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Lorentz violation and perpetual motion
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We show that any Lorentz-violating theory with two or more propagation speeds is in conflict with the
generalized second law of black hole thermodynamics. We do this by identifying a classical energy-
extraction method, analogous to the Penrose process, which would decrease the black hole entropy.
Although the usual definitions of black hole entropy are ambiguous in this context, we require only very
mild assumptions about its dependence on the mass. This extends the result found by Dubovsky and
Sibiryakov, which uses the Hawking effect and applies only if the fields with different propagation speeds
interact just through gravity. We also point out instabilities that could interfere with their black hole
perpetuum mobile, but argue that these can be neglected if the black hole mass is sufficiently large.
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L. INTRODUCTION

Is Lorentz symmetry an exact symmetry in nature, or is
it only approximate? In order to address this question,
several models have been proposed in which some dynami-
cal fields break Lorentz symmetry. In such models differ-
ent fields can have different maximal speeds of vacuum
propagation, as measured in a preferred reference frame at
each point. When gravity is included, black hole solutions
can exist [ 1-4] with multiple, nested horizons, one for each
maximal speed of propagation in the theory. Each horizon
traps the corresponding species of field excitations. Only
the innermost horizon is a true event horizon, which traps
all information inside of it.

Are the laws of thermodynamics obeyed by black hole
systems in Lorentz-violating theories, as they are in stan-
dard general relativity? An ominous new feature is that the
multiple horizons will generally have different surface
gravities and therefore different temperatures. This con-
flicts with the ““zeroth law,” by which a system in thermal
equilibrium has a single temperature. Consequently, the
entropy cannot be determined via the usual relation dS =
dE/T. Also, the usual identification of the entropy with
horizon area becomes ambiguous since there are multiple
horizons. Moreover, the entropy might not even be propor-
tional to any area. Perhaps related to these problems is the
failure of the Noether charge algorithm [5] for identifying
the entropy of a stationary black hole when applied to
Einstein-aether theory [6] and, by extension, other theories
of gravity with a dynamical preferred frame.

Nevertheless, Dubovsky and Sibiryakov (DS) [7] were
able to investigate the status of the second law in a Lorentz-
violating gravity theory by considering a process in which
the macroscopic state of the black hole is held fixed. Their
analysis is presented in the context of the ghost condensate
theory [8] but, as they suggest, it should apply more gen-
erally to any Lorentz-violating gravity theory with multiple
maximal speeds. DS describe a perpetuum mobile that
pumps heat from a colder to a hotter reservoir, by taking
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advantage of the Hawking effect and the differing tem-
peratures of the nested horizons. They consider a static
black hole, and two fields A and B that travel at different
maximal speeds c, and cp ~ ¢4, With cg > c4. (We will
use units in which ¢4 p ~ 1.) Via the Hawking effect, the A
and B horizons thermally radiate the corresponding species
of particle, with Tz > T, since the Hawking temperature
scales inversely with the horizon radius in the ghost con-
densate theory. DS assume the A and B fields have no
interaction except through gravity. To construct the device,
they place A and B shells surrounding the black hole that
interact only with A and B fields, respectively. They then
show that it is possible to choose the temperatures of the
shells such that

T3 Hawking =~ T'B.Shett = Ta,shett = T4, Hawking (1)

and such that the energy fluxes balance one another so that
the black hole stays the same size. Energy flows from the
colder A shell into the black hole, and from the black hole
to the hotter B shell. The second law thus appears to be
violated.

DS consider three possible ways this conclusion might

be evaded [7]. We quote:

(i) “The presented description of the Hawking radiation
in the ghost condensate is correct, but there is some
subtle way in which a low energy effective theory
forces our perpetuum mobile to change its state so
that the entropy actually increases.

(i1) The derivation of the Hawking radiation using only
low energy theory is incorrect.

(iii) The presented description of the Hawking radiation
in the ghost condensate is correct, and the violation
of the second law of thermodynamics within a low
energy effective theory is a physical effect.
According to the discussion in the Introduction
this means that the UV completion of the ghost
condensate, if it exists at all, has very unusual
properties.”
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DS put forth some arguments against the first two possi-
bilities, but do not claim to have ruled them out conclu-
sively. Our interpretation of what DS mean by (iii)
(considering related remarks made in their paper) is as
follows: the device works as described, but another version
of the second law remains valid if, due to nonlocality or
unbounded propagation speed in the UV completion, the
notion of a causally hidden black hole region is eliminated.
In this case, the entropy increase inside the black hole can
influence the outside state, and the total entropy, inside and
out, is nondecreasing.

This last point highlights the need to distinguish two
different versions of the ‘“second law’’: the ordinary sec-
ond law (OSL) and the generalized second law (GSL) [9].
The OSL refers to the total entropy, as counted both inside
and outside black holes, whereas the GSL replaces the
inside entropy by a special “black hole entropy” Sy,
determined by the macroscopic geometry alone. The va-
lidity of the OSL for quantum fields in curved spacetime on
a complete spacelike foliation is unaffected by the pres-
ence of black holes. It should thus be valid in Lorentz-
violating theories. Therefore exotic properties of a UV
completion are not required to uphold the OSL. Only the
validity of the GSL is in question.

The GSL states that the generalized entropy Sy, +
Sousige cannot decrease. It is not obvious here which region
is the “outside” for defining S,yide- One might suppose it
should be the outside of the innermost causal horizon, but
for the purposes of this paper it will not be necessary to
specify exactly which region is the ‘“‘outside.” In general
relativity, Sy, is one quarter the horizon area in Planck
units. In the Lorentz-violating case, DS did not need to
specify Sy, since the macroscopic properties of their black
hole were held fixed. In section IVA we shall make only
some weak assumptions about the form of Sy,.

II. SUMMARY OF OUR RESULTS

It is surprising that a thought experiment with black
holes could reveal such an unexpected and drastic conse-
quence of Lorentz violation. We thus set out to find a flaw
in the proposed perpetuum mobile. However, rather than
finding a flaw, we found only further support for the GSL
violation.

We first consider two processes not discussed by DS that
could potentially destabilize the device: (i) gravitationally
mediated equilibration of A and B species in each shell,
and (ii) classical or quantum instability of the ergoregion
between the A and B horizons. We shall argue that none of
these phenomena can save the GSL in all circumstances.

Next we present a classical process by which energy can
be extracted from the black hole much quicker than any
instability we are aware of, lowering the black hole entropy
and thus violating the GSL. This process sidesteps the use
of Hawking radiation, and permits direct interaction be-
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tween the A and B fields. It should also be possible to
violate the GSL by dumping heat into the black hole and
then using this classical process to extract the correspond-
ing energy without entropy, thus lowering the outside
entropy without a net change of the black hole entropy.

That the microstates of the heat energy cannot engender
gravitational ripples outside with equal entropy has gen-
erally been assumed in discussions of black hole thermo-
dynamics. This assumption is plausible and might be
established using a multipole expansion of the source,
together with assumed quantization of graviton number.
We assume it without proof here, along with the extension
to include perturbations of the Lorentz-violating fields.

Throughout this paper we assume that the black hole
mass and radius are related by R ~ GM, as in general
relativity, the ghost condensate theory [2], and Einstein-
aether theory [4].

II1. DESTABILIZING PROCESSES

In this section we discuss the rate of various processes
that could potentially destabilize the black hole perpetuum
mobile. We will argue that they can be ignored for systems
in which the gravitational coupling is sufficiently weak.

A. Equilibration of species

It was stipulated by DS that the A and B fields do not
interact directly with each other. Since, however, they both
interact with gravity, they must at least have gravitationally
mediated interactions. This implies that in true equilibrium
the A and B species must be thermally populated in each
shell. But then the device malfunctions, since the colder A
shell absorbs heat from the hotter B shell and B horizon.
Nevertheless, it could operate for long enough to violate
the GSL, if the equilibration were slow enough compared
to the heat pump rate.

Rather than attempt here to estimate the actual equili-
bration rate, we instead employ a simple scaling argument.
The gravity-mediated equilibration rate can be decreased
by “turning down” the gravitational constant. Meanwhile
the heat pump rate can be held fixed by scaling M so that
R ~ GM, and therefore the Hawking temperatures and
absorption and emission cross sections, remain fixed.
Thus, for sufficiently weak gravitational coupling, the
GSL can be violated before equilibration ensues.

Since G is not dimensionless, turning it down must be
equivalent to leaving it fixed while scaling the system
parameters. If we replace R by AR, and divide the shell
temperatures by A to match the scaling of the Hawking
temperatures, the DS entropy pump rate will scale as 1/A,
since it then depends only on unchanged dimensionless
parameters and the radius AR. On the other hand, the
entropy production due to gravity-mediated species equili-
bration scales with an additional factor of 1/A%. This is
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because the gravitational coupling between two particles
scales with the particle energies, which in turn each scale
with the temperature as 1/, and the amplitude is squared
to obtain the rate. So by increasing R and decreasing the
shell temperatures the equilibration rate can be made much
slower than the pump rate.

B. Ergoregion instability

An ergoregion is a place where the asymptotic time
translation Killing vector of a spacetime becomes space-
like, allowing negative energy states to exist. The Hawking
effect is an instability brought about by the existence of an
ergoregion hidden behind a horizon. But if an ergoregion
exists outside a horizon then other instabilities can arise. A
rotating black hole, for example, exhibits superradiant
scattering—the amplification of classically scattered
fields—and therefore is unstable to quantum spontaneous
emission [10-12]. Both effects result in a transfer of the
body’s rotational energy to outgoing field modes.

Could spontaneous ergoregion decay occur also for the
perpetuum mobile? Since the slower, A field will possess
an ergoregion that lies outside the faster, B horizon, pro-
cesses can occur in which negative energy A particles that
fall across the inner horizon are generated along with
positive energy B particles that escape to infinity. These
could in principle compete with the Hawking flux. Any
such process, however, must be gravitationally mediated if
A and B particles do not interact directly. Therefore, as
argued above, the rate of these processes can be suppressed
below that of the Hawking flux by turning down the
gravitational constant. If instead direct A-B interactions
exist with dimensionless coupling, then ergoregion decay
would scale with R in the same way as does Hawking
radiation, potentially interfering with the perpetuum mo-
bile unless the coupling is sufficiently weak.

One might worry about exponentially growing instabil-
ities. These are known to occur if the positive energy
radiation returns coherently to the ergoregion, or the nega-
tive energy radiation remains in the ergoregion. Either way,
emission of further radiation can be stimulated. For ex-
ample, if a rotating black hole is surrounded by a mirror,
the outgoing positive energy modes can be reflected back
to the ergoregion creating a ‘‘black hole bomb” [13]. (The
same thing can happen with the mirror replaced by anti-de
Sitter boundary conditions [14].) Alternatively, a rotating
star with an ergoregion but no horizon is unstable because
the negative energy radiation piles up in the ergoregion
[15]. The perpetuum mobile could perhaps be similarly
unstable due to a gravity-mediated process in which nega-
tive energy A-modes are stimulated along with positive
energy B-modes which are coherently reflected off the B
shell. However, to be unstable the total amplitude for this
process must exceed a critical value. For sufficiently small
gravitational coupling or shell reflectivity, no instability
will occur.
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IV. CLASSICAL VIOLATIONS OF THE SECOND
LAW

We now turn from the perpetuum mobile of DS to a
purely classical process that leads to GSL violation. It
makes no use of the Hawking effect, vitiating the need to
verify that effect in this Lorentz-violating context. Instead,
it takes advantage of the A ergoregion in a way analogous
to the Penrose process in the ergoregion of a rotating black
hole [16].

A. Mass and entropy

We begin by discussing the connection between extract-
ing energy from the black hole and lowering its entropy. As
discussed in the Introduction, it is not yet clear how the
black hole entropy should be defined in a Lorentz-violating
theory. Therefore, we will make only the following mild
assumptions about the entropy S(M) of black holes of mass
M and size R ~ GM:

(1) When M| > M,, then S(M,) > S(M,).

(2) By choosing M sufficiently large, the entropy of any

radiation emitted by the hole over a time R can be
made to be an arbitrarily small fraction of S(M).

Note that Hawking radiation, and ergoregion decay with
dimensionless A-B interaction, both produce entropy at a
rate scaling as 1/R, since R is the only relevant length
scale. To satisfy both assumptions, it is therefore sufficient
that S(M) increase with M at least as fast as M“ for some
a > 0.

We will show that a process exists that reduces the
energy of a black hole by an amount proportional to M
over a time of order R, without any incidental entropy
increase outside the black hole. By repeating this process
one can shrink the black hole down to a much smaller size
in a time proportional to R. The first of the above assump-
tions implies the final black hole then has much smaller
entropy, and the second assumption implies that if one
starts and ends with a sufficiently large black hole, any
radiated entropy is negligible. Thus the process violates the
GSL.

B. Classical energy extraction from black holes

We now discuss the spacetime structure, which gives
rise to the conservation laws governing the energy extrac-
tion process. Let g, be the metric felt by the A field. The
assumed Lorentz violation involves a ‘“‘preferred”” unit
timelike vector #“ that has unit norm with respect to g,;:

a, b —

8apt“u . 2
The metric g, felt by the B field is given (up to an arbitrary
conformal factor) by

2

_ c
8ap = Uglp T c_g\(gab - uaub)! (3)
B

where the index on u, is lowered using g,,. We are con-
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sidering a black hole spacetime in which g,;, .5, and u?
are all spherically symmetric and static, with asymptoti-
cally timelike Killing field £¢, and we assume cz > c,. For
each metric, £ is timelike outside and spacelike inside the
corresponding horizon.

The 4-momentum covector p, of a particle is naturally
defined in a metric-independent way as the gradient of the
Hamilton-Jacobi principal function associated with the
particle. This 4-momentum is locally conserved. The
Killing energy & is defined by £ = p,£&“. The mass shell
conditions depend on the metric; for example, massless A
particles satisfy g*”p,p, = 0 while massless B particles
satisfy g%’ p,p, = 0, where g% = u®u® + (c3/c%)(g* —
u“uP) is the inverse of g,,. The energy E and 3-momentum
D, in the preferred frame are defined by p, = Eu, + p,,
where p,u® = 0. Massless A particles then satisfy E? =
lg“®p.ppl, while massless B particles satisfy E? =
(c%/c3)g* p.pyl. Hence the B null covector cone lies
within the A null covector cone.

Now let a system 3, composed of A and B particles fall
through the A horizon, meeting at a point x in the A
ergoregion outside the B horizon. Henceforth we refer to
this zone as simply the “ergoregion.” We will assume that
the energy in 3 is sufficiently small that it does not
appreciably disturb the black hole. We also require 3 to
be well localized compared to the size of the ergoregion so
that it can be treated as a ““point particle.” These conditions
can both be satisfied if the energy in the system is less than
the black hole mass times some fixed small constant k that
depends on the particular theory. For example if ¢4 and cp
are very close, then the ergoregion is very thin and k must
be correspondingly smaller.

We arrange 3 so that at the meeting point x its net 4-
momentum P, is radial and outward pointing, lying out-
side the B-metric momentum-space null cone as depicted
in Fig. 1.

FIG. 1.

The radial 4-momentum covector space at the point x
in the ergoregion (p,m“ = 0 for all vectors m“ tangent to the
symmetry sphere through x). The momenta with vanishing
Killing energy £ = p, £ lie along the dashed line. £ is negative
for p,, since x lies in the A ergoregion, while it is positive for all
momenta on the B null cone. The total 4-momentum P has
positive £, hence it points above the dashed line.
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Further the system should have positive Killing energy
so it can have come from outside the outer horizon. A
system containing just one massive A particle, for example,
can satisfy these conditions, if dropped in from just outside
the A horizon with 4-velocity sufficiently close to the out-
going A null ray. However, since we want to arrange for
ejection of a B particle in a classical process we should
start with at least one B particle in the system. One possible
scenario is that the A and B components fall in together in a
gravitationally bound configuration, or they could just be
arranged to meet in the ergoregion and interact there. The
net 4-momentum can still satisfy the required conditions if
the A 4-momentum dominates.

After 3 has fallen into the ergoregion, we imagine it
splits at x, where it has 4-momentum P, into two separate
components, one consisting of outgoing massless A parti-
cles with 4-momentum p,, and the other outgoing mass-
less B particles with 4-momentum py. The total 4-
momentum covector can be conserved in such a process,
as illustrated in Fig. 1. The A’s then fall across the B
horizon carrying negative Killing energy, while the B’s
escape outwards across the A horizon. Since the Killing
energy is conserved, these carry out more energy than
originally fell in, so the black hole mass decreases. The
mass decrease scales with the energy of 2, whose upper
bound is kM, so the mass can be decreased by some
fraction kK'M.

So far we have only imposed 4-momentum conserva-
tion; we have not addressed what kind of interaction could
result in the final A component of the system having
negative Killing energy. Since the initial A component falls
into the ergoregion with positive Killing energy, some
Killing energy transfer to the B component must be ef-
fected. This transfer requires an interaction, but A and B
always interact at least gravitationally. Seeing as the con-
servation laws permit the process, and an interaction ca-
pable of mediating it exists, we shall presume that it can be
achieved. The black hole size R sets the time scale for the
process, since the particles need only travel this distance,
and the energy transfer occurs on a much smaller length
scale.

The outgoing B particles need not carry any entropy at
all. This is because the system may be prepared in a pure
state, and the whole splitting process can occur via classi-
cal deterministic evolution, which does not generate any
entanglement entropy between the A and B components.
This process therefore reduces the mass of the black hole
without creating any compensating matter entropy outside
of the black hole. Given our assumptions above, by repeat-
ing this process many times, the GSL can be violated.

V. DISCUSSION

We have identified possible destabilizing mechanisms
that might have interfered with the black hole perperuum
mobile devised by Dubovsky and Sibiryakov, but found
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that they can be neglected for sufficiently large black holes.
Furthermore, we devised a classical energy extraction
process, which strengthens the case for GSL violation in
Lorentz-violating theories. Unlike the DS perpetuum mo-
bile, it does not rely on the Hawking effect, and the entropy
decrease occurs much more quickly. Most importantly, it
can operate even if the A and B species have direct inter-
actions. Thus the GSL violation is shown to occur for a
much broader class of Lorentz-violating theories with
multiple speeds, not only those with limited interactions.

Is this violation of the GSL necessarily unacceptable? It
would certainly seem unlikely to have led to any observ-
able consequences, given our current state of astrophysical
observation. Moreover, there is no a priori reason why the
GSL should hold, considering the fact that the outside of a
black hole is not a closed system. From this perspective it is
perhaps more surprising that the GSL holds for Lorentz
symmetric systems, than that it might fail for the rest.

On the other hand, if the GSL does not hold, then the
apparently deep connection between black holes and ther-
modynamics would have been a coincidental false lead, not
arising from fundamental principles. This is true even if the
difference in speeds were very small so it would take a very
long time to execute a violation of the GSL.
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GSL violation might be avoided if the UV completion of
the Lorentz-violating theory eliminates the notion of a
causally hidden black hole region. Then the outside would
include the black hole interior, leaving no ‘“black hole”
contribution to the generalized entropy, thus reducing the
GSL to the OSL. But this eliminates the essence of black
hole thermodynamics. So it appears that the only way to
save black hole thermodynamics is to reject the sort of
Lorentz violation considered here (and likely any other sort
involving Lorentz-violating dispersion).

In retrospect, it is perhaps not so mysterious that the
validity of black hole thermodynamics is tied to Lorentz
symmetry. After all, at the root of the thermality of the
Hawking effect lies the Unruh effect: the vacuum is a
thermal state with respect to the boost Hamiltonian when
restricted to the Rindler wedge [17]. This in turn can only
hold for the vacuum of interacting fields if they share a
common Lorentz symmetry.
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