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We consider the cross section of the deep inelastic pion electroproduction on a proton target at threshold
for Q2 in the region 5–10 GeV2. The corresponding amplitudes are described in terms of two form factors
which we calculate using light-cone sum rules to leading order in QCD and including higher twist
corrections. Our results suggest a considerable change from a small Q2 region that can be treated in the
soft-pion limit using current algebra. In particular, we obtain a �0 to �� production ratio of order 1=3 and
significant nucleon helicity-flip contributions.
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I. INTRODUCTION

In recent years, there has been increasing attention to
hard exclusive processes involving emission of soft pions
in the final state. One reason is that such processes often
provide the main background to the simpler reactions that
one wants to study, and one would like to estimate the
background as precise as possible. The main motivation is,
however, different. It turns out that hard production of soft
pions is interesting in its own right and can provide one
with new insights in the hadron (nucleon) structure. The
novel physical feature is in this case the presence of three
disparate scales: the large momentum transfer Q, the QCD
scale � � �QCD, and the pion massm� which goes to zero
in the chiral limit, so that Q� �QCD � m�. Moreover,
the limits m� ! 0 and Q! 1 do not commute. If, para-
metrically, Q2 � �3=m�, then the standard approach
based on chiral symmetry and current algebra is applicable.
In this way the celebrated soft-pion theorems arise [1]: the
amplitudes with pion emission are calculated in terms of
the amplitudes without pions induced by a chirally rotated
current, and pion emission from the external hadron lines.
There exists vast literature on this topic, see e.g. [2– 4],
extending the original Kroll-Ruderman prediction to in-
clude corrections in the pion mass and/or the pion (photon)
momentum.

In the opposite limit Q2 � �3=m�, these techniques do
not apply, and the accepted general philosophy is to use
QCD factorization to separate contributions of large mo-
menta of the order of the hard scale Q in perturbatively
calculable ‘‘coefficient functions’’ in front of nonperturba-
tive matrix elements that contain contributions of smaller
scales. The methods of current algebra (or chiral perturba-
tion theory) can then be used to simplify the matrix ele-
ments rather than the full physical amplitude in question.
The present study is fueled by the observation made in
Ref. [5] that in the asymptotic Q! 1 limit the pion
electroproduction can be described in the framework of
the usual perturbative quantum chromodynamics (pQCD)
factorization formalism for exclusive processes [6–8] and
involve an overlap integral of chirally rotated nucleon

light-cone distribution amplitudes (DAs). The particular
combination of the DAs involved in the pion electropro-
duction turns out to be different from that in the electro-
magnetic (or weak) elastic nucleon form factors, so that
different components of DAs potentially could be sepa-
rated from the comparison. This is interesting, since nu-
cleon light-cone DAs remain to be poorly known. Similar
ideas have been applied in a somewhat different context in
Refs. [9,10].

The essential requirement for the applicability of the
pQCD factorization is a high virtuality of the exchanged
gluons and also of the quarks inside the short-distance
subprocess. The main problem is a numerical suppression
of each hard gluon exchange by the �s=� factor which is a
standard perturbation theory penalty for each extra loop. If,
say, �s=�� 0:1, the pQCD contribution to baryon form
factors is suppressed by a factor of 100 compared to the
purely soft term. As the result, the onset of the perturbative
regime is postponed to very large momentum transfers
since the factorizable pQCD contribution has to win over
(nonfactorizable) nonperturbative effects that are sup-
pressed by extra powers of 1=Q2 but do not involve small
coefficients. There is a growing consensus that such ‘‘soft’’
contributions play the dominant role at present energies.
Indeed, it is known for a long time that the use of QCD-
motivated models for the wave functions allows one to
obtain, without much effort, soft contributions comparable
in size to experimentally observed values (see, e.g. [11–
13]). A current fashion [14,15] is to use the concept of
generalized parton distributions (GPDs) to describe/pa-
rametrize soft contributions in various exclusive reactions,
see [16–18] for recent reviews, and the models of GPDs
usually are chosen such that the experimental data on form
factors are described by the soft contributions alone,
cf. Refs. [19–21]. The soft-pion electroproduction was
considered in this framework in [22,23]. A subtle point
for these semiphenomenological approaches is to avoid
double counting of hard rescattering contributions ‘‘hid-
den’’ in the model-dependent hadron wave functions or
GPD parametrizations.
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Another approach to the calculation of form factors for
moderately large Q2 is based on the light-cone sum rules
(LCSR) [24,25]. This technique is attractive because in
LCSRs soft contributions to the form factors are calculated
in terms of the same DAs that enter the pQCD calculation
and there is no double counting. Thus, the LCSRs provide
one with the most direct relation of the hadron form factors
and distribution amplitudes that is available at present,
with no other nonperturbative parameters.

In this paper, we suggest to use light-cone sum rules to
calculate the amplitudes of pion electroproduction. The
basic object of the LCSR approach is the correlation
function

 

Z
dxe�iqxhN�P���k�jTfj�x���0�gj0i

in which j represents the electromagnetic probe and � is a
suitable operator with nucleon quantum numbers. The final
state nucleon and the pion are explicitly represented by the
state vector hN�P���k�j; see a schematic representation in
Fig. 1. When both the momentum transfer Q2 and the
momentum �P0�2 � �P� q� k�2 flowing in the � vertex
are large and negative, the asymptotics of the correlation
function is governed by the light-cone kinematics x2 ! 0
and can be studied using the operator product expansion
(OPE) Tfj�x���0�g �

P
Ci�x�Oi�0� on the light-cone x2 �

0. The x2-singularity of a particular perturbatively calcu-
lable short-distance factor Ci�x� is determined by the twist
of the relevant composite operator Oi, whose matrix ele-
ment hN�P���k�jOi�0�j0i is given by an appropriate mo-
ment of the (complex conjugated) pion-nucleon
generalized DA. Using current algebra and chiral symme-
try, these matrix elements can be reduced to the usual
nucleon DAs. Next, one can represent the answer in the
form of the dispersion integral in �P0�2 and define the
nucleon contribution by the cutoff in the invariant mass
of the three-quark system, the so-called interval of duality
s0 (or continuum threshold). The main role of the interval
of duality is that it does not allow large momenta jk2j> s0

to flow through the �-vertex; to the lowest order O��0
s�,

one obtains a purely soft contribution to the form factor as
a sum of terms ordered by twist of the relevant operators
and hence including both the leading- and the higher-twist
nucleon DAs. Note that, in difference to the hard mecha-
nism, the contribution of higher-twist DAs is only sup-
pressed by powers of j�P0�2j � 1–2 GeV2 (which is
translated to the suppression by powers of the Borel pa-
rameter after applying the usual QCD sum rule machi-
nery), but not by powers of Q2. This feature is in
agreement with the common wisdom that soft contribu-
tions are not constrained to small transverse separations.

The LCSR expansion also contains terms generating the
asymptotic pQCD contributions. They appear at proper
order in �s, i.e., in the O��s� term for the pion form factor,
at the �2

s order for the nucleon form factors, etc. In the pion
case, it was explicitly demonstrated [26,27] that the con-
tribution of hard rescattering is correctly reproduced in the
LCSR approach as a part of the O��s� correction. It should
be noted that the diagrams of LCSR that contain the
‘‘hard’’ pQCD contributions also possess soft parts, i.e.,
one should perform a separation of hard and soft terms
inside each diagram. As a result, the distinction between
hard and soft contributions appears to be scale and scheme
dependent [26]. During the past few years, there have been
numerous applications of LCSRs to mesons, see [28,29]
for a review. Following the work [30], nucleon electromag-
netic form factors were further considered in this frame-
work in Refs. [31–34] and the weak decays �b ! p‘�‘,
�c ! �‘�‘ etc. in [35–37]. A generalization to the N��
transition form factor was worked out in [38].

The presentation is organized as follows. Section II is
mainly introductory. We introduce here the necessary no-
tations, explain the kinematics, and define the two inde-
pendent invariant amplitudes (generalized form factors)
that are relevant for the pion electroproduction at thresh-
old. The main nonperturbative input in our calculations is
provided by the generalized pion-nucleon distribution am-
plitudes which are calculated using current algebra in
Sec. III. The light-cone sum rules are constructed in
Sec. IV. The numerical analysis is done in Sec. V which
contains our main results. Finally, Sec. VI contains a short
summary and conclusions.

II. KINEMATICS AND NOTATIONS

In this paper we consider pion electroproduction from a
proton target:

 e�l0� � p�P0� ! e�l� � ���k� � n�P�;

e�l0� � p�P0� ! e�l� � �0�k� � p�P�:
(2.1)

Basic kinematic variables are

 

P’
0

x

P

k

q

FIG. 1 (color online). Schematic structure of the light-cone
sum rule for pion electroproduction.

V. M. BRAUN, D. YU. IVANOV, A. LENZ, AND A. PETERS PHYSICAL REVIEW D 75, 014021 (2007)

014021-2



 

q � l0 � l; S � �l0 � P0�2; W2 � �k� P�2;

q2 � �Q2; P02 � P2 � m2
N; k2 � m2

�;

y �
P0 	 q
P0 	 l0

�
W2 �Q2 �m2

N

S�m2
N

: (2.2)

The identification of the momenta is clear from Eq. (2.1);
mN is the nucleon and m� the pion mass, respectively. In
what follows we neglect the electron mass and the differ-
ence of proton and neutron masses.

The differential cross section is equal to

 

d�

dydQ2d�
�

1

�2��5
jMj2

64�S�m2
N�
��W�d��d�cos	�:

(2.3)

Here M is the amplitude:

 M �
4��em

q2
�u�l��
u�l0�hN�jjem


 �0�jpi; (2.4)

	 and �� are the polar and azimuthal angles of the pion in
the final nucleon-pion c.m. frame, respectively, � is the
azimuth of the scattered electron in the same frame, the
electromagnetic current is defined as

 jem

 �x� � eu �u�x��
u�x� � ed �d�x��
d�x�; (2.5)

and ��W� is the kinematic factor related to the c.m.s.
momentum of the subprocess �
�q� � p�P0� !
��k� � N�P� in the final state:
 

~k2
f �

W2

4

�
1�
�mN �m��

2

W2

��
1�
�mN �m��

2

W2

�
;

��W� �
2j ~kfj

W
:

(2.6)

Alternatively, one could use the Mandelstam t-variable (of
the �
p! �N subprocess) t � �P0 � P�2:

 dt � 2j ~kijj ~kfjd�cos	�; (2.7)

where ~ki is the c.m.s. momentum in the initial state:

 

~k 2
i �

W2

4

�
1� 2

m2
N �Q

2

W2 �
�m2

N �Q
2�2

W4

�
: (2.8)

We will be interested in the pion production exactly at
threshold, in which case the pion momentum is simply
proportional to that of the final state nucleon:

 k
 � �P
; � � m�=mN ’ 0:15; (2.9)

and assume that the photon virtuality is large,Q2 � �2
QCD.

The conditions of Lorentz covariance and electromagnetic
current conservation imply that the amplitudes at threshold
can be parametrized in terms of two generalized form
factors which we define as

 hN�P���k�jjem

 �0�jp�P

0�i � �
i
f�

�N�P��5

�
��
q

2 � q
q6 �

�
1

m2
N

G�N
1 �Q

2�

�
i�
�q�

2mN
G�N

2 �Q
2�

�
N�P0�:

(2.10)

Hereafter N�P� is the usual Dirac u-spinor, f� � 93 MeV.
For example, the S-wave contribution to the structure
functions of the total deep inelastic (DIS) cross section
from unpolarized protons close to the pion-nucleon thresh-
old is given in terms of the generalized form factors as
 

F1 �
��W�

�4�f��
2

Q2 � �2mN �m��
2

2m3
N�mN �m��

�

�
G�N

1 Q2 �
1

2
G�N

2 mNm�

�
2
;

F2 �
��W�

�4�f��2
Q2�Q2 �m��2mN �m���

m3
N�mN �m��

�

�
�G�N

1 �
2Q2 �

1

4
�G�N

2 �
2m2

N

�
: (2.11)

The calculation ofG�N
1 �Q

2� and G�N
2 �Q

2� in the light-cone
sum rule approach presents our main goal.

Having in mind the practical construction of light-cone
sum rules that involve nucleon DAs, we define a lightlike
vector z
 by the condition

 q 	 z � 0; z2 � 0 (2.12)

and introduce the second lightlike vector

 p
 � P
 �
1

2
z


m2
N

P 	 z
; p2 � 0; (2.13)

so that P! p if the nucleon mass can be neglected, mN !
0. The photon momentum can be written as

 q
 � q?
 � z

P 	 q
P 	 z

: (2.14)

We also need the projector onto the directions orthogonal
to p and z,

 g?
� � g
� �
1

pz
�p
z� � p�z
�; (2.15)

and use the notation

 az � a
z

; ap � a
p


; (2.16)

for arbitrary Lorentz vectors a
. In turn, a? denotes the
generic component of a
 orthogonal to z and p, in par-
ticular

 q?
 � q
 �
p 	 q
p 	 z

z
: (2.17)
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We use the standard Bjorken-Drell convention [39] for
the metric and the Dirac matrices; in particular, �5 �
i�0�1�2�3, and the Levi-Cività tensor �
�
� is defined
as the totally antisymmetric tensor with �0123 � 1.

Assume for a moment that the nucleon moves in the
positive ez direction, then p� and z� are the only non-
vanishing components of p and z, respectively. The infinite
momentum frame can be visualized as the limit p� �Q!
1 with fixed P 	 z � p 	 z� 1, where Q is the large scale
in the process. Expanding the matrix element in powers of
1=p� introduces the power counting inQ. In this language,
twist counts the suppression in powers of p�. Similarly, the
nucleon spinor N�P;
� has to be decomposed in ‘‘large’’
and ‘‘small’’ components as

 N�P; 
� �
1

2p 	 z
�p6 z6 � z6 p6 �N�P;
�

� N��P;
� � N��P;
�; (2.18)

where we have introduced two projection operators

 �� �
p6 z6

2p 	 z
; �� �

z6 p6
2p 	 z

(2.19)

that project onto the ‘‘plus’’ and ‘‘minus’’ components of
the spinor. Note the useful relations

 p6 N�P� � mNN��P�; z6 N�P� �
2p 	 z
mN

N��P� (2.20)

that are a consequence of the Dirac equation P6 N�P� �
mNN�P�. Using the explicit expressions for N�P�, it is easy
to see that ��N � N� �

�������
p�

p
while ��N � N� �

1=
�������
p�

p
.

Note that all expressions are invariant under the repar-
ametrization z
 ! �z
 where � is a real number; we will
use this freedom to set z
 equal to the minus component of
the distance between the currents in the operator product.

III. PION-NUCLEON GENERALIZED
DISTRIBUTION AMPLITUDES

A. Leading twist

Our purpose will be to get a complete classification of
three-quark generalized distribution amplitudes (GDAs) of
a n�� and p�0 pair in the limit that the momentum of the
pion relative to that of the nucleon is small which will be a
generalization of [40]. This can be done using soft-pion
theorems, in the spirit of the work [5]. In order to develop
the necessary formalism we first consider the leading twist
GDA in some detail.

1. Nucleon distribution amplitudes

We begin with quoting the necessary portion of the
definitions and results from [40].

The notion of hadron distribution amplitudes (DAs) in
general refers to hadron-to-vacuum matrix elements of

nonlocal operators built of quark and gluon fields at light-
like separations. In this paper we will deal with the three-
quark matrix element
 

h0j�ijkui
0

��a1z�
a1z; a0z�i0;iu
j0

��a2z�
a2z; a0z�j0;jdk
0

� �a3z�

� 
a3z; a0z�k0;kjp�P; 
�i; (3.1)

where jp�P;
�i denotes the proton state with momentum
P, P2 � M2 and helicity 
. u, d are the quark-field opera-
tors. The Greek letters �, �, and � stand for Dirac indices,
the Latin letters i, j, and k refer to color. z is an arbitrary
lightlike vector, z2 � 0, the ai are real numbers. The gauge
factors 
x; y� are defined as

 
x; y� � P exp
�
ig
Z 1

0
dt�x� y�
A


�tx� �1� t�y�
�

(3.2)

and render the matrix element in (3.1) gauge invariant. To
simplify the notation we will not write the gauge factors
explicitly in what follows but imply that they are always
present.

Taking into account Lorentz covariance, spin, and parity
of the nucleon, the most general decomposition of the
matrix element in Eq. (3.1) involves 24 invariant functions
[40]. To the leading twist-three accuracy only three of them
are relevant. We can write in a shorthand notation

 4h0j"ijkui��a1z�u
j
��a2z�dk��a3z�jp�P; 
�itwist-3

� Vp1 �v1���;� � A
p
1 �a1���;� � T

p
1 �t1���;�; (3.3)

where
 

�v1���;� � �p6 C�����5N��� �a1���;� � �p6 �5C���N��

�t1���;� � �i�?pC�����
?�5N

��� (3.4)

stand for the Lorentz structures.
In turn, Vp1 , Ap1 , Tp1 can be written as

 F�aip 	 z� �
Z

Dxe
�ipz

P
i

xiai
F�xi�; (3.5)

where the functions F�xi� depend on the dimensionless
variables xi; 0< xi < 1,

P
ixi � 1 which correspond to

the longitudinal momentum fractions carried by the quarks
inside the nucleon. The integration measure is defined as

 

Z
Dx �

Z 1

0
dx1dx2dx3��x1 � x2 � x3 � 1�: (3.6)

Note that

 �v1���;� � �v1���;�; �a1���;� � ��a1���;�;

�t1���;� � �t1���;�:
(3.7)

Since the operator on the left-hand side of Eq. (3.3) is
symmetric under the exchange of the two u-quarks, this
property implies that the V- and T-functions are symmetric
and the A-function is antisymmetric under the exchange of
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the first two arguments, respectively:
 

Vp�1; 2; 3� � Vp�2; 1; 3�; Ap�1; 2; 3� � �Ap�2; 1; 3�;

Tp�1; 2; 3� � Tp�2; 1; 3�: (3.8)

In addition, the matrix element in Eq. (3.3) has to fulfill the
symmetry relation
 

h0j"ijkui��1�u
j
��2�d

k
��3�jPi � h0j"ijkui��1�u

j
��3�dk��2�jPi

� h0j"ijkui��3�u
j
��2�d

k
��1�jPi � 0 (3.9)

that follows from the condition that the nucleon state has
isospin 1=2:

 �T2 � 1
2�

1
2� 1��h0j"ijkui��1�u

j
��2�d

k
��3�jPi � 0; (3.10)

where

 T2 � 1
2�T�T� � T�T�� � T

2
3 (3.11)

and T� are the usual isospin step-up and step-down opera-
tors. Applying the set of Fierz transformations

 �v1���;� �
1
2�v1 � a1 � t1���;�

�a1���;� �
1
2��v1 � a1 � t1���;�

�t1���;� � ��v1 � a1���;�;

(3.12)

one ends up with the condition

 2Tp1 �1; 2; 3� � 
V
p
1 � A

p
1 ��1; 3; 2� � 
V

p
1 � A

p
1 ��2; 3; 1�;

(3.13)

which allows one to express the tensor DA of the leading
twist in terms of the vector and axial vector distributions.
Since the latter have different symmetry, they can be
combined together to define the single independent leading
twist-3 proton DA,

 �p
3 �x1; x2; x3� � 
V

p
1 � A

p
1 ��x1; x2; x3�; (3.14)

which is well known and received a lot of attention in the
literature. The neutron leading twist DA �n

3�x1; x2; x3� can
readily be obtained by the interchange of u and d quarks in
the defining equation (3.3). For all invariant functions F �
V, A, T proton and neutron DAs differ by an overall sign:

 Fp�1; 2; 3� � �Fn�1; 2; 3�; (3.15)

as follows from the isospin symmetry. This property is
retained for all twists.

2. Pion-nucleon generalized distribution amplitudes of
twist-3

Our aim is to describe the GDAs of a pion-nucleon
system with small invariant mass in the similar formalism.
To this end we define for the p�0-system:

 4h0j"ijkui��a1z�u
j
��a2z�dk��a3z�jp�P; 
��0itw-3

� ��5���
�i
f�

Vp�

0

1 �v1���;� � A
p�0

1 �a1���;�

� Tp�
0

1 �t1���;��; (3.16)

and, similar, for n��:

 4h0j"ijkui��a1z�u
j
��a2z�dk��a3z�jn�P; 
���itw-3

� ��5���
�i
f�

Vn�

�

1 �v1���;� � An�
�

1 �a1���;�

� Tn�
�

1 �t1���;��: (3.17)

An extra �5 is needed to conserve parity. Similar to the
proton case, the symmetry of the two u-quarks implies that
the GDAs V and T are symmetric, and A is antisymmetric
to the exchange of the first two arguments, respectively.

As observed in [5], the GDAs can be calculated using
current algebra for small invariant masses of the pion-
nucleon system in the soft-pion limit. One obtains
 

h0jOj�a�k�Nf�P; 
�i � �
i
f�
h0j
Qa

5 ; O�jNf�P; 
�i

�
igA

4f��P 	 k�

X

0;f0
h0jOjNf0 �P; 
0�i

� �N�P; 
0�k6 �5�af0fN�P; 
� (3.18)

and similar for the pion-nucleon final state,
 

h�a�k�Nf�P; 
�jOyj0i � �
i
f�
hNf�P;
�j
Qa

5 ; O
y�j0i

�
igA

4f��P 	 k�

X

0;f0

�N�P; 
�k6 �5�
a
ff0

� N�P; 
0�hNf0 �P; 
0�jOyj0i:

(3.19)

Here f� � 93 MeV is the pion decay constant defined as
h0j �q�
�5

1
2 �

aqj�b�k�i � i�abf�k
 and gA ’ 1:25 is the
axial charge of the nucleon. O is the nonlocal three-quark
operator and Qa

5 is the operator of the axial charge:

 Qa
5 �

Z
d3x �q�x��0�5

�a

2
q�x�; q �

u
d

� �
; (3.20)

where the �a are the usual Pauli matrices. The second term
in Eqs. (3.18) and (3.19) corresponds to the pion brems-
strahlung from the ingoing (outgoing) nucleon. This term
corresponds to a �N system in P-wave and can, in princi-
ple, be separated from the first (commutator) contribution
that is S-wave by considering the angular distributions in
the �N system. Note also that the bremsstrahlung contri-
bution vanishes at the threshold of pion production Wth �
M�m� but becomes significant for W �Wth �m�. This
contribution is determined in terms of the nucleon DAs that
eventually combine to produce the nucleon electromag-
netic form factors; it can always be added. In what follows
we will concentrate on the S-wave (commutator) term.

For our purposes we need to specify O to be the relevant
three-local light-ray operator:

 O! Ouud
��� � "ijkui��a1z�u

j
��a2z�dk��a3z�: (3.21)

Here the superscript (uud) indicates the flavor content and
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simultaneously the order in which the quark fields are positioned on the light ray. For example,Ouud
��� andOudu

��� correspond
to the u��a1z�u��a2z�d��a3z� and u��a1z�d��a2z�u��a3z� configurations, respectively. One obtains

 h0jOuud
���jn�P; 
��

��k�i �
1���
2
p fh0jOuud

���jn�P; 
��
1�k�i � ih0jOuud

���jn�P;
��
2�k�ig

� �
i���

2
p
f�
fh0j
Q1

5; O
uud
����jn�P; 
�i � ih0j
Q

2
5; O

uud
����jn�P;
�ig � 	 	 	

h0jOuud
���jp�P; 
��

0�k�i � �
i
f�
h0j
Q3

5; O
uud
����jp�P;
�i � 	 	 	 ;

(3.22)

where the ellipses stand for bremsstrahlung contributions. Calculation of the commutators 
Q1
5; O

uud
����y�� and


Q3
5; O

uud
����y�� reduces to a chiral rotation

 
Qa
5 ; qf� � �

�
�a

2

�
ff0
�5qf0 : (3.23)

For the three-quark operators, one uses the chain rule 
A;BCD� � 
A;B�CD� B
A;C�D� BC
A;D� to obtain

 
Q1
5; O

uud
���� � �

1

2
f��5��
O

ddu

�� � ��5��
O

ddu

�� � ��5��
Ouuu

��
g;


Q2
5; O

uud
���� �

i
2
f��5��
O

ddu

�� � ��5��
O

ddu

�� � ��5��
O

uuu
��
g;


Q3
5; O

uud
���� � �

1

2
f��5��
O

uud

�� � ��5��
O

uud
�
� � ��5��
O

uud
��
g:

(3.24)

Taking the nucleon-to-vacuum matrix element, Eqs. (3.3), (3.16), and (3.17), and using symmetry relations (3.7) and Fierz
transformations (3.12), one obtains after some algebra

 An�
�

1 �1; 2; 3� �
1���
2
p

�
1

2
Vn1 �1; 3; 2� �

1

2
Vn1 �2; 3; 1� �

1

2
An1�2; 3; 1� �

1

2
An1�1; 3; 2� � T

n
1 �2; 3; 1� � T

n
1 �1; 3; 2�

�
;

Vn�
�

1 �1; 2; 3� �
1���
2
p

�
1

2
Vn1 �1; 3; 2� �

1

2
An1�1; 3; 2� � T

n
1 �1; 3; 2� �

1

2
Vn1 �2; 3; 1� �

1

2
An1�2; 3; 1� � T

n
1 �2; 3; 1�

�
;

Tn�
�

1 �1; 2; 3� �
1

2
���
2
p fAn1�2; 3; 1� � A

n
1�1; 3; 2� � V

n
1 �2; 3; 1� � V

n
1 �1; 3; 2�g;

(3.25)

and

 Vp�
0

1 �1; 2; 3� � 1
2V

p
1 �1; 2; 3�; Ap�

0

1 �1; 2; 3� � 1
2A

p
1 �1; 2; 3�; Tp�

0

1 �1; 2; 3� � 3
2T

p
1 �1; 2; 3�; (3.26)

which is the desired result. One can further simplify (3.25) using the substitution in Eq. (3.13) to obtain

 Vn�
�

1 �1; 2; 3� �
1���
2
p fVn1 �1; 3; 2� � V

n
1 �1; 2; 3� � V

n
1 �2; 3; 1� � A

n
1�1; 3; 2� � A

n
1�2; 3; 1�g;

An�
�

1 �1; 2; 3� � �
1���
2
p fVn1 �3; 2; 1� � V

n
1 �1; 3; 2� � A

n
1�2; 1; 3� � A

n
1�2; 3; 1� � A

n
1�3; 1; 2�g;

Tn�
�

1 �1; 2; 3� �
1

2
���
2
p fAn1�2; 3; 1� � A

n
1�1; 3; 2� � V

n
1 �2; 3; 1� � V

n
1 �1; 3; 2�g:

(3.27)

Note that the functions V, A, T for both cases n�� and p�0 satisfy the symmetry conditions (3.8) which follow directly
from their definitions in (3.16), respectively. On the other hand, the isospin relation similar to (3.13) is not valid, since the
pion-nucleon pair can have both isospin 1=2 and 3=2.

B. Higher twists

Taking into account Lorentz covariance, spin, and parity of the nucleon and the pion, the most general decomposition of
the three-quark matrix element in Eq. (3.1) involves 24 invariant functions. In total, there are three leading-twist-3 invariant
functions �V1; A1; T1�, nine of twist-4 �V2; A2; V3; A3; S1; P1; T2; T3; T7�, nine of twist-5 �V4; A4; V5; A5; S2; P2; T4; T5; T8�,
and three of twist-6 �V6; A6; T6�. Using the shorthand notation of Ref. [40] for the relevant Lorentz structures, we define
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 4 	 h0j"ijkui��a1z�u
j
��a2z�d

k
��a3z�jN�P; 
���k�i � ��5���

�i
f�

�
S�N1 �s1���;� � S

�N
2 �s2���;� � P

�N
1 �p1���;� � P

�N
2 �p2���;�

� V�N1 �v1���;� � V
�N
2 �v2���;� �

1

2
V�N3 �v3���;� �

1

2
V�N4 �v4���;�

� V�N5 �v5���;� � V
�N
6 �v6���;� � A

�N
1 �a1���;� � A

�N
2 �a2���;�

�
1

2
A�N3 �a3���;� �

1

2
A�N4 �a4���;� � A

�N
5 �a5���;� � A

�N
6 �a6���;�

� T�N1 �t1���;� � T
�N
2 �t2���;� � T

�N
3 �t3���;� � T

�N
4 �t4���;�

� T�N5 �t5���;� � T
�N
6 �t6���;� �

1

2
T�N7 �t7���;� �

1

2
T�N8 �t8���;�

�
:

(3.28)

The calculation of higher-twist pion-nucleon GDAs is
similar to the leading twist, but proves to be much more
cumbersome. The complete set of the necessary Fierz
identities for the Lorentz structures �vi���;�, �ai���;�
�ti���;� is given in Ref. [40]. The results for the GDAs of
all twists are collected in Appendix A below. In addition, in
Appendix B we present the results for the functions VM

1
and AM

1 that appear in the off-light-cone O�x2� corrections
in the OPE involving three-quark currents,
 

4h0j"ijkui��a1x�u
j
��a2x�dk��a3x�jN�i

� ��5���
�i
f�

��
V1 �

x2m2
N

4
VM

1

�
�v1���;�

�

�
A1 �

x2m2
N

4
AM

1

�
�a1���;�

�

�
T1 �

x2m2
N

4
T M

1

�
�t1���;�

�
�N
� 	 	 	 ; (3.29)

for the case that the light-cone positions of two of the three
quarks coincide, to the first subleading order in the con-
formal expansion. The function T M

1 does not contribute to
the sum rules to our accuracy.

IV. LIGHT-CONE SUM RULES

A. The soft-pion limit

For technical reasons, it is convenient to write the sum
rules for the complex conjugated amplitude with the pion-
nucleon pair in the initial state. To this end we consider the
correlation function

 T�N� �P; q� � i
Z

d4xeiqxh0jTf�p�0�jem
� �x�gjN�P���k�i;

(4.1)

where
 

�p�x� � "ijk
ui�x�C�
u
j�x���5�


dk�x�;

h0j�p�0�jN�P�i � 
p1mNN�P�
(4.2)

is the so-called Ioffe proton interpolating current [41], 
p1
is the corresponding coupling.

In the limit jkj ! 0 for fixed q2 and �P0�2 � �P� k�
q�2, the correlation function in (4.1) can be calculated
using the partially conserved axial-vector current (PCAC)
relation and current algebra in terms of the correlation
functions without a pion and involving chirally rotated
currents:
 

T�N� �P; q� � �
i
f�

�
i
Z
d4xeiqx

� h0jTf
Qa
5 ; �p�0��j

em
� �x�gjN�P�i

� i
Z
d4xeiqxh0jTf�p�0�
Qa

5 ; j
em
� �x��gjN�P�i

�

� bremsstrahlung terms; (4.3)

where Qa
5 is the axial charge and the bremsstrahlung con-

tributions correspond to pion absorption by the initial state
nucleon.

The commutators can easily be evaluated with the result
 


Q�5 ; j
em
� �x�� � �

1���
2
p A��x�; A� �

1���
2
p �q���5�

�q;


Q3
5; j

em
� �x�� � 0; (4.4)

where �� � 1��
2
p ��1 � i�2�, Q�5 �

1��
2
p �Q1

5 � iQ
2
5� etc. Also

 
Q�5 ; �p�x�� � �
1���
2
p �5�n�x�;


Q3
5; �p�x�� � �

1

2
�5�p�x�;

(4.5)

where �n is the neutron current

 �n�x� � �"ijk
di�x�C�
dj�x���5�
uk�x�: (4.6)

The contributions of interest to (4.1) are those singular in
the vicinity of P02 ! m2

N , see Fig. 2. Note that, in addition
to the nucleon pole, Fig. 2(a), one has to take into account
the semidisconnected contribution with the pion-nucleon
intermediate state, Fig. 2(b). For example, for n�� one
obtains
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T�
�n

� �P; q� �
i
p1mN

f�

mN � P6
0

m2
N � P

02 �5

�
���q2 � q�q6 �

Gn��
1

m2
N

�
i��
q




2mN
Gn��

2

�
N�P�

�
i
n��mN

f�
�5

mN � P6
0 � k6

m2
N � �P

0 � k�2

�

�
��Fn1 �

i��
q



2mN
Fn2

�
N�P� � 	 	 	 ; (4.7)

where the ellipses stand for less singular contributions, Fn1
and Fn2 are Dirac and Pauli electromagnetic neutron form
factors, respectively

 hN�P0�jjem

 �0�jN�P�i � �N�P0�

�
�
F

N
1 �Q

2�

� i
�
�q�

2mN
FN2 �Q

2�

�
N�P� (4.8)

and 
n�� is the coupling of the Ioffe current to the n��

state:

 h0j�p�0�jN�P
0 � k���k�i � �

i
f�

�NmN�5N�P

0 � k�:

(4.9)

On the other hand, using the representation in Eq. (4.3)
instead, one obtains
 

T�
�n

� �P; q� �
i
p1mN

f�

1���
2
p

mN � P6
0

m2
N � P

02

�
��GA�Q2�

�
q�

2mN
GP�Q

2� � i
��
q




2mN
GT�Q

2�

�
�5N�P�

�
i���

2
p
f�
�5


n
1mN

mN � P6 0

m2
N � P

02

�

�
��Fn1 �

i��
q



2mN
Fn2

�
N�P� � 	 	 	 (4.10)

where the form factors in the first line are defined as

 hN�P0�jA��0�jN�P�i � �N�P0�
�
��GA�Q2� �

q�
2mN

GP�Q2�

� i
��
q




2mN
GT�Q2�

�
�5N�P�:

(4.11)

Note that GT�Q
2� � 0 because of the isospin and CP

invariance.
In the same approximation, the pion-nucleon coupling is

given by 
n�� � ��
1��
2
p �
p1 [cf. Eq. (4.5)] so that the terms

in the second line in Eqs. (4.7) and (4.10) coincide: The
contribution of the chiral rotation of the nucleon current is
identically equal to the semidisconnected contribution in
Fig. 2(b) of the pion coupling to the current. Equating the
remaining contributions in the first line of Eqs. (4.7) and
(4.10), one obtains

 Q2Gn��
1 �Q2� �

m2
N���
2
p GA�Q

2� �O�m�=�; jkj=��;

Gn��
2 �Q2� � 0�O�m�=�; jkj=��;

(4.12)

which is the classical result [1– 4]. The consideration of the
p�0 state is similar, the only difference being that the
commutator of the electromagnetic current with the axial
charge vanishes in this case, so that both amplitudes vanish
at threshold, up to corrections in m� and/or jkj:

 Q2Gp�0

1 �Q2� � 0�O�m�=�; jkj=��;

Gp�0

2 �Q2� � 0�O�m�=�; jkj=��:
(4.13)

To avoid misunderstanding, note that our (schematic) deri-
vation does not include bremsstrahlung contributions,
which have to be added. The derivation breaks down for
large momentum transfers, however. One way to see this is
that the limit k! 0, which is implied in the current algebra
relations, becomes far away from the physical region. In
particular, the position of the pole in the pion-nucleon
intermediate state in Fig. 2(b) �P0 � k�2 � m2

N moves
away from the nucleon pole at �P0�2 � m2

N. Requiring
that �P0 � k�2 � �P0�2 � �2

QCD �m
2
N , one obtains a re-

striction for the applicability of the soft-pion limit Q2 �
�3=m�. In what follows we develop a technique to calcu-
late the amplitudes in the opposite limit of large momen-
tum transfers, Q2 � �3=m�.

B. The sum rules

The general philosophy of the LCSR approach is ex-
plained in the Introduction. The main idea is to separate
contributions of small distances to the correlation function
in (4.1) in terms of calculable coefficient functions in front
of operator matrix elements and apply the soft-pion tech-
niques for the evaluation of the latter rather than the
correlation function itself. Information about the general-
ized form factors can then be extracted by matching the
QCD calculation at moderate negative values P02 �
�1 GeV2 with the dispersion representation (4.7) in terms
of hadronic states.

The correlation function in (4.1) involves several invari-
ant functions that can be separated by the appropriate
Lorentz projections. The structures that are most useful
for writing the LCSRs are usually those containing the

 

P

k

q

P

q

k
(a) (b)

FIG. 2 (color online). Schematic structure of the pole terms in
the correlation function (4.1).
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maximum power of the large momentum p� � pz. We
define

 ��Tz � �
i
f�
�pz� kz��5fmNA� q6 ?BgN

��P�:

(4.14)

The invariant functions A and B can be calculated for
sufficiently large Euclidean Q2 and P02 � �P� k� q�2 in
terms of the generalized distribution amplitudes of the
pion-nucleon system using the operator product expansion.
We use the following notations:

 

~F�x3� �
Z x3

1
dx03

Z 1�x03

0
dx1F�x1; 1� x1 � x03; x

0
3�;

~~F�x3� �
Z x3

1
dx03

Z x03

1
dx003

Z 1�x003

0
dx1F�x1; 1� x1 � x003 ; x

00
3 �

(4.15)

and

 F̂�x2� �
Z x2

1
dx02

Z 1�x02

0
dx1F�x1; x

0
2;1� x1� x

0
2�;

^̂F�x2� �
Z x2

1
dx02

Z x02

1
dx002

Z 1�x002

0
dx1F�x1; x

00
2 ;1� x1� x

00�;

(4.16)

where F � A, V, T is a generic pion-nucleon GDA that
depends on the three valence quark momentum fractions.

To three-level accuracy A�N and B�N are given by the
same expressions [34] as the LCSRs for the proton elec-
tromagnetic form factors F1 and F2, respectively, with the
substitution of the nucleon DAs by the pion-nucleon ones:

 

A�N � 2ed
Z 1

0
dx3

�
Q2 � q2

3

q4
3

~V�N123 �
x3

q2
3

Z �x3

0
dx1V

�N
3 �xi� �

x2
3m

2
N

q4
3

~V�N43

�
� 2eu

Z 1

0
dx2

�
x2

q2
2

Z �x2

0
dx1
�2V�N1 � 3V�N3

� A�N3 ��xi� �
2x2m

2
N

q4
2

V �N;M�u�
1 �

Q2 � q2
2

q4
2

V̂�N123 �
Q2 � q2

2

q4
2

Â�N123 �
x2

2m
2
N

q4
2


V̂�N1345 � 2V̂�N43 � Â
�N
34 �

�
2x2m

2
N

q4
2

^̂V
�N
123456

�
;

B�N � �2ed
Z 1

0
dx3

�
1

q2
3

Z �x3

0
dx1V

�N
1 �xi� �

m2
N

q4
3

V �N;M�d�
1 �

x3m2
N

q4
3


 ~V�N123 �
~V�N43 �

�

� 2eu
Z 1

0
dx2

�
1

q2
2

Z �x2

0
dx1
V1 � A1�

�N�xi� �
m2
N

q4
2


V �N;M�u�
1 �A�N;M�u�

1 �

�
x2m2

N

q4
2


V̂�N1345 � V̂
�N
123 � Â

�N
123 � 2V̂�N43 � Â

�N
34 �

�
;

(4.17)

where we used shorthand notations for the combinations of
the DAs:
 

V43 � V4 � V3;

V123 � V1 � V2 � V3;

V1345 � �2V1 � V3 � V4 � 2V5;

V12345 � 2V1 � V2 � V3 � V4 � V5;

V123456 � �V1 � V2 � V3 � V4 � V5 � V6;

(4.18)

 

A34 � A3 � A4;

A123 � �A1 � A2 � A3;

A1345 � �2A1 � A3 � A4 � 2A5;

A12345 � 2A1 � A2 � A3 � A4 � A5;

A123456 � A1 � A2 � A3 � A4 � A5 � A6

(4.19)

and also

 T137 � T1 � T3 � T7;

T13478 � 2T1 � T3 � T4 � T7 � T8;

T134678 � T1 � T3 � T4 � T6 � T7 � T8:

(4.20)

Explicit expressions for the functions V �N;M�u;d�
1 and

A�N;M�u;d�
1 are given in Appendix B. The superscripts (u)

or (d) stand for the cases that one of the u-quarks has the
same position as the d-quark, and the two u-quarks have
the same position, respectively. In addition, we use a
compact notation

 q3 � q� x3�P� k�; q2 � q� x2�P� k�: (4.21)

In both expressions in (4.17) the functions with a ‘‘tilde’’
and a ‘‘hat’’ have x3 and x2 as an argument, respectively,
cf. (4.15) and (4.16). Also, in the terms involving two
integrations over the momentum fractions, the remaining
momentum fraction is replaced by using x1�x2�x3�1.

The Borel transformation and the continuum subtraction
are performed by using the following substitution rules:
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 Z
dx

%�x�

�q�x�P�k��2
��

Z 1

0

dx
x

%�x�

�s�P02�

!�
Z 1

x0

dx
x
%�x�

�exp
�
�

�xQ2

xM2�
�xm2

N

M2

�
;

Z
dx

%�x�

�q�x�P�k��4
�
Z 1

0

dx

x2

%�x�

�s�P02�2

!
1

M2

Z 1

x0

dx

x2%�x�exp
�
�

�xQ2

xM2�
�xm2

N

M2

�

�
%�x0�e

�s0=M2

Q2�x2
0m

2
N

; (4.22)

where M is the Borel parameter, s � 1�x
x Q2 � �1� x�m2

N

and x0 is the solution of the corresponding quadratic equa-
tion for s � s0:
 

x0 � 

���������������������������������������������������������
�Q2 � s0 �m2

N�
2 � 4m2

NQ
2

q
� �Q2 � s0 �m

2
N��=�2m

2
N�: (4.23)

The contribution�e�s0=M2
in Eq. (4.22) corresponds to the

‘‘surface terms’’ arising from the partial integration to
reduce the power in the denominator �q� xP�4 �
�s� P02�2��x�2 to the usual dispersion representation
with the denominator��s� P02�. Without continuum sub-
traction, i.e. in the limit s0 ! 1 this term vanishes.

On the other hand, the nucleon contribution of interest
corresponds to a pole term in the variable P02 at P02 � m2

N .
For the relevant projections we get

 A �N �
2
p1 �Q

2=m2
N�G

�N
1

m2
N � P

02 �
2
�NF1�Q

2�

m2
N � �P

0 � k�2
;

B�N � �

p1G

�N
2

m2
N � P

02 �

�NF2�Q

2�

m2
N � �P

0 � k�2
;

(4.24)

where F1 and F2 are the Dirac and Pauli proton (for p�0)
and neutron (for n��) electromagnetic form factors, re-
spectively. The pion-nucleon coupling 
�N � 
�N�P02� is
defined in Eq. (4.9) and in general depends on the invariant
mass P02 of the pion-nucleon system. Close to threshold in
theP02-channel, P02th � m2

N�1� ��
2, one obtains in the soft-

pion limit 
n�� � �

p
1=

���
2
p

, 
p�0 � �
p1=2.
Note that the Borel transformation amounts in this case

to the substitution

 

1

m2
N � P

02 ! e�m
2
N=M

2
;

1

m2
N � �P

0 � k�2
! �1� ��e�
m

2
N�1���

2��Q2�=M2
:

(4.25)

One observes that the contribution of the pion-nucleon
intermediate state is suppressed compared to the nucleon
contribution of interest by an extra factor expf�
m2

N�2�
�� �Q2�=M2g. Requiring that this suppression is at least as
strong as expf�
s0 �m2

N�=M
2g in which case the pion-

nucleon state has to be considered as a part of the contin-
uum, we obtain

 �
m2
N�2� �� �Q

2� � s0 �m
2
N; (4.26)

 Q2 � �s0 �m
2
N�=�� �2� ��m

2
N; (4.27)

where fromQ2 � 7:3 GeV2. For smaller momentum trans-
fers the pion-nucleon contribution has to be calculated
explicitly and subtracted. The problem is that the corre-
sponding couplings 
�N have to be taken at the invariant
mass of the pion-nucleon pair P02 � m2

N�1� ��
2 � �Q2

and this dependence is not known a priori.
Neglecting the pion-nucleon intermediate state, we ob-

tain the sum rules:

 

Q2G�N
1 �Q

2� �
m2
N

2
p1

�Z 1

x0

dx
�
�
%a2�x�
x
�
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x2M2

�
exp

�
�

�xQ2

xM2 �
xm2

N

M2

�
�
%a4�x0�e

��s0�m2
N�=M

2

Q2 � x2
0m

2
N

�
;

G�N
2 �Q

2� � �
1


p1

�Z 1

x0

dx
�
�
%b2�x�
x
�
%b4�x�

x2M2

�
exp

�
�

�xQ2

xM2 �
xm2

N

M2

�
�
%b4�x0�e

��s0�m2
N�=M

2

Q2 � x2
0m

2
N

�
;

(4.28)

where the functions %a;b2;4 �x� are given in terms of the generalized pion-nucleon distribution amplitudes as

 

%a2�x� � 2ed

�
~V�N123� x

Z �x

0
dx1V

�N
3 �xi�

�
� 2eu

�
x
Z �x

0
dx1
�2V1� 3V3�A3�

�N�xi� � V̂
�N
123� Â

�N
123

�
;

%a4�x� � 2edfQ
2 ~V�N123� x

2m2
N

~V�N43 g � 2eufQ
2�V̂�N123� Â

�N
123� � x

2m2
N
V̂

�N
1345� 2V̂�N43 � Â

�N
34 � � 2xm2

N�V
�N;M�u�
1 � ^̂V

�N
123456�g;

%b2�x� � �2ed

�Z �x

0
dx1V

�N
1 �xi�

�
� 2eu

�Z �x

0
dx1
V1�A1�

�N�xi�
�
;

%b4�x� � �2edm2
NfV

�N;M�d�
1 � x
 ~V123� ~V43�

�Ng � 2eum2
Nf
V

�N;M�u�
1 �A�N;M�u�

1 �

� x
V̂1345� V̂123� Â123� 2V̂43� Â34�
�Ng: (4.29)
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Note that the sum rules have exactly the same structure as
the sum rules for electromagnetic nucleon form factors in
Ref. [34], with the only difference that nucleon DAs are
replaced by the pion-nucleon ones.

For completeness, we quote also the sum rule for the
axial form factor of the proton from Ref. [34] [for the
charged current defined in (4.4)]:
 

GA�Q
2� �

1


p1

�Z 1

x0

dx
�
�
%c2�x�
x
�
%c4�x�

x2M2

�

� exp
�
�

�xQ2

xM2 �
xm2

N

M2

�

�
%c4�x0�e��s0�m2

N�=M
2

Q2 � x2
0m

2
N

�
; (4.30)

with
 

%c2�x� �
�

~V123 � x
Z �x

0
dx1V3�xi�

�
�

�
x
Z �x

0
dx1
2A1 � 3A3

� V3��xi� � Â123 � V̂123

�
;

%c4�x� � fQ
2 ~V123 � x2m2

N
~V43g � fQ2�Â123 � V̂123�

� x2m2
N
Â1345 � 2Â34 � V̂43�

� 2xm2
N�A

M�u�
1 � ^̂A123456�g: (4.31)

Note that in difference to Eq. (4.28) this sum rule involves
nucleon DAs on the right-hand side (rhs), not the pion-
nucleon ones.

V. RESULTS

The sum rules in Eqs. (4.28) and (4.30) involve nucleon
and pion-nucleon DA that can be expanded in contribu-
tions of conformal partial waves. To each order in the
conformal expansion, one or several new nonperturbative
parameters appear that can be related to matrix elements of
local operators, as detailed in Ref. [40]. In the simplest
approximation (asymptotic DAs), the sum rules depend on
a single parameter which is the ratio of the twist-4 and the
twist-3 matrix elements of the three-quark operators of the
lowest dimension (e.g. without derivatives) that differ by
the quark spin projection on the light cone. This ratio is
known to approximately 20%–30% accuracy from the
QCD sum rule calculations (see e.g. [34]). To the next-
to-leading order in the conformal spin, several more pa-
rameters enter that characterize the momentum fraction
carried by a particular quark in the valence component of
the nucleon wave function, both in the leading and higher
twists. These parameters have been estimated using QCD
sum rules [42–44] but the accuracy of such estimates is
suspected to be low. For this reason we prefer to use the set
of parameters that are intermediate between the asymptotic
and the QCD sum rule motivated DAs, and are chosen in
such a way that the nucleon electromagnetic and axial form

factors are described well within the light-cone sum rule
approach, see Ref. [34]. We will refer to this set of the DAs
as the Braun-Lenz-Wittmann (BLW) model. For leading
twist, these parameters are close to the model of Ref. [45].

In order to minimize further the uncertainty due to the
choice of the DAs, the Borel parameter M2, and the con-
tinuum threshold s0, we present below results for the ratios
of the sum rules for the pion electroproduction amplitudes
at threshold, Eqs. (4.28), to the nucleon axial form factor,
Eq. (4.30):

 R�N1 �
���
2
p
Q2G�N

1 =�GAm
2
N� (5.1)

and

 R�N2 �
���
2
p
G�N

2 =GA: (5.2)

For small momentum transfers, the first ratio is predicted to
be one for the ��n and zero for �0n final state (4.12),
while the second ratio vanishes in both cases in the soft-
pion limit (4.13).

The LCSR (4.30) for the axial form factor itself is
studied in the range Q2 � 1–10 GeV2 in Ref. [34]. The
results are consistent (to 20% accuracy) with the dipole
parametrization,

 GA�Q
2� �

gA

�1� Q2

M2
A
�2
; (5.3)

with gA � 1:267� 0:004 and the mass parameter MA �
1 GeV that is suggested by both the neutrino scattering and
pion electroproduction data at low Q2.

The results are shown in Fig. 3 for the range of momen-
tum transfers Q2 � 5–10 GeV2. This range is chosen be-
cause for lower momenta the contribution of the pion-
nucleon intermediate state becomes large and must be
subtracted, and, on the other hand, for large momenta the
(uncalculated) radiative corrections O��s�M�� are ex-
pected to play an increasing role.

It attracts attention that the R1 ratio is almost constant in
the whole Q2 range, i.e. the Q2G�N

1 amplitude turns out to
be proportional to the axial form factor of the nucleon. This
proportionality holds for all models of the nucleon DAs
that we are considering, whereas the value of R1 does
depend on the shape of the DAs. We obtain

 R�
�n

1 � 0:80� 0:10; R�
0p

1 � 0:45� 0:08; (5.4)

where the given error estimate corresponds to the differ-
ence in the sum rule predictions using BLW and asymptotic
DAs.

The second amplitude, G�N
2 , comes out similar in mag-

nitude but different sign for the ��n and �0p final states.
The sum rule results for the R�N2 ratio, shown in Fig. 3 can
be parametrized as

 R�N2 �Q
2� �

R�N2 �Q
2
0�

1� b�Q2 �Q2
0�

(5.5)
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with the reference scale Q2
0 � 7:5 GeV2, the slope b ’

0:1 GeV�2, and the values

 R�
�n

2 �Q2
0� � 0:21� 0:15;

R�
0p

2 �Q2
0� � �0:19� 0:07;

(5.6)

where the error estimates are obtained as in Eq. (5.4).
Using our central values for the amplitudes G�N

1;2 , we
obtain the contribution to the structure function F2 (2.11)
which in the sum of all terms is almost the same as the
corresponding contribution in the soft-pion limit,
cf. Eqs. (4.12) and (4.13). This is in disagreement to
Ref. [5] where a much larger structure function was ob-
tained. The inspection shows that our result for the ��n
production coincides with that of [5] within the errors,
while our prediction for the �0p cross section is smaller
by an order of magnitude. As the result, the DIS cross
section obtained in [5] is completely dominated (90%) by
the contribution of the �0p state [compare Eqs. (11) and
(12) in [5] ], whereas in our calculation the �0 to ��

production ratio is only of order 1=3. Although the precise
numbers are sensitive to the models of the nucleon DAs,
there seems to be a qualitative difference that would be
interesting to check experimentally.

VI. SUMMARY AND CONCLUSIONS

We have given an analysis of the pion electroproduction
amplitudes at threshold in the light-cone sum rule ap-
proach, using the methods of current algebra to construct
the complete set of pion-nucleon distribution amplitudes in
the soft-pion limit. The sum rule derived in this work are
tree level and may be affected by large (but calculable)
radiative corrections. Having this in mind, the numerical
results presented in Sec. V have to be considered as semi-
quantitative. Our calculation suggests that the �0 to ��

production ratio becomes roughly of order 1=3 at large
momentum transfers Q2 > 7 GeV2, and the amplitudes

G�0p
2 and G��n

2 are not small. They are predicted to be
similar in magnitude and have opposite sign which can be
tested in experiment using polarization transfer techniques.
Working out the concrete experimental predictions (e.g.
corresponding asymmetries) goes beyond the tasks of this
paper and will be considered separately.

Main assumption underlying the present calculation is
that the matching of the QCD operator expansion with the
dispersion relation in terms of hadronic states can be done
at sufficiently large scales where pions do not present
independent degrees of freedom. In practice, the relevant
values of the Borel parameter are close to the cutoff scale
of the chiral perturbation theory, so this assumption may
need a further check and better justification. Another di-
rection of further work is obviously the inclusion of radia-
tive corrections to the sum rules, which are enhanced at
large momentum transfers. For practical applications, one
may need to add contributions of pole terms and generalize
our analysis of the pion-nucleon distribution amplitudes to
small off-threshold pion momenta by using the Omnes
representation.
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APPENDIX A: PION-NUCLEON GDAs OF HIGHER
TWISTS

In this Appendix we give without derivation the expres-
sions for three-quark pion-nucleon generalized distribution
amplitudes of higher twist.

1. n�� distribution amplitudes

Definition of the GDAs follows Eq. (3.28). For the twist-
4 we obtain
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FIG. 3 (color online). Pion electroproduction amplitudes at
threshold, (2.10) normalized to the nucleon axial form factor:
��n (solid blue curves) and �0p (dashed red curves). The
calculation is done using the BLW model [34] for the nucleon
DAs. The color identification refers to the online version.
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The expressions for twist-5 GDAs are identical up to the
substitution
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(A2)

and the similar replacement of the neutron DAs on the rhs.
Finally, the expressions for twist-6 GDAs are identical to

twist-3 with the substitution
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and the similar substitution of the neutron DAs.

2. p�0 distribution amplitudes

Definition of the GDAs follows Eq. (3.28). For twist-4
we obtain
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(A4)

The expressions for twist-5 and twist-6 GDAs are identical
to those for twist-4 and twist-3, respectively, with obvious
substitutions as described for the n�� case.

3. p�� distribution amplitudes

For completeness we present here the expressions for the
p�� GDAs. They are defined as the corresponding matrix
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element of the trilocal light-ray operator

 Ô uuu
��� � �ijkui��a1z�u

j
��a2z�u

k
��a3z� (A5)

and can be relevant, e.g. for weak form factors correspond-
ing to the charged W-boson exchange. Working out the
necessary commutators we obtain
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Ô

udu
�
��z�

� ��5��
Ô
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In fact, a separate calculation is not needed in this case. For
all GDAs,
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APPENDIX B: x2-CORRECTIONS

1. V �N;M
1 corrections

The method to calculate the O�x2� contributions in the
OPE of the baryon operators in a diquark-quark configu-

ration (i.e. when the light-cone positions of two quarks
coincide) is described in detail in Refs. [30,34] and need
not be repeated here. The functions VM can be found as
solutions of the following equations for the moments:
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We present the solutions as
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where
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2�30Vd1 �1�3x2�x
2
2�2Au1�4�12x2�17x2

2�569x3
2�612x4

2�g;

Cd;n�
�


 �
1���
2
p f�1�x3���8�8x3�441x2

3�239x3
3�59x4

3�77x5
3��204x2

3 ln
x3�

�2�fu1�2fd1 �
�1�x3��4�4x3�351x2
3�169x3

3�49x4
3�55x5

3��180x2
3 ln
x3��g;

Cd;n�
�

f ��
1���
2
p f�1�x3��16�16x3�171x2

3�941x3
3�847x4

3�217x5
3��108x2

3 ln
x3�

�4Au1
�1�x3��4�4x3�1527x2
3�893x3

3�923x4
3�1613x5

3�612x6
3��720x2

3 ln
x3��g: (B4)
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2. A�N;M
1 corrections

Similarly we get the equations for the AM functions:
 Z

dx3xn3A
�N;M�d�
1 �x3� �

1

�n� 1��n� 2�

��2A1 � A3 � A4 � 2A5�

�d��n�2���N

�
1

�n� 1��n� 3�

�n� 3�A�d��n�2�

1 � �A1 � A2�
�d��n�2� � �A1 � A5�

�d��n�1���N; (B5)

 Z
dx2x

n
2A

�N;M�u�
1 �x2� �

1

�n� 1��n� 3�

�n� 3�A�u��n�2�

1 � �A1 � A2�
�u��n�2���N

�
1

�n� 1��n� 2�

��2A1 � A3 � A4 � 2A5�

�u��n�2���N: (B6)

We obtain

 A �N;M�d�
1 � 0; A�N;M�u�

1 �
1

24
�1� x2�

3f
1D
u;�N

 � fND

u;�N
f g (B7)

with the coefficients
 

Du;p�0


 � �
1

2
fx2

2�29� 45x2� � 2fu1 �4� 12x2 � 51x2
2 � 45x3

2� � 4fd1 �2� 6x2 � 17x2
2 � 30x3

2�g;

Du;p�0

f � �
1

2
f8� 24x2 � 21x2

2 � 2Au1�4� 12x2 � 9x2
2 � 609x3

2 � 612x4
2� � 45x3

2 � 10Vd1x
2
2�1� 3x2�g;

Du;n��

 �

1���
2
p f3x2

2�47� 55x2� � 4fu1 �2� 6x2 � 17x2
2 � 30x3

2� � 2fd1 �4� 12x2 � 221x2
2 � 255x3

2�g;

Du;n��

f �
1���
2
p f16� 48x2 � 35x2

2 � 1323x3
2 � 1224x4

2 � 2Au1�8� 24x2 � 13x2
2 � 1233x3

2 � 1224x4
2�

� 6Vd1 �4� 12x2 � 9x2
2 � 609x3

2 � 612x4
2�g: (B8)
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