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Coset methods are used to construct the action describing the dynamics associated with the spontaneous
breaking of the local Poincaré symmetries of D dimensional space-time due to the embedding of a
p-brane with codimension N � D� p� 1. The resulting action is an ISO�1; p� N� invariant form of
the Einstein-Hilbert action, which, in addition to the gravitational vielbein, also includes N massive gauge
fields corresponding to the broken space translation symmetries which together carry the fundamental
representation of the unbroken SO�N� gauge symmetry and an SO�N� Yang-Mills field localized on the
brane. The long wavelength dynamics of the gravitating p-brane is the same as the action of an SO�N�
vector massive Proca field and a non-Abelian SO�N� Yang-Mills field all coupled to gravity in d �
�1� p� dimensional space-time. The general results are specialized to determine the effective action for
the gravitating vortex solution in the D � 6 Abelian Higgs-Kibble model.
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I. INTRODUCTION

The formation of a brane in a target space spontaneously
breaks the space-time symmetries of the bulk down to
those of the world volume and its complement. For a
bosonic p-brane with codimension N � D� p� 1 em-
bedded in a D dimensional Minkowski space, the
ISO�1; p� N� isometry group of the target space is spon-
taneously broken to the ISO�1; p� � SO�N� symmetry
group of the d � �1� p� dimensional brane world volume
and its covolume, the N dimensions of space orthogonal to
the p-brane. Hence there are N broken translation symme-
tries and N�1� p� broken Lorentz symmetries. As is
typical of spontaneous space-time symmetry breaking
[1], however, not all of the broken space-time symmetries
give rise to independent Nambu-Goldstone degrees of free-
dom. In fact, there are only N independent Nambu-
Goldstone bosons, denoted �i�x�, i � 1; 2; . . . ; N, which
can be identified with the broken translation generators.
Here x�, � � 0; 1; . . . ; p, are the space-time coordinates
parametrizing the d � �1� p� dimensional world volume.
�i�x� describes the covolume oscillations of the p-brane
into the bulk Minkowski space. Its long wavelength dy-
namics is given by the reparametrization invariant volume
of the brane times the constant brane tension � as is
encoded in the Nambu-Goto action1

 � � ��
Z
ddx dete � ��

Z
ddx det

�����������������������������������
�ij � @��

i@��j
q

:

(1.1)

The induced Nambu-Goto vielbein e�
m, with m �

0; 1; . . . ; p, is given in the static gauge by

 e�
m�x� � ��

m � @��
iGij@

m�j; (1.2)

where the SO�N� symmetric matrix Gij �

H�1=2
ik �

�����������������
�1�H�

p
� 1	klH

�1=2
lj , with the matrix Hij �

�@��i@
��j� [2].

The p-brane action is invariant under a nonlinear real-
ization of the target space global isometry group of trans-
formations ISO�1; D� 1�. In order to have invariance
under general coordinate transformations, additional gravi-
tational fields must be introduced. The purpose of this
paper is to construct the action of the world volume local-
ized gravitational fields when the p-brane is embedded in
curved space. In short, the dynamics of the oscillating
brane in curved space is described by a world volume
localized massless graviton represented by an independent
dynamical vielbein e�m�x� and by a non-Abelian SO�N�
world volume localized Yang-Mills field represented by a
dynamical field Bij��x� corresponding to the unbroken
SO�N� local rotations. In addition, there are N world
volume localized vector fields carrying the fundamental
representation of SO�N� and represented by the dynamical
fields Ai�. As a consequence of the Higgs mechanism, these
vector fields which are associated with the broken space
translation generators are massive. An action governing the
dynamics for all these fields is derived in a model inde-
pendent manner using coset methods in which the target
space local symmetry group ISO�1; D� 1� is nonlinearly
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1This globally invariant action follows from the locally invari-

ant action in Eqs. (2.24), (2.25), and (2.29) by setting all gauge
fields equal to zero.
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realized. In Sec. II, the nonlinear local transformations of
the Nambu-Goldstone fields are introduced via the coset
method [3,4]. The locally covariant Maurer-Cartan one-
form building blocks for the invariant action are obtained
along with the introduction of the dynamical vielbein and
vector fields. Derivatives of these Maurer-Cartan world
volume vectors that are covariant with respect to local
Lorentz, Einstein and local SO�N� transformations are
defined using the spin, and related affine, and SO�N�
connections. In Sec. III, these covariant derivatives are
used to construct the low energy locally ISO�1; D� 1�
invariant action. Exploiting the spontaneously broken local
translation and Lorentz transformations, the action is trans-
formed to and analyzed in the unitary gauge. The physical
degrees of freedom so obtained are the dynamical world
volume vielbein, the N-plet massive Proca fields, and the
SO�N� Yang-Mills fields.

These general results only depend on the symmetry
breaking pattern and are independent of the nature of the
short distance physics that gives rise to it, whether that be a
higher dimensional field theory, string theory, or something
else all together. To the extent that they can be described by
a four dimensional effective theory at long distance scales,
the framework therefore also applies to specific field
theoretical realizations of brane world scenarios, such as
domain walls in D � 5 [5], vortices in D � 6 [6], monop-
olelike defects in D � 7 [7], and instantonlike defects in
D � 8 [8]. The globally invariant action in each of these
cases describes in a systematic expansion in terms of the
ratio of momentum over the inverse defect width the
dynamics of the Nambu-Goldstone degrees of freedom,
which are the localized zero modes associated with the
spontaneously broken symmetries. Additional massless
degrees of freedom not associated with spontaneously
broken symmetries as well as light massive degrees of
freedom2 must be added to the action as matter fields in
an invariant way [9]. In realistic brane world scenarios such
matter fields must include standard model fields.

The locally invariant action obtained by gauging the
globally invariant action [10] describes the dynamics of
the massless gauge fields associated with unbroken local
space-time and internal symmetries, including the gravi-
ton, and the massive gauge fields associated with the
spontaneously broken local space and internal symmetries
which have obtained their mass by absorbing the Nambu-
Goldstone degrees of freedom through the Higgs mecha-
nism. These form the minimal set of degrees of freedom
required to realize all symmetries. Additional massless and
light bosonic and fermionic degrees with a spectrum that
depends on the details of the underlying short distance
physics again must be added to the action in a prescribed

invariant way. Specifically, in Sec. IV the general results
are used to construct a locally invariant effective action
corresponding to a vortex embedded in a D � 6 dimen-
sional space-time as realized in an Abelian Higgs-Kibble
model including gravity [11]. In this case therefore p � 3
andN � 2. A slight extension of the framework describing
just the gravitational degrees of freedom is required as the
unbroken U�1� symmetry group is in fact a combination of
the SO�2� covolume rotations and the internal local U�1�
transformations of the Abelian Higgs-Kibble model.

II. THE COSET CONSTRUCTION

The presence of the p-brane in D dimensional target
space spontaneously breaks its symmetry group from
ISO�1; D� 1� to ISO�1; p� � SO�N�. The low energy
action governing the dynamics of the Nambu-Goldstone
modes associated with the symmetry breakdown can be
constructed using coset methods. This technique begins
by introducing the coset element � 2 ISO�1; D�
1�=SO�1; p� � SO�N�, where SO�1; p� corresponds to the
Lorentz structure group of transformations of the world
volume and the SO�N� to the group of rotations of the
covolume of the p-brane. These rotations are taken to be
unbroken here. On the other hand, these symmetries can
also be broken. For example, in Sec. IV the D � 6 Abelian
Higgs-Kibble model is considered in which a vortex forms
and breaks a linear combination of the SO�2� rotation
symmetry of the covolume and the internal U�1� gauge
symmetry. The orthogonal combination of symmetry gen-
erators yields a conserved UQ�1� charge.

The ISO�1; D� 1� generators can be expressed in terms
of representations of the unbroken SO�1; p� � SO�N�
Lorentz and covolume rotation subgroup. The ISO�1; D�
1� Poincaré symmetry generators are given by PM, with
M � 0; 1; . . . ; �p� N�, for space-time translations and
MMN for Lorentz transformations. The generating
Poincaré algebra is
 

�MMN ;MRS	 � �i��MRMNS � �MSMNR

� �NSMMR � �NRMMS�

�MMN ; PL	 � i�PM�NL � PN�ML�

�PM; PN 	 � 0:

(2.1)

The world volume SO�1; p� Lorentz generators are identi-
fied as M��, where �, � � 0; 1; . . . ; p, while the unbroken
SO�N� charges are identified as Tij � M�p�i��p�j�, where i,
j � 1; 2; . . . ; N. The broken bulk Lorentz generators form
a world volume Lorentz and SO�N� vector K�

i �

2M�p�i��. The world volume space-time translation gen-
erator is the Lorentz vector, SO�N� scalar charge P� while
the broken bulk space translation generators form a SO�N�
vector and Lorentz scalar charge Zi � �P�p�i�. The
ISO�1; p� N� Poincaré algebra, Eq. (2.1), can be written
in this basis of generators. The commutation relations

2Light massive degrees of freedom may include those asso-
ciated with breathing modes in case the space-time symmetries
are broken by several parallel branes.
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between the unbroken generators of the world volume
ISO�1; p� Poincaré algebra and SO�N� algebra are given
by
 

�M��;M��	 � �i����M�� � ���M�� � ���M��

� ���M���

�M��; P�	 � i�P���� � P�����

�P�; P�	 � 0

�Tij; Tkl	 � i��ikTjl � �ilTjk � �jlTik � �jkTil�

�P�; Tij	 � 0 � �M��; Tij	;

(2.2)

while the broken generators lie in representations of the
unbroken symmetries or rotate the unbroken into broken
charges so that
 

�M��; Zi	 � 0

�M��;K�
i 	 � �i�K

�
i �

�� � K�
i �

���

�Tij; Zk	 � �i�Zi�jk � Zj�ik�

�Tij; K�k	 � �i�K�i�jk � K�j�ik�

�P�; Zi	 � 0

�K�
i ; P

�	 � �2i���Zi:

(2.3)

Finally, the commutation relations between broken gener-
ators take the form
 

�Zi; Zj	 � 0

�K�
i ; K

�
j 	 � �4i��ijM

�� � ���Tij�

�K�
i ; Zj	 � �2i�ijP�:

(2.4)

With these definitions the coset element is given by

 ��x� � eix
�P�ei�

i�x�Zieiv
�
i �x�K

i
� ; (2.5)

where the world volume coordinates, x�, act as parameters
for translations in the world volume and are part of the
coset. The fields are also defined as functions of x�. The
Nambu-Goldstone fields �i�x� along with v�i �x� act as the
remaining coordinates needed to parametrize the coset
manifold ISO�1; D� 1�=SO�1; p� � SO�N�.

Left multiplication of the coset elements � by an
ISO�1; D� 1� group element g which is specified by local
infinitesimal parameters 	��x�, zi�x�, b�i �x�, �

���x�, 
ij�x�,
so that

 g�x� � ei	
��x�P�eiz�x�Zeib

�
i �x�K

i
�e�i=2�����x�M��e�i=2�
ij�x�Tij ;

(2.6)

results in transformations of the space-time coordinates
and the Nambu-Goldstone fields according to the general
form [3]

 g�x���x� � �0�x0�h�x�: (2.7)

The transformed coset element, �0�x0�, is a function of the

transformed world volume coordinates and the total varia-
tions of the fields so that

 �0�x0� � eix
0�P�ei�

0i�x0�Zieiv
0�
i �x

0�Ki� ; (2.8)

while h�x� is a field dependent element of the stability
group SO�1; p� � SO�N�:

 h � e�i=2�����x�M��
e�i=2��ij�x�Tij : (2.9)

Exploiting the algebra of the ISO�1; D� 1� charges
displayed in Eqs. (2.2), (2.3), and (2.4), along with exten-
sive use of the Baker-Campbell-Hausdorff formulas, the
local ISO�1; D� 1� transformations are obtained as
 

x0� � ���� � ����x�	x� � 	
��x� � 2b�i �x��

i�x�

�0i�x
0� � ��ij � 
ij�x�	�

j�x� � zi�x� � 2b�i �x�x�

v0�i �x
0� � ���� � ����x�	��ij � 
ij�x�	v�j�x�

� b�j �x�M
j�
�k�x��coth

�����������
M�x�

p
	
k�
�i

����x� � ����x� � 4b�j �x��M
�1=2�x�	j��k

� f�tanh
����������������
M�x�=4

p
	
k�
�i v

i��x�

� �tanh
����������������
M�x�=4

p
	k��iv

i��x�g

�ij�x� � 
ij�x� � 4b�l �x��M
�1=2�x�	l��k

� f�tanh
����������������
M�x�=4

p
	
k�
�j v�i�x�

� �tanh
����������������
M�x�=4

p
	
k�
�i v�j�x�g;

(2.10)

where the matrix M is defined as

 M��
ij � 4����Uij � 2v�j v

�
i �W

���ij	; (2.11)

with

 Uij � v�i ���v
�
j W�� � v�i �

ijv�j (2.12)

and ��� is the metric tensor for d dimensional Minkowski
space having signature ��1;�1; . . . ;�1�. In the above, the
space-time indices are raised, lowered, and contracted
using ��� while the Kronecker �ij is used for the SO�N�
indices. Both Nambu-Goldstone fields �i and v�i trans-
form inhomogeneously under the broken local translations
Zi and broken local Lorentz transformations K�

i . Thus
these broken transformations can be used to transform to
the unitary gauge in which both �i and v�i vanish. This
will be done in Sec. III in order to exhibit the physical
degrees of freedom in a more transparent fashion.

The nonlinearly realized ISO�1; D� 1� transformations
induce a coordinate and field dependent general coordinate
transformation of the world volume space-time coordi-
nates. From the x� coordinate transformation given above,
the general coordinate Einstein transformation for the
world volume space-time coordinate differentials is given
by

 dx0� � dx�G�
��x�; (2.13)
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with G�
��x� � @x0�=@x�. The ISO�1; D� 1� invariant

interval can be formed using the metric tensor g���x� so
that ds2 � dx�g���x�dx� � ds02 � dx0�g0���x0�dx0�

where the metric tensor transforms as

 g0���x
0� � G�1�

� �x�g���x�G
�1�
� �x�: (2.14)

The form of the vielbein (and hence the metric tensor) as
well as the locally ISO�1; D� 1� covariant derivatives of
the Nambu-Goldstone boson fields and the spin and SO�N�
connections can be extracted from the locally covariant
Maurer-Cartan one-form, ��1D�, which can be expanded
in terms of the generators as

 ! � ��1D� � ��1�d� iÊ��

� i�!mPm �!ZiZi �!m
KiKim �

1
2!

mn
M Mmn �

1
2!

ij
T Tij	:

(2.15)

Here Latin indices m; n � 0; 1; . . . ; p, are used to distin-
guish tangent space local Lorentz transformation proper-
ties from world volume Einstein transformation properties
which are denoted using Greek indices. In what follows
Latin indices are raised and lowered with use of the
Minkowski metric tensors, �mn and �mn, while Greek
indices are raised and lowered with use of the curved
space-time metric tensors, g�� and g��. Since the
Nambu-Goldstone fields vanish in the unitary gauge it is
useful to exhibit the one-form gravitational fields in terms
of their translated form

 Ê � e�ix
mPmEe�ix

mPm: (2.16)

The world volume one-form gravitational fields E have the
expansion in terms of the charges as

 E � EmPm � AiZ
i � Bmi Kim �

1
2


mnMmn �
1
2B

ijTij:

(2.17)

Similarly expanding Ê as

 Ê � ÊmPm � ÂiZ
i � B̂mi Kim �

1
2
̂

mnMmn �
1
2B̂

ijTij;

(2.18)

one finds the various fields are related according to

 

Ê � Em � 
mnxn

Âi � Ai � 2xmB
m
i

B̂mi � Bmi


̂mn � 
mn

B̂ij � Bij:

(2.19)

Defining the one-form gravitational fields to transform
as a gauge field so that

 Ê 0�x0� � g�x�Ê�x�g�1�x� � ig�x�dg�1�x�; (2.20)

the covariant Maurer-Cartan one-form transforms analo-
gously to the way it varied for global transformations:

 !0�x0� � h�x�!�x�h�1�x� � h�x�dh�1�x�; (2.21)

with h�x� � e�i=2���mnMmn��ijTij	 as given in Eqs. (2.9) and
(2.10). Expanding in terms of the D dimensional Poincaré
charges, the individual one-forms transform according to
their local d dimensional Lorentz and SO�N� nature so that

 

!0m�x0� � !n�x��n
m���x��

!0Zi�x
0� � Rij���x��!Zj�x�

!0mKi�x
0� � Rij���x��!

n
Kj�x��n

m���x��

!0mnM �x
0� � !rs

M�x��r
m���x���s

n���x�� � d�mn�x�

!0Tij�x
0� � Rik���x��Rjl���x��!Tkl�x� � d�ij�x�:

(2.22)

For infinitesimal transformations, the local Lorentz trans-
formations are �n

m���x�� � �n
m � �n

m�x� and the local
SO�N� transformations are Rij���x�� � �ij � �ij�x�.
Correspondingly, the infinitesimal local ISO�1; D� 1�
transformations of the gravitational one-forms take the
form

 

Ê0m�x0� � Ên�x���nm � �nm�x�	 � d	m�x� � 
̂mn�x�	n�x�

� 2zi�x�B̂
m
i �x� � 2bmi �x�Âi�x�

Â0i�x
0� � ��ij � 
ij�x�	Âj�x� � dzi�x� � B̂ij�x�zj�x�

� 2	mB̂
m
i �x� � 2bim�x�Ê

m�x�

B̂0mi �x
0� � ��ij � 
ij�x�	B̂

n
j �x���n

m � �n
m�x�	 � dbmi �x�

� 
̂mn�x�bni �x� � B̂ij�x�b
m
j �x�


̂0mn�x0� � 
̂rs�x���rm � �rm�x�	��sn � �sn�x�	

� d�mn�x� � 4�bmi �x�B̂in�x� � bin�x�B̂
m
i �x��

B̂0ij�x
0� � ��ik � 
ik�x�	��jl � 
jl�x�	B̂kl�x�

� d
ij�x� � 4�bim�x�B̂
m
j �x� � bjm�x�B̂

m
i �x��:

(2.23)

Using the Feynman formula for the variation of an
exponential operator in conjunction with the Baker-
Campell-Hausdorff formulas, the individual world volume
one-forms appearing in the above decomposition of the
covariant Maurer-Cartan one-form, Eq. (2.15), are secured
as
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!m � dx�e�
m � dx�E�

nNn
m

!Zi � dx�!Zi� � dx��cosh
�������
4U
p

	ijE�
mf��U�1=2 tanh

�������
4U
p

	jkvkm � E�1�
m �@��j � Aj� � Bjk��k�g

!m
Ki � dx�!m

Ki� � �dv
n
j � 
nrv

r
j � Bjkv

n
k��sinh

�����
M
p

M�1=2	
jm
ni � B

n
j �cosh

�����
M
p
	
jm
ni

!mn
M � dx�!mn

M� � 
mn � 4�dvrj � 

rsvis � Bikvrk	f��cosh

�����
M
p
� 1�M�1	imrj v

n
j � ��cosh

�����
M
p
� 1�M�1	imrj v

m
j g

� 4Bri f�M
�1=2 sinh

�����
M
p
	imrj v

n
j � �M

�1=2 sinh
�����
M
p
	inrjv

m
j g

!Tij � dx�!Tij� � Bij � 4�dvml � 

mrvrl � Blkv

m
k �f��cosh

�����
M
p
� 1�M�1	lnmjvni � ��cosh

�����
M
p
� 1�M�1	lnmivnjg

� 4Bml f�M
�1=2 sinh

�����
M
p
	lnmjvni � �M

�1=2 sinh
�����
M
p
	lnmivnjg:

(2.24)

The covariant coordinate differential !m is related to the world volume coordinate differential dx� by the vielbein e�m,
!m � dx�e�

m, which in turn can be written in a factorized form as the product e�m � E�
nNn

m of the dynamic vielbein
E�

m and the Nambu-Goto vielbein Nnm, where
 

E�
m � ��m � E�m � 2�iBi�

m

Nn
m � �n

m � vnj�U
�1=2�cosh

�������
4U
p

� 1�U�1=2	jiv
m
i � E�1�

n �@��j � Aj� � Bjk��k��U
�1=2 sinh

�������
4U
p

	jiv
m
i : (2.25)

The one-forms and their covariant derivatives are the building blocks of the locally ISO�1; D� 1� invariant action.
Indeed an mth-rank contravariant local Lorentz and nth-rank covariant Einstein tensor as well as an rth-rank local SO�N�
tensor, Tm1


mm

�1


�n i1


ir
, is defined to transform as [12]

 T
0m01


m

0
m

�01


�
0
n i01


i

0
r
�x0� � Ri01i1���x�� 
 
 
Ri0rir���x��G

�1�1

�01
�x� 
 
 
G�1�n

�0n
�x�Tm1


mm

�1


�n i1


ir
�x��m1

m01���x�� 
 
 
�mm

m0m���x��:

(2.26)

For example, the vielbein transforms as e0m� �x
0� �

G�1�
� �x�e�n�x��n

m���x��. Hence, the vielbein and its in-
verse can be used to convert local Lorentz indices into
world volume indices and vice versa. Since the Minkowski
metric, �mn, is invariant under local Lorentz transforma-
tions the metric tensor,

 g�� � e�m�mne�n; (2.27)

is a rank 2 Einstein tensor. It can be used to define covariant
Einstein tensors given contravariant ones. Likewise, the
Minkowski metric can be used to define covariant local
Lorentz tensors given contravariant ones. Similarly SO�N�
representations have indices that can be contracted to form
lower dimensional representations and invariants using the
Kronecker delta �ij.

Since the Jacobian of the x� ! x0� transformation is
simply

 ddx0 � ddx detG; (2.28)

it follows that ddx0 dete0�x0� � ddx dete�x� since det� � 1.
Thus an ISO�1; D� 1� invariant action is constructed as

 � �
Z
ddx dete�x�L�x�; (2.29)

with the Lagrangian an invariant L0�x0� � L�x�. The in-
variants that make up the Lagrangian can be found by
contracting the indices of tensors with the appropriate
vielbein, its inverse, the Minkowski metric, and the
SO�N� Kronecker delta. For example, !Zi��ijg��!Zj� is

an invariant term used to construct the Lagrangian, as is
!m
Ki��ijg

���mn!n
Kj�.

Besides products of the covariant Maurer-Cartan one-
forms, their covariant derivatives can also be used to con-
struct invariant terms of the Lagrangian. The covariant
derivative of a general tensor can be defined using the
affine and related spin connections and the SO�N� connec-
tion. Consider the covariant derivative of the Lorentz ten-
sor and SO�N� vector Tmni :

 r�Tmni � @�Tmni �!
m
M�rT

rn
i �!

n
M�rT

mr
i �!Tij�Tmnj :

(2.30)

The inhomogeneous transformation [cf. Eq. (2.22)] of the
spin and SO�N� connections, !mn

M� and!Tij�, respectively,
are such that the covariant derivative of Tmni again trans-
forms homogeneously so that

 �r�T
mn
i �

0 � RijG
�1�
� �r�T

rs
j ��r

m�s
n: (2.31)

Converting the Lorentz index n to a world index � using
the vielbein, the covariant derivative for mixed tensors is
obtained as

 r�Tm�i � e�1�
n r�Tmni

� @�T
m�
i �!

mr
M�Tri

� � ����T
m�
i �!Tij�T

m�
j ;

(2.32)

where the spin connection !mn
M� and ���� are related ac-

cording to [12]
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 ���� � e�1�
n @�e�n � e�1�

n !nr
M�e�

s�rs: (2.33)

(Note that this relation also follows from the requirement
that the covariant derivative of the vielbein vanishes,
r�e�m � 0.) Applying the above to the Minkowski metric
Lorentz 2-tensor yields the formula relating the affine
connection ���� to derivatives of the metric which is given
by

 r��
mn � @��

mn �!m
M�r�

rn �!n
M�r�

mr

� �!mn
M� �!

nm
M� � 0 � e�

me�
nr�g

��

� e�
me�

n�@�g
�� � ����g�� � ����g

���: (2.34)

The solution to this equation yields the affine connection in
terms of the derivative of the metric [12] (the space is
torsionless, hence the connection is symmetric ���� �
����)

 ���� � 1
2g
���@�g�� � @�g�� � @�g��	: (2.35)

Finally, a covariant field strength two-form can be con-
structed out of the inhomogeneously transforming spin
connection !mn

M� as

 Fmn � d!mn
M � �rs!

mr
M ^!

ns
M : (2.36)

Expanding the forms yields the field strength tensor

 Fmn�� � @�!
mn
M� � @�!

mn
M� � �rs!

mr
M�!

ns
M�

� �rs!
mr
M�!

ns
M�: (2.37)

It can be shown that Fmn�� � e�1n�e�
mR����, where R����

is the Riemann curvature tensor

 R���� � @����� � @����� � �������� � ��������: (2.38)

The Ricci tensor is given by R�� � R���� and hence the
scalar curvature

 R � g��R�� � �e
�1�
m e�1�

n Fmn�� (2.39)

is an invariant. Similarly, the SO�N� covariant field
strength two-form can be constructed using the inhomoge-
neously transforming SO�N� connection !ij

T� to be

 Fij � d!ij
T � �kl!

ik
T ^!

jl
T : (2.40)

Expanding the forms yields the SO�N� Yang-Mills field
strength tensor

 Fij�� � @�!
ij
T� � @�!

ij
T� � �kl!

ik
T�!

jl
T� � �kl!

ik
T�!

jl
T�:

(2.41)

Contracting the world volume indices with the space-time
metric g�� and the SO�N� indices with the Kronecker delta
�ij, the Yang-Mills invariant kinetic energy term is ob-
tained as

 Fij��F
��
ij � Fij��g��g���ik�jlFkl��: (2.42)

III. THE INVARIANT ACTION

The covariant derivatives of the Maurer-Cartan one-
forms provide additional building blocks out of which
the invariant action is to be constructed. For example, using
the results for covariant derivatives of tensors as derived in
Sec. II, the covariant derivatives of !Zi� and !n

Ki� give the
mixed tensors
 

r�!i
Z� � @�!i

Z� � ����!i
Z� �!

ij
T�!

j
Z�

r�!
n
Ki� � @�!

n
Ki� � ����!n

Ki� �!
nr
M�!

s
Ki��rs

�!ij
T�!Kj�:

(3.1)

It follows that the invariant action describing an oscillating
p-brane embedded in curved D dimensional space-time
has the general low energy form
 

� �
Z
ddx dete

�
��

1

2�2 R�
ZN
8
Fij��F

��
ij

�
1

2
!i
Z���M

2 � �R�g���ij � �R���ij� �F
��
ij 	!

j
Z�

�
Z1

4
�r�!i

Z� �r�!
i
Z�	�r

�!�
Zi �r

�!�
Zi	

�
: (3.2)

Many invariant terms are possible. The above action in-
cludes a reduced set of terms which are used as an effective
theory. The model can be further simplified by setting the
parameters �, � , and � to zero. On the other hand, due to
the Higgs mechanism, the parameter M cannot be zero and
is an independent scale in the theory. Hence, the gauge
fields Ai� corresponding to the broken space translation
symmetries become massive Proca fields. Taken together,
they lie in the fundamental representation of the unbroken
local SO�N� group as do the Zi charges. Moreover, ex-
ploiting the identity @��deteT�� � deter�T� along with
the chain rule for covariant differentiation, integration by
parts has been used to eliminate redundant terms. Further
terms containing !m

Ki� have not been included. Such terms
do not give rise to new dynamics since in unitary gauge, in
which the Nambu-Goldstone bosons �i and the auxiliary
vector fields vi� are absent, the gravitational field Bmi� does
not occur in the action Eq. (3.2). Therefore, if terms at most
quadratic in !m

Ki� are included, the Bmi� field acts as a
Lagrange multiplier whose elimination generates terms
already present in the action.

Exploiting the form of the covariant derivative of the Zi

one-form, Eq. (3.1), the N antisymmetric field strength
tensors, Fi��, are given by

 Fi�� � r�!
i
Z� �r�!

i
Z�

� �@��
ij �!ij

T�	!
j
Z� � �@��

ij �!ij
T�	!

j
Z�

� D�!
i
Z� �D�!

i
Z�: (3.3)

Here Dij
� � @��ij �!

ij
T� is the SO�N� partially covariant
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derivative. As with the connections Ai�, the field strength
tensors carry the fundamental representation of the unbro-
ken local SO�N�. Thus the action becomes
 

� �
Z
ddx dete

�
��

1

2�2 R�
ZN
8
Fij��F

��
ij

�
1

2
!i
Z���M

2 � �R�g���ij � �R
���ij� �F��ij 	!

j
Z�

�
Z1

4
Fi��g

��g���ijF
j
��

�
: (3.4)

According to Eq. (2.10), �i and vmi transform inhomo-
geneously under the broken translation and Lorentz trans-
formation local variations. The unitary gauge is defined by
�i � 0 � vmi . In this gauge, the covariant one-forms take
the simplified form
 

!m � dx�e�
m � dx�E�

m � dx����
m � E�

m�

!i
Z � dx�Ai�

!m
Ki � dx�Bi�

m

!mn
M � dx�
mn�

!ij
T � dx�Bij�:

(3.5)

Note that, in this gauge, Eq. (2.25) reduces to E�
m �

��m � E�m and Nnm � �nm. Consequently, the vielbein
is e�m � E�

nNn
m � ��

m � E�
m and thus depends only

on the gravitational fluctuation field, E�m, about the flat
background vielbein ��m and is independent of the vector
fields. As such, the dete gives no contribution to the U�1�
vector mass even though it is the source of the Nambu-
Goldstone boson kinetic energy term in the model with
spontaneously broken global isometry. Instead, the mass of
the vector, M, is a new scale which arises from a new
independent monomial.

In the unitary gauge the action, Eq. (3.4), reduces to that
of an SO�N� N-plet of massive Proca fields, Ai�, corre-
sponding to the broken space translation symmetries, and
an SO�N� Yang-Mills field, Bij�, corresponding to the local
SO�N� rotation invariance of the covolume, both coupled
to a gravitational field, e�m, with cosmological constant so
that

 � �
Z
ddx dete

�
��

1

2�2 R�
ZN
8
Fij��F

��
ij �

Z1

4
Fi��F

��
i

�
1

2
Ai���M

2 � �R�g���ij � �R
���ij� �F��ij 	A

j
�

�
;

(3.6)

with the field strength tensor Fi�� for the N-plet Proca field

 Fi�� � �@��
ij � Bij�	A

j
� � �@��

ij � Bij� 	A
j
�

� D�Ai� �D�Ai�; (3.7)

and the SO�N� Yang-Mills field strength

 Fij�� � @�B
ij
� � @�B

ij
� � Bik�B

jk
� � Bik� B

jk
� : (3.8)

The action describes a p-brane with codimension N em-
bedded in a space gravitating about a background
Minkowski space. The presence of a world volume cos-
mological constant further allows for topology changes for
it. The world volume action of the p-brane is equivalent to
that of a world volume gravitational field Einstein-Hilbert
action, with corresponding cosmological constant, and the
action for a massive SO�N� N-plet Proca field as well as an
SO�N� Yang-Mills gauge field in that gravitating space.

IV. THE D � 6 ABELIAN HIGGS MODEL

The six dimensional Abelian Higgs-Kibble model ex-
hibits the Poincaré symmetries ofD � 6 space-time and an
internal UQ�1� gauge symmetry. The formation of a codi-
mension 2 vortex in D � 6 breaks this ISO�1; 5� �UQ�1�
symmetry down to the D � 4 world volume Poincaré
symmetries, ISO�1; 3�, and an unbroken Abelian symme-
try, denoted UQ�1�, the generator of which is a linear
combination of the generator of rotations in the covolume
and the original UQ�1� gauge symmetry charge. The
method of nonlinear realizations can be used to construct
the long wavelength effective action for the Nambu-
Goldstone bosons self-coupling and their interactions
with matter. In addition, the low energy gravitating vortex
effective action can be constructed. Using the previous
notation for a p � 3 vortex brane with codimension N �
2, the linear combination of the SO�2� covolume rotation
charge Tij � 	ijT and the gauge UQ�1� charge Q corre-
sponding to the vortex broken symmetry is

 Y � T cos
̂�Q sin
̂; (4.1)

with 
̂ a mixing angle fixed by the definition of the charge
for the remaining unbroken UQ�1� combination of charges

 Q � �T sin
̂�Q cos
̂: (4.2)

The coset element � 2 ISO�1; 5� �UQ�1�=SO�1; 3� �
UQ�1� can be parametrized as

 ��x� � eix
�P�ei�

i�x�Zieiv
m
i �x�K

i
mei��x�Y ; (4.3)

with �i, vmi , and � the associated Nambu-Goldstone fields
where i � 1, 2 and �;m � 0, 1, 2, 3. The ISO�1; 5� �
UQ�1� locally covariant Maurer-Cartan one-forms are de-
fined using Eq. (2.15) as
 

! � ��1D� � ��1�d� iÊ��

� i�!mPm �!ZiZ
i �!m

KiKim �!YY

� 1
2!

mn
M Mmn �!QQ	; (4.4)

where now
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 Ê � ÊmPm � ÂiZ
i � B̂mi Kim �

1
2
̂

mnMmn � B̂T � 
̂Q:

(4.5)

The last two terms in this expression can be cast in the form
 

B̂T � 
̂Q � �B̂ cos
̂� 
̂ sin
̂�Y � ��B̂ sin
̂� 
̂ cos
̂�Q

� BYY � aQ: (4.6)

The transformations of the world volume coordinates
and the fields can be determined as before, except now the
group transformation element is represented by

 g�x� � ei	
��x�P�eiz�x�Zeib

�
i �x�K

i
�e�i=2�����x�M��eiy�x�Yei��x�Q:

(4.7)

The variations and the new stability group element h�x� �
e�i=2��mnMmnei’Q are obtained as

 

x0� � ���� � ����x�	x� � 	
��x� � 2b�i �x��

i�x�

�0i�x
0� � ��ij � �y�x� cos
̂� ��x� sin
̂�	ij	�

j�x� � zi�x� � 2b�i �x�x�

v0�i �x
0� � ���� � ����x�	��ij � �y�x� cos
̂� ��x� sin
̂�	ij	v�j�x� � b�j �x�M

j�
�k�x��coth

�����������
M�x�

p
	
k�
�i

�0�x0� � ��x� � y�x� � ��x� cos
̂

’�x� � ��x� � ��x� sin
̂;

(4.8)

where �mn�x�, Mj�
�k�x�, and ��x� � ��12�x� � 
12�x�� are

given in Eqs. (2.10), (2.11), and (2.12).
Consequently, the covariant Maurer-Cartan one-forms

transform as in Eq. (2.22) except that the rotation matrix
Rij is given in terms of theUQ�1� transformation parameter
’ and the mixing angle 
̂

 Rij � �ij � ’ sin
̂	ij: (4.9)

In addition the Y one-form is found to be invariant,

 !0Y�x
0� � !Y�x�; (4.10)

while the Q connection transforms as

 !0Q�x
0� � !Q�x� � d’�x�: (4.11)

Denoting the one-forms listed earlier in Eq. (2.24) with a
tilde, the new Maurer-Cartan one-forms are given by
 

!m � ~!m

!Zi � �e���x� cos
̂	::�ij ~!Zj

!m
Ki � �e

���x� cos
̂	::�ij ~!m
Kj

!mn
M � ~!mn

M

!Y � d��x� � ~!T12 cos
̂� 
̂ sin
̂ � d�� BY � 
 
 


!Q � 
̂ cos
̂� ~!T12 sin
̂ � a� 
 
 
 :

(4.12)

Just as before, the one-forms and their covariant deriva-
tives can be used as the building blocks to construct a
locally ISO�1; 5� �UQ�1� invariant action. The covariant
derivatives of the one-forms are defined using the spin and
UQ�1� connections, so that, for example, the covariant
derivative of a tensor,

 T0i�x
0� � Rij�’�Tj�x� � Ti�x� � ’ sin
̂	ijTj�x�; (4.13)

is defined as

 r�Ti � @�Ti �!Q� sin
̂	ijTj (4.14)

and transforms homogeneously:

 �r�Ti�
0 � G�1�

� Rijr�Tj: (4.15)

Using the one-forms and their covariant derivatives, can-
didates for the invariant Lagrangian can be constructed. In
particular, the field strength tensor for the Y one-form is
given by

 FY�� � r�!Y� �r�!Y� � @�!Y� � @�!Y� (4.16)

and similarly the Q one-form field strength tensor is

 FQ�� � r�!Q� �r�!Q� � @�!Q� � @�!Q�: (4.17)

Unlike the Q one-form, an invariant ‘‘mass’’ term can be
constructed for the Y one-form !Y�g��!Y�.

The gravitating vortex invariant action thus has the form

 

� �
Z
d4x dete

�
��

1

2�2 R�
ZY

4
FY��F

��
Y �

ZQ
4
FQ��F

��
Q �

ZYQ

2
FY��F

��
Q

�
Z1

4
�r�!

i
Z� �r�!

i
Z�	�r

�!�
Zi �r

�!�
Zi	 �

1

2
!i
Z���M

2 � �R�g���ij � �R
���ij� �F��Y 	ij � �F

��
Q 	ij	!

j
Z�

�
1

2
!Y���m2 � �YR�g�� � �YR��	!Y�

�
: (4.18)

As with the Y and Q one-forms, a field strength tensor for the Zi one-forms can be introduced as
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 Fi�� � r�!i
Z� �r�!

i
Z� � �@��

ij �!Q� sin
̂	ij	!
j
Z� � �@��

ij �!Q� sin
̂	ij	!
j
Z� � D�!i

Z� �D�!i
Z�; (4.19)

with the partially covariant derivative defined as Dij
� � @��ij �!Q� sin
̂	ij. Written in terms of these field strengths, the

action reads
 

� �
Z
d4x dete

�
��

1

2�2 R�
ZY

4
FY��F

��
Y �

ZQ
4
FQ��F

��
Q �

ZYQ

2
FY��F

��
Q �

Z1

4
Fi��F

i��

�
1

2
!i
Z���M

2 � �R�g���ij � �R���ij� �F
��
Y 	ij � �F

��
Q 	ij	!

j
Z� �

1

2
!Y���m2 � �YR�g�� � �YR��	!Y�

�
:

(4.20)

According to Eq. (4.8),�i, vmi , and � transform inhomogeneously under the broken translation, Lorentz transformation,
and Y local variations. Hence, the fields can be transformed to the unitary gauge defined by �i � vmi � � � 0. In so
doing, the covariant one-forms take a simplified form

 

!m � dx�e�m � dx����m � E�m� !i
Z � dx�Ai� !m

Ki � dx�Bi�
m

!mn
M � dx�
mn� !Y � dx�BY� !Q � dx�a�:

(4.21)

As before, the vierbein reads e�m � ��
m � E�

m and thus depends only on the gravitational fluctuation field, E�m, about
the flat background vierbein ��m.

In the unitary gauge the action, Eq. (4.20), reduces to that of a massive Proca field Ai� withQ charge� sin
̂ eigenstates,
A�� �

1��
2
p �A1

� � iA2
��, and an additionalQ neutral massive Proca field BY�, and finally a masslessUQ�1� gauge field a�, all

coupled to a gravitational field along with a possible cosmological constant term so that

 

� �
Z
d4x dete

�
��

1

2�2 R�
ZY

4
FY��F

��
Y �

ZQ
4
FQ��F

��
Q �

ZYQ

2
FY��F

��
Q �

Z1

4
Fi��Fi��

�
1

2
Ai���M

2 � �R�g���ij � �R
���ij� �F��Y 	ij � �F

��
Q 	ij	A

j
� �

1

2
BY���m

2 � �YR�g
�� � �YR

��	BY�

�
: (4.22)

This is the action that describes a gravitating vortex inD �
6 dimensional space-time.

V. DISCUSSION

Standard model fields can be coupled to the action (4.22)
in an invariant way. In order to specify how the standard
model fields transform under the full local ISO�1; 5� �
UQ�1� � SUC�3� � SUW�2� �UY�1� symmetry group,
each field has to be assigned a charge under the UQ�1�
symmetry apart from its customary Lorentz group repre-
sentation and standard model quantum number assign-
ments. The resulting invariant action describes the
interaction of standard model fields with the gravitational
gauge fields required to realize the full local symmetry
group, including the graviton, a massless UQ�1� gauge
field, a pair of massive vector fields that carry UQ�1�
charge, and one massive vector field that is neutral under
UQ�1�. Such a low energy effective action and its general-
izations as described in this paper allow a systematic study
of the phenomenology of braneworld scenarios in a model
independent way. The structure of said action depends only
on the symmetry breaking pattern and is the universal part
of the full low energy effective theory, since it contains

those degrees of freedom that are required by symmetry,
independent of the details of the underlying short distance
physics. The only assumptions are that the action is invari-
ant under a higher dimensional local space-time symmetry
group and that the long distance physics can be described
by a four dimensional effective field theory, as is consistent
with observations.

If the UQ�1� symmetry exists in addition to the conven-
tional hypercharge symmetry, it is interpreted as a U�1�0

[13] with corresponding Z0 phenomenology. Moreover, if
the action contains massive fermions beyond those of the
standard model that are charged under UQ�1� and at the
same time carry conventional hypercharge, then stable
particles with a millicharge [14] can result. In another,
more minimal, scenario, the unbroken UQ�1� symmetry
simply plays the role of the conventional standard model
hypercharge symmetry. In this case the full local symmetry
group is ISO�1; 5� �UQ�1� � SUC�3� � SUW�2�.

The longitudinal components of the massive vector
fields A�� are the residual consequences of the Nambu-
Goldstone modes that exist in the corresponding globally
invariant action due to the spontaneous breaking of two
translation symmetries. It is interesting to note that the
occurrence of a massive resonance is described in [15] as
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the remnant of the Nambu-Goldstone boson associated
with the sole broken translation symmetry in a specific
model with a gravitating domain wall embedded in D � 5
dimensions. The presence of the massive vector fields A��
in the invariant low energy effective action constructed
here reflects the necessary occurrence of a pair of similar
massive resonances in any gravitating vortex model em-
bedded in D � 6 dimensions.

Beyond the Abelian Higgs model, vortices also occur in
non-Abelian Higgs models. These vortices feature so-
called non-Abelian orientational moduli which are associ-
ated with spontaneously broken color-flavor locking sym-
metry [16]. As a consequence, additional Nambu-
Goldstone degrees of freedom are present in the low energy
effective world volume theory describing such vortices, as
required by the symmetry breaking pattern.

If defects exist in models with global supersymmetry,
then Goldstino fermions associated with spontaneously
broken supersymmetry generators are a necessary ingre-
dient of the low energy world volume effective action. For
BPS saturated defects, only a fraction of the supersymme-
try is spontaneously broken, while its complement is real-
ized linearly in the effective theory. Supersymmetric
extensions of non-Abelian Higgs models in D � 5 and 6
dimensions allow BPS domain walls and vortices, respec-
tively. The effective world volume action for the massless
degrees of freedom localized on these defects was consid-
ered in the case of global supersymmetry and in the ab-
sence of gravity for BPS domain walls embedded in

D � 5, N � 1 superspace [17] and BPS vortices em-
bedded in D � 6, N � 1 superspace [18]. An extension
of these actions to the gravitating case is possible by a
supersymmetric generalization of the results presented
here.

Finally, returning to the general results of Sec. III, the
SO�N� gauge fields Bij� can potentially exhibit confine-
ment. The SO�N� representations of the world volume
matter content determine the phase of the SO�N� gauge
theory. The effective action considered here is valid below
the inverse width scale of the soliton. The mass scale M of
the Ai� vector fields associated with the spontaneously
broken local translation symmetries is assumed to be sig-
nificantly below the inverse width, while potentially the
confinement scale of the SO�N� gauge theory (or its break-
ing scale if it is in a Higgs phase) is yet lower again. Hence
in case the theory confines, the effective action provides a
description of dynamics between the inverse width scale
and the confinement scale.
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