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We calculate the branching ratios and CP-violating asymmetries for B0 ! !�;!�0; ��, and ��0

decays in the perturbative QCD (pQCD) factorization approach. The pQCD predictions for the
CP-averaged branching ratios are Br�B0 ! !�� � �2:7�1:1

�1:0� � 10�7, Br�B0 ! !�0� � �0:75�0:37
�0:33� �

10�7, and Br�B0 ! ��� � �6:3�3:3
�1:9� � 10�9, Br�B0 ! ��0� � �7:3�3:5

�2:6� � 10�9 which are consistent
with currently available experimental upper limits. The inclusion of the gluonic contribution can change
the branching ratios of B! !����0 decays by about 10%. The direct CP-violating asymmetries for B0 !
!� and !�0 decays are generally large in size.
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I. INTRODUCTION

As is well known, the two-body charmless B meson
decays provide a good place for testing the standard model
(SM) and searching for the new physics signals. Among
various B! M1M2 (here Mi refers to the light pseudosca-
lar or vector mesons) decay channels, the decays involving
the � or �0 meson in the final state have been studied
extensively during the past decade because of the so-called
K�0 puzzle or other special features.

In Ref. [1], for example, many decay modes involving
��0� meson were studied in the QCD factorization (QCDF)
approach [2]. In the pQCD factorization approach [3], on
the other hand, the B! K��0�; ���0�; ���0�, and ��0���0�

decays have been calculated in Refs. [4–7]. The Bs !
��;�;!;����0� decays, furthermore, have also been
studied in the pQCD approach [8].

In this paper, we will perform the leading order pQCD
calculation for B! !��0� and ���0� decays. Besides the
usual factorizable contributions, we here are able to evalu-
ate the nonfactorizable and the annihilation contributions
as well. Besides the dominant contributions from the q �q
components of ��0� mesons, the contribution from the
possible gluonic component of the ��0� meson will also
be included by using the formulae as given in Ref. [9].

On the experimental side, only the upper limits on the
branching ratios of B! !�����0� decays are available
now [10,11]

 Br �B0 ! ���< 0:6� 10�6;

Br�B0 ! ��0�< 1:0� 10�6:
(1)

 Br �B0 ! !��< 1:9� 10�6;

Br�B0 ! !�0�< 2:8� 10�6:
(2)

But these decays could be measured with good precision in
the forthcoming LHC-b experiments if their decay rates are
larger than 10�8.

For B! !�����0� decays considered here, it is gener-
ally believed that the q �q component of the ��0� meson
provide the dominant contribution, but it is still very diffi-
cult to calculate reliably the gluonic contribution from the
possible glunoic component of the ��0� meson [9,12]. Of
course, great efforts have been made for this problem and
some progress has been achieved recently [9,12] in order to
explain the large B! K�0 decay rates. In Ref. [9], for
instance, the authors found that the possible gluonic con-
tribution is small for both B! � and B! �0 form factors
[9,13].

This paper is organized as follows. In Sec. II, we give a
brief review for the pQCD factorization approach. In
Sec. III, we calculate analytically the related Feynman
diagrams and present the various decay amplitudes for
the studied decay modes. In Sec. IV, we show the numeri-
cal results for the branching ratios and CP asymmetries of
B! !�����0� decays. The summary and some discussions
are included in the final section.

II. THE THEORETICAL FRAMEWORK

At the present, there exist two popular factorization
approaches to calculate the hadronic matrix element
hM1M2jOijBi: the QCDF approach [2] and the pQCD
approach [3,14,15]. The pQCD approach has been devel-
oped earlier from the QCD hard-scattering approach [15].
Some elements of this approach are also present in the
QCD factorization approach [1,2]. The two major differ-
ences between these two approaches are (a) the form
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factors are calculable perturbatively in pQCD approach,
but taken as the input parameters extracted from other
experimental measurements in the QCDF approach; and
(b) the annihilation contributions are calculable and play
an important role in producing CP violation for the con-
sidered decay modes in pQCD approach, but it could not be
evaluated reliably in QCDF approach. Of course, the as-
sumptions behind the pQCD approach, specifically the
possibility to calculate the form factors perturbatively,
are still under discussion [16]. More efforts are needed to
clarify these problems.

In pQCD approach, the decay amplitude is separated
into soft (�), hard (H), and harder (C) dynamics charac-
terized by different energy scales �t; mb;MW�. It is con-
ceptually written as the convolution
 

A�B! M1M2� �
Z
d4k1d

4k2d
4k3

� Tr�C�t��B�k1��M1
�k2��M2

�k3�

�H�k1; k2; k3; t�	; (3)

where the ki are the momenta of the light quarks included
in each of the mesons, and Tr denotes the trace over Dirac
and color indices. C�t� is the Wilson coefficient which
results from the radiative corrections at short distance. In
the above convolution, C�t� includes the harder dynamics
at larger scale than MB scale and describes the evolution of
local 4-Fermi operators from mW (the W boson mass)

down to the t�O�
�����������
��MB

q
� scale, where �� 
 MB �mb.

The function H�k1; k2; k3; t� is the hard part and can be
calculated perturbatively. The function �M is the wave
function which describes hadronization of the quark and
antiquark to the meson M. While the function H depends

on the process considered, the wave function �M is inde-
pendent of the specific decay process. Using the wave
functions determined from other well-measured processes,
one can make quantitative predictions here.

Since the b quark is rather heavy, we consider the B
meson at rest for simplicity. It is convenient to use the light
cone coordinate �p�; p�;pT� to describe the meson’s mo-
menta,

 p� � 1��
2
p �p0 � p3� and pT � �p1; p2�: (4)

Using these coordinates the B meson and the two final-
state meson momenta can be written as

 P1 �
MB���

2
p �1; 1; 0T�; P2 �

MB���
2
p �1; r2

!���; 0T�;

P3 �
MB���

2
p �0; 1� r2

!���; 0T�;
(5)

respectively, where r2
!��� � m2

!���=m
2
B; and the terms pro-

portional to the ratio m2
��0�
=m2

B have been neglected.

For the B! !� decay considered here, only the !
meson’s longitudinal part contributes to the decay, its polar
vector is �L �

MB��
2
p
M!
�1;�r2

!; 0T�. Putting the light (anti)-

quark momenta in the B, !, and � meson k1, k2, and k3,
respectively, we can choose

 k1 � �x1P
�
1 ; 0;k1T�; k2 � �x2P

�
2 ; 0;k2T�;

k3 � �0; x3P�3 ;k3T�:
(6)

Then, the integration over k�1 , k�2 , and k�3 in Eq. (3) will
lead to

 A �B! !�� �
Z
dx1dx2dx3b1db1b2db2b3db3 � Tr�C�t��B�x1; b1��!�x2; b2����x3; b3�H�xi; bi; t�St�xi�e�S�t�	; (7)

where bi is the conjugate space coordinate of kiT , and t is
the largest energy scale in the function H�xi; bi; t�. The
large logarithms ln�mW=t� are included in the Wilson co-
efficients C�t�. The large double logarithms (ln2xi) on the
longitudinal direction are summed by the threshold resum-
mation, and they lead to the function St�xi� which smears
the end point singularities on xi. The last term, e�S�t�, is the
Sudakov form factor which suppresses the soft dynamics
effectively [17]. Thus it makes the perturbative calculation
of the hard part H applicable at an intermediate scale, i.e.,
the MB scale. We will calculate analytically the function
H�xi; bi; t� for the considered decays in the first order in an
�s expansion and give the convoluted amplitudes in the
next section.

A. Wilson coefficients

For the B0 ! !��0�, B0 ! ���0� decays, the related
weak effective Hamiltonian Heff can be written as [18]

 H eff �
GF���

2
p

�
VubVud�C1���Ou

1��� � C2���Ou
2����

� VtbV

td

X10

i�3

Ci���Oi���
�
; (8)

where Ci��� are Wilson coefficients at the renormalization
scale � andOi are the four-fermion operators. For the b!
d transition, for example, these operators can be written as
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Ou
1 �

�d��
�Lu	 � �u	��Lb�;

Ou
2 �

�d���Lu� � �u	��Lb	;

O3 � �d��
�Lb� �

X
q0

�q0	��Lq
0
	;

O4 � �d���Lb	 �
X
q0

�q0	��Lq
0
�;

O5 � �d���Lb� �
X
q0

�q0	��Rq
0
	;

O6 � �d��
�Lb	 �

X
q0

�q0	��Rq
0
�;

O7 �
3

2
�d���Lb� �

X
q0
eq0 �q0	��Rq

0
	;

O8 �
3

2
�d���Lb	 �

X
q0
eq0 �q0	��Rq

0
�;

O9 �
3

2
�d��

�Lb� �
X
q0
eq0 �q

0
	��Lq

0
	;

O10 �
3

2
�d���Lb	 �

X
q0
eq0 �q0	��Lq

0
�;

(9)

where � and 	 are the SU�3� color indices; L and R are the
left- and right-handed projection operators with L � �1�
�5�, R � �1� �5�. The sum over q0 runs over the quark
fields that are active at the scale � � O�mb�, i.e.,
q0�fu; d; s; c; bg. For the Wilson coefficients Ci��� (i �
1; . . . ; 10), we will use the leading order (LO) expressions,
although the next-to-leading order (NLO) results already
exist in the literature [18]. This is the consistent way to
cancel the explicit � dependence in the theoretical formu-
lae. For the renormalization group evolution of the Wilson
coefficients from higher scale to lower scale, we use the
formulae as given in Ref. [19] directly. At the high mW
scale, the leading order Wilson coefficients Ci�MW� are
simple and can be found easily in Ref. [18]. In the pQCD
approach, the scale t may be larger or smaller than the mb
scale. For the case of mb < t < mW , we evaluate the
Wilson coefficients at t scale using the leading logarithm
running equations, as given in Eq. (C1) of Ref. [19]. For the
case of t < mb, we then evaluate the Wilson coefficients at
t scale by using Ci�mb� as input and the formulae given in
Appendix D of Ref. [19].

B. �-! mixing and �-�0 mixing

For the physical isoscalars � and ! meson, we use the
‘‘ideal’’ mixing scheme [20]:

 ��1020� � �s�s; ! � 1��
2
p �u �u� d �d	: (10)

Such an ideal mixing is supported by the known experi-
mental measurements [20].

For the �-�0 system, there exist two popular mixing
basis: the octet-singlet basis and the quark-flavor basis

[21,22]. Here we use the quark-flavor basis [21] and define

 �q � �u �u� d �d�=
���
2
p
; �s � s�s: (11)

The physical states � and �0 are related to �q and �s
through a single mixing angle �,

 

�
�0

� �
� U���

�q
�s

� �
�

cos� � sin�
sin� cos�

� �
�q
�s

� �
: (12)

The corresponding decay constants fq, fs, f
q;s
� , and fq;s�0

have been defined in Ref. [21] as

 

h0j �q���5qj�q�P�i � �
i���
2
p fqP�;

h0j �s���5sj�s�P�i � �ifsP�;
(13)

 

h0j �q���5qj��0��P�i � �
i���
2
p fq

��0�
P�;

h0j �s���5sj��0��P�i � �if
s
��0�
P�;

(14)

while the decay constants fq;s� and fq;s�0 are related to fq and
fs via the same mixing matrix,

 

fq� fs�
fq�0 fs�0

 !
� U���

fq 0
0 fs

� �
: (15)

The three input parameters fq, fs, and � in the quark-
flavor basis have been extracted from various related ex-
periments [21,22]

 fq � �1:07� 0:02�f�; fs � �1:34� 0:06�f�;

� � 39:3� � 1:0�;
(16)

where f� � 130 MeV. In the numerical calculations, we
will use these mixing parameters as inputs.

Although � and �0 are generally considered as a linear
combination of light quark pairs u �u, d �d, and s�s, it should
be noted that the gluonic content of the �0 meson may be
needed to interpret the anomalously large branching ratios
of B! K�0 and J=�! �0� [4,23]. For B! ��;����0�

decays, however, the good agreement between the pQCD
predictions [5,6] and the measured values for their branch-
ing ratios suggest that the gluonic contribution of the ��0�

meson should be small. In Ref. [9], very recently, the
authors calculated the flavor-singlet contribution to the
B! ��0� transition form factors from the gluonic content
of the ��0� meson. They found that the gluonic contribution
is small for both B! � and B! �0 form factors.

Of course, more studies are needed to provide a reliable
and precision calculation for the gluonic contribution to the
final state involving the ��0� meson. For the sake of sim-

B0 ! !��0� AND . . . PHYSICAL REVIEW D 75, 054033 (2007)

054033-3



plicity, we here first neglect the possible gluonic content of
the � and �0 meson, and use the quark-flavor mixing
scheme for the � and �0 meson as defined in Eq. (12).
We will calculate the effects of a nonzero gluonic admix-
ture of �0 in the next section, and treat them as one kind of
theoretical uncertainties.

C. Wave functions

Now we present the wave functions to be used in the
integration. For the wave function of the heavy B meson,
we take

 �B �
1���������
2Nc
p ��6pB �MB��5�B�k1�	: (17)

Here only the contribution of the Lorentz structure �B�k1�
is taken into account, since the contribution of the second
Lorentz structure ��B is numerically small [24,25] and has
been neglected. For the distribution amplitude �B in
Eq. (17), we adopt the model

 �B�x; b� � NBx2�1� x�2 exp
�
�
M2
Bx

2

2!2
b

�
1

2
�!bb�2

�
;

(18)

where !b is a free parameter and we take !b � 0:4�
0:04 GeV in numerical calculations, and NB � 91:745 is
the normalization factor for !b � 0:4. This is the same
wave function as is being used in Refs. [19,24], which is a
best fit for most of the measured hadronic B decays.

The wave function for d �d components of the ��0� meson
is given by [4]

 ��d �d
�p; x; 
� 


i�5���������
2Nc
p �6p�A

�d �d
�x� �m�d �d

0 �P
�d �d
�x�

� 
m�d �d
0 �v6 6n� v � n��

T
�d �d
�x�	; (19)

where p and x are the momentum and the momentum
fraction of �d �d, respectively, while �A

�d �d
, �P

�d �d
, and �T

�d �d

represent the axial vector, pseudoscalar, and tensor com-
ponents of the wave function, respectively. Following
Ref. [4], we here also assume that the wave function of
�d �d is the same as the � wave function based on SU(3)
flavor symmetry. The parameter 
 is either �1 or �1
depending on the assignment of the momentum fraction
x. We also assume that the wave function of the u �u com-
ponent is the same as the wave function of d �d based on the
isospin symmetry between the up and down quark. For the
wave function of the s�s component, we also use the same
form as given in Eq. (19) for the d �d component but with
different chiral enhancement and some other changes to be
specified later.

The explicit expressions of chiral enhancement scales
mq

0 � m�d �d
0 � m�u �u

0 and ms
0 � m�s �s

0 are given by [9]

 

mq
0 


m2
qq

2mq
�

1

2mq

�
m2
�cos2��m2

�0sin2�

�

���
2
p
fs
fq
�m2

�0 �m
2
�� cos� sin�

�
; (20)

 

ms
0 


m2
ss

2ms
�

1

2ms

�
m2
�0cos2��m2

�sin2�

�
fq���
2
p
fs
�m2

�0 �m
2
�� cos� sin�

�
; (21)

and numerically

 mq
0 � 1:07 MeV; ms

0 � 1:92 GeV (22)

for m� � 547:5 MeV, m�0 � 957:8 MeV, fq � 1:07f�,
fs � 1:34f�, and � � 39:3�.

For the distribution amplitude �A
�q , �

P
�q , and �T

�q , we
utilize the results for the � meson obtained from the light
cone sum rule [26] including twist-3 contributions:
 

�A
�q�s� �x� �

3���������
2Nc
p fq�s�x�1� x�

�

�
1� a

�q�s�
2

3

2
�5�1� 2x�2 � 1	

� a
�q�s�
4

15

8
�21�1� 2x�4 � 14�1� 2x�2 � 1	

�
;

(23)

 

�P
�q�s� �x� �

1

2
���������
2Nc
p fq�s�

�
1�

1

2

�
30�3 �

5

2
�2
�q�s�

�

� �3�1� 2x�2 � 1	 �
1

8

�
�3�3!3 �

27

20
�2
�q�s�

�
81

10
�2
�q�s�a

�q�s�
2

�

� �35�1� 2x�4 � 30�1� 2x�2 � 3	
�
; (24)

 �T
�q�s� �x� �

3���������
2Nc
p fq�s��1� 2x�

�
1

6
�

�
5�3 �

1

2
�3!3

�
7

20
�2
�q�s� �

3

5
�2
�q�s�a

�q;s
2

�
�10x2 � 10x� 1�

�
;

(25)

with the updated Gegenbauer moments [27,28]
 

a
�q�s�
2 � 0:115; a

�q�s�
4 � �0:015;

��q � 2mq=mqq; ��s � 2ms=mss;

�3 � 0:015; !3 � �3:0:

(26)

For B! !��0� and ���0� decays, only the longitudinal
polarized component �L

V for V � �!;�� will contribute.
The wave function �L

!, for example, can be written as
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 �L
! �

1���������
2Nc
p �m! 6�L�!�x� � 6�L 6p�t

!�x� �m!I�s
!�x�	;

(27)

where the �L and p is the polarization vector and the
momentum of the ! meson, the first term in the above
equation is the leading twist wave function (twist-2), while
the second and third terms are subleading twist (twist-3)
wave functions. For the case of V � �, its wave function is
the same in structure as that defined in Eq. (27), but with
different mass and distribution amplitudes.

For the light meson wave function, we neglect the b
dependent part, which is not important in numerical analy-
sis. The distribution amplitudes ���x� and �t;s

� �x� are
given by [29]

 ���x� �
3��
6
p f�x�1� x�; (28)

 

�t
��x� �

fT�
2
���
6
p

�
3�1� 2x�2 � 1:68C1=2

4 �1� 2x�

� 0:69
�

1� �1� 2x� ln
x

1� x

��
; (29)

 �s
��x� �

3

4
���
6
p fT�

�
3�1� 2x��4:5� 11:2x� 11:2x2�

� 1:38 ln
x

1� x

�
: (30)

For the ! meson wave function, we use [30,31]

 �!�x� �
3��
6
p f!x�1� x��1� 0:18C3=2

2 �1� 2x�	; (31)

 �t
!�x� �

fT!
2
���
6
p f3�1� 2x�2 � 0:3�1� 2x�2�5�1� 2x�2

� 3	 � 0:21�3� 30�1� 2x�2 � 35�1� 2x�4	g;

(32)

 �s
!�x� �

3
2
��
6
p fT!�1� 2x��1� 0:76�10x2 � 10x� 1�	:

(33)

The relevant Gegenbauer polynomials are defined by
[29]

 C3=2
2 �t� �

3
2�5t

2 � 1�; (34)

 C1=2
4 �t� �

1
8�35t4 � 30t2 � 3�: (35)

III. PERTURBATIVE CALCULATIONS

In this section, we will calculate and show the decay
amplitude for each diagram including wave functions. The
hard part H�t� involves the four quark operators and the
necessary hard gluon connecting the four quark operator
and the spectator quark. We first consider the B! !�
decay, and then extend the calculation to other decay
modes. Analogous to the B! ���0� decays in [5], there
are also eight type diagrams contributing to the B! !�
and !�0 decay, as illustrated in Fig. 1.

For the B! !� decay, we first consider the usual
factorizable diagrams 1(a) and 1(b). The operators O1;2

and O3;4;9;10 are �V � A��V � A� currents; the sum of their
amplitudes is given by

 Fe � 4
���
2
p
�GFCFm

4
B

Z 1

0
dx1dx3

Z 1
0
b1db1b3db3�B�x1; b1�f��1� x3��

A
��x3; b3� � �1� 2x3�r���

P
��x3; b3�

��T
��x3; b3��	�s�t

1
e�he�x1; x3; b1; b3� exp��Sab�t

1
e�	 � 2r��

P
��x3; b3��s�t

2
e�he�x3; x1; b3; b1� exp��Sab�t

2
e�	g; (36)

where the ratio r� � m�
0 =mB with m�

0 � mq
0 or ms

0 as
defined in Eqs. (20) and (21); the color factor CF � 4=3,
�B and �A;P;T

� are the light cone distribution amplitudes
(LCDAs) of the heavy Bmeson and the light �meson. The
functions he, the scales tie, and the Sudakov factors Sab will
be given explicitly in the appendix.

The operators O5;6;7;8 have the structure of �V � A��
�V � A�. In some decay channels, some of these operators
contribute to the decay amplitude in a factorizable way.
Since only the vector part of the �V � A� current contrib-
utes to the vector meson production, h�jV � AjBih!jV �
Aj0i � h�jV � AjBih!jV � Aj0i, that is

 FP1
e � Fe: (37)

For other cases, one needs to do a Fierz transformation for
the corresponding operators to get the right flavor and color
structure for factorization to work. We may get �S� P��
�S� P� operators from �V � A��V � A� ones. Because
neither scalar nor the pseudoscalar density give contribu-
tion to a vector meson production, h!jS� Pj0i � 0, we
get FP2

e � 0.
For the nonfactorizable diagrams 1(c) and 1(d), all three

meson wave functions are involved. The integration of b3

can be performed using the � function ��b3 � b1�, leaving
only integration of b1 and b2. The decay amplitude for
�V � A��V � A� and �V � A��V � A� operators can be
written as
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Me � �MP2
e �

16���
3
p GF�CFm4

B

Z 1

0
dx1dx2dx3

Z 1
0
b1db1b2db2�B�x1; b1��!�x2; b2�

� f�2x3r��T
��x3; b1� � x3�A

��x3; b1�	�s�tf�hf�x1; x2; x3; b1; b2� exp��Scd�tf�	g; (38)

 

MP1
e � �

32���
3
p GF�CFr!m

4
B

Z 1

0
dx1dx2dx3

Z 1
0
b1db1b2db2�B�x1; b1�f�x2�

A
��x3; b1���

s
!�x2; b2� ��

t
!�x2; b2��

� r���x2 � x3���
p
��x3; b1��

s
!�x2; b2� ��

T
��x3; b1��

t
!�x2; b2�� � �x3 � x2���

P
��x3; b1��

t
!�x2; b2�

��T
��x3; b1��

s
!�x2; b2���	�s�tf�hf�x1; x2; x3; b1; b2� exp��Scd�tf�	g: (39)

For the nonfactorizable annihilation diagrams 1(e) and 1(f), there are three kinds of decay amplitudes. For the �V �
A��V � A� operators, the decay amplitude Ma is

 

Ma �
16���

3
p �GFCFm4

B

Z 1

0
dx1dx2dx3

Z 1
0
b1db1b2db2�B�x1; b1�

� f�r!r��x3 � x2���P
��x3; b2��t

!�x2; b2� ��T
��x3; b2��s

!�x2; b2�	 � r!r��x2 � x3�

� ��P
��x3; b2��s

!�x2; b2� ��T
��x3; b2��t

!�x2; b2�	 � x3�!�x2; b2��A
��x3; b2�	�s�t4f�h

4
f�x1; x2; x3; b1; b2�

� exp��Sef�t
4
f�	 � �r!r��x2 � x3���

P
��x3; b2��

t
!�x2; b2� ��

T
��x3; b2��

s
!�x2; b2�	

� r!r���2� x2 � x3��
P
��x3; b2��

s
!�x2; b2� � �2� x2 � x3��

T
��x3; b2��

t
!�x2; b2�	 � x2�!�x2; b2��

A
��x3; b2�	

� �s�t
3
f�h

3
f�x1; x2; x3; b1; b2� exp��Sef�t

3
f�	g: (40)

For the �V � A��V � A� and �S� P��S� P� operators, we have

 

MP1
a �

16���
3
p GF�CFm

4
B

Z 1

0
dx1dx2dx3

Z 1
0
b1db1b2db2�B�x1; b1�f�x2r!�

A
��x3; b2���

s
!�x2; b2� ��

t
!�x2; b2��

� x3r���P
��x3; b2� ��T

��x3; b2���!�x2; b2�	�s�t4f�h
4
f�x1; x2; x3; b1; b2� exp��Sef�t4f�	

� ��2� x2�r!�A
��x3; b2���s

!�x2; b2� ��t
!�x2; b2�� � �2� x3�r���P

��x3; b2� ��T
��x3; b2���!�x2; b2�	

� �s�t
3
f�h

3
f�x1; x2; x3; b1; b2� exp��Sef�t

3
f�	g; (41)
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FIG. 1. Feynman diagrams contributing to the B! !��0� decays when the ��0� meson picks up the spectator quark, where
diagram (a) and (b) contribute to the B! ��0� form factor FB!�

�0�

0;1 .
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MP2
a � �

16���
3
p �GFCFm

4
B

Z 1

0
dx1dx2dx3

Z 1
0
b1db1b2db2�B�x1; b1�f�x2�!�x2; b2��

A
��x3; b2�

� r!r���x2 � x3���P
��x3; b2��t

!�x2; b2� ��T
��x3; b2��s

!�x2; b2�� � �x2 � x3���P
��x3; b2��s

!�x2; b2�

��T
��x3; b2��t

!�x2; b2���	�s�t4f�h
4
f�x1; x2; x3; b1; b2� exp��Sef�t4f�	 � �x3�!�x2; b2��A

��x3; b2�

� r!r���x3 � x2���P
��x3; b2��t

!�x2; b2� ��T
��x3; b2��s

!�x2; b2�� � �2� x2 � x3��P
��x3; b2��s

!�x2; b2�

� �2� x2 � x3��T
��x3; b2��t

!�x2; b2��	�s�t
3
f�h

3
f�x1; x2; x3; b1; b2� exp��Sef�t

3
f�	g: (42)

The factorizable annihilation diagrams 1(g) and 1(h) involve only � and! wave functions. There are also three kinds of
decay amplitudes: Fa is for �V � A��V � A� type operators, FP1

a and FP2
a are for �V � A��V � A� and �S� P��S� P� type

operators, respectively:

 

Fa � �FP1
a � �4

���
2
p
GF�CFm4

B

Z 1

0
dx2dx3

Z 1
0
b2db2b3db3f�x3�A

��x3; b3��!�x2; b2�

� 2r!r���x3 � 1��P
��x3; b3� � �x3 � 1��t

��x3; b3���
s
!�x2; b2�	�s�t

3
e�ha�x2; x3; b2; b3� exp��Sgh�t

3
e�	

� �x2�
A
��x3; b3��!�x2; b2� � 2r�r!��x2 � 1��s

!�x2; b2� � �x2 � 1��t
!�x2; b2���

P
��x3; b3�	�s�t

4
e�ha�x3; x2; b3; b2�

� exp��Sgh�t
4
e�	g; (43)

 

FP2
a � �8

���
2
p
GF�CFm4

B

Z 1

0
dx2dx3

Z 1
0
b2db2b3db3f�x3r���P

��x3; b3� ��t
��x3; b3���!�x2; b2�

� 2r!�
A
��x3; b3��

s
!�x2; b2�	�s�t

3
e�ha�x2; x3; b2; b3� exp��Sgh�t

3
e�	 � �x2r!��

s
!�x2; b2� ��

t
!�x2; b2���

A
��x3; b3�

� 2r��!�x2; b2��
P
��x3; b3�	�s�t

4
e�ha�x3; x2; b3; b2� exp��Sgh�t

4
e�	g: (44)

In the above equations, we have assumed that x1 � �x2; x3�. Since the light quark momentum fraction x1 in the Bmeson is
peaked at the small region, while quark momentum fraction x3 of � is peaked around 0.5, this is not a bad approximation.
The numerical results also show that this approximation makes very little difference in the final result.

By exchanging the position of ��0� and! in Fig. 1, one finds the new Feynman diagrams are illustrated in Fig. 2. Just like
the case of Fig. 1, we first consider the factorizable diagrams 2(a) and 2(b). The decay amplitude Fe induced by inserting
the �V � A��V � A� operators is

 Fe! � 4
���
2
p
GF�CFm

4
B

Z 1

0
dx1dx3

Z 1
0
b1db1b3db3�B�x1; b1�f��1� x3��!�x3; b3� � �1� 2x3�r!��

s
!�x3; b3�

��t
!�x3; b3��	�s�t1e�he�x1; x3; b1; b3� exp��Sab�t1e�	 � 2r!�s

!�x3; b3��s�t2e�he�x3; x1; b3; b1� exp��Sab�t2e�	g;

(45)
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FIG. 2. Feynman diagrams contributing to the B! !��0� decays when the ! boson picks up the spectator quark.

B0 ! !��0� AND . . . PHYSICAL REVIEW D 75, 054033 (2007)

054033-7



Figures 2(a) and 2(b) are also the diagrams being used to extract the form factor AB!!0 . According to the definition in
Ref. [25], we can extract AB!!0 from Eq. (45).

From Figs. 2(a) and 2(b), it is easy to find the decay amplitude FP1
e! and FP2

e!:

 FP1
e! � �Fe!; (46)

 

FP2
e! � 8

���
2
p
GF�CFr�m

4
B

Z 1

0
dx1dx3

Z 1
0
b1db1b3db3�B�x1; b1�f��!�x3; b3� � r!��x3 � 2��s

!�x3; b3� � x3�
t
!�x3; b3��	

� �s�t1e�he�x1; x3; b1; b3� exp��Sab�t1e�	 � �x1�!�x3; b3� � 2r!�s
!�x3; b3���s�t2e�he�x3; x1; b3; b1� exp��Sab�t2e�	g:

(47)

For the nonfactorizable diagrams 2(c) and 2(d), the corresponding decay amplitudes are
 

Me! � �
16���

3
p GF�CFm4

B

Z 1

0
dx1dx2dx3

Z 1
0
b1db1b2db2�B�x1; b1��A

��x2; b2�

� fx3��!�x3; b1� � 2r!�t
!�x3; b1�	�s�tf�hf�x1; x2; x3; b1; b2� exp��Scd�tf�	g; (48)

and

 MP1
e! � 0; MP2

e! � Me!: (49)

For the nonfactorizable annihilation diagrams 2(e) and 2(f), again all three wave functions are involved. The three kinds
of decay amplitudes are of the form

 

Ma! �
16���

3
p GF�CFm

4
B

Z 1

0
dx1dx2dx3

Z 1
0
b1db1b2db2�B�x1; b1�f�x3�!�x3; b2��

A
��x2; b2�

� r!r���x3 � x2���P
��x2; b2��t

!�x3; b2� ��T
��x2; b2��s

!�x3; b2�� � �x3 � x2���P
��x2; b2��s

!�x3; b2�

��T
��x2; b2��t

!�x3; b2���	�s�t4f�h
4
f�x1; x2; x3; b1; b2� exp��Sef�t4f�	 � �x2�!�x3; b2��A

��x2; b2�

� r!r���x2 � x3���P
��x2; b2��t

!�x3; b2� ��T
��x2; b2��s

!�x3; b2�� � r!r���2� x2 � x3��P
��x2; b2��s

!�x3; b2�

� �2� x2 � x3��T
��x2; b2��t

!�x3; b2���	�s�t
3
f�h

3
f�x1; x2; x3; b1; b2� exp��Sef�t

3
f�	g; (50)

 

MP1
a! � �

16���
3
p GF�CFm

4
B

Z 1

0
dx1dx2dx3

Z 1
0
b1db1b2db2�B�x1; b1�f�x2r��!�x3; b2���

P
��x2; b2� ��

T
��x2; b2��

� x3r!��
s
!�x3; b2� ��

t
!�x3; b2���

A
��x2; b2�	�s�t

4
f�h

4
f�x1; x2; x3; b1; b2� exp��Sef�t

4
f�	

� ��2� x2�r��!�x3; b2���
P
��x2; b2� ��

T
��x2; b2�� � �2� x3�r!��

s
!�x3; b2� ��

t
!�x3; b2���

A
��x2; b2�	

� �s�t
3
f�h

3
f�x1; x2; x3; b1; b2� exp��Sef�t

3
f�	g; (51)

 

MP2
a! � �

16���
3
p �GFCFm4

B

Z 1

0
dx1dx2dx3

Z 1
0
b1db1b2db2�B�x1; b1�f�x2�!�x3; b2��A

��x2; b2�

� r!r���x2 � x3���P
��x2; b2��t

!�x3; b2� ��T
��x2; b2��s

!�x3; b2�� � �x2 � x3���P
��x2; b2��s

!�x3; b2�

��T
��x2; b2��t

!�x3; b2���	�s�t4f�h
4
f�x1; x2; x3; b1; b2� exp��Sef�t4f�	 � �x3�!�x3; b2��A

��x2; b2�

� r!r���x3 � x2���
P
��x2; b2��

t
!�x3; b2� ��

T
��x2; b2��

s
!�x3; b2�� � �2� x2 � x3��

P
��x2; b2��

s
!�x3; b2�

� �2� x2 � x3��T
��x2; b2��t

!�x3; b2��	�s�t3f�h
3
f�x1; x2; x3; b1; b2� exp��Sef�t3f�	g: (52)

For the factorizable annihilation diagrams 2(g) and 2(h), we have

 Fa! � �Fa; FP1
a! � �FP1

a ; FP2
a! � �FP2

a : (53)
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Following the same procedure, it is straightforward to calculate the decay amplitudes for the B! ���0� decays. It is
worth mentioning that all the eight Feynman diagrams in Fig. 1 after the replacements of the!meson by the�meson will
contribute to B! ���0� decays; but Figs. 2(a)–2(d) could not contribute to the same decay since � � �s�s in the ideal
mixing scheme of the !-� system.

Combining the contributions from the different diagrams, the total decay amplitude for B0 ! !� can be written as

 ���
2
p

M�!�� � FeF1���f!��u�C1 �
1
3C2� � �t�

7
3C3 �

5
3C4 � 2C5 �

2
3C6 �

1
2C7 �

1
6C8 �

1
3C9 �

1
3C10�	

�MeF1�����uC2 � �t�C3 � 2C4 � 2C6 �
1
2C8 �

1
2C9 �

1
2C10�	

� Fe!��u�C1 �
1
3C2�f

d
� � �t�

7
3C3 �

5
3C4 � 2C5 �

2
3C6 �

1
2C7 �

1
6C8 �

1
3C9 �

1
3C10�f

d
�

� �t�C3 �
1
3C4 � C5 �

1
3C6 �

1
2C7 �

1
6C8 �

1
2C9 �

1
6C10�fs�	 � F

P2
e!���t�

1
3C5 � C6 �

1
6C7 �

1
2C8�fd�	

�Me!F1�����uC2 � �t�C3 � 2C4 � 2C6 �
1
2C8 �

1
2C9 �

1
2C10�	

�Me!F2������t�C4 � C6 �
1
2C8 �

1
2C10�	 � �Ma �Ma!�F1�����uC2 � �t�C3 � 2C4 �

1
2C9 �

1
2C10�	

� �MP1
e �M

P1
a �M

P1
a!�F1����t�C5 �

1
2C7� � �M

P2
a �M

P2
a!�F1����t�2C6 �

1
2C8�; (54)

where �u � VubVud, �t � VtbVtd, and

 F1��� �
cos����

2
p ; F2��� � � sin�; (55)

are the mixing factors. The Wilson coefficients Ci � Ci�t� in Eq. (54) should be calculated at the appropriate scale t using
equations as given in the appendices of Ref. [19].

By doing the replacements of f! ! f� and �A;P;T
! ! �A;P;T

� , one obtains the decay amplitude for the B0 ! �� decay:

 

M���� � Fe�t�C3 �
1
3C4 � C5 �

1
3C6 �

1
2C7 �

1
6C8 �

1
2C9 �

1
6C10�F1��� �Me�t�C4 � C6 �

1
2C8 �

1
2C10�F1���

� �Ma �Ma���t�C4 �
1
2C10�F2��� � �M

P2
a �M

P2

a���t�C6 �
1
2C8�F2���: (56)

The complete decay amplitude M�!�0� and M���0�
can be obtained easily from Eqs. (54) and (56) by the
following replacements

 

fd�; f
s
� ! fd�0 ; f

s
�0 ;

F1��� ! F01��� �
sin����

2
p ;

F2��� ! F02��� � cos�:

(57)

IV. NUMERICAL RESULTS AND DISCUSSIONS

In this section, we will present the numerical results of
the branching ratios and CP violating asymmetries for
those considered decay modes.

A. Input parameters

We show here the input parameters to be used in the
numerical calculations.

The masses, decay constants, QCD scale, and B0 meson
lifetime are

 

��f�4�

MS
� 250 MeV; f� � 130 MeV;

fB � 190 MeV; f� � 237 MeV;

fT� � 220 MeV; MW � 80:41 GeV;

f! � 195 MeV; fT! � 140 MeV;

M� � 1:02 GeV; M! � 0:78 GeV;

m� � 547:5 MeV; m�0 � 957:8 MeV;

MB � 5:2792 GeV; B0 � 1:54� 10�12 s:

(58)

For the Cabibbo-Kobayashi-Maskawa (CKM) matrix
elements, here we adopt the Wolfenstein parametrization
for the CKM matrix up to O��5� with the parameters � �
0:2272, A � 0:818, �� � 0:221, and �� � 0:340 [20].

From Eq. (45) we find the numerical values of the
corresponding form factors at zero momentum transfer:
AB!!0 �q2 � 0� � 0:35� 0:05�!b� which are consistent
with those given in [32].

B. Branching ratios

For B0 ! !��0� and ���0� decays, the decay amplitudes
as given in Eqs. (54) and (56) can be rewritten as
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 M � VubVudT � V

tbVtdP � VubVudT�1� ze

i�����	;

(59)

where

 z �
��������V


tbVtd

VubVud

��������
��������PT

��������; � � arg
�
�
VtdVtb
VudVub

�
(60)

are the ratio of penguin to tree contributions and the weak
phase (one of the three CKM angles), respectively, and � is
the relative strong phase between tree (T) and penguin (P)
diagrams. The CP-averaged branching ratio for B0 !

!�����0� decays can be then written as

 Br � �jMj2 � j �Mj2�=2

� jVubVudTj
2�1� 2z cos� cos�� z2	; (61)

where the ratio z and the strong phase � have been defined
in Eqs. (59) and (60).

Using the wave functions and the input parameters as
specified in previous sections, it is straightforward to cal-
culate the branching ratios for the four considered decays.
We find numerically that

 

Br�B0!!�� � �2:7�0:8
�0:6�!b�� 0:7���� 0:3�a2�	� 10�7;

(62)

 

Br�B0 ! !�0� � �0:75�0:19
�0:14�!b�

�0:25
�0:24���

�0:19
�0:17�a2�	 � 10�7:

(63)

The main errors are induced by the uncertainties of
!b � 0:4� 0:04 GeV, � � 100� � 20�, and a2 �
0:115� 0:115, respectively.

For the B0 ! ���0� decays, the decay amplitudes in-
volve only the penguin (P) diagrams, the branching ratios
are:

 Br �B0 ! ��� � �6:3�1:2
�1:0�!b�

�2:7
�1:0�ms�

�1:4
�1:3�a2�	 � 10�9;

(64)

 Br �B0 ! ��0� � �7:3�1:5
�1:3�!b�

�2:3
�0:9�ms�

�2:2
�2:0�a2�	 � 10�9:

(65)

The main errors are induced by the uncertainties of !b �
0:4� 0:04 GeV,ms � 130� 30 MeV, and a2 � 0:115�
0:115, respectively.

For the CP-averaged branching ratios of the considered
four decays, the pQCD predictions agree within errors with
both the experimental upper limits as shown in Eqs. (1) and
(2), and the theoretical predictions in the QCDF approach,
for example, as given in Ref. [1]:

 Br �B0 ! !�� � �0:31�0:46
�0:27� � 10�6; (66)

 Br �B0 ! !�0� � �0:20�0:34
�0:18� � 10�6; (67)

 Br �B0 ! ���0�� � 1� 10�9; (68)

where the individual errors as given in Refs. [1] have been
added in quadrature. It is easy to see that the central values
of the pQCD predictions for Br�B! ���0�� are larger than
the corresponding QCDF predictions, although they are
still consistent if the large theoretical uncertainties are
taken into account. The branching ratios Br�B! !��0��
at the 10�7 level can be measured in the forthcoming LHC
experiments [33]. But it is very difficult to measure B!
���0� decays because of their tiny (� 10�9) branching
ratio, if the pQCD predictions are true.

It is worth stressing that the theoretical predictions in the
pQCD approach have large theoretical errors induced by
the still large uncertainties of many input parameters. In
our analysis, we considered the constraints on these pa-
rameters from analysis of other well measured decay
channels. From numerical calculations, we get to know
that the main errors come from the uncertainty of !b, ms,
�, and a

�q�s�
2 . Additionally, the final-state interactions re-

main unsettled in pQCD, which is nonperturbative in na-
ture but not universal.

In Fig. 3 we show the parameter dependence of the
pQCD predictions for the branching ratios of B! !�
and !�0 decays for !b � 0:4� 0:04 GeV, � �
�0�; 180�	. From the numerical results and the figures we
observe that the pQCD predictions are sensitive to the
variations of !b and �.

C. CP-violating asymmetries

Now we turn to the evaluations of the CP-violating
asymmetries of B! !��0� decays in pQCD approach.
Because these decays are neutral B meson decays, we
should consider the effects of B0- �B0 mixing. For B0 meson
decays into a CP eigenstate f, the time-dependent
CP-violating asymmetry can be defined as

 

Br� �B0�t� ! f� � Br�B0�t� ! f�

Br� �B0�t� ! f� � Br�B0�t� ! f�


Adir
CP cos��mt� �Amix

CP sin��mt�; (69)

where �m is the mass difference between the two B0
d mass

eigenstates, t � tCP � ttag is the time difference between
the tagged B0 ( �B0) and the accompanying �B0 (B0) with
opposite b flavor decaying to the finalCP-eigenstate fCP at
the time tCP. The direct and mixing-induced CP-violating
asymmetries Adir

CP and Amix
CP can be written as

 A dir
CP �

j�CPj
2 � 1

1� j�CPj2
; Amix

CP �
2 Im��CP�

1� j�CPj2
; (70)

where the CP-violating parameter �CP is
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 �CP �
VtbVtdhfjHeffj �B0i

VtbV

tdhfjHeffjB

0i
� e2i� 1� zei�����

1� zei�����
: (71)

Here the ratio z and the strong phase � have been defined
previously. In pQCD approach, since both z and � are
calculable, it is easy to find the numerical values of Adir

CP
and Amix

CP for the considered decay processes.
By using the central values of the input parameters, one

found the pQCD predictions (in unit of 10�2) for the direct
and mixing-induced CP-violating asymmetries of the con-
sidered decays
 

Adir
CP�B

0 ! !�� � �69:1�15:1
�13:4���;

Amix
CP �B

0 ! !�� � �66:9�5:3
�15:8���;

(72)

 

Adir
CP�B

0 ! !�0� � �13:9�4:1
�3:5���;

Amix
CP �B

0 ! !�0� � �65:8�29:1
�55:2���;

(73)

where the dominant errors come from the variations of
� � 100� � 20�.

In Fig. 4, we show the �-dependence of the pQCD
predictions for the direct and the mixing-induced
CP-violating asymmetry for the B0 ! !� (solid curve)
and B0 ! !�0 (dotted curve) decay, respectively. The
pQCD predictions in Eqs. (72) and (73) are consistent
with the QCDF predictions due to very large uncertainties
in the QCDF approach [1].

If we integrate the time variable t, we will get the total
CP asymmetry for B0 ! !��0� decays (in units of 10�2):

 

FIG. 4. The direct and mixing-induced CP asymmetry (in percentage) of the B0 ! !� (solid curve) and!�0 (dotted curve) decay as
a function of the CKM angle �.

 

FIG. 3. The � dependence of the branching ratios (in unit of 10�7) of B0 ! !� and !�0 decays for � � 39:3�, !b � 0:36 GeV
(dashed curve), 0.40 GeV (solid curve), and 0.44 GeV (dotted curve).
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 A tot
CP�B

0 ! !�� � �11�12:1
�15:1���; (74)

 A tot
CP�B

0 ! !�0� � �40:6�11:8
�24:2���: (75)

For the B0 ! ���0� decay modes, however, there is no CP
asymmetry, the reason is that they involve only penguin
contributions and one type of CKM elements.

It is worth mentioning that although the CP-violating
asymmetries of B! !��0� decays are rather large in size,
it may be difficult to measure them because of the pre-
dicted small branching ratios at the 10�7 level [33].

D. Effects of the possible gluonic component of �0

Up to now, we have not considered the possible contri-
butions to the branching ratios and CP-violating asymme-
tries of B! !�����0� decays induced by the possible
gluonic component of the � and �0 meson. For the �
meson, one generally believes that its gluonic component
is negligibly small. For the �0 meson, however, a large
gluonic component is generally expected because of the
observed very large B! K�0 branching ratio.

When a nonzero gluonic component exists in the �0

meson, an additional decay amplitude M0 will be pro-
duced. Such a decay amplitude may construct or destruct
with the ones from the q �q (q � u, d, s) components of �0,
the branching ratios of the decays in question may be
increased or decreased accordingly.

In Ref. [9], by employing the pQCD factorization ap-
proach, Charng, Kurimoto, and Li calculated the flavor-
singlet contribution to the B! ��0� transition form factors
induced by the Feynman diagrams with the two gluons
emitted from the light quark of the B meson (see Fig. 1 of
Ref. [9]), the dominant gluonic contribution is negligible
for the B! � form factor, and also small (less than 5%)
for the B! �0 ones [13].

Following the procedure of Ref. [9] and using the for-
mulae given there, we also calculate the gluonic contribu-
tions to B! !����0 decays. If we add the gluonic
contribution to the form factor FB!�

0

0 but keep all other
inputs in their default central values, we find numerically
that

 Br �B0 ! !�0� � 0:82� 10�7; (76)

 Br �B0 ! ��0� � 6:5� 10�9: (77)

One can see that the variation of the central values of the
pQCD predictions induced by the inclusion of the gluonic
contribution is only about �10%, much smaller than the
theoretical uncertainties from the variations of input pa-
rameters !b, ms, or �.

V. SUMMARY

In this paper, we calculated the branching ratios of B0 !

!��0�, ���0� decays and CP-violating asymmetries of

B0 ! !��0� decays at the leading order by using the
pQCD factorization approach.

Besides the usual factorizable diagrams, the nonfactor-
izable and annihilation diagrams are also calculated ana-
lytically. Although the nonfactorizable and annihilation
contributions are subleading for the branching ratios of
the considered decays, they are not negligible. Fur-
thermore these diagrams provide the necessary strong
phase required by a nonzero CP-violating asymmetry for
the considered decays.

After calculating all the diagrams, we found the branch-
ing ratios of the four related decays are very small, Br�B!
!��0�� are at the order of O�10�7� and Br�B! ���0�� are
around 10�9. We also predict the direct and mixing-
induced CP asymmetries of the B! !��0�. Moreover,
we compare our results with the current experimental
data and the theoretical predictions in the QCDF approach.
In short, we found that

(i) For the CP-averaged branching ratios of the consid-
ered decay modes, the pQCD predictions are

 Br �B0 ! !�� � �2:7�1:1
�1:0� � 10�7; (78)

 Br �B0 ! !�0� � �0:75�0:37
�0:33� � 10�7; (79)

 Br �B0 ! ��� � �6:3�3:3
�1:9� � 10�9; (80)

 Br �B0 ! ��0� � �7:3�3:5
�2:6� � 10�9; (81)

where the various errors as specified in Eqs. (62)–
(65) have been added in quadrature. The inclusion of
the gluonic contribution can change the branching
ratios of �B! !�0; ��0� decays by about 10% in
magnitude.

(ii) The pQCD predictions for the CP-violating asym-
metries of B! !��0� decays are large in size.

(iii) The major theoretical errors are induced by the
uncertainties of the input parameters !B, the
mass ms, the CKM angle �, and the Gegenbauer
moment a

�q�s�
2 .
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APPENDIX: RELATED FUNCTIONS

We show here the function hi appearing in the expres-
sions of the decay amplitudes in Sec. III, coming from the
Fourier transformations of the function H�0�,

DONG-QIN GUO, XIN-FEN CHEN, AND ZHEN-JUN XIAO PHYSICAL REVIEW D 75, 054033 (2007)

054033-12



 

he�x1; x3; b1; b3� � K0�
���������
x1x3
p

mBb1����b1 � b3�K0�
�����
x3
p

mBb1�I0�
�����
x3
p

mBb3�

� ��b3 � b1�K0�
�����
x3
p

mBb3�I0�
�����
x3
p

mBb1�	St�x3�; (A1)

 

ha�x2; x3; b2; b3� � K0�i
���������
x2x3
p

mBb2����b3 � b2�K0�i
�����
x3
p

mBb3�I0�i
�����
x3
p

mBb2�

� ��b2 � b3�K0�i
�����
x3
p

mBb2�I0�i
�����
x3
p

mBb3�	St�x3�; (A2)

 

hf�x1; x2; x3; b1; b2� � f��b2 � b1�I0�MB
���������
x1x3
p

b1�K0�MB
���������
x1x3
p

b2� � �b1 $ b2�g
K0�MBF�1�b2�; for F2

�1� > 0

�i
2 H

�1�
0 �MB

�����������
jF2
�1�j

q
b2�; for F2

�1� < 0

0
B@

1
CA;

(A3)

 

h3
f�x1; x2; x3; b1; b2� � f��b1� b2�K0�i

���������
x2x3
p

b1MB�I0�i
���������
x2x3
p

b2MB�� �b1$ b2�gK0�
�������������������������������������������������������
x1� x2� x3� x1x3� x2x3

p
b1MB�;

(A4)

 

h4
f�x1; x2; x3; b1; b2� � f��b1� b2�K0�i

���������
x2x3
p

b1MB�I0�i
���������
x2x3
p

b2MB�� �b1$ b2�g
K0�MBF�2�b1�; for F2

�2�> 0

�i
2 H

�1�
0 �MB

�����������
jF2
�2�j

q
b1�; for F2

�2�< 0

0B@
1CA;

(A5)

where J0 is the Bessel function, K0 and I0 are the modified
Bessel functions K0��ix� � ���=2�Y0�x� � i��=2�J0�x�,
H�1�0 �z� � J0�z� � iY0�z�, and the F�j� are defined by

 F2
�1� � �x1 � x2�x3; (A6)

 F2
�2� � �x1 � x2�x3: (A7)

The threshold resummation form factor St�xi� is adopted
from Ref. [24]

 St�x� �
21�2c��3=2� c�����

�
p

��1� c�
�x�1� x�	c; (A8)

where the parameter c � 0:3. This function is normalized
to unity.

The Sudakov factors appearing in Sec. III are defined as

 

Sab�t� � s�x1mB=
���
2
p
; b1� � s�x3mB=

���
2
p
; b3�

� s��1� x3�mB=
���
2
p
; b3�

�
1

	1

�
ln

ln�t=��

� ln�b1��
� ln

ln�t=��

� ln�b3��

�
; (A9)

 

Scd�t� � s�x1mB=
���
2
p
; b1� � s�x2mB=

���
2
p
; b2�

� s��1� x2�mB=
���
2
p
; b2� � s�x3mB=

���
2
p
; b1�

� s��1� x3�mB=
���
2
p
; b1�

�
1

	1

�
2 ln

ln�t=��

� ln�b1��
� ln

ln�t=��

� ln�b2��

�
; (A10)

 

Sef�t� � s�x1mB=
���
2
p
; b1� � s�x2mB=

���
2
p
; b2�

� s��1� x2�mB=
���
2
p
; b2� � s�x3mB=

���
2
p
; b2�

� s��1� x3�mB=
���
2
p
; b2�

�
1

	1

�
ln

ln�t=��

� ln�b1��
� 2 ln

ln�t=��

� ln�b2��

�
; (A11)

 

Sgh�t� � s�x2mB=
���
2
p
; b2� � s�x3mB=

���
2
p
; b3�

� s��1� x2�mB=
���
2
p
; b2� � s��1� x3�mB=

���
2
p
; b3�

�
1

	1

�
ln

ln�t=��

� ln�b2��
� ln

ln�t=��

� ln�b3��

�
; (A12)

where the function s�q; b� is defined in the Appendix A of
Ref. [19]. The scale ti’s in the above equations are chosen
as
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t1e � max�
�����
x3
p

mB; 1=b1; 1=b3�;

t2e � max�
�����
x1
p

mB; 1=b1; 1=b3�;

t3e � max�
�����
x3
p

mB; 1=b2; 1=b3�;

t4e � max�
�����
x2
p

mB; 1=b2; 1=b3�;

tf � max�
���������
x1x3
p

mB;
������������������������
�x1 � x2�x3

q
mB; 1=b1; 1=b2�;

t3f � max�
����������������������������������������������������������
x1 � x2 � x3 � x1x3 � x2x3

p
mB;���������

x2x3
p

mB; 1=b1; 1=b2�;

t4f � max�
���������
x2x3
p

mB;
������������������������
�x1 � x2�x3

q
mB; 1=b1; 1=b2�: (A13)

They are given as the maximum energy scale appearing in
each diagram to kill the large logarithmic radiative
corrections.
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