,<k,>hﬂrw<kr)>.

Using the zeromode saturation argument, we find that only
the ¢* term can contribute to the amplitude

1
4-4!

VZV(k) -~ k)‘kTStreikA(J/ : FZ/\‘JI) : ('»Z : FVTU¢)'
5.2)

Thus (5.1) contains the factor

4
f Ay TTkr k7 (ol o 7o) * (oL vr, o, th0), (5.3)
r=1

F”p>>. (4.52)

{
where i, is the zeromode. This is precisely the factor

which arises in the four-graviton amplitude in the
D-instanton background computed in [11]. Indeed, our
construction of the IIB matrix-model vertex operators
shares some similarity with their construction of the closed
string  vertices in the D-instanton background.
Equation (5.3) is therefore proportional to tgtgR*, which
is a consistent result.

VI. CONCLUSIONS

In this paper we have reported progress in determining
the complete form of massless supergravity vertex opera-
tors in the IIB matrix model. In principle, they are deter-
mined by supersymmetry, but it becomes harder to carry
out the actual computation for higher vertex operators. We
have developed two new methods to lighten our work.
After dozens of pages of Fierz arrangements we have
finally reached new formulas for the vertex operators emit-
ting two higher component fields in the supergravity
multiplet.

While it is important to fix the exact form in its own
right, vertex operators may be useful in computing corre-
lation functions in the IIB matrix model. We have taken the
same step as in [5] to compute a four-point graviton
amplitude to find a consistent result.

We have extensively used the fact that the simplest kind
of supersymmetric Wilson loop operator satisfies the same
equation as the generating function of the Wilson loop
correlation function does. The one-loop analysis already
has revealed that the effective action has a form expressed
in terms of bilinear of vertex operators. In view of these
facts, we conjecture that the low-energy effective action of
the IIB matrix model in the large-N limit is precisely given
by tree-level supergravity coupled to the vertex operators
presented here. It is because they possess the identical
N = 2 supersymmetry.
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APPENDIX A: NOTATION
In Appendix A, we present the notation used in this

paper. Basically, we follow the same notation as in Ref. [4].

1. 10D gamma matrices

We use the Minkowskian spacetime metric
Ny = diag(—1, +1,- -+, +1). (A1)
Gamma matrices are defined by
{LuT}t=2n,, (A2)

We use the Majorana-Weyl representation. In this repre-
sentation I'y has the following properties:

Tp)" =T, (A3)
(To)? = -1, (Ad)
FOFMI‘O = _(FM)T. (AS)

The chirality matrix I'}; is defined by
[y =Tl Ty, (A6)

and satisfies

(FH)Z - 1, (A7)
Tt =Ty (AB)

We denote the antisymmetrized gamma matrix as fol-
lows:

T, = Tw T -+ Ty = 5T T -+ T (A9)

a. Symmetry and antisymmetry

In our representation I'yI", ...
antisymmetric. For example,

u, 18 either symmetric or
n

I'y - - - symmetric [yl - - - symmetric
ro,r
ro,r
ro,r
ro,r

i, | anti-symmetric

pwipaps | antl-symmetric

pipapspg " SYMMELIIC

p oz paps " SYMMELIC.

PHYSICAL REVIEW D 75, 106002 (2007)

In general,

(Lol = (=)=,

1#2"'Mn)ﬁa'

(A10)

MIMZ"'/-Ln)Q’B

b. Duality

The following relations hold between I'#1"#» and
T Mnt17 Mo

(—1)k(k=1)/2

F/'L].“”’” = W6‘“[#2.“”’]01—‘””(“...Mmrll. (All)

c. Multiplication law

The product of two antisymmetrized gamma matrices
can be decomposed in terms of antisymmetrized matrices.
For instance, the product of I, and I, is decomposed as

LU, =Tu + 7., (A12)
and the product of I',,, and I'y decomposed as
ruvrk = ruvk - znukrv. (A13)
[ E—

Generally, the following multiplication law of the gamma
matrices holds:

min (p,q)
[k Vv Vg = Y (_1);—k<2p—k—1>
k=0
p'q!

(- b)(g- k!

X nullvll nl-llk \‘/k l_‘l-‘lk+ I“'“Ika+ ll"'Vz‘/.

(A14)

The above two cases correspond to (p,q) = (1, 1),
(p, @) = (2, 1) respectively.

d. Commutators and anticommutators

Using the multiplication law, we can derive the follow-
ing relations:

{Tk, T7} = 2prv (A15)

B %] = —41#“)‘?B (A16)
TPy 1 = 61]“0?@ (A17)
[ToBYd TH]= — 811“0‘?Bryg (A18)
{reBydh pry = 101#“’?5@ (A19)
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e Tap] = 121k Ty (A21)
[Cuvp Topl = 12@&”‘,3 (A21)
[Muvpo: Tapl = —16M0 T Vpop (A22)
[Cavpoys Topl= 20MkaTvpop (A23)
{Tuvps Topy } = 1871@— 12“;1@,_'3_717‘,7- (A24)

e. Contractions

The following relations among the gamma matrices
hold:

rer, = 10, (A25)
rer,r, = —8r,, (A26)
rer,,r, =6l,, (A27)
rer,, [y = —4T,,, (A28)
TT o le = 2T e (A29)
T, 01l =0, (A30)

TT yypoarla = =20 pores (A31)
TT 4y porenla = 4T wyporrm (A32)
TPl 5 = —90, (A33)
[l Ty5 = —54T, (A34)
r«fr,,T,z = 26T, (A35)
TP, Cop = —6T,,,, (A36)
LT 0o T ap = 61 e (A37)
TP, 00Cap = 100,001 (A38)
[T, 5, = —720, (A39)
TeBYT, Ty, = 2881, (A40)
TP, Cop, = —48T,,, (Ad1)

PHYSICAL REVIEW D 75, 106002 (2007)

F“ﬁVFMVpFaBY = =481, (A42)
TPT ool apy = 48T 4o (A43)
FO‘B”FMVPU/\FaﬁY = (. (A44)

2. Majorana-Weyl spinors and fermion bilinears

In ten dimensions, a spinor ¢ can be both Weyl and
Majorana. Weyl means that ¢ is an eigenstate of the chi-

rality operator I"j;,
Iy ==y, (A45)

while Majorana means that the charge conjugate of ¢ is
itself:

=4 (A46)
In our representation of gamma matrices we have

Y=yt (A47)
Hence the Majorana condition becomes

=i (A48)

Let us consider a fermion bilinear I e, P2 IE 4y
and ¢, are Weyl spinors with positive chirality, they satisfy
the following relations:

¢1FM1-~M¢2 = ¢TF0FM,~--M,,F11¢2
= (_1)"+1¢1F11F0FM~,¢”‘//2
= (_1)n+1'leF,u|~“,u,”¢2'

Hence, bilinear forms vanish unless » is odd.
Next, let ; and ¢, be Majorana spinors, then

lz IF,LL]"‘;L,L¢2 = (l/jl)a(rﬂr,ul“',u,n)aﬁ(l/IZ)lB
= —(= 1) D2() (oL, o) pa (W)
= _(_1)(7!(71*1))/2&21"/}“1“_M",ﬁ].

(A49)

(A50)

If y; = ¢, the bilinear form vanishes unless n = 2, 3, 6,
7, 10.

In summary, if ¢ is a Majorana-Weyl spinor, the bilinear
form ¢T°,, ..., ¢ vanishes unless n = 3, 7.

3. The Fierz identity
The Fierz identity is given by [12]

5
IMNONG) = =35 Y CT,,, )
n=0

X (ANT U Fa M y), (A51)
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CO = 2,
(A52)

We can derive many identities using the above Fierz
rearrangement formula; we present some of them. In the
following formulas A is a Majorana-Weyl spinor and k*> =
0. f#1""# is an antisymmetric tensor.

a. A?
The following relations hold:
= %baﬁéraﬁ - 9—16()_1Fa57)\)éraﬂyk, (A53)
(EIFP)\)()_\FPQ) = _z—a(/iraﬁ.y/\)(élra‘g‘yfz), (A54)
(EC X AT, = %baﬁéf‘“ﬁ + ﬁ()_tf‘aﬁy)l)éf‘“ﬁylé, (A55)
(€1 KN (Mey) = 1cb*P(€ KT 5€), (A56)
(PKN)? = — b b, (A57)
where b, = (AT, A), and 5 = (JKT ., ).
b. A3
The following identities hold:
F“B/\(H‘aﬂy/\) =0, (A58)
F“BVA()IFQBYA) =0, (A59)
AT )k = LA P AT (A60)
L, KAb»? =0, (A61)
(BRAY = —ggb* (T, T kN)D®,.  (A62)
c. At
The following identities hold:
b,b*" =0, (A63)
AT )7 = 0 (A64)
bpvbpc %(buvbpc + bupbcv + bucbvp)
2 o 1 o
§n@ b(xc— _k&v (ercax)
%k&ﬁa(kruva}‘-) (A65)

PHYSICAL REVIEW D 75, 106002 (2007)

L o
buwbs = bupboy nup bos
- jkub\/a(krpoak)
[ —
1 oy
~ 7 kpbe" (ATyvo) (A66)
b”T(XF,,FOZMFT/‘\)f“/37 =0, (A67)
bw(xr’/rﬂlM2M3M4/L5F7/\)fﬂl’u2’u3’u4’u5
= 40bmm(,{rmm“5 )l)fmuzmuws’ (A68)
(E}é)\)l““}é)\ba 1F“l€6bﬂﬁbﬁ + F“ﬁyléebwbﬁy,
(A69)
JEA)* = b b ,"b , zbP
(RN = 556" be"bypb"s
+ mb“”b""(bwbpg + bﬂpbw + bwb,,p),
(A70)
1 A a304a551P2P3P4P5 = % phX2a3 [asas
SRl P18k b, g b, g = k@1 DT b,
(A71)
d. A®
The following identities hold:
Farﬁ]()LbMabB,, = %](FMF“/\baBbBV - %](FVFQAbaBbBM
(A72)
)tbwb“y =1 F F Ab 3bﬁ,,) + ](I“"A()II‘Q(MBA)I)BV)
= %F MF“AbaﬁbB,,) - éF“}éA()_\Fa(MB/\)bBV),
(A73)

(EKN)D o0, = 75(EKT(, TP N)b g b* (A74)
= 16(ET Lok gbP | + L, (ET*NboghP ,  (AT5)

F“ﬁ/\bay(XFpUBA)f”P” = —2FVF“)\()_\Fapﬁ/\)bBUfVPU,

(A76)
TP Ab o b g, fP7 =T, TAb,gbP . 77
+ kFa/\(/iFapﬁ)\)bBO'fpa—
=T, T%\bogbP , f77
- FQI(A()IFQPBA)Z)EO_J“PU’ (A77)
1
Cop kMDD = KTHT Ny bPY (A78)
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TOAb o by [P = =T, TP AD 0 b g, f7P7
— 1HKTOTPAD o, (AT g ) [P

PHYSICAL REVIEW D 75, 106002 (2007)

(EKM)D b, f11P7 = —L(&RT ,, , T N)b ,gbP , f1PT
— 2k, (€T KT, (AT, M)

= —I1, T9Ab,gbP , f*P7 X bY 4 frrPe, (A80)
— 2, DX A(AT g A)DP , 7P
+ 20, T A(AT,, s A)bB . 707, (AT9)
|
F”VPFaBlbwprf“B = - %Faﬁrakbﬁnbmf 0LM_2574n"“’Fﬁm’?ﬁlbﬂIif(XB_ ‘Slrcrarﬁxbﬁ“bnﬁfaﬂ
- ST TAAT sy Bf P = kT AR Mg f
= 32 MM s ) Bgf 8 + 1O Lok TP A(AT s ) B f (A81)
[
KNbe* (ATPE) = = {GRT ToAb™ (A “P1) e —%lnpﬂbaibﬁab%S’“f”"
+ LATOTMATPT L) b, Y . ?nﬂybj —b el v epo
5 t (A82) + &k b, (AL 4, g AP, SHY fP
— 2k, b, *(AT 4, g A)bP ,SH7 07
T, T, kb, "(AT*B7\) = —2T"Ab,"b. B, (A83) 15K 0 (AL 4y g M)BP ,SH7 fP7
+ &k, b, “(AT 4, g A)bP ,SH7 fP7,
(KA = g g DM Ba" (BT T gk b7 . (AB4) (A86)
(XK (APl g, = LkeT , zebP bYoby,,
e. AS — AT 0 €k P b 5 bPT
The following identities hold: — ﬁkﬂr”p“kabp“(xrag/g)\)bﬁ,\,
bapbP7b,* =0, (A85) (KT )T e/ Aol g, = ;ﬁrvﬁ#reekybybwb(%@
(A88)

— — —_ — r —_ -1 1
ML) (@I TRhMBPsH = 5o (€TK Ty, o T AT HH0 WP - 3 (@ TPKMT 0, T o s (AT ) by

bpob)\Pbp,fP7h =

=1 1 —
+ 5k €T T o, T €D sATH M) by = SL(ETPE Ty, T DM 5(ATHA) by

= 5 (VT T 50, W = S @IV T o P (A89)

(AT, €))(&TPT gkN)bP b+ = —L(&Pk T, , €)1 S(ATP#21 Q)b #5 — Y&, TPT, , €)b*Pbs, b5, (A90)
10 ,pD s bapbP PN 4 1k, b, (AT 4y g DDP, fP7A = Lk, b, (AT 4, g VD, fPO4, (A91)

(kL) = — T b**b,5bP"b,,.,b"%bs,, (A92)
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l 1020581 B2 B3 Byetasazay

51 Ble2B3 b/34/35 bas%
= kalba2a3ba3a4ba4a5, (A93)
where S#1""#n is a symmetric tensor.
fA
The following identities hold:
(EkN) B pb °bsy = é—(él“pl"mlé7»)bupbo“’b<W (A94)
J
(el , T KN)b® ,bP7 b, = (€MD, ,bP7D,,,  (A9S)

(EEM)Db,, ,bP7 D, f17 = %(EI(FMFQ)\)b"‘pbP"bU,,f“”,
(A96)

T4 Ab o b*Bbg, = —IT, 4B Ab, b70bs
- %Kra'g)lba'ybyﬁ()_‘FSVB/\)
— T, T%B b, b¥bsy
— gkDPAb,Y(AT,5)b° g, (A9T)

T kADE# D, b7 = WD, DB b, b7%b s,
= DT, gkAb® ,bP7 b, P

+ 1k, T g Ab® ,bP7b, B (A98)

(é%)l)b,u,pbpgbo'vf'uy _%(ér,u,vraﬁlé/\)bapbpo-bU'BfMV
— L, (€T, T g A)b® ,bPob B f1iv
+ 2, (€T, )b b7 b,y, 1
= — L (el T skN)b, bP7b B fur
— Lk, (€T, T 5 \)be ,bPob P [
— Lk, (KT8 N)b, V(AT 50)
X b0, fH, (A99)

Faa/\bﬁﬂbaﬁbﬁyfpm = %Fﬂé)\bagbgﬁbﬁ,,fﬂp
— JOT 45 Ab (AT g g A)DE , 1
+ kT o5 A(AT? )b gbP 17,
(A100)

TOUN(AT 5, NPl g, [0 = ST, T g Ab*®(AT 5, A)B7P f14

— UAb,5b% b7, 17
+30,T7Ab, b7bs, [,
(A101)
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Lo kD (AT 5, b7, f# = ST, T 0 g A6 (AT 5, A)

X bR frv

+IAb,5b° b7, [

— 4T, I"Ab,,b™bs, [,
(A102)

[y b, b70bs, f17 = =T, Ty g Ab(XT5,,, A)b7P f17
— 4D, 5b b7, f1
+ 20, T Aby,b™bs, f27, (A103)

T 1 Loyl T ov
(TN = o D7V byab™P (YT gl KAV 2D b7

(A104)

g A8

The following identities hold:
bapbP?b,sb%% = —b,,b"*b,,b", (A105)
TervBY ek b ,,bg,bP by, =0, (A106)

(EKNTH D, b7 by, = —Meb, ,bP7b ., b"",
(A107)

1
82 - 8!

(kLB = — b*7b,sb°b,gb, b7 b ., b .

(A108)

4. The symmetrized trace
The symmetrized trace Str is defined by

, 1 1 1
Strelk.ABl . Bz e Bn = f dtl f dtz ce [ dtn—l tr
0 121 th—

X eik-AtlBleik-A(tfz])Bz Ce

X eik'A(fn—l_tn—z)Bn_leik‘A(l_fn—l)Bn
+ (permutations of Bls

X (i=273"n)). (A109)

The dot on the left-hand side indicates that the operators B;
are symmetrized. If we set k = 0, the symmetrized trace
becomes
1
Str(By - By- -+ B,) = — Z t(B; B, -+ B; ). (Al10)

°© perm.

The explicit forms with two and three inserted operators
are written as

. 1 . .
Str(e*AB - C) = tr f dte’*MBeikAU-DC  (A111)

0
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) 1 1 . )
Str(e*AB - C - D) = tr[ dt, f dtzelk‘AtnBetk‘A(tz—tl)C
0 1

X eikAl=n)p 4+ (C - D), (Al112)

where all the matrices are bosonic. The definitions for
fermionic matrices can be similarly obtained by replacing
the bosonic matrices with the fermionic ones.

The relations below follow from the definition:

Str (e’*AB - C) = Str(e’*AC - B), (A113)
Str(e’*AB - C - D) = Str(e’*AC - B - D)
= Str(e*AC-D-B) =---. (Al14)

That is, we can permute matrices in the symmetrized trace.
In particular, there are no ordering ambiguities in symme-
trized trace. For fermionic matrices, an appropriate change
of sign must be included.
Another useful equation related to the symmetrized trace

is

Str(eik'A[ik <A, B]Cl . C2 e Cn)

= —Str(e™4[C,, B] - C;- -+ C,)

— Str(eik'ACI . [Cz, B]' .. Cn) _ ..

— Str(e’*AC, - C, - - -[C,, B)). (A115)

|
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These relations above are frequently used in this paper to
derive the vertex operators.

The = term

Let us consider Str(e® 4, + y5)(ToT, ...\ )ap and
Str(e™ i, Yy )T, . Jap, Where i is an n X n
Majorana-Weyl fermionic matrix. Since they vanish if n
is even (because ¢ is Weyl), we only need to consider the
case for odd n. Note that Str(e’* 44, - i) is antisymmetric
in @ and B, whereas Str(e®*{if,, ¥g}) is symmetric.
Because of (A10), Str(e® 44, - 5) (Tl ... ap is zero
unless n = 3, 7, whereas Str(e*4{¢,, g}) (Tl . )
vanishes unless n = 1, 5, 9. mem can be described by
', using the duality relation of gamma matrices (A1),
and hence reduces to n = 1. In order to deal with
{tha Y}l ) e, We can make use of the equation of
motion. For n = 5, we introduce a new notation = as

E,u],uzmm#s = {‘pw ‘pﬁ}(rormuzmww)aﬁ' (A116)

Although unfamiliar in the literature, it necessarily appears
in the expressions of the vertex operators.
Finally, we give a useful Fierz identity related to

{lpw ¢3}

Str(eiklA(r/_/ ' F,u,{lﬂ’ l/_/}l—‘v)t) = Str(eik.A llla : (r()r,u,)aﬁ{lllﬁ’ ¢y}(F0)y5(rv)5eAe)

= Sta( e el T (FTET, )

|
ik-A .

If k = 0 and w = v, the above formula becomes

U {oh, PITHA = —wl(PT"VYT,, ). (A118)

APPENDIX B: 10D VERTEX OPERATORS
VP(A, ) = tretk4,

VE(A, ) = Streik 4y,
B — ik-A 1 7. i
V,MV(A’ {;b') = Stre <1_6 kp(¢ : F,u,yplp) - E[A,u,: AV]))

VYA, ) = swikﬂ(— l—izkp(& ) — 2[A#,A,,]>

. {/}I‘V’

ETITyT3T4TS ((ZFMF7172737475FV/\)>. (A117)

V(A §) = Stre”“‘(— %kﬂk"(& T, P)
' (@Z ' Fvoﬁlp) - %kplp : I‘p,B(,u,lﬂ ' FV)B

1-
+ Ezp ‘TulA,), ¢l +2F,° - F,,p>,

VA, oA ) = Streik'A< koky (- Ty, %0)

4
8- 41
: (‘Z’ : rpg]y¢) + %Jf ' I‘[Vp(r[w! Ap,]]

1 . :
+ ZF[,uV : (lﬁ : Fpg]ylp)ky - lF[,uv : Fpa']);
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VY(A, i) = StrettA( — i k(- T, y-T Y + ! K- T yreT P
" ( ’ ‘//) = dftre ﬁ (‘/f Lo (r//) : (lll ) V‘ro"wlf) : '70 ﬁ (’ﬁ : )tp.vlvlf) : l;lf po’ F

— SR Ty GTF - F, 4 2 Ty [A ) - 0T + (- Ty lA, g - 9T

# G T ) (A% 0P — Py, By 1T

VE, (A, ¢)=Streik'/*( KKK T - me T th) + G K- F G )

8- 6!

16 41 (l// ]ér p,a(//) (l;[f ]ﬂ“aa’dl) FU'V] J,Z : F[M[AU, l/f] . (’Z : krav]¢) - a(l]f : KF[/LOZJWL-)
- ] _ 1 -
T A U]+ s Bvagy B T970) = A0 F7) (B Topot) + (0 Cprack) - P
o I "
'FAT+T6(¢"Fp(7K¢)'Fp”'F'uV_§(¢'Fpok¢)'F#p'FV”+§(¢.r[,u(rk¢)'F”a'Fav]
- 3%(& : Fﬂvléiﬂ) CFPO Fa'p + il/_j ’ F,u.ua[A,B’ '7[1] - FeB + él/_j ’ Fpa'[,u,[AV]’ '70] o

i - i - . i
+ Z{,ﬁ : F(M[Ap), gl FP, — Z{,ﬁ : F(V[Ap), gl FPE — iF,, FP7 F,, + ZlF’” - FPT . F0p>,

FRe- (- KT op) - (4 - KTP"4h)

V4, ) = St (TR Tyl TP 0T = 5

- 1 1
: lpr,u,v toeeee - WFMV . pa'(lp F,u,Vpo'x\a,Blp)k/\ l“a,B - EF'MQ Fq aB (‘ﬂ %FBV¢) lpr,u,v

1 - - 1 - -
_ﬁFﬂa('wbléraﬁlvb)F'BVl//r,uV_ﬁFpo— (l,[f ]éFpO"wb)FMVl//F,uvdl—_i——i_idl
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