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Calculation of BR(B* — A + p) in the perturbative QCD approach
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We calculate the branching ratio of B — A p in the PQCD approach. Most previous model
calculations obtained branching ratios significantly larger than experimental data. We find that the
predicted branching ratio for BR(B® — A p) in the PQCD approach can vary over a range of (2.3 ~
5.1) X 107> with the largest uncertainty coming from the parameters in the wave function of A.. With the

favored values for the parameters in the A} wave function, 8 = 1 GeV and m

¢ = 0.3 GeV, the branching

ratio is about 2.3 X 107> which is satisfactorily consistent with the value measured by experiments.
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I. INTRODUCTION

B-physics stands as an ideal laboratory for studying
hadron structure and fundamental mechanisms which gov-
ern the reactions for a heavy quark and the related hadro-
nization processes. It also offers a window to search for
new physics. The mesonic decays of B meson have been
carefully studied already by many authors because such
processes are theoretically simpler and have a rich data
accumulation. Nevertheless, much data on the baryonic
decays of B mesons also have been collected. In 1987, B —
ppm™ and B— ppm" 7~ were first observed by ARGUS
[1] and since then, various baryonic-decay modes of B
meson were measured at CLEO, Belle, and BABAR [2—
6]. All the information offers us an opportunity to more
seriously investigate the processes where baryons are in-
volved. However, the case for baryonic decays is much
more complicated than the mesonic one, especially in the
perturbative QCD (PQCD) approach [7] where there is no
any real spectator constituent, namely, all the constituents
must be connected by gluons. One also needs to have
detailed information about the wave functions of baryons
which contain three valence quarks. All these make the
problem much more complicated and cause theoretical
uncertainties.

In this work we study the process B® — A} p. This
process has been measured [3—5] with a branching ratio
of [6] (2.2 = 0.8) X 107>. There have been some theoreti-
cal evaluations for this branching ratio using various phe-
nomenological models, such as the constituent quark
model, the pole model, the QCD sum rule, the diquark
model, and others [8—12]. All the theoretical predictions
made in these models are substantially larger than the data.
Later Cheng and Yang [13] considered the pole structure
and applied the bag model for calculating the hadronic
matrix element. Their result is close to the experimental
data. The related theoretical estimations on the branching
ratio and the experimental data are listed in Table 1.

The wide range of predicted branching ratio for B —
A} p indicates that at present theoretical understanding is
not satisfactory. A way to distinguish different methods
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may be systematically using the same method to evaluate
several different branching ratios. Our emphasis in this
work is to establish PQCD calculation for B — A p.
There is always the question of how reliable PQCD calcu-
lation is and what is the soft contribution which is not
included in the PQCD calculation. Without a coherent
method being able to handle perturbative and nonperturba-
tive effects, it is not possible to properly address this
problem and we will not attempt to do it here either. Our
choice of PQCD framework is encouraged by successful
application to mesonic B decays. Therefore, our aim is to
establish a PQCD calculation for B° — A p and obtain
the branching ratio.

Since the success of the PQCD approach in study-
ing mesonic decays of B meson is remarkable, it is
natural to extend this approach to evaluate the decay rates
of baryonic decays of B mesons. In B — A} p, the
two final baryons are much lighter than B meson, they
possess  relatively large linear-momentum p =
)\‘/Q(MZ,M%E,M%)MMB in the rest frame of B meson,
thus the momentum match of the quarks in the final bary-
ons requires that the exchanged gluons must be ’hard,” or
say, have large k*. Here k indicates the generic momentum
carried by a gluon. Moreover, unlike in some cases where a
pair of quark-antiquark is created from vacuum, the pair of
quark-antiquark is created by a hard gluon; therefore, one
expects that the whole process is calculable in the frame-
work of PQCD [14].

In the PQCD approach, there are unknown parameters in
the wave functions of the B meson and the two baryons in
the final state. However, since these parameters are univer-
sal, they can be fixed by fitting data of other relevant
decays. This treatment on the unknown parameters reduces
the model dependence of the theoretical calculations.
Therefore, one has good reasons to believe that the result
obtained in PQCD would be credible. Indeed, our numeri-
cal result is closer to the experimental data than those by
other models.

The effective Hamiltonian responsible at the quark level
for B — A p is given by [15]
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TABLE 1. Branching ratio of B° — A/ p obtained with different models and experiments (last two numbers), respectively. There is
also a preliminary BABAR result [4] (2.15 = 0.36 = 0.13 + 0.56) X 1077.

B — Alp (9] [10] [11] [12] [13] (31 [5]
BR 4X107* 85x107* 1.1X1073 (L7~19) X 1073 1.1 X 1075 |(2.197935 £0.32 £0.57) X 1075 <9 X 1073

G N _ - _
He = —FVcqud[Cl(Cb)v—A(du)v—A + Cy(Cu)y—p

V2
X (db)y_4] + He, (1)

where (ab)y_, = ay*(1 — ys)b, and CYO(m,) = 1.12,
CLP(my) = —0.27 [15]. In our calculation the u depen-
dence of C, , at the leading order remains.

At the hadron level, the decay amplitude for B — A p
is obtained by sandwiching the effective Hamiltonian be-
tween the initial and final hadron states,

M(B® — Al p) = (AL plHex B)

G
= Lv,vi,AL(A+ Bys)p, (2

V2

where A and B are two form factors which we will calcu-
late in the PQCD approach.
The partial decay width is then given by

T(B°— A P)
:G%"lvcbplvudl2
16m3

X3 = (m+mpP)mg = (my_—mp))
XIAP (3, =y, +mp)?)
1B, — (my, —mp))) 3)

In the following sections we present details for the
calculations. In Sec. Il we describe the approach for cal-
culations. In Sec. III we present our numerical results along
with all necessary input parameters. The last section is
devoted to our discussions and conclusions. Some details
for calculations of the diagrams are given in the
appendices.

I1. PQCD CALCULATION OF THE HADRONIC
MATRIX ELEMENTS

The effective Hamiltonian at quark level has been
studied by many authors and the PQCD approach also
has been discussed extensively in literature. In this section
we discuss how to calculate the hadronic matrix elements
defined in the previous section in terms of the PQCD
method [7,16—18]. As usual, we define, in the rest frame
of BY, g, p, and p’ to be the four-momenta of B°, A and
antiproton, ¢,(i = 1,2), k;, and k(i = 1,2,3) to be the
momenta of the valance light quarks (antiquark) inside
B°, A, and p, respectively. We parameterize the corre-

sponding light-cone momenta with the masses of all light
quarks and antiproton being neglected as

m
q = (C]+, q_) OT) = T;(l) 1: OT))

= (p*, p.0.) = (gF. r2g~.0,) = 2B(1, 12,0
P(PPT)(CIQT)\/E( T)

m
=(0,p",0;)==2(0,1-1r%0
( P T) \/i( T)
gt = L@ = (- 3" 0 —ap)
Y4, q . qr g, = (1 =yq",0,—qr) 4)
ky = (x;p*, p~. Ki7), = (xp", 0, Kkop),
k3 = (X3p+, 0’ k3T) kl] = (0) x/lpl_’ kl]T)r
= (0, xbp'", Kby), Ky = (0, x5p'", Kip),

where r = m,_/mg, and y, x;, x} are the fractions of the
longitudinal momenta of the valence quarks with x; +
Xy +x3=1and x| +x}, +x{, = 1. q7, k;7, and Kk}, are
the transverse momenta of the valence quarks inside B°,
A} and antiproton, respectively.

Note that because B is in its rest frame, even though the
momenta of the valance quarks inside the final states
(A, p) are fixed, the four-momenta of the valance quarks
inside B° (g,, g,) are not uniquely determined. Generally,
there are two distinct cases. Besides the above assignment
of the momenta, one may also set

g = ¢ =00 -yq, —aqr).

&)

(¢*.yq~, 4ar),

The first case (q, D ) corresponds to that the momenta of
d-quarks in initial state B® and final state p are opposite to

each other, and the second one (qg )) is that they are
parallel. The two cases contribute to different Feynaman
diagrams according to the general rule of PQCD (see the
figures below for details), thus one needs to make careful
analysis to determine which case is the correct choice when
convoluting the initial light-cone wave function with the
final light-cone wave functions.

In the PQCD picture, hadrons are made of valence
quarks whose momenta distributions are described by ap-
propriate wave functions. The wave function of A, is
usually defined through the correlator [19],
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dw, dw, oikvig

(YA Dapy (ki v) = 2\/_N [l_[ oy abe
X0 O)ug(wa)ds (ws) 1A (p))

= %g;vc[(lf + mAC)')’SC],By[Ac(p)]a

X W(k;, v), (6)

where f, is a normalization constant, A.(p) is the A,
spinor, and W(k;, v) is its wave function. » is the hard
subamplitude energy scale for the process which is within
the range of Agcp < v < my, and will be further discussed
below. Similarly, the leading-twist wave function of proton
is defined by [16,20]

2 dw, aw i
2f 2N, j Q2m)?
X <0IT[uz(wl)u,;(W2)d;(0)]IP(p’)>

(V) / / /
-1 o (PO LysP o (10

+ (B'y50)py [P(p)]a @A (K], v)
= (04, P Oy [y*ysP(p")] P (K}, )},
(7

w,sabc

(YP)aﬁ'y(kgﬂ V)

where fp is the normalization constant, and P(p’) is the
proton spinor,

DA, K, K, v) = YD, K, K, v) — DK, Kb, Kb, v)]
DT (K}, kb, Ky, v) = Y[ DK, K, kb, ) + DK, Ky K, )]
®)

The B meson wave function is expressed as [21]

4
(sl 1) =3 [ e O, ()5 OB @)

(4 + ’"B)?’s(rhr 5 (g2 v)

\/W[ V2
T %cﬁ;(qz, v))La. ©)

where . term corresponds to the first choice of momenta
of the valance quark d in B and #/_ term corresponds to
the second one with the relation

7{ 1,2

"2
V2 (I —y)mg

When convoluting the hadron wave functions with the hard

amplitude, one should use corresponding light-cone mo-
menta g}’ consistently for the above two terms.

(10)
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There is also a simple relation between wave functions
¢%, ¢5 and ¢p, ¢ used in the usual PQCD calculation:

b5 = by + b, b5 = by — by (11)

It has been argued that the distribution amplitude ¢y is
negligible compared to ¢p [21]; therefore, ¢ = ¢p =
¢p. The specific form of ¢p will be given later when
carrying out numerical calculations.

Including the Sudakov factor with infrared cutoffs
w(®', w,), and running the wave function from » down
to w(w’, ®,), the wave functions are obtained as [16]

3

Z S(w’ xlp+)

W(x;, b;, p,v) = exp[—
=

3 f:%mas(m)}m»

3
O(x, b, p, ) = exp[ Xy

-3 j —yq(asw))}@(x;, W),
Dy, by g, ¥) = exp[—swq, a7)

> f g %‘was(m)}@g(l — ),
(12)

where w = min(1/b,, 1/b,, 1/b;), o =
min(1/6}, 1/65, 1/6%), and w, =1/b,. b =|by —
byl B = b — by, By = Ib() by)|, and b, =
Ibql. Here b, b’, and b, are the conjugate variables to
ky, k%, and qr whose definitions are collected in
Appendix D.

The explicit expressions for the Sudakov factors are
given in [16] with

w0 = [* d”[ (%)A[axp]w[as(p)]}

o 67 77.2 10 e'YE o 2
A=C.2+ |- — + =81 -1,
P [9 3 27 BO n<2>}(ﬂ>
2 ) 2’)/E 1
B=3 a? ln<e 2 ) Yola(w) = —a,(w)/m,

3320
0 12

(13)

where 7y is the Euler constant, n is the flavor number, and
Y4 1s the anomalous dimension. For B decays, the typical
energy scale is above the charm mass, so we will take n¢ to
be 4 in our numerical computations.

Within the PQCD framework, the hadronic matrix ele-
ment can be written as
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M- [ [Dx] [ [DBIT p Yoy (3 b ', )

=N
X H* Bye D(,B‘}/p(xi’ x;: Y, bi: bi; bq: mp, mAEJ V)

X (Y[))aﬁy(xb biJ P, V)(YB)pp’(y> bq! q, V)’ (14)
where
[Dx] = [dx][dx']dy,
3
[dx] = dxldxzdx36<l - l_zlx,>, )

3
[dx'] = dx’ldx’zdxch(l - Zx;>.
=1
The measures of the transverse parts [Db] are defined in
Appendix A for several examples.

To obtain the hard scattering  amplitude
HY'BY'P'aByp(x x/ vy b, b, b, mg,my , v), one first de-
rives the amplitude HYBYPaBye(x, xl, y,
k7, K7, q7, mg, my ) corresponding to the ith diagram in
Figs. 1-3. Some sample analytic expressions are displayed
in Appendix B. Then a Fourier transformation on k; and
k’- is carried out to convert them into the b and b’ space to
obtain H>'BY'P'aBye(x x|y, b, b, b,, mg, my ). The con-
crete procedure for such transformation is described at the
end of Appendix D.

We can catalog the diagrams into several types. The first
type includes 36 diagrams, indicated by a; in Fig. 1. If we
adopt the first choice of momenta (g}) of valance quark in
BO the total 36 diagrams contribute to the amplitude in the
PQCD frame, where the gluons can be “hard” (have large
k?). However, one can notice that, if we adopt the second
choice (g?), in some of the diagrams the gluon attached to
the spectator quark is always soft, i.e. k> = 0. The contri-
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butions of such diagrams cannot be counted as PQCD
contributions and are attributed into the wave functions
of the initial or final hadrons. When calculating the PQCD
contributions, these diagrams should not be included at all.
In that case, only 8 diagrams, indicated by b; in Fig. 2
remain where all the exchanged gluons are hard. For
another type of diagrams, indicated by c; in Fig. 3, three-
gluon vertices are involved. We find that the color factor for
two, ¢34, of them is zero. There are also the W exchange
diagrams (where W is exchanged between the initial » and
d). In 36 of them gluons are only connected to quark lines,
whereas in the other 4 of them three-gluon vertices are
involved, as shown in Fig. 4. These diagrams are sup-
pressed by the linear-momentum match and usually
ignored [13]. Therefore, there are 36 + 8 + 2 = 46 dia-
grams shown in Figs. 1-3, that need to be evaluated to the
leading order.

Multiplying all contributions of the diagrams in Figs. 1—
3 with corresponding Wilson coefficients, one adds them
up to obtain the full hard scattering amplitude

Ha/B’V’P'aBYP(x, x/’ ¥, b, b/, bcp mg, mAc)

= Zc(t)ﬁi,a’ﬂ/y'p’aﬁyp(x; xl; Y, b: bl; bq; mpg, mAc)‘
i

Here we denote the hard scale as ¢ which is taken to be the
larger of the two variables t;, associated with the virtual
gluon momentum in Fig. 1, i.e. ¢+ = max(#,, #5). The ex-
pressions for ¢, , are listed in Appendix C.

Finally, a renormalization group running is applied to
the hard scattering amplitude from the scale v in the wave
functions to ¢, and we obtain

(al) (a2) (a3) (ad) (a9) (al0) (al5) (al6) (a22) (a23)
b —x Ve X c X X Ve X X X
(ad) d (all) all) (ald) (a24)
u
(a25)
u
(a5) u al2 al9) (a2
a X X E X X N X X X
(ab) (a7) (al3) (ald) (a20) (a2l) (a27) (a28)
(§(31) (%29) (g(35) (@33)
(a30) (a34)
(a32) (a36)

FIG. 1. The lowest order diagrams for the B° — A/ p decay according to the first choice of momenta (g!). The wavy line indicates
W exchange. The solid lines and curly lines denote the quarks and gluons, respectively. In the diagrams, only one gluon line is shown.
The other gluon line connects the solid black blob and the cross indicated by a;. There are 36 diagrams. We label each one by a;.
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b c
d
u — —
u 3 J 3
B 5] T tza tzd 31 9 5]
d d (e [e | (e
(b1) (b2) (b3) (b4)
(e Q\ of A e (e
Zlg’l‘\zg 29 911 tlg%\ L1y 912
(b5) (b6) d7) (b8)

FIG. 2. The lowest order diagrams for the B — A} p decay according to the second choice of momenta (¢?). The wavy line
indicates W exchange. The solid lines and curly lines denote the quarks and gluons, respectively. There are 8 diagrams. We label each
one by b;.

b

QUSRS T O

d

(cl) (c2) (c3) (c4)

FIG. 3. The lowest order diagrams for the B — A/ p decay including three-gluon vertices. The wavy line indicates W exchange.
The solid lines and curly lines denote the quarks and gluons, respectively. There are 4 diagrams. We label each one by c;.

b X X X c X X X X X X X
— x B_x_ —_— X
u
t . t t t
_ L x d L x L x g_x_
d —x X U -X X X X X X X
X Ve X X
_._ —
TOO00 00000
I _._
X X x X
b c
d
 u S, S, S,
2o
L 7 L p L
_ d -
d u

FIG. 4. The W exchange diagrams for the B — A} p decay.
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HYBYP'aBYP(x, %, y, b, b, b, mp, my , v)
tdp _
=exp| =8 [Py, (a(a))|
v i
X HYPYP'aBye(x, ¥, y, b, b, by, mg,my,). (16)

The form factors are obtained by properly grouping
relevant terms according to the definition in Eq. (2).
Using Eq. (14) we obtain a generic expression for the
form factor corresponding to each diagram as

o 1
AY(B') = j=vZ,A,TWfPfAC f[Dx]

X [ (DT Ci (iYW 5 ()PH) (1 — )

X exp[—STHIQ, (17)
where
Si= Z s(w, x; pt) + Z s(o', xjp'") + s(w,, (1= y)g™)
k=2 k=1

w

w3 [ Py s [Py )

.
w2 [ Roy(aa) (18)
0, M
and A’ and B' represent the form factors contributed by the
ith diagram. C' is an appropriate combination of the
Wilson coefficients. The superscript j labels different
Lorentz structures V, A, and T of antiproton according to
Eq. (7). The explicit expressions for some )/ are presented
in Appendix A and the corresponding functions H}! are
given in Appendix E. The total form factors are obtained
by summing over the contributions of all the diagrams.

III. NUMERICAL RESULTS

We are now ready to evaluate the form factors numeri-
cally. In our calculations, we adopt the distribution ampli-
tude W proposed in Refs. [17,19] for the A,

2 2
mA m
W(xy, Xp, x3) = N. exp| — .
(x1, X, X3) X1XoX3 XP[ 287, 28,
)
— 7| 19
i) >

The normalization constant N is fixed by the condition:
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f[dx]‘[’(xl, Xy, x3) = 1. (20)

Since the decay constant f is not experimentally deter-
mined so far, one has to invoke a theoretical evaluation to
fix it. It is assumed that there is a relation between f and

Sa, a8 fa, = fa, :ll—i” [17]. In terms of the PQCD method

fa, is determined by fitting B(A, — A [7) whose central
value is 5% measured by the DELPHI Collaboration [22].
In our previous study of A, — Ay [23], we carried out a
new determination for f,, . When fitting the data we first
truncate the double logarithmic Sudakov factor in such a
way that we require the factor exp(—s) to be smaller than 1
following the prescription of Ref. [24]. It is noted that our
numerical value of f, is different from that obtained in
Ref. [17], where B(A, — A,.Ip) was taken to be 2%. We
use the newly measured value instead. In concrete compu-
tations, we choose the cutoffs as w = 1.14min(1/b b
1/by, 1/b;) and o' = 1.14min(1/b, 1/b5, 1/b%). The
phenomenological factor 1.14 is adopted according to
Ref. [25] to make the whole picture more realistic.
Moreover, the values of B and m, in the heavy baryon
wave function need to be fixed. In Refs. [16-18], B8 =
1 GeV and m, = 0.3 GeV were used to estimate the decay
rates of A, — A.Ip, A, — plp, and A, — AJ/. Tt is
commonly expected that 8 should not be too much smaller
than 1 GeV if the form factors are dominated by the
perturbative contributions. To see how different values of
B and m, affect the results, we will let both 8 and m,, vary
within ranges of 0.6 ~ 1.2 GeV and 0.2 ~ 0.3 GeV, re-
spectively. Using the fitted value of f,, obtained in
Ref. [23], and the relation f, = f Ab%’ we listed fy.

in Table II for different parameter sets.

The proton distribution amplitudes have been studied
using the King-Sachrajda model. In this work, we adopt the
model proposed in Ref. [20],

> a(w) /B0
B, 0) = Bunxnx) 3 NSO
=0

as(/-LO)
X ajAj(x,-),
Das (X1, X2, x3) = 120x1 %53 (21)

with uy = 1 GeV; the constants N i ajs b.,- and the Appel
polynomials A; are listed in Table IIT [16].

TABLE II. Decay constant f, (GeV) for different choices of 8 and m, with Sudkov

truncation described in the text.

Ia, B = 0.6 GeV B = 0.8 GeV B =1GeV B =12GeV
m, = 0.2 GeV 1.70 X 1073 2.50 X 1073 3.51%x 1073 471 X 1073
m, = 0.3 GeV 312X 107? 4.07 X 1073 522 %1073 6.50 X 1073
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TABLE III. The constants and polynomials in Eq. (21).
j a; N; b; Ajx)
0 1.00 1 0 1
1 0.310 2172 20/9 X; — X3
2 —0.370 712 24/9 2 — 3(x; + x3)
3 0.630 63/10 32/9 2 —T7(x; +x3)+ 8(x% + x%) + 4xyx3
4 0.00333 56712 40/9 Xy — X3 — %(x% - x%)
5 0.0632 81/5 42/9 2= 70x; +x3) + 5 + x3) + 14xx;3

TABLE 1V. Branching ratio ( X 107%) for different choices of 8 and m, with Sudakov

truncation described in the text.

BR B = 0.6 GeV B = 0.8 GeV B =1GeV B =12 GeV
m, = 0.2 GeV 4.6 2.6 3.6 42
m, = 0.3 GeV 32 5.1 2.3 3.1

The constant fp is fixed to be [20]

frl@) = fP(Mo)[js((:o))T/(ﬁﬁo)

with fp(ug) = (5.2 £0.3) X 1073 GeV>.
The B meson distribution amplitude is given as [21]

, (22)

2.0
d)B(x,b):Nsz(l—x)zexp[—n;f:; —%(wbb)z} (23)
b

where w, = 0.4 GeV and Ny = 91.74 GeV for fz =
0.19 GeV.

Finally, when obtaining the branching ratio of B® —
A} p, for definitiveness we fix the rest of the parameters
as following. The parameter Agcp which enters in the
strong coupling constant and various Wilson coefficients
is set to be Agcp = 0.2 GeV. For the Cabibbo-Kobayashi-
Maskawa quark-mixing matrix parameters, we take their
central values [6]: s, = 0.2243, 5,3 = 0.0413, 513 =
0.0037, and 6,3 = 1.05. We take two typical values for
m, as 0.2 and 0.3 GeV and let B8 vary within a reasonable
range to carry out the numerical computations.

The theoretical values of the branching ratio for different
B and m, are listed in Table IV. Our numerical results
indicate that BR(B® — A} p) = (2.3 ~5.1) X 107°. We
see that the results are consistent with experimental data.
With the values 8 = 1 GeV and m, = 0.3 GeV used in
Refs. [16—18], BR(B® — A p) = 2.3 X 1073,

IV. DISCUSSIONS AND CONCLUSIONS

In this work, we apply the PQCD method to study the
branching ratio of B — A p. The new measurements on
the branching ratio by CLEO and Belle indicate that the
previous theoretically estimated branching ratio in various
phenomenological models are obviously larger than the
data, therefore a better treatment is needed. We take the
PQCD as an approach instead since it has been successful

in dealing with mesonic B decays. As we discussed in the
introduction, the PQCD approach should be well appli-
cable in this case, because the momentum match demands
the gluons exchanged between quarks to be hard” and the
perturbative contributions dominate. Indeed, our numerical
result is satisfactorily consistent with the measured value
by the Belle Collaboration.

There are model-related parameters in various wave
functions which may influence the numerical results. We
obtain them by fitting data, thus the theoretical uncertain-
ties would be much reduced. In fact, except the part
involving the wave functions of the hadrons, all the calcu-
lations are done in the framework of PQCD. As long as the
perturbative approach is applicable, the derivations follow
the general principles of quantum field theory. Therefore,
the model dependence is further reduced.

There is another source of possible uncertainty coming
from the prescription of demanding the Sudakov factor
exp(—s) to be less than one as proposed in Ref. [24].
This truncation seems to be just a convenient choice to
suppress the amplitude. We therefore have carried out a
calculation without the truncation for a comparison.
Indeed, we find that in certain kinematic regions, the
Sudakov factor is larger than 1. Therefore, without
Sudakov truncation the resulting branching ratio is larger,
sometimes by a factor of 2. With more accurate data, one
can pin down the detailed differences. Since our results
show that the predicted branching ratio with Sudakov
truncation is close to experimental range, the prescription
outlined in Ref. [24] is to be a reasonable way for
calculations.

In conclusion, we have calculated the branching ratio of
B® — A p in the PQCD approach. We find that the pre-
dicted branching ratio for BR(B® — A/ p) in the PQCD
approach can vary over a range of (2.3 ~ 5.1) X 1073 with
the largest uncertainty coming from the parameters in the
wave function of A}. With the favored values for the
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parameters in the A wave function, 8 =1 GeV and
m, = 0.3 GeV, the branching ratio is about 2.3 X 1073
which is satisfactorily consistent with the value measured
by experiments.
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APPENDIX A: THE » MEASURES

Here and in the following appendices, we provide some
details about the calculations. We will show some details
for diagrams Fig. 1 (al), Fig. 2 (b2), and Fig. 3 (c1) which
represent each of the three categories Figs. 1-3.

The ordinary b measure is defined as

d*b

(AD)

1, IRl A / /
Ha o' B'y'p II,B'YP(_XI.’ xi, y’ kT’ kT’ qT’ mB’ mAC)

PHYSICAL REVIEW D 75, 034011 (2007)

The explicit forms of [Db]’ for diagrams Fig. 1 (al), Fig. 2
(b2), and Fig. 3 (cl) are given by

[Db]) = [db, ][ab}][db,]
[Db]*? = [db,][db}][db,]
[Db]Y = [db,][db;][db}][db,].

(A2)

APPENDIX B: HARD SCATTERING AMPLITUDES
Ht,a’ﬂ"y’p’aﬂ'yp(xi’ xéy Y kT) k/T’ qr, mp, mAc)

Expressions of amplitude H>'BYP'aBye(y, xl y,
k7, K7, qr, mg, my ) for diagram Fig. 1 (al) There is
only one Lorentz structure for the y matrix in the effective
Hamiltonian, O, = vy, L.

For the hard amplitude of Fig. 1 (al):

= [Sabcsa/b’d(cl(Tj)bb’(TiTjTi)ac"Sa’c + CZ(Tj)bb’(TiTjTi)cc’6aa’)]g?

(Y iy (Vo) ppl O (b — Ko + Ky + my)y (dy —

- klz)'ya]yp (0 )aa

(ky + k5)* (g2 — K5)*[(qy — ko —

k) = mpll(p — ko + K1)* — mj]

with
Ay = (P = Dxyxhym3,
B, = (r* = Dx3(y — I)mg,
Co = m3 +((rP — Dxb +
D, = mb

and the color factor

b2,a' By p’' / /
H a'B'y'p aﬁ)’p(xl-, xi» Y, kT: kT’ qT’ mp, mA(f)

with

Apy = xx5(r2 — 1)m3,

Cpy = —x(r* = 1)(x} — )m3,

Ciles (Y1) oy () pp OB — Ko + Ky + mp)y (dy — Ko — K5)Y?1,,(0O") g
[Aal + (kor + k) T)2][Ba1 + (a7 + k572 [Cot + (—ar + kyr + K5p)2 D,y + (Kor + Kby + K4p)?]
(B1)
Cul = SabL avld (Cl(T])bb’(TlT]Tl)ac’aa’c
3 + CZ(T])bb/(TlTJT )cc/aaa’)
2 2
(B2) = - §C1 + ng. (B3)
2
D(xy = y)mp, . .
5 . 5 For the hard amplitude of Fig. 2 (b2):
= (rP(xy = 1) = x})(x; — Dmg
_ CRiya(=8 — K + kDo) yry (¥ pp [0, (B — Ko + Ky + mp)y*],,(O) 4
- 2 )2 Y Y (B4)
[Ap: + (Kor + K52)° 1By + (qr + Kop — Ki7p)7[Cho + (Kop — K17)? 1Dy + (kyr — k7)°]
{
and the color factor
Ch2 = g®ceV'(C{ (T (T'T'TY) yor S o
B, = x,(—(x — D)2 + x) — y)m3,
i = m(-( — 1) L (BS) + (T (T'T'TY) 8 )
16 16
=—C;——0C,. B6
(6, = D = 1) — xh)m% 3 b 32 (B6)

Dy, = mj —
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For the hard amplitude of Fig. 3 (cl):
HeL ' BY v abye(x, xly, Ky, K], qr, mp, my.)
= i[e®ce® f(CLTIT) 4o (T iy S ea + Co(TIT) oo (T 1y 8 ) 18
YD)ty (V) pglOu(B — Ko — K + mp)yely,(0O) g [ (p — g1 — ky — K
(ky + k5> (=g + k5)*(p — q1 — ky — KD[(p — ko — k) — mj] :
— (@ T K))" + g (=g + Ky — (ky + K5))° + g"0(ky + Ky — (p — ko — k)]
_ iC{ YY) oy (V) gl OB — Ko — K + mp)vel,,(O") g
[Aci + (Ko + K5p)2N[Bey + (Kip + q7)?1[Cep + (Ko + Kip + q7)*][Dey + (Ko + ki)
X[e"(p—aq1 —ky = k) = (mqp + K" + g*(—qy + K — (ky + k)’
+g"(ky + Ky — (p — ky — k)] (B7)

with
Ay = xpx5(r2 — 1)m3, B = (P = x4y — )m3 Co = (P = D(xy +y — D] + m3,

Do = m3 + (r2(x}y + 1) — x))(x, — Dm3,

and the color factor

C5l = 8¢e ' f(C{TIT) 4o (T iy S e + Co(TIT) oo (T iy 8 )
= 6iC| — 6iC,. (B9)
APPENDIX C: THE MAXIMAL ONE OF ¢,
The maximal one of the hard scales t’i and té for diagrams Fig. 1 (al), Fig. 2 (b2), and Fig. 3 (cl) are given below:

19! = max 1 o' 191 = max!./|B,l, L w, o'
Ib —b’+b| g “" b
1
th? = max{ |A ®, ® } b2 = max{ |By,|, —, o, a)’}
| b2 |b +b/1| 2 b2 |bq|
2 2
tclz w' td: B |, +—mm, o, /;
! { b T, = b + byl } : ma"{ Bk, by~ by “’“’}
2
tcl — W, /
’ { Cal o, =B = 2b, — b "’“’}

APPENDIX D: THE HARD SCATTERING AMPLITUDE

The expressions for the hard scattering amplitude in b and b’ space are obtained by making a Fourier transformation on
kr and k. space. In the following we given one example for Fig. 1 (al) as an illustration. We note that the k; and &/
dependencies are all in the denominators in the above expressions, one then just needs to consider that part of the Fourier
transformation. For Fig. 1 (al), it is given by

Q(al)(xi’ _x;, y, kT’ k’lr, qu mB’ mAc)

1
= . (DD
[Aa1 + (Ko + k5p)*][Bay + (a7 + k37)*[Cat + (a7 + kop + kbp)* (D + (Kor + Kby + K5p)?]
The fourier transformed expression is then given by
Q(al)('xi: xé; y: bir b;; bq’ mB! mA(.) = fe_i(kZT'b2+k12T.b/2+kgT.bg+qT.bq)Q(al)(xi’ 'xg’ y’ kT’ le’ qT’ mB’ mAL,)
X d*Kord®Khpd?Ky d2qr. (D2)
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Defining k7 = Kyr + Kby, kpr = q7 + K4y, kKer = —qp + Koy + Ky, and kpr = ko7, we rewrite the transforma-
tion as
( ])( ) e_i[kAT'(b/z_bg+bq)+k37"bg‘*’kCT'(bg_bq)+kDT'(b2_bl2):| ) ) ) )
Q a xl,xl,y,b,,bl,b , Mg, M A [ d kATd kBTd kCTd kDT
! (K37 +Au) (k3 + B (KEp + Co)(Kpr + Ker)? + D)

X [2wKo(JA_a1 |b2—bg+bq|)0<Aa1)+wZ[—No(\/ﬁlbz—beql)
+ iJO<MIb2 —b), +bq|>}0(—Aa1)} (D3)

[Call =) + D] X = [0~ (b — by + 020
1(1 z1) -

In the above we have used

where

Zy =B,(l —2) + ———— (b —by). (D4

fd2k et 2#K0<\/K|b|>0(A) + 772[—N0<\/W|b|) + iJO<\/WIbI>}0(—A),

k2
1(k1 b;+k; by) 1 dzlez \/)Tz
2 2k _ 2
R v (o e el My JZ | (Ve )
3
+ %[N1<\/X2|Zz|> —iJ <VX2|Z2|>}9(—Z2)} (D5)
and
— _ _ _ 2 (1 —zy) 2
Z,=A(1 —z) + 1(17[3(1 z1) + Czy], X, = (b; — z1by)” + pr (D6)

where K, K|, Ny, Ny, Jy, and J, are Bessel functions and 6(x) is a@ function.
In carrying out the Fourier transformations for the other diagrams, two other forms of functions will be encountered. We
list them in the following:

fdz"(kufx;k(';w): ' \/Ii[wK<f|b|>a(z)+—[Nl< 1z, |b|) 1J<\/7Ib|>}9( z)} (D7)

and
Z, =Az+ B(1 —z). (D8)
The expression of Q' for diagrams Fig. 2 (b2) and Fig. 3 (c1) are as follows.

1 |bt+b 2
O = f dz—l 1t by |:7TK1(\/Z_1|b/1 + bq|>6(21) + %[M( 1Z1Iby + bq|> - iJ1<\/|ZII|b’1 + bqlﬂﬁ(—Zl)}
0 NI
X [2771{0<va2|1)2 + b'1|>9(Ab2) + 7T2<—N0< |Apa by + b'1|> + iJo( |[Apa by + b/1|>>9(_Ab2)i|

x [277K0<\/§b_2|bq|>0(3b2) + 77-2<—N0< |Bb2||bq|> + i]0< |Bb2||bq|>>0(—Bb2)} (D9)
with
Zl = Csz + DbZ(l - Z). (Dl())
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Qcl = %[27TK0<\/,4_61%|1)2 - b + b’2|>0(Acl) + 772<—N0< IACII%IbZ — b + b’2|>
+ iJo( Al 31b2 = b + b’zl))e(—Ad)}[szo(\/B_d J1bs = b} - b'zl)a(Bcl)
Jlby b - b'zl) T iJo( 1Bal 31bs ~ b b;l))e(—Bcl)}[szo@c_cél — b,
b b+ 2bq|>0(Cd) + 77-2<—N0< |ccl|%| by b+ b+ 2bq|> + iJ0< |ccl|%| by + b
+ b, + 2bq|>>0(—cd)}[2771<0<\/1)—d|b2 — b, — bq|>0(Dcl) + 772<—N0<MIb2 — b, - bq|>

+ ifo( D llby — b} — bq|>>9(—Dcl)} (D11

+ 7Tz<_No< |B.l

APPENDIX E: EXPRESSIONS FOR H %
H }J corresponds to the form factors defined in Eq. (2) with a “’tilde”” for B — A p. The expressions for diagrams Fig. 1
(al), Fig. 2 (b2), and Fig. 3 (cl) are listed in the following.
For the hard amplitudes of Fig. 1 (al):
AV=A"=B" =B = 16m3r’ (-1 + A1 —y), A" =BT =32m}yr’(—1 + *)(1 —y). (ED)

For the hard amplitudes of Fig. 2 (b2):

AV = —Ar = =BV = BA = —16myr(—1 + )k (E2)

For the hard amplitudes of Fig. 3 (cl):

AV =BA=8myr(1 = r)(1+x; —y — r(=2 + x, + 2y) — (=1 + xp)(xh — x5 + r2(=xh + x4) + r(=2 + x, +2y))),
AY=BY = =8myr(1 — )1+ x, =y + (=24 x, + 29) + (=1 + x,)(—xh + r2(x}, — x%) + x5 + (=2 + x, + 2y))),
AT = —BT = 16m%r2(—1 + ) xy(—2 + xy + 2y). (E3)
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