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Gravitational interactions of higher spin fields are generically plagued by inconsistencies. There exists
however, a simple framework that couples higher spins to a broad class of gravitational backgrounds
(including Ricci flat and Einstein) consistently at the classical level. The model is the simplest example of
a Yang-Mills detour complex and has broad mathematical applications, especially to conformal geometry.
Even the simplest version of the theory, which couples gravitons, vectors and scalar fields in a flat
background is rather rich, providing an explicit setting for detailed analysis of ghost excitations. Its
asymptotic scattering states consist of a physical massless graviton, scalar, and massive vector along with
a degenerate pair of zero norm photon excitations. Coherent states of the unstable sector do have positive
norms, but their evolution is no longer unitary and amplitudes grow with time. The class of models
proposed is extremely general and of considerable interest for ghost condensation and invariant theory.
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I. INTRODUCTION

Massless, massive, and partially massless free higher
spin fields propagate consistently in maximally symmetric
backgrounds (i.e., Minkowski, de Sitter and anti-de Sitter
spaces) [1–3]. Allowing generic curved backgrounds in-
troduces various inconsistencies. First, introducing general
curvatures R#

�� � �D�;D�� can destroy the gauge invari-
ances or constraints which ensured the correct physical
degree of freedom count in maximally symmetric back-
grounds [4,5]. Second, even in benign backgrounds ensur-
ing correct degrees of freedom, signals may propagate at
superluminal speeds [6,7]. In this article we display a
simple mechanism for maintaining the gauge invariances
of higher spins in a broad class of gravitational back-
grounds (we require only a harmonic curvature condition)
and perform a detailed analysis of its simplest, spin 2, flat
space incarnation.

The model is significant for various reasons. First is its
simplicity, since our proposal centers on spin one fields
coupled to a non-Abelian Yang-Mills background. The key
point being that with appropriate choice of background
Yang-Mills gauge group, this theory can actually describe
higher spin excitations. Second, the model has deep mathe-
matical ramifications, especially for conformal geometry
and invariant theory [8]. Physically, there are two main
directions that can be pursued. As we shall show in detail,
the simplest formulation of the so-called ‘‘Yang-Mills
detour complex’’ necessarily has ghost excitations.
Therefore one can search for fundamental models by either
studying subcomplexes (i.e., consistent truncations to

physical degrees of freedom), or coupling infinite towers
of physical fields transforming in unitary representations of
the Yang-Mills gauge group. We plan to report on these
searches in the future, but in this first article concentrate on
the simplest version of the model which includes ghost
excitations. Nonetheless, the model is sufficiently simple
that we can characterize these in detail. Moreover, models
of this type are interesting for studies of physical, yet
unstable theories.

Much mathematical insight into the structure of mani-
folds has been gained by studying the equations of mathe-
matical physics. Notable examples include the self-dual
Yang-Mills equations and Donaldson’s four manifold the-
ory, and ensuing simplifications based on the monopole
equations of its supersymmetrization [9]. In self-dual
Yang-Mills theory an important rôle is played by a class
of two operator complexes that are sometimes termed
Yang-Mills complexes. In [8] it is observed that there is a
closely related three operator complex for each full Yang-
Mills connection. These are there termed Yang-Mills de-
tour complexes since there are intimate links with confor-
mal geometry and in dimension four the complexes fall
into a class of complexes called conformal detour com-
plexes [10]. The Yang-Mills detour complexes are related
to an idea that has been extant in the Physics literature for
some time. Namely, it is well known that massless vectors
couple consistently to an on-shell Yang-Mills background
if a nonminimal coupling is included [11]. Unwrapping
this in mathematical terms yields a Yang-Mills detour
complex. Here we study the Yang-Mills detour complex
in one of its simplest possible settings and expose and
explore its consistency at both the classical and quantum
level. On a dimension 4 Lorentzian background we obtain
a theory of higher spins by taking the Poincaré group as
Yang-Mills gauge group and the vectors transforming in
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any finite dimensional representation. Moreover, the physi-
cal spectrum of the model equals the cohomology of the
underlying complex.

The first objection, that this simple model mixes space-
time and internal symmetries, and so violates the Coleman-
Mandula theorem [12], is actually evaded because we are
only studying a theory of noninteracting free fields whereas
the theorem pertains to triviality of an interacting S-matrix.
The second complaint that finite dimensional representa-
tions of the Poincaré group, being noncompact, are non-
unitary and therefore imply the likelihood of ghost states
is, however, borne out.1 (We note that an infinite dimen-
sional unitary representation can yield an infinite tower of
consistent higher spin interactions and comment further in
the conclusions.) In the trivial field theory vacuum we
indeed find a pair of degenerate, zero norm photons.
Nonetheless, the model is of considerable interest because

(1) Ghost states can simply indicate instability of the
trivial Lorentz invariant vacuum. The model is use-
ful as both a laboratory to study these excitations
plus there exists the possibility of finding a (possibly
non-Lorentz invariant) stable vacuum (especially if
interactions were included).

(2) The model can be used to study properties of the
background manifold in which the higher spin
fields propagate. Higher spin gauge invariances
can provide new invariants of the background
manifold [14]. Moreover, finding physical states
amounts to computing the cohomology of the
twisted Maxwell complex.

(3) Backgrounds other than the simplest Minkowski one
may permit a physical scattering spectrum.

For the simplest nontrivial spin 2 example in a four
dimensional Minkowski background we find the following
spectrum2:

Spin Mass Norm

2 0 �ve
1

���
2
p
m �ve

1 0 0
1 0 0
0 0 �ve

The Lorentz invariant Lagrangian for these excitations de-
pends on (i) a 2-index symmetric tensor, (ii) a 2-form, and
(iii) a vector field. However a detailed Hamiltonian helicity
analysis is required to determine the graviton, massive vector,
two photon, and massless scalar spectrum quoted above.

Interestingly, the photon states correspond to generalized
eigenvector solutions of the wave equations of motion.
Physically this amounts to resonant states with amplitudes
growing linearly in time. Moreover, in the unstable photon
subspace of the Hilbert space, only zero norm states diago-
nalize the Hamiltonian. Coherent states of these photon ex-
citations have norms which grow with time, in violation of
unitarity, and signify the instability of the model.

This article is arranged as follows. In Sec. II we explain
how to formulate higher spins as a complex and present the
twisted Maxwell complex. This section presents a broad
class of fairly simple physical models in a very general
mathematical language which immediately implies that
our model applies to arbitrarily high spins. In Sec. III we
specialize the underlying vector matter fields to the funda-
mental representation of the Poincaré Yang-Mills gauge
group and revert to a Minkowski background. At this point
begins our study of the simplest, spin 2 version of the
model. Its Hamiltonian analysis is given in Sec. IV while
Sec. V concentrates on the dangerous (ghostlike) helicity
one excitations. The quantization of the model is given in
Sec. VI. In Sec. VII we compute coherent states and their
evolution. Our conclusions and further speculations are
given in Sec. VIII.

II. YANG-MILLS DETOUR COMPLEX

Non-Abelian Yang-Mills theory can be constructed iter-
atively by coupling vectors to vectors [11]. This implies
that multiplets of Abelian vector fields V can be consis-
tently (i.e., at the level of gauge invariance) coupled to
background non-Abelian vector fields A so long as the field
A is on shell. This information is summarized by the action
(valid in any spacetime dimension and signature)

 S �
1

2

Z
M
VT��g

��D�D� �D
�D� � F���V�; (1)

with gauge invariance V� ! V� �D�� valid whenever
D�F�� � 0 (suppressing indices corresponding to a rep-
resentation R of the background Yang-Mills group carried
by the dynamical Abelian vectors V). Here D� is the
background Yang-Mills covariant derivative and F�� its
curvature.

It is worthwhile reformulating this simple piece of phys-
ics in mathematical terms to exhibit its generality and to
connect to that body of work (readers only interested in
lower spin examples, for which current physical techniques
rather than sophisticated mathematical machinery suffice,
can safely skip the following two paragraphs): An obvious,
yet powerful, observation is that in any dimension we can

1The failure of Yang-Mills theory to be unitary with the
noncompact gauge group Sl�2;C� has been studied in [13],
which reinforces our finding.

2For flat backgrounds, the mass parameter m is freely tunable
(save to vanishing values) and we will mostly set it to unity as it
can be readily reinstated by a dimensional analysis. In general
spaces it depends on the gravitational coupling. A parameter
space study as in [7] is then required.
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view a classically consistent higher spin gauge theory as a complex3

 

0 !
� Gauge

Parameters

�
!
D
fFieldsg!

G
� Field

Equations

�
!
�D
� Bianchi

Identities

�
! 0: (2)

The first cohomology of this complex equals the physical
spectrum, a computation we will carry out later using
physical methods. Here where we write ‘‘Field
Equations’’ is really of course the vector bundle where
these equations take values and a similar comment applies
to the ‘‘Bianchi Identities’’ which give the integrability
condition for the field equations. The simplest example is
the Maxwell (detour) complex where the space of fields are
1-forms V 2 ���1M�, and D � d the Poincaré differen-
tial, its dual is �D � ?d? 	 � (? denotes the Hodge dual)
and Maxwell’s equations are simply

 G V 	 �dV � 0: (3)

In this case the statement that (2) is a complex so that
GD � 0 � �DG, amounts to the gauge invariance V !
V � d� and the Bianchi identity �GV � 0.

The Maxwell complex can be twisted by coupling to a
vector bundle connection over the manifold M. In general
then (2) fails to be a complex reflecting the usual problem
of adding curvature to a flat theory. However, if the con-
nection satisfies the Yang-Mills equations then remarkably
it turns out that we still obtain a complex called a Yang-
Mills detour complex [8]. Let us review, in our current
notation and on a spacetime background, this simple con-
struction. In this setting, the space of fields are one-forms
taking values in a representation R of the Yang-Mills gauge
group G. We work locally, so for the purposes of the
calculations the manifold may be taken to be R4 and the
bundle carrying the representation may be taken trivial (as
a vector bundle). Let

 D � d� A; (4)

be the Yang-Mills connection (so the Yang-Mills potential
A is a g-valued 1-form). Then we set

 D � D; �D � ?D?; G � ?D ? D� ?��F�;

(5)

where F � D2 is the Yang-Mills curvature. Now we find
that (2) is a complex so long as the Yang-Mills connection
obeys the Yang-Mills equations

 �D; ?F� � 0: (6)

This information is equivalently summarized by the

action (1). The key point is the generality of this mecha-
nism. The model (1) is a consistent one for a compact
gauge group G and unitary representation R yet the se-
quence (2) is a complex for any gauge group and
representation.

Our proposal is simply to relax compactness ofG and set
it to the spacetime Poincaré symmetry group. We begin our
study with finite dimensional (and hence nonunitary) rep-
resentations R. The ghost difficulties that the model faces
are all hidden in the superscript ‘‘T’’ on the field V� in (1),
indicating an inner product on vectors in the representation
space R.

Nonetheless, the proposal is rather fruitful since taking
the gauge group G to be the Poincaré one amounts to
coupling the model to gravity. This idea is well known
both in mathematics and physics (called the Cartan con-
nection or Palatini formalism, respectively). Let us con-
centrate on four dimensions and adopt the 5
 5 matrix
representation of the Poincaré Lie algebra so that the
background Yang-Mills potential reads

 A �
!m

n em

0 0

� �
; (7)

where indices m; n; :: take values 0, 1, 2, 3 and are raised
and lowered with the flat Minkowski metric �mn �
diag��1; 1; 1; 1�mn. Here, we view e as the vierbein for
the underlying spacetime and ! as the spin connection.
The Yang-Mills curvature F then becomes

 F �
Rmn Tm

0 0

� �
: (8)

where R � d!�! ^! is the Riemann curvature and
T � de�! ^ e is the torsion of the connection. We
may work either with torsion-free T � 0 spacetimes or
include it according to the physics being probed. In the
absence of torsion, the spin connection can be solved for as
a function of the vierbein and the Yang-Mills equations
become the equations of harmonic curvature

 D�R���� � 2D
��R��� � 0: (9)

This requirement is weaker than Einstein’s equations.
Obvious solutions are Ricci flat, Einstein and self-dual
backgrounds so the model clearly has a wide physical
applicability.

Finally, now that the model couples to gravitational
backgrounds, we obtain higher spin fields by taking the
vector field V to be a tensor representation of the Poincaré
group. These can be decomposed in terms of tensor repre-
sentations of the Lorentz subgroup, so generically we find
theories of higher spin fields �f�m1...ms; v�m1...ms�1 ; . . . ; v��.

3For the impatient physicist annoyed by this digression, note
that the key point is that the image of each differential (the
operators above the arrows) is contained in the kernel of its
successor. This language is a powerful way to encode and study
the information of gauge invariance most usually summarized by
an action principle in Physics.
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Even though our model can describe arbitrarily high
spins and a broad class of backgrounds, in order to make
a detailed and explicit opening analysis, we retreat to a flat
and low spin s � 2 example. However, the main features
we find there will of course apply to all of the above
models.

III. MINKOWSKI TWISTED MAXWELL
COMPLEX

We make two simplifications. The background space is
Minkowski R3;1 and the representation R is the fundamen-
tal of the Yang-Mills Poincaré gauge group G �
SO�3; 1�3 2R4. In this case the Yang-Mills curvature van-
ishes so there is no nonminimal coupling in the detour
operator G. So we simply have what is known as a twisted
Maxwell complex. The fundamental representation acts
naturally on a 5-vector of 1-forms,

 V �
f�

v

� �
�

f�
�

v�

� �
dx�; (10)

and we no longer distinguish between flat (Lie algebra) and
curved (spacetime) indices using the latter in both cases.
Moreover, for a flat background the Riemann curvature,
torsion, and spin connection all vanish and the Yang-Mills
potential is simply

 A �
0 m���

0 0

� �
dx�: (11)

A simple computation yields the Lagrangian
 L � �1

4�F���
2 � 1

4�G��
��2; (12)

where the ‘‘Maxwell’’ curvatures (not to be confused with
their background Yang-Mills counterpart in the previous
section) are

 F�� 	 @�v� � @�v�;

G��
� 	 @�f�� � @�f�� �m����v� � ���v��:

(13)

The gauge invariance V ! V �D� becomes4

 f�� ! f�� � @��� �m�
�
��; v� ! v� � @��:

(14)

In 4 dimensions there are 20 fields �f��; v�� and five gauge
invariances with parameters ���;�� so the model certainly
describes a total of 20� 2
 5 � 10 physical degrees of
freedom. (This is obvious from the standpoint of five
massless Yang-Mills vector matter fields.) However, the
partition of these modes into the irreducible Poincaré

representations of Wigner [15] is hardly clear from the
Lagrangian (12). To emphasize this point we expand this
equation out as

 L � �1
2�@�f�

��2 � 1
2�@:f

��2 � 1
2�@�v��

2 � 1
2�@:v�

2

�mv��@�f�� � @�f
�
�� � �d� 1�m2v:v: (15)

The top line is a sum of Maxwell actions but the second
line includes cross terms and an apparent mass term (here
we have given the general result valid in d-dimensions).
We have included a mass parameter m by naı̈ve dimen-
sional analysis. It can clearly take any value we so choose
and we will work in units m � 1 for the remainder of the
Article. It is important to note that this is a freedom
peculiar to flat space. Upon considering more general
curved backgrounds, the parameter m must be tuned to
the gravitational coupling.5

For spins greater or equal to three, counting the number
of degrees of freedom is again straightforward. For ex-
ample, a spin 3 theory can be obtained by taking the
representation R to be symmetric trace-free tensor which
yields 56 fields V�MN and 14 gauge invariances for a total
of 28 physical degrees of freedom. Again, the Lagrangian
is most compactly expressed in terms of curvatures

 L � �1
4�F��

��2 � 1
4�G��

���2 � 1
4�G��

�
��

2; (16)

where

 G��
�� 	 @�f�

�� � @�f�
�� � 2m�����v�

��

� ����v�
���;

F��� 	 @�v�� � @�v�� �m����v� � ���v��;

(17)

although this sheds little light on the spectrum. Its leading
form is of Maxwell type L � � 1

2 �@�f�
�����2 � 1

2 


�@:f�����2 � � � � , and the leading excitation is a massless
spin three field.6 To determine the distribution of the
remaining 26 physical degrees of freedom among massive
and massless spins 0, 1 and 2 is a complicated task.
However, since this amounts to computing the cohomology
of the detour complex, it is a well-defined mathematical
problem, which explains the effort we made in Section II to
connect our work to this body of mathematics [8].

4To avoid confusion, note that the parameter �� of the spin 2
gauge invariance has nothing to do with Poincaré translations
which act in exactly the usual manner. It is amusing to note,
however, that the appearance of � in the f�� transformation is
through the translation generators of the Poincaré Yang-Mills
gauge group. The beauty of the detour complex, is precisely its
prediction of these terms required for the higher spin gauge
invariance.

5This could be either a curse or blessing, see [7] for a detailed
analysis of this issue.

6One might wonder how the usual double-trace free constraint
for massless fields arises. This is simply a matter of splitting the
fields of the theory appropriately into their irreducible pieces and
then determining which pieces form an helicity multiplet. It is
not necessary to impose it by hand. Of course one might try to
express the action only in terms of doubly traceless fields, but
this would require first determining the spectrum, because many
of the lower spin fields are of Stückelberg type. I.e., their rôle is
auxiliary and they can be algebraically gauged away.

A. R. GOVER, K. HALLOWELL, AND A. WALDRON PHYSICAL REVIEW D 75, 024032 (2007)

024032-4



IV. HAMILTONIAN HELICITY ANALYSIS

To determine the spectrum of the model we make a
Hamiltonian analysis and helicity decomposition. In
mathematical terms, we are computing the cohomology
of the complex (2) in the slot labeled ‘‘fields.’’ We treat the
time coordinate on a separate footing and denote spatial
indices by i; j; k; . . . � 1, 2, 3. The following computation
is completely standard (excellent references are [16]), but
we sketch some details for completeness.

Firstly, introduce canonical momenta Pj and 	j� by

 Pj �
@L
@ _vj
� F0

j � _vj � @jv0;

	j� �
@L

@ _fj
� � G0

j
� � _fj� � @jf0� � 2���0vj�:

(18)

Noting that the first order Lagrangian obtained by
Legendre transformation must take the form L�1� �

PjF0j � 	
j
�F0j

� � Ĥ we rapidly find (suppressing spatial
integrations

R
d3x)

 

L�1� � Pj _vj � 	j� _fj
� �H;

H � 1
2��Pj�

2 � �	j
��2� � 1

4��Fij�
2 � �Gij

��2�

� 	j0vj � v0�	
j
j � @jP

j� � f0
�@j	

j
�: (19)

Clearly, v0 and f0
� are Lagrange multipliers imposing

primary constraints

 	jj � @jP
j � 0; @j	

j
� � 0: (20)

We now proceed by making a helicity decomposition,
solving the constraints and computing an action principle
for physical degrees of freedom only. Our helicity decom-
position for general 1- and 2-index tensors is

 Yi � YTi � @iY
L;

Xij � XTtij � 2@�iX
T
j� �

1

2

�
�ij �

@i@j
�

�
XS �

@i@j
�

XL

� 
ijk@kXA � 2@
�iX

AT
j� :

(21)

(where, for example, transverse objects are divergence
free, so @iYTi � 0). We also heavily employ their inner
products under a

R
d3x integration

 

Y0iY
i � Y0TiY

Ti � Y0L�YL;

X0ijX
ij � X0TtijX

Ttij � 2X0Tj�X
Tj � 1

2X
0SXS � X0LXL

� 2X0A�XA � 2X0ATj �XATj: (22)

Here the negative definite operator � � @i@
i denotes the

spatial Laplacian which we take invertible. A useful mne-
monic is that the number of indices on fields now labels
their helicity. Written out helicity by helicity the primary
constraints (20) are solved via

 

Helicity Constraints

± 1 πA T
k = − πT

k

πL = 0
0 πL

0 = 0
PL = 1

∆ πS

(23)

There are, of course, no constraints on the leading helicity
2 sector whose action reads

 L�1�2 � 	Ttij _fTtij � �
1
2�	

Ttij�2 � 1
2f
Tt
ij ����fTtij�: (24)

This consistently describes a physical massless spin two
graviton. The helicity zero sector is not much more diffi-
cult. Upon substituting the constraints, fL0 decouples and
making field redefinitions

 q0 �

�������
�2

�

s
	S; p0 �

��������
��

2

s �
vL �

1

2
fS
�
;

	 �

��������
��

2

s
	A; ’ �

��������
��

2

s
fA;

(25)

we find
 

L�1�0 � 	 _’� 1
2�	

2 � ’����’� � p0 _q0

� 1
2�p

2
0 � q0���� 2�q0�: (26)

This describes a pair of physically consistent scalar fields,
one massless and one with mass

���
2
p

. As we shall see in the
following section, the latter forms the zero helicity com-
ponent of a physical massive vector field.

V. HELICITY 1 HAMILTONIAN ANALYSIS

The helicity 1 sector is more subtle. Although classically
consistent, the model displays negative norm states when
expanded about the trivial Lorentz invariant field theoretic
background. Firstly we perform the classical constraint
analysis.

Imposing the helicity 1 constraint as in (23), we find
that the combination fTj � f

AT
j decouples and

 L�1�1 � �t _��H�1�1;

H�1�1 �
1
2��

t ~M���t ~N��� ~P��;
(27)

where we have made field redefinitions packaged as a
vector of SO�2; 1�
 

�T
j �

vTj

fT0j��������
��
p

�fTj � f
AT
j �

0BBB@
1CCCA; �T

j �

PTj

	T0j

2
��������
��
p

	Tj

0BBB@
1CCCA;
(28)

and
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~M �
1 0 0
0 �1 0
0 0 1

0@ 1A; ~N �
0 0 0
�2 0 0
0 0 0

0@ 1A;

~P �
��� 2 0 �

��������
��
p

0 � 0
�

��������
��
p

0 ��

0B@
1CA:

(29)

Throughout this and the following sections we suppress the
helicity 1 labels ‘‘Tj’’. The dynamics are most easily
analyzed via the second order form7 of the action (27)

 L�2�1 �
1
2

_�tM _�� _�tN�� 1
2�P�; (30)

where now

 M �
1 0 0
0 �1 0
0 0 1

0@ 1A; N �
0 � 1

2 0
1
2 0 0
0 0 0

0B@
1CA;

P �
�� 3 0

��������
��
p

0 �� 0��������
��
p

0 �

0B@
1CA:

(31)

The equations of motion

 �M ��� 2N _�� P� � 0; (32)

are a second order matrix ODE. Working in the eigenspace
� � �k2 and considering wave solutions � � �ei!t,
then (32) becomes

 �M!2 � 2iN!� P�� � 0: (33)

The determinant of this matrix must vanish which yields

 �k2 �!2 � 2��k2 �!2�2 � 0: (34)

The zeros are precisely the relativistic dispersion relations
of a single mass

���
2
p

and two massless vector fields.
Observe that this mass eigenvalue agrees with that found
in the zero helicity sector so we obtain a pair of photons
and a massive vector. This is the spectrum quoted in the
Introduction, we now analyze its quantization and stability.

VI. QUANTIZATION AND STABILITY

To quantize the model we expand the on-shell fields on
plane wave solutions

 � �
X3

i�1

�fi�
y
i �

�fi�i�; (35)

where

 f1 �
5

4

0
1
i

0
@

1
Aeikt; f2 � f1 � ik

1
1
2t
i
2 t

0
B@

1
CAeikt; (36)

are photon solutions and the massive vector solution is

 f3 �

1
�1

2i
��������������
k2 � 2
p

�1
2k

0
B@

1
CAei ��������k2�2

p
t: (37)

As we shall see, the massive vector subspace of the Hilbert
space is perfectly physical while the photon subspace is
pathological. Already we see that the solution f2 has
amplitude growing linearly in time. Mathematically this
is a generalized eigenvector solution to our system of
PDEs. Physically it can be interpreted in terms of a reso-
nance between highly tuned wave solutions and indicates
an instability. Similar behavior has already been observed
in the ghost condensation mechanism of [17] employed to
obtain infrared modifications of Einstein gravity.

We now promote the Fourier coefficients ��i; �
y
i � to

operators in a Fock space. Positivity of the classical energy
and in turn stability can be studied through the energy
eigenvalues of single particle states. We will also analyze
unitarity of the model by computing norms of quantum
states.

Imposing canonical equal time commutation relations of
the fields and their momenta

 ��;�t� � �i1; (38)

fixes the commutation relations of the creation and anni-
hilation operators to

 � 	 ��;�y� �
� 2k

25 � 1
5k 0

� 1
5k 0 0

0 0 1
2
��������
k2�2
p

0B@
1CA; (39)

(the right-hand side of this equation is the Wronskian of the
solutions above). As promised this is block diagonal and
positive definite in the massive vector block. The zero on
the diagonal already signals the presence of zero norm
states in the photonic Fock space.

The Hamiltonian may be expressed also in terms of Fock
operators as

 H � �yM�; (40)

with matrix

 M �
0 �5k2 0
�5k2 2k2�k2 � 1� 0

0 0 2�k2 � 2�

0B@
1CA: (41)

Taking into account the normalization of the symplectic
form � we see that massive vectors states have both
positive norms and energies with single particle, relativis-
tic dispersion relation

7An interesting rewriting of this action is in terms of an
SO�2; 1� covariant derivative D � d�MN, so that

 S�2�1 �
1

2

D�t

dt
M
D�

dt
�

1

2
�t�P� NMN��:

The second term does, however, break the SO�2; 1� invariance.
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 E �
��������������
k2 � 2

p
: (42)

The photonic Fock space is much more subtle.
Interestingly enough the eigenvalues of the matrix M
can become negative but are actually bounded below.
However, consider a single particle state

 j1i � �y�j0i; (43)

where j0i is the Fock vacuum and � is some constant,
complex 3-vector of coefficients. Requiring j1i to be an
energy eigenstate implies that

 Hj1i � �yM��y�j0i � �yM��j0i � Ej1i (44)

and in turn the equality

 M�� � E�: (45)

I.e., we must diagonalize the effective Hamiltonian matrix
H 	M� rather than simply M. Explicitly

 H �

k 0 0
2k
5 k 0

0 0
��������������
k2 � 2
p

0B@
1CA: (46)

Again we see that the massive vector decouples with
dispersion relation (42). While the only photon single
particle energy eigenstate is

 j�i 	 ay2 j0i; (47)

with energy E � k which is the correct Lorentz invariant
dispersion relation for massless excitations. The norm of
this state h�j�i � 0, vanishes however.

We can also consider a general photonic single particle
state ��ay1 ��a

y
2 �j0i. Then denoting � � �=� we find

that states with � inside the disc

 

���������� 5

2k2

��������< 5

2k2 ; (48)

have positive norm, those on the boundary zero norm and
those exterior to the disc negative norm (the state ay1 j0i
with � � 1 also has negative norm). The only single
particle state diagonalizing the Hamiltonian is the zero
norm state j�i corresponding to � � 0.

Observe that positivity properties of norms are improved
in the nonrelativistic limit k! 0, for which any � in the
upper half plane solves (48). Nonetheless even in this limit
the nonunitarity difficulty persists. Another mechanism
available to cure the instability is to truncate the model
by restricting physical states further to the cohomology of
an appropriate nilpotent operator. Explicitly, call the top

2
 2 block of the effective Hamiltonian in (46) Ĥ . Then
since any matrix obeys its own characteristic polynomial,

the matrix N 	 Ĥ � k is nilpotent

 N 2 � 0; (49)

and commutes with Ĥ . The cohomology of N in the
malevolent photonic single particle Fock space is trivial,
which is promising. We have not computed its cohomology
for multiparticle states, but instead remark that this mecha-
nism is unlikely to respect Lorentz invariance.

The presence of zero and negative norm states signals
the breakdown of unitary evolution, as evidenced by the
non-Hermitean effective Hamiltonian matrix H , com-
mensurate with resonant classical single particle wave-
functions growing linearly in time. Whether this instability
indicates the existence of other stable but possibly non-
Lorentz invariant vacua, or is a runaway instability is an
open problem deserving further study. It seems likely that
the addition of interparticle interactions is necessary to
support a stable vacuum.

VII. COHERENT STATE EVOLUTION.

Let us consider coherent states in the photonic Fock
space8 Denoting �̂ � ��1; �2� and similarly employing
hats to denote the top 2
 2 photonic block for matrices,
coherent states diagonalizing the annihilation operators

 �̂jzi � zjzi; (50)

are simply

 jzi � exp��̂y�̂�1z�j0i: (51)

Here z is a complex 2-vector and the coherent state asso-
ciated with the photon single particle state j�i corresponds
to

 z � z� �
0
1

� �
:

Its time evolution, given by9

 jz�t�i � eiHtjzi; (52)

is easily computed to be

 z�t� �
z1

z2 �
2ikt

5 z1

� �
eikt; (53)

which is the classical solution found above. Therefore, as
usual, coherent states are maximally classical. The inner
product for these states is

 hwjzi � exp�wy�̂�1z�: (54)

Since �̂ is a real symmetric matrix, norms of photonic
coherent states

8This analysis is similar in spirit to [18], where models with
wrong sign potentials and squeezed states are analyzed.

9In quantum mechanics coherent states evolve classically up to
a phase corresponding to the zero point energy. As evidenced
by (40), we have made the usual field theoretic normal ordering
renormalization so this factor is absent.
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 hzjzi � exp�zy�̂�1z�; (55)

are always positive. However, they are not conserved in
time since evolution is no longer unitary (observe that the
effective Hamiltonian H in (46) is not Hermitean).
Instead we find that norms for the time evolved states
jz�t�i obey

 hz�t�jz�t�i � exp
�
zy

8t2k5

25 � k�25�4ik3t�
5

� k�25�4ik3t�
5 2k3

 !
z
�
: (56)

Observe that the photon coherent state jz�i has a time
independent norm jjjz�ijj2 � exp�2k3�. In general, how-
ever, unitary evolution is violated. In particular the state
with

 z �
1
0

� �
;

corresponding to � � 1 in the notation of the previous
section, has norm behaving as exp�4t2k5=25� for large
times. This indicates that coherent combinations of the
negative norm single particle states dominate the large
time behavior of the model and are primarily responsible
for its instability.

VIII. CONCLUSIONS

The Yang-Mills detour complex, obtained from an on-
shell Poincaré Yang-Mills twist of the Maxwell complex
along with a nonminimal coupling, yields a novel mecha-
nism for coupling higher spins to gravitational back-
grounds. Even the simplest, flat, fundamental
representation version of the model, analyzed in depth

here, has a rich spectrum though photon states have non-
positive norms.

There are many open questions and directions the model
can taken in. First, vacua other than the usual Lorentz
invariant background, where all fields vanish, might be
stable. Second, the Yang-Mills gauge group G can be
enlarged. Obvious generalizations are to situations with
conformal symmetry or supersymmetry where g can be
the conformal or super Poincaré algebra [8].

In general, given a complex, it often is possible to search
for projections to a smaller one where the projections and
differentials commute. (I.e., one forms a commutative
diagram.) Hence, one can search for a smaller complex
in which the zero norm and negative norm states are
excised [8].

Another extremely interesting direction is to study mod-
els with infinite towers of fields by taking Maxwell fields
labeled by infinite dimensional yet unitary representations
of the Yang-Mills algebra g. These present the possibility
of a fundamental theory with quantum consistency in the
Lorentz invariant vacuum. Moreover, one might even hope
that genuine interparticle interactions (rather than just ones
to the background) would be possible with an infinite tower
of fields threading a loophole in the Coleman-Mandula
theorem.
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math.DG/0606401.
[9] S. K. Donaldson, Topology 29, 257 (1990); N. Seiberg and

E. Witten, Nucl. Phys. B426, 19 (1994); B430, 485(E)
(1994).

[10] T. Branson, Rend. Circ. Mat. Palermo (2) Suppl. 75, 11
(2005); T. Branson and A. R. Gover, Commun. Partial
Differ. Equ. 30, 1611 (2005).

[11] S. Deser, Classical Quantum Gravity 4, L99 (1987).
[12] S. R. Coleman and J. Mandula, Phys. Rev. 159, 1251

(1967).
[13] J. P. Hsu and M. D. Xin, Phys. Rev. D 24, 471 (1981).
[14] R. Gover and A. Waldron (unpublished).
[15] E. P. Wigner, Ann. Math. 40, 149 (1939); Nucl. Phys. B,

Proc. Suppl. 6, 9 (1989).
[16] R. Arnowitt, S. Deser, and C. W. Misner, Phys. Rev. 117,

A. R. GOVER, K. HALLOWELL, AND A. WALDRON PHYSICAL REVIEW D 75, 024032 (2007)

024032-8



1595 (1960); P. Dirac, Lectures on Quantum Mechanics
(Dover, New York, 2001.

[17] N. Arkani-Hamed, H. C. Cheng, M. A. Luty, and S.
Mukohyama, J. High Energy Phys. 05 (2004) 074.

[18] A. Albrecht, P. Ferreira, M. Joyce, and T. Prokopec, Phys.

Rev. D 50, 4807 (1994).C. Kiefer, J. Lesgourgues, D.
Polarski, and A. A. Starobinsky, Classical Quantum
Gravity 15, L67 (1998); N. Kaloper and M. Kaplinghat,
Phys. Rev. D 68, 123522 (2003).

HIGHER SPIN GRAVITATIONAL COUPLINGS: GHOSTS . . . PHYSICAL REVIEW D 75, 024032 (2007)

024032-9


