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Multiple-event probability in general-relativistic quantum mechanics
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We discuss the definition of quantum probability in the context of “‘timeless’ general-relativistic
quantum mechanics. In particular, we study the probability of sequences of events, or multievent
probability. In conventional quantum mechanics this can be obtained by means of the ‘“wave function
collapse” algorithm. We first point out certain difficulties of some natural definitions of multievent
probability, including the conditional probability widely considered in the literature. We then observe that
multievent probability can be reduced to single-event probability, by taking into account the quantum
nature of the measuring apparatus. In fact, by exploiting the von-Neumann freedom of moving the
quantum/classical boundary, one can always trade a sequence of noncommuting quantum measurements at
different times, with an ensemble of simultaneous commuting measurements on the joint system+-
apparatus system. This observation permits a formulation of quantum theory based only on single-event
probability, where the results of the wave function collapse algorithm can nevertheless be recovered. The

discussion also bears on the nature of the quantum collapse.

DOI: 10.1103/PhysRevD.75.084033

L. INTRODUCTION

The general-relativistic revolution of our understanding
of space and time has proven extremely effective empiri-
cally. Conventional textbook quantum mechanics (QM)
and conventional quantum field theory (QFT), however,
are formulated in a language which is incompatible with
the general-relativistic notions of space and, especially,
time. Is there a formulation of QM compatible with these
notions? Such a formulation should be required, in par-
ticular, in order to provide a clear interpretative framework
to any attempt to formulate a quantum theory of gravity in
a form consistent with the general-relativistic understand-
ing of space and time [1].

The main difficulty in extending QM to the general-
relativistic context comes from the notion of time.
(Historical, if a bit out-of-date reviews are Refs. [2,3].
See also the recent Refs. [4,5].) In conventional QM (in-
cluding QFT), the independent time variable ¢ is inter-
preted as an observable parameter independent from the
physical system considered. States and probability ampli-
tudes evolve deterministically in z.! This notion of time is
not general relativistic and conflicts with general covari-
ance, and so, if we take general relativity seriously, it is
likely to be unsuitable to describe the world at the Planck
scale.

In a sum-over-histories context, this problem is ad-
dressed by Hartle’s generalized QM [6]. Here we work in
the Hamiltonian context. We summarize below, in Sec. II, a

*Unité mixte de recherche (UMR 6207) du CNRS et des
Universités de Provence (Aix-Marseille I), de la Mediterranée
(Aix-Marseille II), et du Sud (Toulon-Var); laboratoire affili€ a la
FRUMAM (FR 2291).

"In QFT this is realized via the representation of the Poincaré
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Hamiltonian formulation of QM that does not make use of
this nonrelativistic notion of time, following Ref. [7], and
especially Chapter 5 of Ref. [8], to which we refer for full
details and a complete discussion. Following Ref. [8], we
call this formulation ‘““general relativistic.” In this formu-
lation, the probability for observing a certain event s’ if an
event s was observed, is given by the modulus square of a
suitably defined transition amplitude P,y = | A _¢|> =
[(s"|s) 471, as explained below. This probability postulate
coincides with standard QM transition probabilities in the
non-general-relativistic case, but is well defined in a wider
context, sufficiently general to form the basis for a timeless
interpretation of a general-relativistic quantum theory.
However, a key problem was left open in Ref. [8]. QM
does not provide only probabilities for single observations.
It also provides probabilities for sequences of observations.
For instance, it provides the probability P, for a
system in a state |i/) to be observed in a state |¢') and
then in a state |¢/"’). One way to compute this is to assume
that at the time of the first measurement the state ““collap-
ses” to the state [¢/'). It is not clear how these probabilities
for ensembles of events can be computed in general-
relativistic QM. The difficulty comes from the following
fact. Asis well known, in QM, given a unordered ensemble
of observations, its probability depends on the time order in
which they are performed. Now, in a quantum general-
relativistic context, as we recall below, the notion of time
evolution, and, in particular, the notion of time order, is
subtle due to the absence of an external notion of time.
How do we compute, then, the probability of sequences of
measurements? The problem was discussed for instance by
Hartle in Ref. [9]. A strictly related problem is that the
probability defined in Ref. [8] concerns only the nonde-
generate eigenvalues of the (partial) observables. The
probability of observing a degenerate eigenvalue was not
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defined. In this paper we study a possible solution to this
problem.

In Sec. III, we state the problem and we point out a
certain number of difficulties that emerge in trying to
assign a probability to sets of events in a general-
relativistic context. In particular, we discuss the difficulties
of two apparently “natural’’ solutions. The first is a direct
generalization of the single-event probability postulate: the
probability of an ensemble of events is determined by the
projection on the physical Hilbert space of the subspace of
the kinematical Hilbert space associated to this ensemble
of events. We show that this postulate is not viable because
it does not reduce to the standard QM probabilities in the
nonrelativistic case. The second is the use of conditional
probability, widely discussed in the literature. We point out
certain difficulties with the operational definition of this
probability.

In Sec. IV, we indicate a possible general way for solv-
ing the problem. This is based on the observation that a
multiple-event probability, such as P, can always be
reinterpreted as a single-event probability, once the dynam-
ics and the quantum nature of the apparatus making the
measurements are taken into account. If we do so, the time
order gets naturally coded into the dynamics of the system.
This strategy provides a general way for dealing with
multiple-event probabilities in general-relativistic quantum
mechanics.

Finally, in Sec. V we comment on the meaning of the
notion of probability in the timeless case. In particular, we
clarify the apparent difficulty presented by the fact that
probabilities assigned to the possible values of a variable
may not sum up to one. In Sec. VI we summarize our
results and discuss the issues that remain open.

We illustrate the working of this technique in a compan-
ion paper [10], where we introduce a discrete model that
allows us to exemplifies all the general structures intro-
duced above. The example in Ref. [10] illustrates a notable
convergence between the strategy introduced here and the
generalized QM approach of Hartle, Halliwell, and others
(see, for example, Refs. [6,11] and references therein).

II. GENERAL-RELATIVISTIC QUANTUM
MECHANICS

We give a rapid overview of general-relativistic QM,
referring to Chapter 5 of Ref. [8] for a complete discussion
and full details.

A. General-relativistic classical mechanics

A classical mechanical system is described by a number
of observables quantities, that we call partial observables.
We include under this name the dependent as well as the
independent variables in the equations of motion of non-
relativistic mechanics. Examples of partial observables are
the time ¢, the position of a particle X , the momentum, the
energy, the spacetime coordinates x* in special-relativistic
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field theory, the four coordinates x* of a relativistic parti-
cle, and so on. We assume that each partial observable can
be measured by a suitable physical apparatus.

In a system with a finite number n of degrees of freedom,
we choose n + 1 partial observables (typically the n
Lagrangian variables plus the time variable), and form
the n + 1 dimensional extended configuration space, or
event space, C. The extended configuration space of a
relativistic particle is the Minkowski space. The extended
configuration space of a homogenous and isotropic cosmo-
logical model where a is the volume of the universe and ¢
is the matter density, is coordinatized by a and ¢. Points in
C are called events and denoted s, s, s, . . .: for instance, a
point in Minkowski space s = x* = (%, ), or a given value
of radius of the universe and matter density s = (a, ¢),
define an event. Measuring a complete set of partial ob-
servables—that is, determining a point in C—is to detect
the happening of a certain event. For instance: a particle is
detected in a point of Minkowski space, a certain value of
radius of the universe and average energy density are
measured, and so on. Each such detection describes an
interaction of the system with another system, playing
the role of observer.

Dynamics is then uniquely determined by a single func-
tion H, the relativistic Hamiltonian,> on the cotangent
space T,C.> This is a symplectic space, with a natural
symplectic two-form . The submanifold 2 defined by
H = (s called the constraint surface. The integral lines of
the restrictions of w to X are the physical motions of the
system. The space of these motions is the phase space I
Thus, in this context the phase space I is interpreted, a la
Lagrange, as the space of the solutions of the equations of
motion,* or the space of the possible “motions” of the
system, instead than a space of initial data. Notice that a
physical motion determines a continuous sequence of
events in C.

The interest of this formulation of dynamics is that the
time variable ¢ is just one of the coordinates of C, on equal
footing with the other partial observables, as required by
general covariance. In a general covariant system, in fact,
dynamics is not the description of how physical variables
evolve in a preferred independent variable ¢, but rather the
description of the physical relations between partial ob-
servables (see the discussion in Ref. [8], Secs. 3.1 and
3.2.4).

A special case is provided by the nonrelativistic systems.
In these systems, one of the coordinates of C is singled out
to play a special role: the time variable ¢, thus C = Cy X R,

It is also called “super-Hamiltonian,” ‘“Hamiltonian con-
straint,” or ‘‘scalar constraint.”

*In this paper, we do not consider the case of other gauge
invariances, besides the reparametrization invariance generated
by H.

*More precisely, as the space of the equivalence classes of
solutions, up to gauge.
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where C, is the conventional configuration space; and H
has the form

H = p, + H,, (1)

where p; is the momentum conjugate to ¢ and H, is
independent from p,. H, is the standard nonrelativistic
Hamiltonian. It is easy to see that in this case X is iso-
morphic to R X T,C, and the motions are the integral lines
of the Hamiltonian flow of H, on T.Cy: that is, we recover
conventional Hamiltonian mechanics. Our main interest, of
course, is for systems where H does not have the form (1).
These are the systems for which conventional QM is
insufficient, and general relativity is among (the co number
of degrees of freedom version of) these systems.

B. General-relativistic quantum mechanics: basic
structure

General-relativistic quantum mechanics is defined by a
kinematical Hilbert space K carrying an algebra of opera-
tors corresponding to the partial observables. The dynam-
ics is given by a generalized projection operator PP in J<.

The relation with a classical system is as follows. A
linear representation of the Poisson algebra of coordinates
and momenta on 7,.C defines the kinematical Hilbert space
I. For instance, we may take a Schrodinger representation
K = L,[C]. The relativistic Hamiltonian H defines a self-
adjoint quantum operator (that we denote with the same
symbol) H on XK. The kernel of H, formed by the (possibly
generalized) states in K satisfying the “Wheeler-DeWitt”
equation

Hy=0 (2)

is called the physical state space . P is the linear (self-
adjoint) operator P: K — H , given by

Py = fdne_i”Hgb 3)
(we put i = 1) and loosely called ‘“‘the projector,” since
Wy L H < Py = 0. For periodic systems the range of
integration is the period, for the others it is the real line
(recall that we are only working with reparametrization
invariant systems). If zero is in the discrete (respectively
continuous) spectrum of H, then JH is a proper (respec-
tively generalized) eigenspace of K. On the linear space
JH we consider the Hilbert structure

(Ps'[Ps)gp = (s'|Ps), 4)

which is well defined (on a dense subspace of XK) even
when H is a generalized eigenspace; see for instance
Ref. [12] and the discussion in Section 5.5.2 of Ref. [8].
We also write (s|s) 3y = (Ps'|Ps) 5r. Remark that since in
general P is not a true projector, (s'|P|s) may very well be

Stf K/H has finite dimension N then P = N [ﬁ’, with [P the
true projector from XK to H.
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different from (Ps’|[Ps). In particular, this last quantity is in
general divergent in the case in which HH is a generalized
eigenspace.

States in XK have a physical interpretation,® as follows.
If |s) € XK is an eigenstate of a complete set of commuting
partial observable (self-adjoint) operators, with eigenval-
ues (a, b, c...), then |s) is interpreted as describing the
event in C with coordinates (a, b, c. . .). That is, it describes
an interaction of the system with another physical system,
in which the values (a, b, c...) are realized.

In a nonrelativistic system, where Eq. (1) holds, the
Wheeler-DeWitt Eq. (2) becomes the Schrodinger equa-
tion and P is strictly related to the unitary evolution
operator U(t) = e o', As a simple example, consider a
2-state spin system with time-independent Hamiltonian
H,. Here K = C?>® L[R] is formed by states of the
form i4(¢), S =1, | and spanned by the (generalized) basis
S, 1), where 4() = (S, t|¢}), and

PIS, 1y = foo dre”TPHHO|S 1)

= f dre 7|8, t + 7). (5)
[ sends |S, #) into a solutions of the Schrédinger equation.
The physical space J{ is given by these solutions and
clearly H ~ C? (any initial state generates one and only
one solution of the Schrodinger equation). A basis in H
can be obtained by choosing a reference time #; and defin-
ing |S):=P|S, 1,). It follows easily P|S, )= Ut(r —
to)|S). Then notice that

(S, 1'|PIS, 1) = (S§'|e~Hol=D|5), (6)

that is, the matrix elements of [P are essentially the matrix
elements of the unitary evolution operator.

C. Single-event probability

The main interpretation postulate of general-relativistic
QM is the following (see Ref. [8]). The probability P,_
of observing the event s’ if the event s was observed (we
shall write P, simply as Py when there is no need of
indicating the initial state) is given by the modulus square
of the amplitude

Asés’ = <sl|[|j)|s>) (7)
where the states are normalized in J{, not in XK, that is
(sIPls) = (s'|P|s"y = 1. ®)

We add here some comments to this probability postu-
late, referring the reader to Ref. [8] for a full discussion.
There are several equivalent ways of writing this probabil-
ity. We can define the projection operator

®This is the distinguishing feature of the interpretation we are
considering.
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Iy = PIs'Ys'IP = [Ps'XPs'| ©)
and write the probability as the expectation value

Py = Ay P = (sITTgls), (10)

where again |s) and [s') are normalized by (8).
Alternatively, recalling the notation (s'[s), =
(Ps'|Ps)4p = (s'|Pls), and explicitly including the nor-
malization in the expression for the probability, we can
write

p o )l KPSIPs) g
ST Y g (sls) g (P |PST) 4 (Ps|Ps) g
(11)

Notice that this probability is a standard quantum me-
chanical probability computed in the physical Hilbert
space FH, in the following sense. The states |s) and |s')
in I “project” down to the normalized physical states

_ _|Ps) ) = |Ps’y . .
i) ER and [¢fy) i H . The probability

(11) is then simply the standard probability amplitude of
measuring the physical state |i/) if the physical state |i,)
was measured. In particular, it can be expressed in terms of
the usual Gleason formula

‘,Ps=>s’ = tr}[(Hsrps), (12)

where I1y = |y )fy| is the projection operator in H ,
ps = i X,| is the density matrix of the pure state |¢) and
tr4/ is the trace in the space JH . In other words, IT, is the
projector onto |Ps’), in H, and it is a genuine Dirac
operator. Therefore general-relativistic QM simplifies,
but does not contradict, the standard Dirac treatment of a
constrained system, and it is fully equivalent to the stan-
dard probabilistic interpretation in the physical state space
JH . This fact, by the way, assures us that the amplitude (7)
yields a probability less or equal to one.

This formulation is very close in spirit to the conven-
tional scattering formulation of QFT, where probabilities
are defined by transition amplitudes between initial and
final asymptotic states, and these are defined as timeless
Heisenberg states, or full ““histories’” of the system: see for
instance Weinberg’s clear discussion in Chapter 3 of
Ref. [13].

This definition of probability reduces to the conventional
one in the nonrelativistic case. In the spin system consid-
ered above, for instance, the states P|S, ¢y are normalized
and the amplitude for measuring the spin §’ at time ¢ if S at
time ¢ was measured is

Agimsiy = (S, UIPIS, £) = (§'|e~Ho'=0]|g), (13)

in agreement with conventional QM. More in general, in
the case in which H = p, + H,, the definitions above
reduce to the standard QM postulates regarding states,
observables and probability.
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What distinguishes this formulation from the usual one
is the fact that the physical interpretation of the states in J{
is not directly determined by operators in J{ , but rather by
the kinematical operators in the kinematical state space K.
The relation between the kinematical operators in K and
the physical operators in JH is determined by the dynam-
ics. In the case of unitary evolution, states |s) = |S, ) and
|s"y = |, ') that differ only by the eigenvalue of the time
operator in J, are related by the unitary time evolution in
JH . The corresponding states in J{ are eigenstates (up to
an isomorphism) of the Heisenberg operators S(¢) and S(¢')
related by time evolution. In the general case, this inter-
pretation of the formalism remains viable even if we are
not able to explicitly compute the Heisenberg operators,
namely: this interpretation remains viable even without
need of solving the dynamics (as is the case, for instance,
with the evolving constant of motion approach). Therefore
this formulation of general-relativistic QM allows us to
have the conventional advantages of the conventional in-
terpretation in JH, but at the same time exploiting the
physical transparency of the operators defined in XK, as is
the case for the interpretation of the classical theory.

Notice, finally, that the physical interpretation cannot be
directly given in XK without reference to JH . One way of
seeing this is the failure of the hypothesis of the Gleason
theorem that could justify replacing (12) with an analogous
form in XK. Indeed, a key hypothesis of Gleason theorem is
that the probabilities add up for the linear sum of orthogo-
nal subspaces (see for instance Sec. 9.2.4 of Ref. [14]). This
means, in particular, that the probability for the system of
being detected in either of two points s’ and s of C should
be the sum of the probabilities of being detected in s’ and
s". But this is not the case, because the system can be in s’
and in s”, in particular, if s’ and s are on the same motion.
Thus, the hypotheses of Gleason theorem fail in J. The
interpretation postulate considered here consistently com-
bines the simplicity of the physical interpretation of the
kinematical operators in K, with the fact that the proba-
bilities are well defined in the physical state space FH .

However, there is one additional postulate required to
define quantum theory: the collapse postulate, stating that
after a measurement, the state changes and becomes an
eigenstate of the operator associated to the measurement.
The translation of this postulate to the relativistic formal-
ism is our concern here.

III. MULTIPLE-EVENT PROBABILITY

Consider a partial observable A in XK and let a be one of
its eigenvalues. If a is nondegenerate, and |[s') is the
corresponding eigenstate, then (7) provides the probability
amplitude of measuring @. What happens if a is
degenerate?

Let us say for simplicity that a is doubly degenerate, and
that |s’) and |s") are two orthogonal eigenstates having
eigenvalue a, that is, they span the a eigenspace K. Then,
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to measure the eigenvalue a, or, equivalently, to measure
its associated projection operator 7, = |s')s'| + |s"Xs"],
means that we have a measuring apparatus that gives us a
Yes answer if either the event s’ or the event s” happen (Yes
answer corresponds to the eigenvalue 1 of 77,). In order to
compute the probability of having a Yes answer, we need
therefore the probability Py og ¢ that the event s’ OR the
event s happens.

Alternatively, suppose that we have a measuring appa-
ratus that gives us a Yes answer if both the event s’ and the
event s" happen. In order to compute the probability of
having a Yes answer, we need therefore the probability
P, anp s that the event s’ AND the event s happen. The
solution of one case gives immediately the solution of the
other since, clearly

TS/ ORs" — TS’ + ?S// - ,J)S’ AND s’ - (14)

There are two possibilities: either Py snp 4 1 always zero,
or not. Consider the two cases separately.

(i) Mutually exclusive events—If P anp s = 0 for
any s, then s” and s” are alternative events that cannot both
happen. That is, if one happens, the probability that the
other happens is zero. By Eq. (7) and the given interpreta-
tion, this is equivalent to

(s'|P|s"y = 0. (15)
In this case, Eq. (14) gives
Ps’ ORs" = ,—Ps’ + TS“' (16)

That is, the probability of s’ OR s is simply the sum of the
probabilities of s” and s”. Observe that this can be written
generalizing (10) to

Py = (s, ls), (17)

where II, is the orthogonal projector on the subspace
H,=PX, in H, which, if Eq. (15) holds, is simply
given by [remember we are requiring Eq. (8)]

I, = |Ps'XPs'| + |Ps")Ps"|. (18)

A typical example is the following. In the two-state spin
system considered in the previous section, let [s') = | 1, 1)
and |s”)y = | |, ). In this case, (s'|P|s") = (1 |U0)| |) = 0.
The two events are mutually exclusive. Therefore
P, anps» = 0. The projector on the a eigenspace K, is

m, =101+ Lo}l (19)

The projection H , of K, in H is spanned by the two
orthogonal states P|1,7) = Ut(t — 1,)| 1) and P| |, 1) =
Ut(t — 1,)] 1), therefore

I, = Ut — 1) DA T+ I DUGE —19).  (20)

In this two-state system, II, = 1 and the corresponding
probability is 2, = 1. Not so, of course, in general.

PHYSICAL REVIEW D 75, 084033 (2007)

(i1) Non exclusive events—The interesting case is when
(s'|P|s"y # 0. (21

A typical example is the following. Let |s’) = | 1, #') and
sy =] — ¢ = w In this case, (s"|P|s') = {(«—

|U(#" — )| 1) # 0, in general. The question we are asking
is: what is the probability of detecting the spin T at time #
AND the spin < at #’? The problem is of course well
posed: if a particle is in a certain initial state at ¢, what is the
probability of finding it with a certain spin at time ¢ AND
with another spin at a later time ¢/? This can be measured
by measuring the fraction of a beam that passes through a
sequences of two Stern-Gerlach apparatuses.

Now, in ordinary quantum mechanics, these probabil-
ities depends on the time ordering between the events. For

instance, let the initial state |s) be the state | —) = % at
time ¢y, and let U(r) = 11 for all . Then

1 - / 7
I lft<t,

Pomirannen = {0 if 1<t @2)
Because the sequence
|=)=1D=1<) (23)
has probability 1/4; while the sequence
|=)y=1= =17 24)

cannot happen. The standard way of obtaining these prob-
abilities in conventional quantum mechanics is via the
projection postulate. For instance, say ¢ <f”, that is,
case (23). We have: (i) at time # the spin T is measured
with probability [( | «<)|> = 1/2; (ii) the state is hence
projected to | 1); (iii) at time ¢ the spin < is measured with
probability [(«— | 1)|> = 1/2, giving total probability
1/2X1/2 =1/4.
Standard QM gives also, easily

3 : / 1l
4 lft<t,

:Ps:>(s’ ORs") = {% if /<t ()

Comparing with Eq. (14), notice that the probabilities
P, and P, relevant here (with two detectors) are
different from the probabilities P, and P,_ . relevant
when only one detector is present. For instance, in the first
case, we have ?s:m” = |<_’ | T><T I ‘_>|2 + |<_’ | l><l | -
M2 = % because of the presence of a detector in s'; while in
the absence of this, we would clearly have P, = [(—
| <=)|*> = 0. This well known fact will play an important
role below.

How do we recover these probabilities in relativistic
QM, where we do not have a notion of time ordering in #?
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A. Two false tracks
1. Taking Eq. (17) as the general probability postulate

Let us suppose we ignore for the moment the time-
ordering problem, and we try to directly associate a proba-
bility to the a eigenspace K,, as we did in the case
(i) (mutually exclusive events). Notice that the definition
(17) of probability remains meaningful also in the case
(i) (non mutually exclusive events). It is therefore very
tempting to suppose that the probability is still given by
(17) also in this case.

In the example above, for instance, the eigenspace K, is
spanned by the two events considered (which are orthogo-
nal in K because they are at different time), and the
projection operator on J,, is

7o = IO+ | — "= 1. (26)

The projection H , of K, to HH is spanned by the two
states P| 1, #) and P| <, ¢/). This time these two states are
not orthogonal in J{. We can nevertheless still consider
the possibility that the probability P, is given by Eq. (17),
where I1, is the projection operator on the space H , they
span.

The probability postulate (17) is not of completely
straightforward utilization in the case in which the or-
thogonal eigenstates of 7, are projected to nonorthogonal
states in H , namely, in the case (21), because in this case
Eq. (18) is not true. This is a technical difficulty that can be
addressed by standard linear algebra methods, for instance
via an orthogonalization procedure. A more powerful tech-
nique is to observe that the projector on the linear space
spanned by a set of possibly linearly dependent states S =
{lu'y...|u")} can be written in the form

I, = 3G wl, @7)
ij

where the sum is over any maximal subset of linear inde-
pendent sates in S and the matrix Gj; is the inverse of their
Gramm matrix G¥ = (u’|u/).

Unfortunately, however, there is a serious problem: this
probability postulate is wrong because it does not reduce to
the conventional and well tested probabilities of nonrela-
tivistic QM. This can be seen from the following example.
Consider the spin case mentioned above. The two kine-
matical states |s') and |s”) are orthogonal in K (because
they are at different times). If we project them down to FH,
the two resulting states |Ps’) and |Ps”) are not anymore
orthogonal, but they are still linearly independent.
Therefore they still span a two-dimensional space. Since
the space they span is F ,, it follows that FH , is two-
dimensional. But so is { in this example. Hence H , =
JH .1t follows immediately that I1,, is the identity operator
in 2, and therefore that (17) states that the probability of
measuring either s’ or s is always equal to unity. This is in
contradiction with the correct result (25) given by non-
relativistic QM.
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Therefore the probability formula (17) is not correct in
the case (ii) of compatible events. The difficulty appears to
be in the fact that the formalism ignores that s’ happens
before s".

2. Conditional probabilities

The idea that in the timeless case the interpretation of
QM can be entirely based on conditional probabilities has
been suggested in Ref. [15] and is very attractive. The idea
has been widely discussed and also criticized, see for
instance Ref. [2], but has recently received new attention.
For instance, in Ref. [5], C. Dolby has provided an inter-
esting and convincing reply to the criticisms in Ref. [2]. We
refer therefore here to Dolby’s version of the conditional
probability interpretation. For full references, see the two
papers quoted.

Dolby gives a postulate for the probability P(a when b)
that an event a happens together with (as the same time as)
an event b.” The events a and b are described by commut-
ing projector operators 7, and 77, in J. Dolby’s proba-
bility postulate is, in our notation (and not writing
explicitly the dependence of the probability on the state),

<s||]:D7Ta7Tb|]:D|S>
(s|Par,Pls)

Suppose that we have a set {ay, ...

den = 1. (29)

P (a when b) = (28)

, a,} of events such that

It follows immediately from Dolby’s definition that
Z’P(an when b) = 1. (30)

In order to illustrate the difficulty with this definition of
probability, consider the two-state system introduced in
Sec. II B, but let us imagine, for simplicity, that time is
discrete. That is, the states are i¥(z,), S =1, |, where
(1) = (S, t,|¢), with integer n (as in the example we
will discuss in the companion paper [10]). In the conven-
tional formalism one focus on probabilities of the form (]
when 1,)), where the event (],7,) is considered as one
element of the set of equal-time alternatives S, = {(1, 7,,)(l
, ,)}. But the general formalism does not privilege the time
variable and therefore allows us to consider also probabil-
ities of the form 2P(z, when 1), where the event (1, z,) is
considered as one element of the set of alternatives S; =
{ .0, (0 t), (0 t,s1) ...} Let us therefore study
the interpretation of these. If we take 7, = 7y, the projec-
tor on the T eigenspace of the spin operator, and 7, = 7 ,
the projector on the ¢, eigenspace of the ¢ operator in
Eq. (31), we have the probability P(z, when 1) to find
the particle at time #,, “when” the spinis 1 . Let us calculate
this probability for a state such that, in particular, (assume

Carefully distinguishing P(a when b) from the conditional
probability P(a if b).
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the dynamics is such that this is a physical state)

1, ifn=12

l//T(t”) - {0, otherwise. @D

There are two different times at which the spin is 1 : #; and
t,. By symmetry and Eq. (30), we have immediately

P (t; when 1) = P(t, when 1) = 1. (32)

At first sight, this looks reasonable: since the particle has
spin up at two different times, if the spin is up, then there
might be a 50/50 probability that it is one or the other of
these 2 times. But can we give a more precise definition of
this probability? That is, can we give a precise operational
procedure for measuring this probability? Here is where we
see a difficulty. Indeed, we see two possibilities for an
operational interpretation of this probability, but neither
appears to work in general. The following are the two
possibilities.

(1) There is a single detector at ¢t = t,, that detects the
spin T, and we interpret (¢, when 1) as (the limit of) the
ratio of the number of detections over the number of trials.
This is clearly not viable, because under the conditions
given, this ratio is equal to one, not to 1/2: a detector which
is on at time #; will always detect the particle, not just half
of the times. How is this probability equal to one accounted
for in Dolby’s scheme?

We have one detector at each z,,, each sensitive only to
the spin 1. We call N,  the number of times the detector at
t, clicks, and call N; the total number of detections, and we
interpret P(¢; when 1) as the limit of N, ;/N;. This works,
because at each trial both detectors at ¢; and 7, click, so that
we get the correct 1/2.

However, (ii) does not work in general, because of the
fact that, as noticed after (25), the very presence of detec-
tors alters quantum mechanical probabilities. For instance,
suppose we have a system with four states |i),i = 1,2, 3,4,
with a time dependent dynamics given by (t,.;) =
U(t,)(t,) where

0 0 0 1
U =Uw =g o 1 ol
1 0 0 O (33)
0O 0 1 -1
uw=uw =2 Y 7o g |
-1 1 0 O

and U(z,) = 1 for any other n. Say the initial state is
U(19) = (13) + 14))/v/2. Then easily

Plta=o) = (13) + 14)/~2,  wl(r) = (13) + [1)/V2,
Pl(n) = (I3 +14)/V2, () =12, (34
P(t,=4) = (13) + 14))/V2.
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Hence
1
i (t,) = 5}1%, (35)
and Dolby’s probability gives
P (t, when i = 1) = §). (36)

But, accordingly with quantum mechanics, if we have
detectors in i = 1 for all ¢,, then at ¢, the state is projected
with probability 1/2 on |1), and with probability 1/2 on
|3). In both cases, the detector at 3 will click with proba-
bility 1/2, as a straightforward calculation shows. Hence
the probabilities are: 1/4 that ¢, alone clicks, 1/4 that t5
alone clicks, 1/4 that ¢, and t5 click, 1/4 that no detector
click. The ratio N,;/N; is therefore 1/2, different from
Dolby’s probability. The point is of course that the very
presence of the detectors changes the wave function at later
times, and this is not taken into account by Dolby’s
expression.

Thus, neither the operational interpretation (i), nor the
operational interpretation (ii) work. What is then the mean-
ing of this probability? We do not exclude that third con-
sistent operational definitions of Dolby’s probability could
be given, but we do not yet see it. (On this problem, see
Ref. [16].) Dolby appears to be aware of this difficulty; in
Ref. [5] he writes “P(a when b) is best thought as repre-
senting the proportion of the physical path on which a and
b are simultaneously true, divided by the proportion on
which b is true.” This is clearly intuitively okay, but in
strident contradiction with the fact that there is no way of
measuring ‘‘physical paths” in quantum mechanics. The
difficulty is that Dolby’s probability is defined as if the
detectors did not affect the quantum states; but this contra-
dicts the very physical contents of quantum theory.

For clarity, the difficulty we are raising is not that
Dolby’s scheme cannot take into account situations with
several measurements. Dolby defines also probabilities,
such as P(a; when b,|a, when b,) that do so. The point
we are raising is that we do not understand how to interpret,
that is, how to concretely measure, Dolby’s probabilities
when the b variable in Eq. (28) is not conventional time.

Thus, in spite of the attractiveness of the conditional
probability interpretation, we find that its foundation is not
solid. Therefore we do not see, at present, how to take it as
a general basis for relativistic quantum mechanics. The
present work can be seen, to a large extent, as an attempt to
ameliorate the conditional probability interpretation, but
putting it on firmer grounds.

IV. MULTIEVENT PROBABILITY FROM THE
COUPLING OF AN APPARATUS

A. The basic idea

It is perhaps the very central physical content of quan-
tum theory that certain questions cannot be combined by
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AND and OR, even if we can do so in classical physics. For
instance, we can meaningfully ask if an electron is in a
certain region of space, and we can meaningfully ask if an
electron has a certain energy. But asking if an electron ““is
in a region AND has a certain energy,” makes no sense in
quantum theory, beyond a certain precision. Position and
energy are represented by noncommuting operators in the
quantum theory, and we can assign an electron a definite
position and a definite energy, but not both. Bohr has
emphasized that this is related to the fact that electron
manifests its position in a certain context of interaction
and it manifests its energy in a different context, but there
is no interaction context in which the two can be mani-
fested together. Position and energy are incompatible ob-
servables that cannot be measured together, and therefore it
is perfectly okay that we cannot assign them joint
probabilities.

At the light of this well known basic consideration, let us
return to the case of the measurement of the s’ and s”
events, in the case (ii) of Sec. III, considered above. For
concreteness, let us consider again the example in which s’
represent the spin being 1 at a time ¢ and s” represents the
spin being «— at a later time ¢’. Since in the physical state
space the two states |Ps’) and |[Ps”) are not orthogonal,
they cannot be interpreted as (nondegenerate) eigenstates
of commuting operators. We are led to the tentative idea
that they represent incompatible observables, to which we
cannot assign joint probabilities. After all, it is hard to say
that two events at different times can happen fogether.

At first sight, this sounds as an elegant solution of the
problem. But at a moment of reflection, something is
clearly missing: Indeed, it does make sense to ask the
experimental question of what is the probability for a
spin system to have spin T at time ¥ AND spin < at a later
time #’. This is a statement that gets a precise meaning in
an appropriate measurement context. In conventional QM,
it can be dealt with by separating the two measurements in
time, and using the collapse algorithm to compute joint
probabilities. Can we obtain the same probabilities without
invoking the collapse postulate? As is well known, the
answer is yes, and it follows from an analysis of the
experimental situation involved in the experiment in which
we measure the two spins at different times. The key is to
bring the apparatus that makes the measurement into the
picture.

B. Multievent probability from the single-event one in
nonrelativistic QM

Let us see how this works in conventional QM. Consider
an initial state |¢) at time ¢. What is the probability of
detecting the state |¢/') at time ¢/ AND the state |¢") at time
" > ¢'? This can be computed by projecting on |¢') at time
#', which gives

P gy = K@"UC = OHIL,UE = 0l (37)
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where I, = [¢/)¢/| and all states are normalized
(lgy = 1. Now, describe the apparatus measuring ¢ as
a two-state system which is initially in a state [No), which
interacts with the system at the time ¢/, jumping to the state
|Yes) if and only if the state of the system is in the state /.
The interacting dynamics is then given by the unitary
evolution operator Uy, , defined by

W AUy o (1" = Dl A) = QUG = Dlh)Sara
(38)
for ¢ and ¢’ both larger or smaller than the interaction time
', and
W AUy (1" = Dlgp, A) = QUG — )ALy T gy
+ (1 - Hl/l’)6A”A)
XUt = Dl (39)

if ¢ >t > t, where

Ty = (‘1) (1)) (40)

is a matrix that flips the apparatus state. Then the question
we are interested in can be rephrased as follows: “Given an
initial state |, No) at time 7, what is the probability of
measuring the state |4, Yes) at time #/?”” Notice that “‘the
system state is [/"/)” and ‘“‘the apparatus state is |Yes),”
are compatible statements in quantum theory: they refer to
orthogonal observables, both at time ", that are, and can
be, measured together. In other words, the question can be
captured by the single-event probability amplitude

P pmrgr = K", Yes| Uy o(2" = Dlih, NoY)2. (41)

The same observation can also be illustrated as follows.
The probability of a time-ordered sequence of events, such
as Eq. (37), can be written in the form

U:Dlllﬁl,bllﬁ” = <¢|H¢’,¢/"|¢>5 (42)

where the history operator [6]
My y=Ut—O)IL,Ul =)L U" =), U — 1)
(43)

is not a projector. But this same probability can be written
as the expectation value of a projection operator if we
enlarge the state space to include the apparatus. In fact,
(41) gives

[FD l//ﬁ'l’/’/’” = <l//, NOl ﬁw’;'fl”lw’ NO>, (44)
where the operator
1 — g7t
H w/‘w// = Ul,///t' H l/l”,YeS Ul///t' (45)

is a projector. In fact, it projects on the state U, A", Yes).

That is, the probability of a sequence of events can still be
obtained from the basic probability postulate (9).
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In the context of the decoherent histories approach to
QM, a closely related observation has been made by Gell-
Mann and Hartle [17] and Halliwell [18]. These authors
show that when there is decoherence, the probabilities of
histories may be expressed in terms of records, represented
by true projection operators acting at a single moment of
time. There is much in common between what we do here
and the history approach, but also some subtle differences.
As we will show more in detail in a forthcoming paper, the
idea of describing sequences of measurements in terms of
single measurements of records leads to a formalism which
is essentially the same as the one of coherent histories. In
this sense, there is a convergence between the approach to
covariant QM that we are developing here and the ap-
proach being developed, in particular, by Halliwell (see
Ref. [11] and references therein), with the same motiva-
tions as our. Seems to us, however, that there remains an
important difference. The history approach was largely
conceived in order to free QM from the need of making
reference to the actual interactions with physical measur-
ing apparatuses, and in order to recognize (probabilistic)
systems’s properties that are measurement independent.
Here on the other hand we are squarely within the
Copenhagen view that QM is only about properties that
actualize in interactions. Thus, we consider here appara-
tuses whose presence is actual, and probabilities that are
contextual to this presence. This is why our probabilities
are well defined even in the formal absence of decoher-
ence: we have no need to sum up probabilities that refer to
different contexts, such as the presence or not of some
apparatus. In the spirit of decoherent histories, on the other
hand, one asks if there are probabilities that are well
defined wether or not apparatuses are present; this leads
to the notions of decoherence (In Ref. [18], Halliwell
argues that “the physical significance of decoherence is
that it ensures the storage of information about the deco-
hering properties somewhere in the universe’’). When there
is decoherence, the probabilities for sequences of events
that we consider here and the one considered in the deco-
herent histories context are related. This is the sense of the
relation between our observation and the one of Gell-
Mann, Hartle, and Halliwell. In the absence of decoher-
ence, the probabilities so determined have no meaning in
the decoherent histories context, but it could retain their
meaning for us. However, we do not think that there is
contradiction, since for us probabilities are only defined
with respect to actual physical interactions with an external
system, and the probabilities so determined make sense if
the apparatuses are physically there; in which case they
themselves should determine the decoherence. In other
words, the case in which probabilities do not decohere is,
to us, a case in which the apparatuses are not physically
present and therefore, in the language used here, there is no
probability at all to be computed. A more detailed com-
parison between these two approaches would be quite
interesting to develop.

PHYSICAL REVIEW D 75, 084033 (2007)

C. Multievent probability from the single-event one in
relativistic QM

Let us translate the above observation in the language of
general-relativistic quantum mechanics. An apparatus is
now a two-state system which is initially in a state |No),
and interacts with the system at the event s/, jumping to the
state | Yes) if and only if the event s” happens. The question
“Given an event s, what is the probability of detecting an
event s’ AND an event s”/?”” can be rephrased as follows:
“Given an event |s, No), what is the probability of detect-
ing the event |s”, Yes)?”” In other words, the question can
be captured by a single-event probability amplitude

As:>(s’ AND s") = As,Noﬁs”,Yes = <S”, YCSl[FDSrls, NO>, (46)

provided that the dynamical operator [P, takes appropri-
ately into account the coupling between system and appa-
ratus at the event s’.

It is clear that this strategy works in general, for arbitrary
sequences of measurements. Sequences of incompatible
measurements can always be reinterpreted as compatible
measurements of apparatuses that have interacted with the
system.® In fact, the only operational meaning that we can
ascribe to the probability that something happen at time #
AND something happen at a different time ¢ refers to the
probability of a simultaneous check of records of (one at
least of) these two events. Using this strategy, any proba-
bility for sequences of observations can be reduced to a
probability for eigenvalues of commuting observables, and
therefore be reduced to the single-event probability (7).

Where has the information about time-ordering gone? It
has been coded into the specification of the interaction
between the system and the apparatus, namely, in a new
projection operator [P that includes the interaction with the
apparatus. The fact that the probability of a sequence of
events depends on the time ordering of the measurements
can be coded into the specification of the dynamics of the
physical interaction between the system and the apparatus.
This observation allows us to completely reduce multi-
event probabilities to single-event probability, and there-
fore to obtain all relevant quantum mechanical
probabilities from the single probability postulate (7).

The reader might object that we have only shifted the
difficulty from the problem of defining the general formal-
ism of quantum theory to the problem of constructing a
suitable dynamical operator Py capable of capturing the
abstract idea of a “detection at the event s’.”” We think this
objection is ill-founded, for the following reason. In deal-

8The idea of introducing apparatuses in order to simulta-
neously measure noncommuting observables has been consid-
ered in the context of standard quantum mechanics. See Ref. [19]
and chapter 12 of Ref. [20] (and references therein). Here we
exploit the same idea in order to describe sequences of non-
commuting measurements, performed at different times. We will
analyze in more detail some of the models considered in
Ref. [19,20] in a forthcoming paper [21].
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ing with physics the problem is not to describe abstract
ideas, but to describe what we do concretely, and to give
predictions about concrete experimental situations. Each
concrete experimental situation has to be described by a
specific dynamics, and therefore by a specific [P;; operator.
The question is not whether or not a concrete system-
apparatus interaction describes or not an abstract idea of
measurement: the question is to find a formalism capable
of describing and predicting any concrete physical situ-
ation. The problem of writing the correct dynamics de-
scribing the situation at hand is a concrete problem in the
application of QM, not in the definition of its general
structure. The general theory does not say what happens
at different times: for every physical situation it gives the
probability distribution for all the events, including those
that we may wish to view as records of previous events.

D. A simple model

Let us illustrate this idea in the simple spin system
model we have used so far. This shows how P is modified
by the presence of the apparatus. Recall that here K =
C? ® L[R] spanned by a (generalized) basis of states [S, ),
S =t,|.Then H = C? and, choosing the reference time
to =0, PIS, 1) = U (1)|S). We couple an apparatus with
state space C?, spanned by the states |[A), A = Yes, No. The
kinematical Hilbert space becomes K = C? ® C? ® L[R]
spanned by a (generalized) basis of states |S, A, t). The
modified dynamics, that includes an appropriate interac-
tion is given, say, by the operator [P}, defined as

(8", A", t"|Py1S, A 1) = Ug,,(t” — 1) ppr 47)

if z and ¢’ are both smaller or larger than ¢ (the interaction
time); and
(8", A", 1"|PylS, A 1) = Z Ugf,(t” — t’)(b‘L,IA/,A

§'=1l

+ 8,8 )US( — 1) (48)
if t < <. Notice that if and only if the spin is up, the
apparatus flips state at time #. That is, the dynamics
defined by [P, is the one that describes precisely an
apparatus measuring T at time 7.

Equivalently, we can write (48) posing (always for ¢ <
<t

Py=P®l
A"y = 8,4 and (A|T|A"Y = T, is

+PH,Pe T, (49)

app

where {All]appl

jAA’ = <_11 _11 ) (50)

which emphasize the fact that Py, is equal to P plus an
interaction term at s’.

We can now ask what is the probability of detecting, say,
the state |§') = | —, Yes, 1) in the XK space of the coupled
(system + apparatus) system, given that the state |5) =
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| —, No, ) was detected. Here §' and § are events of the
coupled (system + apparatus) system. Then (7) and (48)
give the correct result obtained from conventional QM. For
instance, if, say, U(¢#) =11 [cf. (23)], we obtain
Posiy anpsny = 1/4if t <t/ <1" and Py anpsny = 0
if 1 <" <, to be compared with Eq. (22).

An example of application of this idea to a system
genuinely without unitary time evolution will be given in
the companion paper [10].

V. THE MEANING OF PROBABILITY

Before concluding, we discuss here a common objection
to the assignment of probabilities to individual events,
without reference to equal-time surfaces.

A probability is meaningful only if it assigned to an
event s out of a set of alternatives S = {5}, 55,...}. In
nonrelativistic QM, the probability of finding a particle
in a certain spatial region R is usually understood as the
probability of finding the particle in this region out of the
alternatives given by the possibility of finding the particle
in other spatial regions at the same time. That is, if s =
(R, 1), then S =S, = {(R,, t)} where the R, are an en-
semble of regions that cover an equal-time surface. In a
general-relativistic context, there is nothing that singles out
the equal-time surface. Does this imply that the probability
P, has no meaning in a general-relativistic context?

The answer is no, for the following reason. There exists
an alternative interpretation of the probability 2, that does
not require the set of alternatives S, = {(R,, t)}. Consider a
detector which is active in the space region R at time ¢. This
detector has a finite probability of detecting the particle
and a finite probability of not detecting the particle. These
two alternatives define a simpler set

S quat = {Detection, Nondetection}. (51)

We can then interpret P, as the probability that detector
detects the particle, out of the two alternatives (51). This
does not require the equal-time surface S; to play any role.

In fact, a moment of reflection will convince the reader
that this is what we truly mean by 72, in any realistic
quantum mechanical measurement. If the set of alterna-
tives S, was the relevant one, any position measurement
would only be consistent if, at the same time #, there were
detectors all over the universe, all measuring whether the
particle is there. This is not what we do when we measure if
the particle is in a certain region at a certain time. What we
do is to have a detector only in the region of concern and
interpret the case of non detection as implying that the
particle would have been detected by one detector else-
where. We can do so, because in ordinary nonrelativistic
quantum mechanics, we have the remarkable property that

ZT(R”J) =1. (52)

But this is a specific property of the dynamics of a particle,
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not a condition for Py , to be defined. Py, , is defined by
itself, and the probability normalization condition is sim-
ply

,—P(R,t) + TNon detection — ?Detection + ,—PNon detection — L.
(53)

Let us express the same idea in more mathematical
terms. Let |x), be an eigenvectors of the Heisenberg posi-
tion operator X(z), that is X(¢)|x), = x|x),. The state |x), is,
of course, also an eigenvector of the proposition operator

Py = |x>zz<x|- 54

The two operators are related by the spectral decomposi-
tion

X(r) = fdxxth (55)

in nonrelativistic QM, but they are independently defined
and they have each a physical interpretation. The operator
X() describes an ensemble of detectors covering the entire
space and measuring where is the particle at time z. Its
outcome is a real number x. The operator P,; describes a
single detector that detects whether or not the particle is in
x at time ¢. Its outcome is a single bit: either YES or NO.
Now the relation (55) implies (52): if this relation is not
available, the proposition operator P,, is still well defined,
and still defines consistent probabilities for this detector
outcomes.

VI. PERSPECTIVES

The main result of this work is to show that the single
probability postulate (7) of general-relativistic quantum
mechanics is capable of giving all probabilities of conven-
tional quantum mechanics, including the probabilities for
sequences of events, which are usually computed by means
of the projection algorithm. This is achieved by exploiting
the freedom of moving the quantum/classical boundary,
emphasized by von Neumann, and assuming that (in the
nonrelativistic case) the evolution of the system +
apparatus is always unitary.

A number of points deserve to be better understood. In
particular: (i) The use of this formalism in less trivial
systems, where the complications connected to continuous
spectrum operators and infinite volume gauge groups are
more severe. (ii) The possibility of associating probabil-
ities to arbitrary continuous regions of C [22—-24]. This is
related to the well known ‘‘time of arrival” problem (see
for instance Ref. [25] and references therein). (iii) The
extension of these ideas to field theory, and, in particular,
the connection between this formalism and the boundary
formalism [8,26] which is presently used [27] to compute
probability amplitudes in background independent quan-
tum gravity, in the context of loop quantum gravity
[8,28,29]. (iv) Eventually, we would like to apply this
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formalism to physical situations where the assumption of
the existence of a background geometry breaks down (for
instance, see Ref. [30]). We leave these issues for further
developments.

A number of tentative considerations following from the

present result can nevertheless be attempted.

(i) Time ordering does not appear to be a fundamental
structure required for the definition of quantum the-
ory and the calculation of its probability amplitudes.
In our opinion, this reinforces the hypothesis that the
fundamental theory of nature can be formulated in a
timeless language [31], and that temporal phe-
nomena could be emergent [32].

(i1) In the generally covariant context, dynamics can be
entirely expressed in terms of Dirac observables.
Indeed, notice that the probability of a sequence of
measurements can be written as in Eq. (10), namely,
as the expectation value of the projection operator
I1, defined in Eq. (9), or Eq. (45). This operator is a
Dirac observable of the extended system that in-
cludes the measuring devices.

In the present context, this is the answer to the long-
standing problem of the description of dynamics in
the “frozen-time” formalism; namely, in the Dirac’s
quantization of a system whose dynamics is ex-
pressed by constraints [2,3]. Dynamics is coded
into (noncommuting) Dirac observables defined in
terms of sets of interactions between (what we call)
the system and (what we call) the measuring devices.

(iii)) The discussion above bears also, indirectly, on the
discussion on the interpretation of quantum mechan-
ics, and on the nature of the quantum collapse.

In some interpretations of quantum mechanics, the
wave function is considered a real entity that evolves
unitarily, except at measurement time, when it under-
goes a sudden change. In particular, some interpre-
tations make the hypothesis that this “collapse” is a
real physical phenomenon whose peculiar nonlocal
dynamics is not yet understood. If this is the case, the
full freedom of moving the quantum/classical
boundary is broken, because once the collapse has
happened no more interference between the two
“branches” of a measurement outcome is possible,
even in principle. If this is the case, the strategy
adopted here is not viable in general, because it
assumes, instead, that no true physical collapse hap-
pens at anytime.

In some others interpretations, the wave function, or
the ‘“quantum state,” is not considered as a real
entity. Rather, only quantum “events” are consid-
ered real, and probabilities like |(s’|s)|* are directly
interpreted as conditional probabilities for these
events to happen. In particular, in [33] these quantum
events are assumed to happen at interactions between
systems, and to be real only with respect to the
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(iv)

(1]

(2]

(3]

(4]

(5]
(6]

(71

(8]
(9]

interacting systems themselves. From this perspec-
tive, there is no specific physical phenomenon cor-
responding to a quantum collapse, and the strategy
considered here is viable. With respect to an external
system, what happens at the interaction between
system and apparatus is not a sudden change in a
hypothetical real “state,” but simply an entangle-
ment between the probabilities of various outcomes
of observations on the system or the apparatus. We
refer to Ref. [33], and Sec. 5.6 of Ref. [8] for a
discussion of this point of view.

To our knowledge, the only complete general cova-
riant formalism for quantum theory alternative to the
one we have discussed here is Hartle’s generalized
quantum mechanics [6]. We find an interesting con-
vergence between Hartle’s covariant sum-over his-
tories and our results. Within Hartle’s generalized
quantum mechanics, probabilities for sequences of
events can be expressed by means of history opera-
tors. The mean value of a history operator can be
reexpressed as the mean value of a conventional

)
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projection operator on the joint system + apparatus
Hilbert space. This relations will be better discussed
and illustrated in the companion paper [10].
Finally, in our opinion the result presented here re-
inforce the idea that quantum mechanics admits a
very simple and straightforward generalization
which is fully consistent with general relativity.
And therefore that the contradictions between quan-
tum theory and general relativity might be only
apparent. Some concrete models supporting this
idea will be presented elsewhere[10,21].
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