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Recently it has been observed that the group E; can be used to describe a special type of quantum
entanglement of seven qubits partitioned into seven tripartite systems. Here we show that this curious type
of entanglement is entirely encoded into the discrete geometry of the Fano plane. We explicitly work out
the details concerning a qubit interpretation of the E; generators as representatives of tripartite protocols
acting on the 56-dimensional representation space. Using these results we extend further the recently
studied analogy between quantum information theory and supersymmetric black holes in four-
dimensional string theory. We point out that there is a dual relationship between entangled subsystems
containing three and four tripartite systems. This relationship is reflected in the structure of the
expressions for the black hole entropy in the N = 4 and N = 2 truncations of the E;(;) symmetric area
form of N = 8 supergravity. We conjecture that a similar picture based on other qubit systems might hold

for black hole solutions in magic supergravities.
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I. INTRODUCTION

Recently striking multiple relations have been estab-
lished between two seemingly unrelated strains of knowl-
edge: quantum information theory and the physics of four-
dimensional stringy black holes. The activity in this field
has started after a paper of Duff [1] pointing out a mathe-
matical coincidence between the form of the macroscopic
entropy for the four-dimensional Bogomol nyi-Prasad-
Sommerfield (BPS) STU black hole and the three-tangle
[2] of three-qubit systems expressed in terms of Cayley’s
hyperdeterminant. This mathematical coincidence is based
on the similar symmetry properties one encounters in these
different physical situations. As far as classical supergrav-
ity is concerned in the STU model the group representing
the symmetry in question is SL(2, R)®* or, taking into
account quantum corrections and the quantized nature of
electric and magnetic charges SL(2, Z)®3. In models of
qubit systems on the other hand the symmetry group is
the one of stochastic local operations and classical com-
munication [3] (SLOCC) which is SL(2, C)®3. Later by
looking deeper into the structure of such models further
mathematical similarities have been found [4]. In their
paper Kallosh and Linde have extended the validity of
the relationship established between the three-tangle and
the BPS STU black hole entropy to non-BPS ones. They
have also related the well-known entanglement classes of
pure three-qubit entanglement [3] to different classes of
stringy black holes in N = 2 supergravity. Of course the
appearance of similar mathematical structures in two dis-
parate subjects does not necessarily imply a deeper unity
however, the realization that these relations do exist might
turn out to be important for obtaining further insights in
both fields. Moreover, these mathematical coincidences in
both of our theories are related to the same basic physical
concepts, namely, entropy, information, and entanglement
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hence their occurrence in different physical situations de-
serves further investigation. Following this guideline we
have shown [5] that the extremization of the BPS mass
with respect to the complex moduli of the STU model is
connected to the problem of finding an optimal distillation
protocol of a Greenberger-Horne-Zeilinger (GHZ) state
from an initial one defined by the charges and the moduli.
Alternatively, finding the frozen values of the moduli via
the supersymmetric attractor mechanism [6] is related to
the quantum information theoretic scenario of using a
special type of quantum algorithm for the maximization
of tripartite entanglement. The entangled three-qubit states
occurring in this protocol are complex ones containing the
quantized charges (4 electric and 4 magnetic) and the
complex moduli. However, it turns out that they are local
unitary equivalent to real quantum bits (“‘rebits”), in ac-
cordance with the symmetry group SL(2, R)®? of the STU
model.

Can we generalize this nice picture for more general
types of four-dimensional black hole solutions? The first
indication that this generalization might be done came
from Kallosh and Linde [4]. They have emphasized the
universal role of the Cartan-Cremmer-Julia E7(7) invariant
is playing as the expression for the entropy of black holes
and black rings in the more general context of N = 8
supergravity/M theory. By making use of the SU(8) sym-
metry present in these models they have shown that the
three-tangle shows up in this invariant too. However, the
symmetry group in the N = 8 case is Ey(; and in the N =
2 STU one it is SL(2, R)®? hence in spite of this result it is
not at all obvious that three-qubit systems are also relevant
here. Indeed, as was remarked by Pioline [7] according to
Freudenthal’s construction which underlies the derivation
of the quartic Cartan-Cremmer-Julia invariant based on the
split octonions the electric and magnetic charges are asso-
ciated with a square (with elements from R in the diagonal
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and Jordan algebra elements in the off diagonal) rather than
a cube. Hence the three-qubit interpretation of the STU
model might be difficult to generalize.

However, in a recent paper of Duff and Ferrara [8] it
turned out that a three-qubit interpretation of the E; sym-
metric black hole entropy formula is quite natural. The
trick is to take instead of a single three-qubit system seven
copies of them. The fundamental 56-dimensional represen-
tation of £ can then be built from a suitable direct sum of
such tripartite subsystems. The authors also presented the
qubit form of the quartic Cartan-Cremmer-Julia invariant
J4 which they regarded as a measure which should char-
acterize this unusual type of tripartite entanglement of
seven qubits. Finally they indicated how the important
special cases of the N = 4 and N = 2 (STU model) super-
symmetric black hole entropy formulas are incorporated
into this formalism as special cases obtained by truncation.

The aim of the present paper is to investigate further the
entanglement properties of this seven qubit system associ-
ated with the group E,(C), to set the ground for establish-
ing further possible relationships between quantum
information theory and the physics of stringy black holes.
We show that this curious type of entanglement is entirely
encoded into the discrete geometry of the Fano plane, the
smallest projective plane. We point out that the entangle-
ment associated to E;(C) is just the one of an entangled
lattice defined by the incidence graph of the Fano plane.
We explicitly work out the details concerning a qubit
interpretation of the E,(C) infinitesimal operators as rep-
resentatives of tripartite protocols acting on the 56-
dimensional representation space. Using these results we
extend further the recently studied analogy between quan-
tum information theory and supersymmetric black holes in
four-dimensional string theory. We point out that in this
entangled lattice there is a dual relationship between un-
normalized entangled states containing three and four qu-
bits, or using projective duality between subsystems
containing three and four tripartite systems. This relation-
ship is reflected in the structure of the expressions for the
black hole entropy in the N = 4 and N = 2 truncations of
the E7(7) symmetric area form of N = 8 supergravity.

The organization of the paper is as follows. In Sec. IT we
consider four-qubit systems. Here we regard a particular
four-qubit state as an operator that is in turn acting on
entangled states forming new entangled ones. We can
organize these four-qubit states taken together with their
associated SLOCC transformations acting on them into an
so(4,4, C) algebra. Next using triality and the four-qubit
picture we define three different types of representations of
so(4, 4, C) to be used later. In Sec. III we show how the
entangled system as discussed by Duff and Ferrara [8] is
just the one encoded into the Fano plane with qubits
attached to its vertices. Here we show that the different
types of tripartite subsystems formed from the seven qubits
can be characterized by a Z% charge, hence the representa-
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tion space for the fundamental of E,(C) is built from the
direct sum of different superselection sectors. Here an
interesting connection with error correcting codes is also
pointed out. Section IV is devoted to the construction of the
generators of the Lie-algebra e;(C). In Sec. V we sketch
the construction of the explicit form of the fundamental 56
of E; in terms of tripartite protocols for seven qubits.
Cartan’s invariant as a measure of entanglement is intro-
duced in Sec. VI. We show how its structure can be under-
stood in terms of the geometric data of the dual Fano plane.
In two separate subsections we consider the problems of
truncating this invariant to lines and quadrangles of the
dual Fano plane. Using the black hole analogy we show
that the situation of truncation to a line corresponds to the
one of truncating the N = 8 black hole scenario with
moduli space E7(7/SU(8) to the N = 4 one with moduli
space SL(2)/U(1) X S§O(6,6,)/S0(6) X SO(6). We find
that the truncation to a quadrangle complementary to the
line giving rise to the N = 4 case is just the N = 2 trunca-
tion with the moduli space being SO*(12)/U(6). Finally an
explicit correspondence between the 56 integer-valued
amplitudes of the seven qubits and the 56 charges (28
electric and 28 magnetic) is established. This result pro-
vides a link between the well-known 56-dimensional rep-
resentation of E; as given by Cartan [9] and the one
suggested by the quantum information theoretic analogy.
The conclusions and the discussion are left for Sec. VII.
Here we also comment on a possibility of developing a
qubit version of the solution of the attractor equations in
the spirit of Ref. [5] in the more general N = 8 context.
This process should correspond to the optimization of the
entanglement distributed along the entangled lattice de-
fined by the Fano plane. In closing we conjecture that using
the techniques as developed in this paper and the similar
ones developed in the mathematical literature by Elduque
[10] and Manivel [11] a quantum information theoretic
approach also to magic supergravities might exist. These
approaches might provide additional insight into the struc-
ture of such theories.

II. THE GROUP SO(4, 4, C) AND FOUR QUBITS

A four-qubit state can be written in the form

|¥) = Z Wiiis|j iyiziy),
i1inisir=0,1
lijizizig) = i) @ li) ®|i3)®@liy) EV, @V, @ V30V,

(M

where V, = C2,a = 1, 2, 3, 4. In this notation |i,) (i, = 0,
1) are the canonical basis vectors of the ath qubit. The
group of stochastic local operations and classical commu-
nication [3] representing admissible four-partite protocols
is SL(2, C)®* acting on | W) as

024024-2



STRINGS, BLACK HOLES, THE TRIPARTITE ...
|\I,> = Sl ® S2 ® S3 ® S4|\P>,
a=12734,

S, € SL(2,C),

where the label a refers to the qubit the SLOCC trans-
formation is acting on.

Our aim in this subsection is to give a unified description
of four-qubit states and SLOCC transformations. As we
will see states and transformations taken together can be
described in a unified manner using the group SO(4, 4, C).
This point of view is based on the idea of a dual charac-
terization of four-qubits as states and at the same time as
transformations. Entangled states representing configura-
tions of quantum entanglement in this picture are also
regarded as operators. An entangled state is a pattern of
entanglement, however this pattern of entanglement can
also be regarded as one acting on other patterns of entan-
glement to produce a new kind of entanglement. This
situation is reminiscent of the situation one encounters in
topological field theory, braid groups, etc. where there is a
shift from elements of a topological category to morphisms
in an associated category and vice versa. Let us see how
this works in the case of four qubits.

We can arrange the 16 complex amplitudes appearing in
Pithiis in a 4 X 4 matrix in six different ways

PO000  AJ0001  Apr0010 0011
POI00 0101 0110 0111
Dy(|V)) = Y1000 1001 1010 ApplOll | 3)
P00 P10l Apll10  ypllll
PO000 0001 0100 0101
PO0I0 0011 0110 0111
D(|V)) = Y1000 1001 1100 Appl101 | “)
PI010  plOIL  Apl110  plll
PO000 0001 1000 ~fr1001
PO0I0 0011 1010 1011
D,(|¥)) = WPO100  ApOI01  Apl100  peilOl | &)
YO0 APOLIL  Apl110 i1l

and their transposed matrices DY, DT, and DI.
Let us introduce the 2 X 2 matrices Eij, i,j=0,1as

1 0 0 1
E()O:(O 0>’ EOI:(O 0)’

0 0 0 0
E10:<1 0>, E”:<0 1)-

Then it is straightforward to check that the matrices above
can be written as (summation for repeated indices is under-
stood)

(6)

Do(lq}» = \Pili2i3i4Eil[3 ®F,;: V3 ® V4 - Vl ® Vz, (7)

ipiy

Dy(|W)) = WhiblE, , ® E, ;0 V,® Vy— Vi ® V3, (8)

3ig°
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Dy(|W)) = WhabbE, , @ E ;: Vi®@Vy— V,8 Vs, (9)

34"

and the transposed maps D!, DT, and DY map the spaces in
reversed order. Hence we see that a four-qubit state can
also be regarded as an operator mapping a two-qubit state
which is an element of V, ® V,, to another one belonging to

Let us define now the natural symplectic structure
w: VXV—C on V=C? given by its action on the
computational base

N /0 1
w1 =e;=(2) o) (10)
We define moreover the new matrices
D(|¥)) = ‘I’i'izi3i“Eili38 ®FE,; ¢, (11)
D ](l‘I’» == Wili2[3i4Eili28 ® Ei3i48’ (12)
Dz(l\lj>) = Wili2i3i4Ei2i18 ® Ei3i48' (13)

First we construct three 8 X 8 representations of
S0(4,4,C) as follows (triality). The carrier of the 8-
dimensional representation R is the space V,® V, ®
V3 ® V,. The carrier spaces of the representations R,
and R, are obtained by permuting the 123 labels of the
vector spaces V,3 accordingly, i.e. they are V, ® V; &
V,®V,and V, ® V5 ® V| ® V,. Let us define the Wootters
[12] spin flip operation used in quantum information as

ﬁ, = (0,8 0,) D! (0, ® 0,) = (¢ ® &) Dl (e ® &),
1=0,1,2 (14)
Then the three representatives of the four-qubit states

regarded now as suitable operators intertwining pairs of
qubits (related to the 8, — 8; — 8, triality) can be written

in the form
(0 Dwy _
RAW»—(_DMW» 0 ), 1=0,1,2.
(15)

Hence using the triality construction above we can as-
sociate to the 16 basis vectors of the four-qubit Hilbert
space 3 X 16, 8 X 8 matrices as follows

0 Ei1i38 ® Ei2i48
e®F; ;e 0

i3l iqin

Ro(liyiaiziy)) = (—E
on Vl ®V2@V3®V4, (16)

e®FE . ¢ 0

iy iy4is

Riliriaizis) = ( _E

on V] ®V3 $V2®V4, (17)

0 Ei1i28®Ei3i48)
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0 E, ,e®FE; ;¢
Ry (liyinisiy) = I
2(li1izi3is)) ( “E,,c®F, 0

on V2 ® V3 (52} V1 ® V4. (18)

iyi3 €

How can we also include the SLOCC transformations in
this SO(4, 4, C) picture? Since SL(2, C)®* C SO(4, 4, C) it
is natural to expect that the generators of its Lie-algebra
(51, 82, 83, 54) Esl2,C)® 512, C) @512, C) @

512, C) = s1(2, C)®* are represented by suitably defined
block diagonal entries of the representations R ;. In order
to see that it is really the case we should define in the qubit
picture a convenient realization for the generators of

si(2, C).
|

R o(Siyjyr Siyjyr Sisjyr Sij)

R (8iyjp» Sinjor Siyjyr Sijy)

R o(iyjps Sirjyr Sisjyr Sij)

In order to check that these 3 X 4 ® 16 = 28 generators
close to form a Lie-algebra which is just so(4, 4, C) the
only commutator we have to check is the one

[R(liyiaizig)), Ri(lj1jaj3ia)] (24)

Indeed, the remaining ones are trivial due to the subalgebra
property of sl(2, C)®*, and the commutator R,([(s}, 55,
83, 84), |li1ipizis)]) is defined by the very action of the
SLOCC group on the four-qubit states. To calculate the
commutator equation (24) we need the identities

E,»/-S - E/'[S = 8j[1y (25)

(E;je)(Eye) = & (E;e), (26)

which can be proved using the identity w(v, u)w +
ow, v)u + o, w)v =0forv = |i),u = |j),w = k) €
V, and the fact that the matrix representation of the linear
map |Hw(|j), -): V — Vis just E;;&. Finally, we obtain for
the commutator equation (24) the form

[R(irisisia), R (ljrjnisia)] = Z(l_[%> (i)

a#b
(27)

here we slightly simplified the notation by defining e.g.
R(s;,;,) = R(0,0,s,;,0), etc. Hence we have a closed
Lie-algebra structure. In order to show that it is just the
algebra so(4, 4, C) the only thing we have to do is to use
Egs. (14) and (15) to show that

5:,®1+18®s;
0
(Sl']jl®l+l®s

Sy, ® 1 +1®s;
0
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We define the matrices

ij = 2(E £+ E]zs) (19)

i.e. these are of the form

_ 0 1 _ 0O O
$00 0 0)/) S11 -1 0/
1/—-1 0
So1=510=§ 0 1)

Let us define the representatives of these generators of
s1(2, C)®* as follows

(20)

0
i2)2 (21)
®I+1® s,m>

1313

0
i3)3 (22)
®I+I1®s;,, )

lzlz

0
i3j
v S ®I+I®s,m> (23)

i1

[

. e®e 0
R,G+GRI'=0, with G=
0 e®c¢

1=0,12 (28)
which indeed holds.

III. THE GROUP E,;(C) AND THE FANO PLANE

In the paper of Duff and Ferrara [8] seven qubits were
considered which are entangled in a very special way. The
seven qubits contain only tripartite entanglement, and the
distribution of this curious type of entanglement is gov-
erned by the geometry of the second largest exceptional
group E,(C). Explicitly Duff and Ferrara considers the
state

|¢) = aspc|ABC) + bcprp|CEF) + cpp|BFD)
+ dpap| DAE) + eppG|EBG) + freal FGA)
+ 86pclGDC), (29)

where in their notation A, B, C, D, E, F, G = 0, 1 and these

labels are corresponding to seven parties: Alice, Bob,

Charlie, Daisy, Emma, Fred, and George. (Note that for

our later convenience we slightly changed their notation by

exchanging B and C). As the authors notice the entangle-

ment encoded in the state | W) has the following properties:
(1) Any pair of states has an individual in common.
(2) Each individual is excluded from four out of the

seven states.
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(3) Two given individuals are excluded from two out of

the seven states.

(4) Three given individuals are never excluded.

Then they represent this type of seven qubit entangle-
ment by a heptagon with vertices A, B, C, D, E, F, G and
triangles ABC, CEF, BFD, DAE, EBG, FGA, and GDC.

It is easy to show that the properties 1-4 together with
the heptagon picture is equivalent to attaching seven qubits
to the vertices of the Fano plane. The Fano plane, the
smallest projective plane, (see Fig. 1) is a little gadget
containing seven points and seven lines. It has three points
on every line and three lines through every point. The two-
dimensional complex vector spaces corresponding to the
seven qubits of the seven parties are denoted by V4, Vg, Vi,
Vb, Ve, Vi, and V. These vector spaces are attached to the
vertices of the Fano plane. The seven projective lines in
this picture correspond to the seven triangles of Duff and
Ferrara representing tripartite entanglement. Looking at
Fig. 1 it is obvious that properties 1-4 are satisfied.
Moreover, the incidence graph of the Fano plane can be
described by using two heptagons with their vertices cor-
responding to lines and points, respectively. An alternative
picture is obtained by using merely one heptagon with
seven triangles representing the lines. This is precisely
what can be seen in Fig. 1 of Duff and Ferrara.

Let us now adopt a Z3 labelling of our qubits (points in
the Fano plane),

(A,B,C,D,E F,G)—(1,2,3,4,56,7)

— (001,010,011, 100, 101, 110, 111),
(30)

Ve

Y v Ve
D
FIG. 1. The Fano plane with seven copies of the two-

dimensional complex vector space V corresponding to qubits
A, B, C, D, E, F, and G attached to its vertices.
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Voui
Vo10 Ly
110
Voot Vioo Viol

FIG. 2. The Fano plane with the associated qubits labeled by
elements o of Z%.

see Fig. 2. For the labelling of the tripartite states (lines of
the Fano plane) we choose the convention (Fig. 3)

H oo =Vi®Vr® V3= Voo ® Vo0 ® Vorp, (31
Ho=Vi®V,®Vs =V ®Vipg® Vig, (32)
Hoy=Vi®Ve®V; =V ®Vy1p® Vi, (33)
Hip=Vs0V,0V; =V, ®Vigg® Viyy, (34

P =

010

FIG. 3. The Fano plane with the tripartite spaces H ., o € Z%
associated to its lines.
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Hip =V;0Vs®Ve=Vy,© V5@V (35)
Hig=V,8Vi®Vs= V508 Vi00® Vi, (36)

Hiyy =V, VsV, =Vyp@ Vi@ Vi (37)

We can neatly summarize this labelling convention by
using the Z, linear map

x: 23— 17,
(@B y)—(wa+BByrvatyatB+yp+y.
(38)
For example y maps (110) to (1010101). The zeros are at
the 2nd, 4th, and 6th slot, so the tensor product structure of
the sixth tripartite system, i.e. H o, is V, ® V, ® Vg =

Vs ® Vp ® Vi, i.e. the three-qubit state of Bob, Daisy, and
Fred. Notice that the 7 X 7 matrix

0001 1 11
01 1 00 11
01 11100
1 100 110 (39)
1 101 0 01
1 01 01 01
1 011010

is just the complement of the incidence matrix of the Fano
plane with this labelling convention. (If the rows of this
matrix label lines and its columns label points, then a
particular element of the complement of the incidence
matrix is O if the given point belongs to the given line,
otherwise it is 1. For example in the sixth column we have
zeros in the third, fifth, and sixth row corresponding to the
fact that the sixth point of the Fano plane belongs to the
third, fifth, and sixth line. See Figs. 2 and 3). Note that the
incidence matrix above is intimately related to error cor-
recting codes, a topic under intense scrutiny in quantum
information. Namely, it is related to the Hamming [4,7]
code correcting up to 1 and detecting up to 3 errors. Its
seven code words are precisely the rows of this matrix.
This code is a maximum distance separable (MDS) code
[13,14]. Later we will see that the incidence matrix enc-
odes all the information to build up the 56-dimensional
representation of the group E5(C). This coincidence might
provide another interesting link between the topics of
stringy black holes and quantum information theory
[1,4,5,8].

Having clarified the connection between the entangled
state |¢) of Eq. (29) and the Fano plane, now we turn to the
question of clarifying its relation to the group E,(C). Let us
consider the 56-dimensional complex vector space

H=Hoy & Hoo® Hopyy @ Higo® Hior & Hipo
o3, = P H. o €73 (40)

o+#(000)

PHYSICAL REVIEW D 75, 024024 (2007)

In this notation the state |¢/) of Eq. (29) of seven qubits
containing only tripartite entanglement can be represented
as a seven component vector

‘//001 aspc
l//OIO dspE
¢011 Sfarc
' 1 =1 gcpe | 41
111101 bcer
¢110 CBDF
¢111 €BEG

where each component in turn has eight components.
Notice that the tensor product structure of the components
is entirely fixed by the map y of Eq. (38), or the incidence
matrix Eq. (39). For example let us consider ¢'%!, i.e. the
fifth state. In the fifth row of the incidence matrix we have
zeros at the third, fifth, and sixth place. Hence we have the
tensor product structure V3 ® Vs ® Vg = V- ® Vi ® V.
Hence the tripartite subsystem in question is that of
Charlie, Emma, and Fred. Alternatively we can label the
eight amplitudes of this state as ¢!, .

Let us now motivate the result (to be discussed in the
next section) that a natural action of e, i.e. the Lie-algebra
of E;, can be defined on HH . Looking back at Eqs. (31)—
(37) we can see that H up to ordering of the summands
can also be written in the following form

.7'[=(Vl®V2®V3)®V1®(V45®V67)$V2
® (Vig ® Vs7) @ V3 ® (V6 ® Viyg), (42)

where we introduced the abbreviation V,5 = V, ® Vs, etc.
According to the results of the previous section we can
define an action of the generators of so(4, 4, C) regarded as
elements of V, ® Vs ® Vg ® V; on the spaces Vy5 @ Vs,
Vi ® V57, and Vsq ® V4, consisting of pairs of bipartite
states. Indeed the generators acting on those spaces are
precisely the ones defined by the representations R, R,
and R, (see Egs. (16)—(18) and (21)—(23)). These gener-
ators are of two types. The ones defined by the basis
vectors of four-qubit states, i.e. the ones of R ;(|isisigiz)),
and the ones R;(sy, 55, 56, $7) coming from the generators
of the SLOCC group. Moreover, we see that this action is
annihilating the subspace H®!' =V, ® V, ® V3, i.e. the
tripartite state of Alice, Bob, and Charlie. Let us label the
so(4, 4, C) generators R;(|igisigi7)) by the label of the
subspace they are annihilating. We define

R (T ) = R (ligisigiz)). (43)

iqlsigly
Notice again that the label (001) defines the line (001) on
the Fano plane. Its complement is a quadrangle. In this case
this is the quadrangle defined by the points 4567. Hence the
alternative notation R (T7y}) uniquely defines the genera-
tor in question. Indeed, the label (001) tells that the spaces
involved are V,, Vs, Vg, and V; with the corresponding

indices i, j, k, and [ taking the values 0, 1, and the label
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I =0, 1, 2 fixes the pairs of bipartite states the representa-
tion is acting on, namely V45 ® Vg7, Vi ® V57, and Vsg @
V4, respectively. Hence again as in the case of states
(Eq. (41)) also in the case of operators it is enough to
consider merely the comfortable Z3 labelling.

Now for the good part. Notice that R ;(T%") is annihi-
lating JH%! and intertwining the remaining subspaces as
follows

Ro(TOY): H o9 = Hoyy,
R(TOY): H o = H oy, (44)
R (TOY): H 19 = H 1oy

Equation (44) has a nice physical interpretation. Let us
regard the Z3 labels as some sort of discrete charge label-
ling inequivalent superselection sectors. Hence the seven
tripartite states of Eq. (40) formed from the seven qubits
have different Z3 charge. Moreover, let the operators acting
on such states also have such a charge. Then Eq. (44)
shows that the particular transformation R (7%') is con-
necting those tripartite states for which the Z% sum rule
o + o' = ¢” is satisfied. The usual four-qubit infinitesi-
mal SLOCC transformations on the qubits of Daisy,
Emma, Fred, and George are not changing the superselec-
tion sector, they are neutral with respect to this Z3 charge.
However the ones of Eq. (44) are representing a new type
of transformations corresponding to protocols operating
between tripartite sectors with different charge.

The next step is to generalize these observations by
considering all of our seven tripartite systems equivalent.
We have seven lines corresponding to these systems. The
complements of these lines define unique quadrangles in
the Fano plane. Since to the points of the Fano plane we
have attached qubits, it follows that to its quadrangles we
can assign four-qubit states. These four-qubit states ac-
cording to the correspondence of Sec. II define operators
acting on pairs of bipartite states. Hence by introducing six
further decompositions of the type as given by Eq. (42) we
can construct six further so(4, 4, C) actions on H . We can
organize the generators of the SLOCC transformations of
these seven so(4, 4, C) algebras to a single sI(2, C)®" alge-
bra. These 7 X 3 =21 generators have no Z3 charge.
However, there are also operators having the Z% charges:
(001), (010), (011), (100), (101), (110), and (111). Their
number is 7 X 16 = 112. Hence altogether we have a 133
complex dimensional vector space, which hopefully can be
given the structure of a Lie-algebra, which should be
e7(C). Luckily some recent results in the mathematics
literature guarantee that this construction indeed yields
the Lie-algebra e;(C). In the next section we attempt a
quantum information theoretic motivation of this result.
Moreover we also explicitly construct the 56-dimensional
representation of e; in terms of transformations corre-
sponding to seven-partite protocols. As we have already
learned these are of two types: SLOCC transformations
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and transformations connecting the different tripartite sys-
tems. It is the construction of these transformations now we
turn.

IV. THE LIE-ALGEBRA OF E; IN TERMS OF
SEVEN QUBITS

In the previous section we have conjectured that the Lie-
algebra e;(C) can be understood as a direct sum of eight
vector spaces. The first one is s/(2, C)®7 and the remaining
seven ones are related to four-qubit states associated to the
seven quadrangles of the Fano plane that are in turn com-
plements to the lines corresponding to our seven tripartite
states. Let us introduce the notation

WOOO = sl(2, C)®7’
Woor = V4s® V5@V ®V; = V08 Vigy ® Viig ® Viyy,
Woio =Vo® V38V ®V; = Viyi0® Vi1 ® Vigg ® Viny,
Woiil =Vo® V38V, 8 Vs = V08 Voi1 ® Vigg ® Vg,
Wi =V1®V,8Vs® Vg = Vyy & Viyig ® Vig1 ® Vi,
Wigg =Vi®@V,@8V,8V; = Vi @ V1o ® Vigo ® Vipy,
Win=Vi®V38Vs®V; = Vy ® Vi1 ® Vigy ® Vyyy,
Win=V®V38 V8 Vg = Vs & V1 ® Vigg ® V.
(45)

Following Ref. [10] let us now define a s/(2, C)®’ invariant
map

Fop WoXW, > Wy, o, 7EZ3 (46

as follows.

(1) F(o00),000) 18 just the Lie bracket in s/(2, C)®".

(2) Fo00).(cy0501) = ~F(oyo,01).000) 18 given by the ac-
tion of s/(2, C)®” on W,,. For example
F(ooo),(om)((sp §2, 3, $4, 55, Se» S7), |i4i5i6i7>)

=(4,®IRIR+ Q55+ 1]
®s¢®I+IQI®I®s;)|igisigiv). 47)

(3) For F,, we take seven copies of the so(4,4, C)
commutator giving rise to Eq. (27) of Sec. II. For
example

Faon,aon(ivizisiv), |j1j27aj?))

== > (l_lsibjb>siaja’ (43)
a=1,2,4,7

a#+b

where b = 1, 2, 4, 7 and we used the abbreviation
eg. S,j, = (0, 54,7, 0,0,0,0, 0). Notice also that
here we have also included a minus sign to get nicer
expressions later on.
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(4) For o # 7 and o # (000) # 7 F, , is obtained by
contraction with two &s in the indices corresponding
to the two parties the two four-qubit states share.
(Recall, all of the pairs taken from the seven quad-
rangles in the Fano plane have two points in com-
mon.) For example

Foponlirizisiz), |jajzjajs))
= *g; ;..\ jajair)- (49)

We can write Egs. (48) and (49) in the more instructive
form

101 01 71— _ 000
Ti1i2i4i7’ lejzj4j7] Z (l_ls’bfb>TlaJa’ (50)
a=1,2,4,7 \a#b

110 011 o
(T3 i Thajssais] = TE0sj58

isJs Till(}ijﬁif (5 1 )
by introducing the infinitesimal operators 77, o € Z3. The
important subtlety here is the calculation of the signs
appearing in Egs. (50) and (51). It was shown in
Ref. [10] that if we take for the commutators of such
type the form

[T7,T"] = ¢(o, 7)F, (T, T7), (52)

where the value of ¢ (o, 7) is =1 and the signs are precisely
the ones appearing in the multiplication table of the octon-
ions, then the Lie-algebra we get is e;(C). Hence we have

&= W (53)

3
o€Z;

The octonionic multiplication table producing the
correct signs for ¢(o, 7) is given in terms of the basis
vectors  (foo0, foor, foro fors f1o0 fro1s F110. f11n) = (L4,
J k1 il, jl, ki) as follows. Using projective duality let us
introduce the dual Fano plane with its points corresponding
to the lines of the original one. Since to the lines we have
attached the tripartite spaces H ,, o € Z3 — (000) there is
a natural correspondence between these tripartite spaces
JH ,, and the octonionic basis vectors f,, o € Z3 — (000).
Moreover, there is also a one-to-one correspondence be-
tween lines and their complements (quadrangles) which
are related to the superselection sectors W,,, o € Z3 —
(000). Hence it is natural to conjecture that the convention
for the signs appearing in the octonionic multiplication
table for the basis vectors f, is somehow related to the
one appearing in the commutators of the generators be-
longing to the sectors W,,. In Ref. [10] it has been proved
that the sign convention dictated by the octonionic basis
fo» 0 € Z3 is precisely the one appearing in the e;(C)
commutators of Eq. (52). In other words we have an
octonionic grading [11] on e;(C).

In order to fix our convention concerning the multi-
plication table of the octonions we take an oriented copy
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€11
€10 €10
€001 €01
€100

FIG. 4. The multiplication table of the octonions as repre-
sented by the oriented Fano plane.

of the Fano plane with its points corresponding now to the
octonionic basis vectors labeled as e, o € Z3, see Fig. 4.
The correspondence between the basis vectors of Elduque
[10] (i, J, &, 1, il, jI, kI) and us is given as follows

(€000» €001> €010» €011> €100+ €101> €110+ €111)
— (1,4, J, kI, —il, —jl, — k). 54)

(Note that in particular €001€100 — —€101>» but foo]f]oo =
f101)- Hence from the multiplication table as given by this
oriented Fano plane and the correspondence of Eq. (54)
¢ (o, 7) can be obtained.

In closing this section we remark that there is also an
explicit formula for ¢ (o, 7). It is given by

Blo, ) = (~1)#),

¢((03020), (137,7))) = D 0,7, + 07373 + 710,75
m=n

+ T|1T2073. (55)

The existence of this formula is related to the fact that
octonions form a twisted group algebra [15] satisfying
fofr = (0, 7)f 5+, Notice that in particular ¢ (o, o) =
—1, for all ¢ € Z3 — (000) giving an explanation for our
introducing the extra negative sign in Eq. (48).

V. THE FUNDAMENTAL OF E; IN TERMS OF
SEVEN QUBITS

In order to construct the action of the generators of e; on
the space JH as a first step let us try to understand the
so(4,4, C) action of one of the generators T, o # (000)
e.g. T, This operator is associated with the quadrangle
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4567 hence its index structure is 777!, ; . First of all let us

denote the 56-dimensional representation of 7%! as

the decomposition as given by Eq. (42) we have

0o 0 0
0 I®D, 0
o 0 —1® D,

AT =10 0 0
o 0 0
0o 0 0
0o 0 0

and

1 000 0 0 O

001 0 0 0O

01 0 0 0 0 O

m°r=fo o o0 01 0 0] (58)

00 01 0 0O

0O 0 0 0 0 0 1

0O 0 0 0 01 O0

where 1 =/ ® [ ® [. Hence the representation is factor-
ized to a block diagonal matrix (implicitly depending also
on the label ijkl) and on a permutation (which is only
depending on the Zg label). Notice also that the structure of
19! is entirely fixed by the action of the label (001) on the
Z3 labels of H .

Let us now take an operator belonging to a different
superselection sector e.g. T%1°. This operator is associated

|

0
0
Do 0

1® D, 0

0

® ~~

0 P,I® D,P),
0

0

0

A(T010) =
0
0

0

S OO O OO

and

1010 = 61)

SO OO OO
SO OO O O
SO OO OO -
OO OO oo
-0 O O O oo
S OO = O OO
SO = OO OO

Using Eq. (12) it is important to realize that, for example,

Pp(I® DI(T?ZIJ‘(;/‘(LH))PIZ = (E;,;,)e®1® (E

JeJ

)&, (62)
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E(TOOI) — A(TUOI)HOOI) (56)
where
0 0 0 0
0 0 0 0
0 0 0 0
® D, 0 0 0 (57)
0 18D, 0 0
0 0 I1® D, 0
0 0 0 —-I18D,

[
with the quadrangle 2367 hence its index structure is

7910 . Consider now the new decomposition

(Vi®V,8Vs)®V,® (Vy & Vir) ® Vy ® (Vo ® Vg)

O Vs ® (Vi ® Vyy). (59)

This vector space is the same as FH of (40) up to the
ordering of the summands, and the last four terms in this
direct sum have been subjected to the permutation P,
exchanging the corresponding first two qubits. From this
decomposition it is obvious that now the subspace H ;q =
V, ® V, ® V5 is annihilated. Moreover R is acting on
V23 & V67’ Rl on V26 57 V37, and Rz on V36 &b V27. Using
this it is easy to see that the operator 2 (7°!°) acting now on
the original space F is again of the form X(7°0) =
A(TO10) 010 where

0 0 0

0 0 0

0 0 0

0 0 0 (60)
P11 ® D,Py, 0 0

0 ~Ppl® D, P, 0 _

0 0 —Pl ® D,P,

{
etc. so we expect that the operators occurring in the diago-
nal of any 3(T7) are always of the form I ® Ec ® E¢,
Ee®1®FEeg, and Eec ® Ee ® I. A straightforward check
for the remaining five cases shows that this is indeed the
case. Notice that the explicit form of these operators for a
fixed Z3 label o together with their implicit index structure
is controlled by the permutation matrix 117 and the corre-
sponding decomposition similar to the one in Eq. (42).
However, the structure of these ingredients is in turn en-
coded in the geometry of the Fano plane. Hence we can
conclude that the structure of the fundamental 56-
dimensional representation of e;(C) together with the ex-
plicit action of its generators can be built from operators
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representing tripartite protocols on seven tripartite states
on an entangled lattice defined by the Fano plane. The
generators of e; not belonging to the SLOCC subalgebra
s1(2, C)®7 are always of the form

(T7) = A(T9)I1°, (63)
where A is a 7 X 7 diagonal matrix containing a zero and
six operators of the form

(e®E®E)(e®e®e¢),

PHYSICAL REVIEW D 75, 024024 (2007)

different tripartite states. The action of the infinitesimal
SLOCC transformations s/(2, C)®” is the usual one, i.e.
each of the seven tripartite states transforms under the
corresponding three copies of the 2 X 2 representation of
s1(2, C) and are behaving as singlets under the remaining
four.

In order to check one set of commutation relations,
namely, the one [2(7T%"), 3(7°19)] let us also give explic-
itly the generators of the superselection sector 011. Using
the decomposition

(E R®e® E)(8 ®ec® 8), (64) (V1 ® V6 ® V7) @ Vl ® (V23 @ V45) @ V6 ® (V24 @ V35)
(E ®E® 8)(8 ®e® 8), @ V7 ® (V34 (2 V25) (65)
multiplied by a permutation matrix II” entangling the  one can see that they are of the form
|
I1® D, 0 0 0 0 0 0
0 -I1®eD, 0 0 0 0 0
0 0 0 0 0 0 0
A(TO) = 0 0 0 D,®I 0 0 0 , (66)
0 0 0 0 -D;el 0 0
0 0 0 0 0 Dol 0
0 0 0 0 0 0 -D,®I
010 00O0O0
1 000 00O
001 0 0O0O0
m'=fo o o0 0 0 0 1 (67)
000 0 O0OT1TO
000 0100
0 001O0O0O0

A straightforward calculation using the identities Egs. (25)
and (26) gives the result

001 010 — 011
[E(T sioin) E(szhjsh)] - 8i6j68i7j72(Tj21314i5)

iyisigiy
in accordance with Eq. (52). (Note that according to the
octonionic multiplication table we have ¢(001, 010) = +1
hence we have a plus sign).
Now we have the 56-dimensional matrix representations
S(TYOL ), (7010 ), and 3(TOLL . ) of the e;(C) gener-

igisigly iizigiz ipizigls
ators 77 for o = (001), (010), (011). Clearly these 48
operators 2(77) and the 18 SLOCC generators are forming

the vector space

s1(2, C)®6 ® Wyo; ® Woi0 ® Wy

(68)

(69)

According to Egs. (46)—(52) on this subspace we have a
Lie-algebra structure, which is just the Lie-algebra
s0(6,6,C). Hence the matrices 2(T7) for o = (001),
(010), (011) and the matrices of the SLOCC operators
manipulating on all of the qubits except Alice’s, form a
representation of so(6, 6, C). From the explicit form of
these matrices (see Egs. (57), (58), (60), (61), (66), and

{
(67)) we can see that this representation is reducible. It
contains a 32 and a 24-dimensional representation. The 32-
dimensional representation is the irrep of so(6, 6) which
should be present [8] in the restriction of the 56 of e; to the
maximal subalgebra sI(2) & so(6, 6). The 24-dimensional
representation is acting on the space H oy ® FH o9 ®
H o1, i.e. in the notation of Duff and Ferrara [8] on the
set (aape, dape, farc) (see the correspondence as given by
Eq. (41)). Restriction from E;(C) to the case of E;(Z) is
the subsector corresponding to black hole solutions in N =
4 supergravity coupled to six vector multiplets. The sym-
metry in this case is SL(2, Z) X SO(6, 6, Z), and the black
hole charges are belonging to the (2, 12) representation
with 12 electric and 12 magnetic charges. We can arrange
the electric and magnetic charges in the 12 component
vectors p =W, ¥oio. Yois) and q=
W%, 019, ¢01L ). In this way we have obtained an ex-
plicit construction of the decomposition

E; D SL(2) X SO(6, 6), 56— (2,12) + (1,32)

(70)
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using the formalism of tripartite protocols of quantum
information theory.

It is also clear that by looking back at the explicit form of
the operators X(7%") as given by Egs. (57) and (58) and
the decomposition of Eq. (42) we can understand the
further decomposition

SL(2) X SO(6,6) D SL(2) X SL(2) X SL(2) X SO(4, 4),
(2,12) + (1,32) = (22,2, 1) + (2,1, 1,8,)

+(1,2,1,8,) +(1,1,2,8,). (71)

Indeed, (2, 2, 2, 1) is acting on .’]—[001 =V, ®V,® Vs,
(2,1, 1, 8,) is acting on the space V| ® (V,5 & V7) with our
8, representation, R as given by Eqgs. (16) and (21) is
acting on V5 ® V. Similarly R, and R, correspond to
the spinor representations 8, and 8.. Hence 1-2-3 (i.e.
ABC) triality is linked with the 8,-8,—8,. triality of
SO(4, 4) as was observed by Duff and Ferrara [8].

The explicit form of the remaining generators 3(77)
with o = (100), (101), (110), (111) can be constructed
using decompositions similar to the ones of Egs. (42),
(59), and (65). The generators not belonging to the
SLOCC subalgebra are again of the (63) form where in
the diagonal operators again we have the terms I X D; and
I1®D,, 1 =0, 1, 2 subjected to suitable permutations
which are in turn dictated by the special form of the
decomposition. The resulting operators apart from a zero
occurring in the diagonal corresponding to the tripartite
subspace FH , the operator 2(7T7) is annihilating, are al-
ways of the (64) form. The order of the six terms of this
kind is again fixed by the decomposition. However, there
are two important subtleties. The first is the appearance of
permutations permuting also the qubits within the super-
selection sectors. Hence unlike in Egs. (58), (61), and (67)

where in 117 only the operator 1 = I ® I ® I appeared, in
|
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these new cases we have also operators like P|,; permuting
the qubits cyclically. For example one can check that IT'%
is of this form where apart from the usual occurrence of 1
also Pjy3 is appearing in the 15 and P} in the 51 entry.
The second subtlety is to determine the particular sign the
corresponding term in the diagonal of A(77) has to be
included. Looking at the explicit forms OL Egs. (57), (60),

and (66) we see that terms containing a D; usually come
with a negative sign. However, in Eq. (60) one of the signs
had to be changed in order to get the correct commutation
relation Eq. (68). Knowing the explicit form of the e;
commutation relations (Eq. (52)) we can determine these
signs case by case. Obviously the presence of these signs
should be somehow related to the presence of ¢(o, 7)
appearing in Eq. (55). We are planning to clarify such
issues in a forthcoming publication.

VI. CARTAN’S QUARTIC INVARIANT AS A
MEASURE OF ENTANGLEMENT

Let us now consider the problem of finding an appro-
priate measure of entanglement for the tripartite entangle-
ment of our seven qubits. Looking at Fig. 1 we see that
there are seven tripartite systems associated to the seven
lines of the Fano plane. It is well known [2] that the unique
SL(2, C)®? and triality invariant measure for a three-qubit
system

) = (72)

> YusclABC)

A,B,C=0,1

is the three-tangle 753 which is given in terms of Cayley’s

hyperdeterminant by the formula
3 = 4|D(y)|, (73)

where

D) = Yooty + W1 ¥iio T Yoi0¥ior T ¥i1¥i00 — 2Woootoor Yiio¥in + YoooWoro¥ion¥inn + Yoootor1 Yiootin
+ Yoo1 Yor0¥ 101110 T Yoor Yo ¥ii0¥i00 + Yoro¥or1¥i01¥100) + 4 (Wocotor1 ¥io1¥iio + Yoo1 Yoro¥iooin)

or alternatively

D(w) = _%EABSA/B’8CD8C’D’8AHD//

Since we have seven tripartite systems, we are searching
for an E,(C) invariant which is quartic in the amplitudes
and when it is restricted to any of the subsystems corre-
sponding to the lines of the Fano plane, gives rise to
Cayley’s hyperdeterminant. Because of a result of
Manivel (see Proposition 2 of Ref. [11]) there is an invari-
ant quartic form on HH{ of Eq. (40), which is also the unique
W(E;) (the Weyl group of E(7)) invariant quartic form,
whose restriction to each tripartite system is proportional
to Cayley’s hyperdeterminant. From this result it follows
that this quartic invariant we are searching for should

(74)

(75)

Bl/ "
eB’c Yananbpepr¥cccr¥pppr-

{
contain the sum of seven copies of the expression of
Eq. (74), i.e. we should have the sum, Y, 900 D7)
occurring in the explicit form of this invariant, where /7 &€
H,, o € Z3 — (000).

The invariant in question is Cartan’s quartic invariant Jy
well known from studies concerning SO(8) supergravity
[9,16—18]. J, is the singlet in the tensor product represen-
tation 56 X 56 X 56 X 56. Its explicit form in connection
with stringy black holes with their E77) symmetric area
form [17] is given either in the Cremmer-Julia form [16], in
terms of the complex 8 X 8 central charge matrix Z or in
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the Cartan form [9] in terms of two real 8 X 8 ones, PP and @ containing the quantized electric and magnetic charges of the
black hole. Its new form in terms of the 56 complex amplitudes of our seven qubits has been calculated in Ref. [8]. For
reasons to be explained later we take the form slightly different from Ref. [8],

Jy=3@" +b*+ ct +dt et + A+ gh) + (@0 + bR+ dP A+ dPe + A f7 + f2g? + gRat + aP P + bPd?
+ C2e2 + d2f2 + e2g2 +f2a2 + gaZ + a2d2 + b2e2 + C2f2 + d2g2 + 82a2 +f2b2 + gZCZ)

+ 4[bceg + cdef + bdfg + abef + acfg + adeg + abcd].

Here we have, for example,

4 _

(76)
_ — oA1A; B B, nA3A4 o B3B, C Cy o CoC
a* = —2Det(a) = eMhrghiBrgAiAs o8B gC1Cu g0 *d4,B,C,04,B,C,A4,B,C;AA,B,Cy> (77
272 — oB\Cy oByCy oD3Es oDyEy nA A3 nALA
a~d® = ghtrghtrgtatighitigfifigffiay p o ap g c,da,pie,da,n,E, (78)
— oAAy BBy .C\Cy oD3Dy (E2Ey o FoF
abced = g2144gB1B3 gCi1Cr gD3Dy g ErEy o Fy 3aAlBlclbC2E2F2633D3F3dA4D4E4' (79)

Notice that according to our labelling convention as given
by Egs. (30) and (41) the terms containing four tripartite
systems can be written symbolically as

beeg = 0111041114100
cdef = l10yO10 111011
bdfg = 1010100114100
abef = o0 101y 111011
acfg = o0y 110y011 100
adeg = 001 010111100,
abed = 001 101 110,010,

(80)

Notice that the sum of the Z3 labels always gives (000)
corresponding to the fact that the resulting combination has
no Z% charge i.e. it is belonging to the singlet of E; as it has
to be. The remaining terms of J, containing two and one
tripartite states are obviously sharing the same property.
Do not confuse however, the upper indices, e.g. in %!,
with the lower ones occurring in Eq. (74), e.g. ¥qo;- Upper
indices label the superselection sectors, i.e. the different
types of tripartite systems, and lower indices label the basis
vectors of the qubits belonging to the particular triparite
system. However, it is interesting to realize that the sum of
the lower indices (regarded as elements of Z3) occurring in
the terms of the expression for Cayley’s hyperdeterminant
Eq. (74) gives again (000). Moreover, some of the combi-
nations in Eq. (80) are having the same form as the ones in
Eq. (74). Indeed, the terms abcd, acfg, bdfg, and adeg
are of this form. Moreover, the terms a’c?, b>d?, and f*g>
can be written symbolically as (%°1)%(!19)2, (°10)? x
(112, and ('99)2(°11)? also occurring as the second,
third, and fourth terms of Eq. (74). This coincidence might
be an indication that using the 56 amplitudes in the purely
Z3 labeled form Uik the quartic invariant J, can be ex-
pressed in a very compact form reflecting additional sym-
metry properties.

Another important observation is that the terms occur-
ring in the (76) expression for J4 can be understood using
the dual Fano plane. To see this, note that the Fano plane is
a projective plane hence we can use projective duality to
exchange the role of lines and planes. Originally we at-
tached qubits to the points, and tripartite sysems to the lines
of the Fano plane (see Figs. 2 and 3). Now we take the dual
perspective, and attach the tripartite states to the points and
qubits to the lines of the dual Fano plane (Fig. 5). In the
ordinary Fano plane the fact that three lines are intersecting
in a unique point corresponded to the fact that any three
entangled tripartite systems share a unique qubit. In the
dual perspective this entanglement property corresponds to

f

@

a b
8

FIG. 5. The dual Fano plane. To its points now we attached
tripartite states from the spaces H ,, o € Z,*> — (000) with
their complex amplitudes labeled as in Ref. [8]. See also
Eq. (41).
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the geometric one that three points are always lying on a
unique line. For example let us consider the three points
corresponding to the tripartite states belonging to the sub-
spaces H ,, with o = (001), (010), (011). According to
Eq. (41) to these subspaces correspond the amplitudes a, d,
and f. Looking at Fig. 5. these amplitudes define the
corresponding points lying on the line adf. This line is
defined by the common qubit these tripartite states share,
i.e. qubit A.

In the dual Fano plane we have seven points, with seven
tripartite states attached to them. The corresponding en-
tanglement measures are proportional to seven copies of
Cayley’s hyperdeterminant, then in J, we have the termsJ

PHYSICAL REVIEW D 75, 024024 (2007)

a*, b*, c*, d*, e, f4, and g*. We also have seven lines with
three tripartite states on each of them. We can group the
3 X 7 = 21 terms of the form a?b? etc. into seven groups
associated to such lines. They are describing the pairwise
entanglement between the three different tripartite systems
(sharing a common qubit). For example for the line adf we
have the terms a’d?, a®f?, and d?f* describing such pair-
wise entanglements. Finally we have seven quadrangles (as
complements to the lines) with four entangled tripartite
systems. They are precisely the ones as listed in Eq. (80)
giving rise to the last seven terms in J,. Hence the terms in
J4 are of three types

POINT < | TRIPARTITE STATE < a%, ...,
LINE — 3 TRIPARTITE STATES « (a2d?, a*f2, d*f?), ...,

(81)

QUADRANGLE <« 4 TRIPARTITE STATES « bceg, ... (82)

It is useful to remember that the tripartite states forming
lines are sharing a qubit, and the tripartite ones forming the
quadrangles which are complements to this line are ex-
cluding this qubit. For example the line adf includes qubit
A and the complementary quadrangle bceg excludes it.

A. Truncation to a line

We have already seen that the truncation of our system
with seven tripartite states to a single tripartite one yields
the three-tangle 73 = 4|D(i)| as the natural measure of
entanglement. Here ¢ can denote any of the amplitudes
from the set 7, o € Z3 — (000). In the black hole anal-
ogy where instead of the complex amplitudes of ¢ we use
unnormalized integer ones corresponding to the quantized
charges, the scenario we get is the one of the STU model
which has already been discussed within the framework of
quantum information theory [1,4,5,8]. In this case the
black hole entropy is given by the formula

s = mfipw)l = 2\ (83)

i.e. it is related to the three-tangle 7(31), where the upper
index indicates that we have merely one tripartite system.
The geometric picture suggested by our use of the dual
Fano plane is that of a truncation of the entangled lattice to
a single point.

Consider now a truncation of the seven-qubit system to
one of the lines of the dual Fano plane Fig. 5. Let us take,
for example, the line adf. As the measure of entanglement
for this case we define

7 =2lat + db + f o+ 2APd + @+ ), (84)

where the notation 7(33) indicates that now we have three
tripartite states. Notice that this invariant is proportional to

{
the one of Duff and Ferrara [8] (however, in Eq. (7.3) of
Ref. [4] the factor 6 should be replaced by a factor 2).

Now we write the state corresponding to the line adf in
the form

ly) = |A) ® (a4pc|BC) + dapg| DE)

ABCDEFG=0,1
+ farc|FG)). (85)

This notation clearly displays that this state is an entangled
one of qubit A with the remaining ones (BC)(DE)(FG).
Recalling that on this state the (2, 12) of SL(2) X SO(6, 6)
acts we can write this as

) => dauldy®lp),  A=01,
An (86)

w=12.. 12

Let us discuss the role the group SL(2) X SO(6, 6) plays in
the quantum information theoretic context. SL(2) corre-
sponds to the usual SLOCC protocols. The second one
SO(6, 6) contains two different types of transformations.
One set corresponds to the remaining part of the SLOCC
group, i.e. SL(2)®° (18 generators). The other set defines
transformations transforming states between the different
superselection sectors. According to Sec. II these trans-
formations are generated by three sets of four-qubit states
(3 X 16 generators).

We denote by ¢ the 2 X 12 matrix of Eq. (86). For its
components ¢4, we introduce the notation

aopc aipc
¥ = o, = | dope | q* =i, = | dipe |-

forc fire
(87)
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For two 2 X 2 complex matrices X and Y with components
(Xoo, XOI’ XIO’ Xll) and (YOO, YO], Y](), Yll) let us introduce
the notation

X Y= SAA/SBB’XABYA/B/. (88)

Then, for example, a* and a’>d” of Eqs. (77) and (78) can
be written in the form

a* =2[(ag - ap)(ay - ay) = (ag - a,)*]
a*d* = (ay * ap)(d; - dy) + (a; - a;)(d - dy)
— 2(ag - a)dy - dy). (39)
With the new notation
pPq = hy,,ptq” = ptq, =ag-a; +dy-di + fo fi,
mrv=12..12 (90)

where the 12 X 12 matrix & with 4 X 4 blocks as elements
has the form

e®¢ 0 0
h= ( 0 e®¢ 0 ) (C2))
0 0 eE®e¢
and the Pliicker coordinates
PR = phg” = p'g, (92)

we get for the invariant 7(33)

) =2|P,,P*’| = 4/(pp)aq) — (p@)’.  (93)

In the black hole analogy using p* and g* instead of
complex numbers integers corresponding to quantized
charges of electric and magnetic type, the measure of
entanglement in Eq. (93) can be related to the black hole

entropy
T | (3
S = ’Tf )’ (94)

coming from the truncation of the N = 8 case with E;;
symmetry to the N =4 one [8,19,20] with SI(2) X
SO(6, 6).

From the 2 X 12 matrix s of Eq. (86) we can form the
one 0 = iyt which is just the reduced density matrix of
qubit A, the one all of our tripartite systems share. It is well
known [2,21] that for normalized states (/| = 1 the
measure

the following expression

0 = 7y(234567) = 4PopP*? = 4| deto| = 1,
a,B=12...,12

95)

gives information on the degree of separability of qubit A
from the rest of the system. Here unlike in Eq. (93) sum-
mation is understood with respect to the 12 X 12 unit
matrix. Using Eq. (95) one can prove that for normalized
states

PHYSICAL REVIEW D 75, 024024 (2007)
0= =1 (96)

Indeed after noticing that

1 0 0 1
110
e®e=UUT, UZE 0 11 e SU4)
i 0 0 —i
7

with the help of U we can transform the four components
of the amplitudes agpc, - .., f1rg to the so-called magic
base [12] (i.e. to the base consisting of the four famous Bell
states with suitable phase factors included). Then we have
7(33) = 2|P,5P*P| where P*F refers to the components of
the Pliicker matrix in the magic base and summation is now
with respect to d,p. Since @ = Yyt is invariant with
respect to this transformation ¢ — U where U = U &
U U € SU(12) the expression in Eq. (95) is not
changed. Using Eq. (95) and the triangle inequality

0 =< 4|P,zP*P| = 4P, 3P < 1, (98)

hence we get Eq. (96). An immediate consequence of this
is that 723 ) vanishes for systems where qubit A is separable
from the rest. Similar conclusions can be drawn from the
vanishing of the six quantities (based on the remaining six
qubits) defined accordingly. The six new quantities 7(33) are
vanishing when any qubit located at the vertices of the
Fano plane is separable from the tripartite systems associ-

ated with the three lines the qubit is lying on. It is important

to realize, however, that one can also get 7(33) =0 by
choosing @90 = ag10 = aon1 = di0o = doro = doo1 =
f100 = foio = foor = 1/3. This state corresponds to the
situation of choosing three different tripartite states be-
longing to the Werner class. These tripartite states are
genuine entangled three-qubit ones which retain maximal
bipartite entanglement when any one of the three qubits is
traced out [3].

B. Truncation to a quadrangle

Having discussed the truncation to a line of the dual
Fano plane, now we consider the complementary situation,
i.e. truncation to a quadrangle. By a quadrangle as usual we
mean the complement of a line. We have seen that there is a
complementary relationship between the entanglement
properties as well. Three tripartite systems associated to
a line share a common qubit, and four tripartite systems
associated to the complement of this line exclude precisely
this qubit. Hence we are expecting this relationship to be
manifest in the special form of an entanglement measure
characterizing this situation.

As an example let us consider again the line adf and its
complement the quadrangle bceg. We define the quantity
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7(34) =2|b* + ¢* + e* + g* + 2(b%c? + b%e* + b*g?
+ c2e? + ?g* + e2g?) + 8hceg]. (99)

Here the notation 7(34) refers to the situation of entangling
Sfour tripartite systems. In the following we prove that 7'5‘4) is
the entanglement measure characterizing the configuration
complementary to the one of the previous subsection.
First let us recall a few facts supporting our claim. The
first observation is a group theoretic one. The amplitudes a,
d, and f distributed in the form of Eq. (87) transform
according to the (2,12) of SL(2) X SO(6, 6). The comple-
mentary amplitudes b, c, e, and g are transforming accord-
ing to the (1,32) of SL(2) X SO(6, 6, ), i.e. they are spinors
under SO(6, 6). This fact is clearly displayed in our explicit
matrix representation Egs. (57), (58), (60), (61), (66), and
(67). (See also the correspondence of Eq. (41).) Hence our

invariant 7';4) should also be regarded as the singlet in the
symmetric tensor product of 4 spinor representations of
S0(6, 6).

Our second observation is based on the black hole
analogy. Let us relate our (unnormalized) amplitudes
a, b, ..., g to the quantized charges of the E7(7) symmetric
area form [17] of the black hole. In this case we have 7 X
8 = 56 integers regarded as amplitudes of a seven qubit
system associated to the entangled lattice defined by the
Fano plane. These amplitudes correspond to the two 8 X 8
antisymmetric matrices of charges P and Q. Then the
Cartan form of our quartic invariant J,(2P, Q) is [9]

Ji(P, Q) = —~Tre(QPQP) + 1(TrQ P)* — 4(Pf(P)

+ Pf(Q)). (100)
In the context of toroidal compactifications of M theory or
type II string theory the antisymmetric matrices P and 9
may be indentified as [22]

[D2]™  [F1]"  [kkm]"
Q= —[F1]" 0 [D6] |
—[kkm]™ —[D6] 0
[D4],,, [NS5], [kk],
P=|—-[NS5], O [DO]|, mn=1,...6
—[kk],, —[DO0] 0

(101)

Here, [D2]™" denotes a D2 brane wrapped along the direc-
tions mn of a six-dimensional torus T°. [D4],,, corre-
sponds to D4-branes wrapped on all directions but mn,
[kk],, denotes a momentum state along direction m,
[kkm]™ a Kaluza-Klein 5-monopole localized along the
direction m, [F1]" a fundamental string winding along
direction m, and [NS5],, a NS5-brane wrapped on all
directions but m.

PHYSICAL REVIEW D 75, 024024 (2007)

Then the N = 4 truncation where

0 [F1]"  [kkm]"
Q= —[F1] 0 0o |
—[kkm]" 0 0 (102)
0 [NS5],, [kk],
P=| —[NS5], O o |
—[kk],, 0 0

should correspond to the case of our truncation to a line
(e.g. the one adf). In this case our TgS) is just the quartic
invariant with respect to SL(2) X SO(6, 6).

The complementary case

[D2]™ 0 0
29=| o 0 [pe] |,
0 —[p6] O (103)
[D4],, O 0
P=| o 0o [Dpo] |,
0 —[po] O

of the N = 2 truncation should correspond to our restric-
tion to quadrangles (e.g. the one bceg). The resulting
quartic invariant, also based on the Jordan algebra [22]
JH should be related to our 75",

For an explicit proof of our claim what we need is a
precise correspondence between the amplitudes a, b, .. ., g
and the components of P and Q. This would also establish
an explicit connection between our 56 of E; in terms of
seven qubits and the one of Cartan [9] in terms of the
antisymmetric matrices 2 and Q.

In order to prove our claim by establishing this corre-
spondence we proceed as follows. We already know that
our expression for the entanglement measure associated
with J, should give the three-tangle Eq. (73) when restrict-
ing to a point of the dual Fano plane. Let us consider this
point to be g, i.e. the amplitude g-ps for the three-qubit
state is the one of Charlie, Daisy, and George. We arrange
the 2 X 4 complex amplitudes of gcp in @ and P as
follows

8oo1 0 0 0
0 goo O 0
0 0 g O
0 0 0 g

8110 0 0 0
0 g 0 0
0 0 gon 0
0 0 0 gooo

(104)

Then from Eq. (100) using Eq. (74) we get
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Jy = —D(g) = ig*%, (105)

in accordance with our formula equation (76) and the result
of Kallosh and Linde [4]. Hence it is natural to define a
normalized measure of entanglement for our seven-qubit
system as

Indeed, for normalized states truncation to a single tripar-
tite system gives rise to the three-tangle 73 satisfying the
constraint 0 = 73 = 1. Moreover, for the important special
case of putting GHZ states to the seven vertices of the dual
Fano plane (ago = aijy = booo = ... = g = 1/v/14)
we get 77 = 1.

In the black hole analogy however, the amplitudes are
integers and no normalization condition is used. The spe-
cial case having only g # 0 in Eq. (104) is the case of the
STU model [1,4,5]. Notice that the amplitudes g-ps are
occurring as the entries in the canonical form of the anti-
symmetric matrices P and Q. This is due to the fact that
our choice of the parties Charlie, Daisy, and George is
special. Hence we expect that this special choice will be
reflected in our choice for filling in the missing entries of
the matrices P and Q in the general case.

For normalized states truncation to the tripartite systems
adf lying on a line of the dual Fano plane we choose

o 0 0 I
o 0 0 db

P=l o o o a|
~fo —dy —a
Jo mdo mao (107)
0 0 0 -/

o o o -4

=10 0 o -4

flodi a0

Here the elements of these matrices are 2 X 2 matrices
constructed as follows. As we have stressed in our chosen
arrangement the role of qubits C, D, and G are special.
These qubits are contained in the corresponding three-
qubit amplitudes aspc, dape, and farg. We split the 8
components of these amplitudes into two 2 X 2 matrices
based on the positions of the special qubits they contain

ay = dap, dy = daop,
fo = faro f1= far1-

Moreover the Wootters spin flip operation already used in
Eq. (14) is

ag = Aapo
dy = dpg,

(108)

M=oc,M"o,=—eM"e. (109)

In order to check that 4|J,(P, Q)| of Eq. (100) restricted
to the line adf with components as given by Eq. (107)

indeed gives back our expression for 7'(33) (see Eq. (84)) we
note that in this case we can write J, in the form

PHYSICAL REVIEW D 75, 024024 (2007)

T
ag
Jy = 4det(XTY) — (Tr(XTY))?, X=|dl|
T
07 (110)
ai
fi
Using the identity valid for 2 X 2 matrices
det(A + B) = detA + detB + Tr(AB) (111)

and grouping the terms we get

J, = [4det(agd,) — (Tr(apd,))*] + [4 det(dyd,)
— (Tr(dod,))*] + [4 det(fof ) — (Tr(fof1))]
+ 4Tr(agd,d\dy) + 4 Tr(aod, f1.fo)
+ 4 Tr(dyd, f1fo) — 2 Tr(agd,) Tr(dod,)

— 2Tr(agd,) Tr(fof 1) — 2 Tr(dod)) Tr(fof ).
(112)

The first three terms give minus the Cayley hyperdetermi-
nants —D(a), —D(d), and —D(f), i.e. the terms a*/2,
d*/2, and f*/2. These terms are permutation invariant
hence our singling out of qubits C, D, and G in obtaining
their special forms is not relevant. However, in our pre-
vious derivation of terms like the ones a’d” in Eq. (89)
playing a role in the invariant 7'(33) we have singled out the
first qubit A which is common to all of our tripartite states.
But now, in the expressions as given by Eq. (112) for the
last six terms qubits C, D, and G are playing a special role.
We can relate the different descriptions by using the iden-
tity

4Tr(agd,d,dy) — 2 Tr(ayd,) Tr(dyd,) = a*d*>  (113)

as can be checked by a straightforward calculation, and
similar ones for the terms a?f> and d”f>. These consid-
erations give the result

4J4(P, Q)| = 7Y, (114)

where P and Q are given by Eq. (107) as claimed.

Finally we consider the complementary situation, i.e.
restriction to the quadrangle bceg. Let us consider the
matrices
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goe b <t 0
p—| o Sowe eh 0
—C  T€ 8100¢ 0
0 0 0 g€
~ N (115)
g0 —b - 0
0 - bi  gime  —é 0
~T 5T 0
a €] 8o11&
0 0 0 £000€

Here the elements of these matrices are again 2 X 2 ma-
trices. The tripartite systems with amplitudes bcgr, Cppr,
and epgg are again containing our special qubits C, D, and
G. The matrices occurring in the entries of P and Q are

by = bogr, by = bigp, Co = CRoF>

(116)

C1 = CR1Fs €0 = €BEo» €1 = €BE1-

Then a straightforward but tedious calculation shows
that using P and Q of Eq. (115) we get

4742, Q)| =7, (117)

where 7'%4) is given by the expression of Eq. (99). In our

derivation we have used the formula
detP = (PfP)?
= (£100801080018111 — &111&100 det(by)

— g1118o10 det(co) — g1118001 det(ep)

/ ! !
BB’ EE' SFF

+gimee (118)

2
bogrcrop egE0)”-

Using these results it is clear now that in the black hole
analogy truncation to a line of our entangled system cor-
responds to the one of truncating the N = 8 case
with moduli space E7;/SU(8) to the N =4 one with
moduli space (SL(2)/U(1)) X (SO(6,6)/S0O(6) X
SO(6)). Moreover, the truncation to a quadrangle comple-
mentary to this line gives rise to the N = 2 truncation [23]
with the moduli space being SO*(12)/U(6). It is also
known [24] that the manifold SO*(12)/U(6) is the largest
one which can be obtained as a consistent truncation of the
N = 8, d = 4 supergravity based on E;)/SU(8).

VII. CONCLUSIONS

In this paper we have studied an entangled quantum
system consisting of tripartite subsystems built from seven
qubits. We have shown that when using this system it is
possible to extend the multiple relations found between
quantum information theory and the physics of four-
dimensional N = 2 stringy black holes [1,4,5,8] to the
more general N = 8 case with E77) symmetry.

As a first step we investigated the properties of this
unusual type of entanglement and realized that they are
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encoded into the discrete geometry of the Fano plane the
smallest projective plane. This entanglement is in turn
intimately connected to the geometry of the group E(C).
In the arising geometric picture the basic objects of the
Fano plane, namely, points, lines, and quadrangles (com-
plements to lines) associated to qubits, three and four-qubit
systems, respectively, are forming an entangled lattice. To
the seven tripartite systems corresponding to the lines we
can assign a Z3 charge characterizing different superselec-
tion sectors. It has turned out that the four-qubit states
associated to the quadrangles describe 112 from the infini-
tesimal operators of the Lie-algebra e,;(C). They generate
transformations connecting the different superselection
sectors. Alternatively, they correspond to quantum infor-
mation theoretic protocols relating the different tripartite
subsystems. The remaining 21 ones form the infinitesimal
operators of a s/(2, C)®’ algebra. They generate SLOCC
transformations within the tripartite subsystems. We have
built the 56-dimensional complex vector space correspond-
ing to the fundamental representation of E;(C) as a direct
sum of the Hilbert spaces of these tripartite subsystems. We
have sketched a method for the construction of the action
of the e,(C) infinitesimal operators (regarded as generators
of tripartite protocols) on this space. We have found that
the details of this action are also encoded into the geometry
of the Fano plane. The code which encapsulates the prop-
erties of the entangled system and the structure of this
representation associated to it is just the Hamming code
known from studies concerning error correction codes in
quantum information theory.

As a next step following the insight of Duff and Ferrara
[8] we have shown that a natural measure of entanglement
7, characterizing our entangled lattice is provided by the
quartic Cartan-Cremmer-Julia invariant J,. By using the
dual Fano plane we illuminated the physical meaning of
the terms occurring in this invariant. These terms are
describing the entanglement properties of three different
types of subsystems, namely, ones consisting of one, three,
or four tripartite systems. For the quantification of different
types of partial entanglement we introduced the corre-
sponding measures 7'(3]), 7(33), and 7(34).

These results enabled us to extend further the so-called
black hole analogy [1,4,5,8]. In this analogy we consider
special types of unnormalized entangled states with
integer-valued amplitudes coming from the quantized elec-
tric and magnetic charges occurring in black hole solutions
found in four-dimensional string theory. Then one finds
that for such systems the natural measures of entanglement
can be related to the macroscopic entropy of black holes
expressed in terms of the conserved charges. Moreover, the
classification of black hole solutions of a more general type
(BPS and non-BPS) are related to the classification of
entangled states [4]. This analogy has already provided
insights in the case of N = 2 supersymmetric black hole
solutions in the STU model. Here we have shown that the
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analogy can be extended to the more general case of black
hole solutions in N = 8 supergravity. The scalar manifold
(moduli space) in this case is E7(;/SU(8), and the black
hole solutions give rise to an E7; symmetric entropy
formula [17] expressed in terms of the 56 charges. These
charges in turn can be regarded as the ones coming from
toroidal compactification of M theory or type II string
theory. The 56 charges in this case can be related to
[DO], [D2], [D4], [D6], and [NS5] branes, momentum
states, fundamental string windings, and Kaluza-Klein 5-
monopoles localized along the different directions of the
six torus (see Eq. (101)). We managed to relate these
quantities to the integer-valued amplitudes of our unnor-
malized entangled state (see Eqs. (107) and (115)). We
have seen that different types of truncations of the N = §
case correspond to different types of entangled sublattices
of the Fano plane. In particular we have shown that there is
a dual relationship between truncation to a line or trunca-
tion to its complement. This duality relates subsystems
consisting of three and four tripartite systems. The former
subsystems contain a common qubit the latter ones exclude
this qubit. The corresponding picture in the black hole
analogy is the one of obtaining the N =4 and N = 2
truncations  with moduli spaces (SL(2)/U(1)) X
(50(6,6)/S0(6) X SO(6)) and SO*(12)/U(6), respec-
tively. The corresponding black hole solutions possess
entropy formulas with 24 and 32 charges. They are having
the form of Eq. (94) containing our entanglement measures
7(33) or 7(34).

Notice that these results uncovered a symmetry which
could be similar to the one responsible to the string triality
picture of Ref. [25]. We have seven different ways to do
any of the truncations to points, lines, and quadrangles.
These are different ways to get the N = 2 (STU) truncation
with 8, the N = 4 one with 24, and the N = 2 one with 32
charges. These seven ways also correspond to our seven
different ways of filling in the entries of the matrices 2’ and
Q. In Egs. (107) and (115) we have chosen one based on a
special role attached to the tripartite system of Charlie,
Daisy, and George. It would be nice to understand this
symmetry clearly displayed in the entanglement picture
also within the framework of U-duality [26].

Until this point in the black hole analogy we have used
merely entangled systems characterized by unnormalized
states with integer amplitudes related to the quantized
charges. However, in the STU model we have shown [5]
that it is useful to look at this model using complex en-
tangled states which are local unitary equivalent to ones
with real amplitudes. In the case of the STU model these
states (rebits) are of the form

|W(S, T, U)) = A(S) ® B(T) ® C(U)|¢), (119)
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where S, T, and U are the complex moduli fields occurring
in the STU model, and |¢) is the unnormalized three-qubit
state with integer amplitudes related to the 8 charges. The
2 X 2 matrices A(S), B(T), and C(U) depending on the
moduli are elements of the SLOCC group SL(2, C)®3.
These entangled rebits that are composites of the moduli
and the charges have been optimized with respect to S, T,
and U to obtain a quantum information theoretic version of
the attractor mechanism [19]. It turned out that the state
| W) calculated at the frozen values of the moduli is a
maximally entangled GHZ-state.

Can we have a similar generalization in the N = 8 case
as well? In this case we already know that the protocols are
again tripartite ones though we have to supplement the set
of SLOCC transformations in Eq. (119) with the ones of
Eq. (64) operating between the different tripartite states.
Now the moduli space is the 70-dimensional one
E7(7/SU(8). In order to write down a real quantum bit
version of Eq. (119) one should clarify the nature of the
real states associated with the group E;(; within the com-
plex ones related to the group E(C). Using the explicit
constructions as given by this paper this can in principle be
done. Then we conjecture that the solutions [27] to the
attractor equations obtained by finding the critical points of
the black hole potential in the N = 8 case can be under-
stood as the process of maximization of entanglement for
our entangled lattice as defined by the Fano plane.

Can we generalize our analogy even further? It is quite
natural to expect that black hole solutions associated with
magic supergravities are viable candidates for a possible
generalization [28]. For this generalization to work one
should have an underlying entangled system of some num-
ber of qubits. Or, in mathematical terms one should be able
to build up the Lie-algebras occurring in Freudenthal’s
Magic Square in terms of SL(2, C) modules, and to find
suitable representation spaces for them. Due to the results
of Elduque [10] this might be done for the split form of
such Lie-algebras. Indeed, based on this result all the Lie-
algebras in Freudenthal’s Magic Square can be constructed
in a unified way using copies of SLOCC transformations
and of its natural module provided by qubits.

Finally we remark that the qubit picture of E;(C) as
developed in this paper is quite natural. After all its fun-
damental representation can be written in terms of 7 X 7
matrices, though with components taken from the set of
admissible tripartite protocols on seven qubits.

ACKNOWLEDGMENTS

Financial support from the Orszagos Tudomanyos
Kutatasi Alap (Grant No. T047035, No. T047041, and
No. T038191) is gratefully acknowledged.

024024-18



STRINGS, BLACK HOLES, THE TRIPARTITE ...

(1]
(2]

(3]

(4]
[5]
(6]

(71
(8]
(9]

[10]
[11]
[12]
[13]

[14]

M. J. Duff, hep-th/0601134.

V. Coffman, J. Kundu, and W. K. Wootters, Phys. Rev. A
61, 052306 (2000).

W. Diir, G. Vidal, and J. I. Cirac, Phys. Rev. A 62, 062314
(2000).

R. Kallosh and A. Linde, Phys. Rev. D 73, 104033 (2006).
P. Lévay, Phys. Rev. D 74, 024030 (2006).

S. Ferrara, R. Kallosh, and A. Strominger, Phys. Rev. D
52, R5412 (1995); A. Strominger, Phys. Lett. B 383, 39
(1996); S. Ferrara and R. Kallosh, Phys. Rev. D 54, 1514
(1996).

B. Pioline, Classical Quantum Gravity 23, S981 (2006).
M.]J. Duff and S. Ferrara, quant-ph/0609227.

E. Cartan, Ouvres Completes (Editions du Centre National
de la Recherche Scientifique, Paris, 1984).

A. Elduque, math.RT/0507282.

L. Manivel, math.AG/0507118.

W. K. Wootters, Phys. Rev. Lett. 80, 2245 (1998).

M. Planat and M. Saniga, in Endophysics, Time, Quantum
and the Subjective, edited by R. Buccheri et al. (World
Scientific, Singapore, 2005), p. 409.

M. A. Nielsen and I.L. Chuang, Quantum Computation
and Quantum Information (Cambridge University Press,
Cambridge, England, 2000).

[15]
[16]

[17]
[18]

[19]
[20]

(21]
(22]
(23]
[24]
[25]
[26]
(27]

(28]

024024-19

PHYSICAL REVIEW D 75, 024024 (2007)

H. Albuquerque and S. Majid, Journal of algebra 220, 188
(1999).

E. Cremmer and B. Julia, Nucl. Phys. B159, 141
(1979).

R. Kallosh and B. Kol, Phys. Rev. D 53, R5344 (1996).
S. Ferrara and M. Gunaydin, Int. J. Mod. Phys. A 13,2075
(1998).

S. Ferrara and R. Kallosh, Phys. Rev. D 54, 1525 (1996).
M. Cvetic and A.A. Tseytlin, Phys. Rev. D 53, 5619
(1996).

P. Levay, Phys. Rev. A 71, 012334 (2005).

B. Pioline, J. High Energy Phys. 08 (2005) 071.

M. Gunaydin, G. Sierra, and P. K. Townsend, Phys. Lett. B
133, 72 (1983).

S. Belucci, S. Ferrara, M. Gunaydin, and A. Marrani, Int.
J. Mod. Phys. A 21, 5043 (20006).

M.]J. Duff, J. T. Liu, and J. Rahmfeld, Nucl. Phys. B459,
125 (1996).

C.M. Hull and P.K. Townsend, Nucl. Phys. B451, 525
(1995).

S. Ferrara and R. Kallosh, Phys. Rev. D 73, 125005
(2006).

S. Ferrara, E. G. Gimon, and R. Kallosh, hep-th/0606211.



