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We present explicit U-duality invariants for the R, C, @, O (real, complex, quaternionic, and
octonionic) magic supergravities in four and five dimensions using complex forms with a reality
condition. From these invariants we derive an explicit entropy function and corresponding stabilization
equations which we use to exhibit stationary multicenter 1/2 Bogomol’nyi-Prasad-Sommerfield (BPS)
solutions of these N = 2 d = 4 theories, starting with the octonionic one with E7(_,s) duality symmetry.
We generalize to stationary 1/8 BPS multicenter solutions of N =8, d = 4 supergravity, using the
consistent truncation to the quaternionic magic N = 2 supergravity. We present a general solution of non-
BPS attractor equations of the STU truncation of magic models. We finish with a discussion of the BPS-
non-BPS relations and attractors in N = 2 versus N = 5, 6, 8.
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I. INTRODUCTION

The purpose of this paper is to present explicit stationary
multicenter solutions of N = 8, d = 4 supergravity [1] and
all magic N = 2 supergravities [2]. All these models are
associated with the Jordan algebras of 3 X 3 Hermitian
matrices: J_%R, J;C, J?, J?, and J?S. Here A=R, C, Q, O
are the four division algebras, with dimA =1, 2, 4, 8,
while Oy is a the split form of O [3] with a quadratic
norm invariant under O(4,4) (the indefinite signature
means this is no longer a division algebra). The octonionic
magic N = 2 model goes by the name exceptional since it
is the only one of the four magic N = 2 supergravities
which is not known to be a consistent reduction of N = 8:
its defining Jordan algebra JY involves the real octonions
with a quadratic norm invariant under O(8) [3], and is the
only algebra mentioned above which one cannot get from

truncating J ? *. Note that the connection to Jordan algebras
based on the division algebras defines a relation between
the four N = 2 magic supergravities [2] and the magic
square [4]. From a physics perspective, the main feature of
the N =8 and the magic N = 2 supergravities which
interests us is that for each case all the vector fields,
including the graviphoton, transform in a single irreducible
representation of U-duality group; these symmetries place
strong constraints on the entropy formula and the stabili-
zation equations derived from it.

The black hole entropy formula for N = 2 supergrav-
ities based on symmetric spaces is either known or can be
established. We extend this list to include magic super-

*Electronic address: Sergio.Ferrara@cern.ch
Electronic address: eggimon@Ibl.gov
“Electronic address: kallosh@stanford.edu

1550-7998/2006/74(12)/125018(18)

125018-1

PACS numbers: 04.65.+e, 04.70.Bw

gravities, for which we construct these entropies. We can
then give a complete list of all symmetric spaces with their
entropy formulas.

The duality symmetry of N =8, d =4, and d =5
supergravities is E;;y and Eq), respectively. The duality
symmetry of the exceptional magic N =2,d = 4andd =
5 supergravities is E7_»s5) and Eg_y), respectively. The
number in the brackets stands for the difference between
the number of noncompact minus compact generators. For
example, in E77) and in E;(_,s) the total number of non-
compact and compact generators of E is the same, namely,
70 + 63 = 133 and 54 + 79 = 133. However, the differ-
ence between them is either 70 — 63 = 7 for E;(7) or 54 —
79 = —25 for E7(_25).

For the octonionic N = 2 supergravity we will find a
new explicit entropy function derived from the quartic
invariant of the fundamental 56-dimensional representa-
tion of E;(_5s) and the relevant “electric’” and “magnetic’
cubic invariants of Eg_ . This entropy function then
provide us with the most general explicit multicenter
Bogomol’nyi-Prasad-Sommerfield (BPS) solution of the
octonionic (exceptional magic) N = 2 supergravity in
terms of a 56-dimensional harmonic function with an
arbitrary number of centers. We will also present explicit
entropy formulas for all the remaining magic
supergravities.

Recently, the generalization of the N = 2 attractor equa-
tions in Refs. [5—8] was established for N > 2 by a gen-
eralization of the special geometry symplectic structure to
all extended supergravities [9]. In particular, for N = §
supergravity a simple set of algebraic equations was estab-
lished which describe regular BPS and non-BPS extremal
black hole solutions. In this later paper, a natural truncation
of the N = 8 theory to its largest consistent N = 2 trunca-
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tion, the quaternion magic N = 2 supergravity, made its
appearance. To proceed with an explicit demonstration of
stationary multicenter 1/8 BPS solutions of N = 8 d = 4
supergravity we use this reduction to N = 2. Hence, in
addition to the N = 8 model and the octonionic N = 2
model, the N = 2 magic supergravity based on the Jordan
algebra of quaternions, J?, is of particular interest in this
paper.

We will argue that our new solution of quaternionic
supergravity, depending on a 32-dimensional harmonic
function with any number of centers, are also the most
general 1/8 BPS stationary multicenter solution of N = 8
d = 4 supergravity, up to an overall E7 rotation.

We also will analyze multiple relations between BPS
and non-BPS solutions in N =2 and N = 5, 6, 8 super-
gravities. It is known that the same bosonic solution may
be BPS or non-BPS depending on how it is embedded in a
given supergravity theory or how one identifies the bosonic
vector fields with the specific supersymmetric multiplets,
see, for example, Ref. [10] where many such examples
were given. In some N = 8 examples in Ref. [10] the
relation between BPS and non-BPS solutions uses the
same embedding but requires a flip of a sign from some
of the charges. More recently such examples were discov-
ered in the context of nonsupersymmetric attractors, see
e.g. Ref. [11].

We will describe the general solutions of N = 2 attrac-
tors and, in particular, the general solution for non-BPS
attractors of magic supergravities.

In summary, our paper is organized as follows. In Sec. Il
we summarize and expand on known results for multi-
center solutions in N = 2 SUGRA with special emphasis
on the role of the a set of harmonic functions transforming
in an irreducible representation of the U-duality group.
Writing down the metric, gauge and scalar fields depends
crucially on a writing down a quartic invariant, or an
entropy function, constructed from this representation. In
section IIT we describe two approaches for writing down
the quartic invariants for N = 8 and the magic N = 2
supergravities. The first approach uses connections to the
five-dimensional U-duality group and makes novel use of a
set of complex matrices with a reality condition in express-
ing both the entropy function and the attractor equations.
The second approach stresses the connection of our quartic
invariant to a set of invariants of the six-dimensional U-
duality group which allows us to use real matrices (the
quaternionic magic case is a pseudoreal exception). In
Sec. IV we develop, as an example for the material in
Secs. II and III, the solutions for BPS composites of
octonionic magic N = 2. Section V follows with a descrip-
tion of N = 8 1/8 BPS composites in terms of a quater-
nionic N = 2 subalgebra. In section VI we expand our
circle of consideration to non-BPS extremal multicenter
solutions before closing with some final thought in
Sec. VIIL.
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I1. A DESCRIPTION OF STATIONARY
MULTICENTER SOLUTIONS: N = 2 BLACK
HOLE COMPOSITES

The exact BPS multicenter stationary black hole solu-
tions in N = 2 supergravity have been worked out as a
general case whenever there is a known expression for the
explicit single center black hole entropy, S(p, q), as a
function of quantized charges [12]. The entropy formula
is given by the minimal value of the BPS black hole mass
via
2.1

S(p, q) = wM*(p, ¢; t, Dlae = 711 (p, q),

where the moduli, #(p, q), #(p, q), are fixed near the black
hole horizon by the attractor mechanism [5—8]. There are
three invariants that the reader should be aware of in the
context of black hole attractors, it is important not to
confuse them:
(i) 1;(p, g; ¢, ©): This is the general symplectic invariant
defined in [6,13]. It can be written explicitly as

Li(p. q;1, 1) = —3(pg) M(N (1, D) (pg)”

= |z(D)|? + | DzD)?, (2.2)

where IN (¢, 7) is the metric on the vector fields. Here
Z(N) =T, Q) and T = (p*, qp), Q= (LA M,y).
This scalar quantity is an invariant of the group
OSp(2(n, + 1), R) which acts on both the charges
and the symplectic sections. It is manifestly qua-
dratic in the charges and non-negative. Near the
black hole horizon N = 2 supersymmetry is restored
and DZ = 0 which is equivalent to the requirement
that

a0, (I's1,7) =0, oy (I5,8) = 0. (2.3)

This equation defines the moduli near the horizon as
functions of charges, t(p, ), {(p, ).

(i) I1(p, @) = Li(p, ¢: t(p, q), {p, q)): This is the en-
tropy function, I;(I'), derived from the function
above restricted to #’s and 7’s implicitly defined in
terms of p’s and ¢’s through their attractor values.
This scalar is no longer invariant under OSp(2(n, +
1), R) since we have chosen particular values of 7 and
t for given p’s and ¢’s. It is, however, invariant under
the U-duality group if such exists, but it has no
particular polynomial properties as a function of
the charges. The moduli near the horizon are defined
by equation [6]

l.all(P, q)
dqs
3 l 3 S

P+ =2iZ(T")L*,
(2.4)

= ZiZ(F)Mz,

which follows from DZ(I') = 0 at the horizon. The
holomorphic special coordinates A = X—g at the ho-

125018-2



MAGIC SUPERGRAVITIES, N = 8 AND ...

rizon follow by dividing Eq. (2.4) on the zero com-
ponent of the same equation.

AL l‘all(r)
A _ 9ga
14 (p) Q) - + all(l") . (25)
[7 9q9

(iii) J4(p, g): This is a quartic polynomial in the charges,
invariant under a U-duality group. It appears in all
the theories discussed in this paper, it is related to the
entropy function via I;(p, ¢) = +/|J4(p, ¢)|.

Using the entropy function, the equations of motion for
general black hole solutions in N = 2 supergravities were
solved in Refs. [12,14]. Examples of nonstatic multicenter
solutions were given earlier in Ref. [15] where it was also
explained on the basis of these examples that the most
general expression for the metric can only depend on
duality invariants, the Kihler potential K(X, X) and the
Kihler connection A , (X, X). The general form of multi-
center BPS black hole solutions was presented in Ref. [14].

The explicit BPS multicenter stationary black hole so-
lutions in N = 2 supergravity were found in Refs. [12,14].
One can solve the 1/2 BPS equations by introducing a
harmonic symplectic doublet:

H ()

= (HMHy) =h+ Z (2.6)

-5
— X — X
From BPS equations one can prove that this doublet is

proportional to the imaginary part of the covariantly hol-
omorphic symplectic section ) = (L*, M,):

HX) = 2Im(H(F), Q)Q = i(HAM ,
Q,0)= -

— H\LMQ,
.7

We will refer to h and T" as fundamentals since for the
theories which appear in our paper they transform as
fundamentals under the E; U-duality group. A symplectic
invariant I,(I, £, 7) is now replaced by the X-dependent
symplectic invariant I,(H(X), ¢, 7). The other basic ingre-
dient is the symplectic pairing of two charges which in-
duces one on the harmonic functions:

(T, T2) = pigan — pyqia — (H, Hy).

Once equipped with these structures, one can prove that the
BPS equations require that
(H, DQ) =0, (2.8)
which results in
a0, (H(x);1,7) = 0,

oL (H®; ) =0.  (2.9)

This is the stabilization equation for the symplectic invari-
ant which can also be translated into a relation

L((HE); 1, Dl pay—o = 11 (H(X)).
This leads to

(2.10)
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oI, (H _
H* + iL = 2iZ(H)LZ,
0Hs
. (2.11)
Hs — i 1(2) = 2iZ(H)Ms.

The special coordinates 1A = X(, solve the equations of
motion, stabilization equations of the same form as the
attractor equations for moduli near the horizon, and are
given by

A ia11h(,11)
MNF) = ——— (2.12)
201y (H)
HO + i
The stationary metric is
ds? = —I;71(X)(dt + ®dX)* + I;(X)dx*
V X o = (H, VH). (2.13)

Note that e 2XX) may or may not be equal to I,(X),
depending on the choice of the Kéhler gauge. The sym-
plectic invariant /; is invariant under Kéhler transforma-
tions, K(t,7) — K(t,7) + f(¢) + f(7), whereas the Kihler
potential can be changed by a sum of the holomorphic and
antiholomorphic function. In Ref. [14] an ansatz was used
with K = —2U and H =iQ, — iQ, where Q,=
(XA, F,) is the holomorphic section. This section also
transforms under Kéhler transformations, g, —
Qpe ™ In Ref. [12] the ansatz for the harmonic doublet
is H=ie UTK/2(¢~ia) ) — ¢i@()) where a is the argu-
ment of the central charge. We prefer to codify the solu-
tions by the choice of the harmonic function at infinity, h.
Using this boundary value, we can give the values of the
special coordinates, the metric and vector field strength and
do not have to define combinations which are not invariant
under Kihler transformations. For example, the relation
between our h and the quantities in Ref. [12] is h =
(e7'@eX/20) ). In fact, only the product of all 3 terms is
invariant under Kihler transformations. Therefore we can
simply codify our solution with arbitrary h. Note also that
in our Eq. (2.11) the analogous term Z(H)L*> is Kihler
invariant since the transformations on Z(H) and on L
cancel and we do not have to identify these terms
separately.

The integrability condition for the multicenter solution
is

(H,AH) =0 & <H(iv), r)=0

n

Z +<l“s,h>—0
:1|x _xt

Hence when our generic set of n + 1 fundamentals,
(T, h), satisfies the integrability conditions, we constrain
the distances between the I'y fundamentals, |X, — ¥,|. Only
when two of these fundamental charge vectors are mutu-
ally local is their relative distance unconstrained. For the

(2.14)
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case when all the fundamentals are mutually local there are
no constraints on the distances; they are just moduli.

The fundamental which sets the asymptotic behavior, h,
also must satisfy some conditions if the metric is to have
the correct normalization and the integrability conditions
are to be solved:

Ii(h) =1, (h,I) =0,

(F - er) (2.15)
The vector fields in electric basis, using a mixture of
spherical coordinates (r,, 6,, ¢,) around each center X;, are

Ay = dy(Infy(H))(dr + @) = Y cosf,dp, ®T ).

(2.16)

The features of the geometry at very large |X| > |¥, — X,|
can be read off from the asymptotic form of the solution. In
this approximation

HX ~h+ =

l_‘ n
—, =T, (2.17)
x| ;

and

- R X
w = Z<FS’ Ft>est X =7
s<t |X|

(2.18)

Far from the core, this looks like a spherically symmetric
black hole (see Ref. [16] for more details):

ds? = —e?dr? + e 2Vdx?, e 2U0) = 11<h + %),
X
(2.19)
whose entropy is equal to
S(T) = =1, (I). (2.20)

Note that any measured angular momentum derived from
our expansion of w in (2.18) comes from terms which are
order 1/]¥|? in the metric and should be matched with a
measurement at a similar order for the dipole moments of
the gauge fields in (2.16). Thus there is no contradiction
with our knowledge that simple charged supersymmetric
black holes have no angular momentum; if you measure
angular momentum you also measure dipoles.

To recap, we would like to stress the special features of
these N = 2 solutions. For a solution with n centers we
needed n + 1 constant fundamentals (symplectic dou-
blets):

h = (WM hy), s=1,...,n

221

Fs = (pA! qA)s

giving these important qualities to our solutions:

(1) An attractor at infinity: This means that the values of
all our special coordinates at infinity are specified by
the values of the 1st fundamental, h and are com-
pletely independent of all the other fundamentals,
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I',. This follows from the limit of Eq. (2.12) at
infinity.

A 4 ;L)
h™ + 181117,\

0 .9l (h) "
h’ + 1—81110

A0 — (2.22)

(ii) An attractor at each center: this is a familiar feature
from BPS 1-center black holes where the values of
the moduli near the black hole horizon are indepen-
dent on the values of moduli at infinity. In our case,
with many centers, the values of special coordinates
at each center are independent of all fundamentals
except the one at the given center. The limit of
Eq. (2.12) near each center is given by

I‘é\ + l'all(r.r)

aFSA

0 -9l (L) °
Iy +i I

A gz — (2.23)

Apart from the nice clarity of the attractor behavior above,
at each center and at infinity, writing our solution in terms
of n + 1 fundamentals of our duality group yields two
more simple features not yet discussed in the literature:

(1) The constant term in our integrability condition,
(2.14), at each center is simply written in terms of
the symplectic pairing between h and I'; without any
reference to the phase of the central charge such as in
Ref. [12,14] (this simplification is also observed in
Ref. [16]). This makes the construction, in principle,
easier to extend to a non-BPS form.

(i) The mass of the black hole in terms of the charges
and asymptotic moduli can be written very com-
pactly in terms of h and I' by expanding I,(X) to
leading order in 1/|%]|.

In what follows we will find that for most of the magic
supergravities cases it is most convenient to generalize the
form of the black hole composite solutions above: magic
symmetries are best manifested using a double index, i.e.
matrix, notation instead of a single index A in coordinates
and charges. We write real quantities, such as charges, as
constrained complex matrices with a reality condition of
type, t* = QtQ7, and holomorphic quantities using the
associated notion of complex conjugation.

ITII. BLACK HOLE ENTROPIES OF MAGIC N =2
AND OF N = 8 SUPERGRAVITIES

In order to find black hole composite solutions in four
dimensions we require an explicit entropy formula in terms
of generic black hole charges. Such formulas are known for
symmetric spaces; the appropriate N = 2 supergravity
coupled to vector multiplets are classified in Refs. [17-

SU(l,l)]3
U 4

and the complex projective space

19]. These models include the reducible spaces [

SU(LD) ¢ _ SO(P+2.2)
() SO(P+2)XS0() *
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%. In Table 2 of Ref. [19] the first two cases are

L(0,0) and L(0, P) respectively. For these three classes of
N = 2 d = 4 supergravities the entropy formula is known
for generic set of charges since the attractor equations [5—
8] have been solved for these three spaces in Refs. [20—
22], respectively. The remaining symmetric spaces for
which the entropy formulas have not been established so
far are connected to Jordan algebras, according to
Ref. [17]. These are the magic supergravities.

We will present here the new d = 4 entropy formulas for
magic N = 2 supergravities using the relation between the
d=4,d=5,andd =6 dualities.! We will also give some
new forms of the entropy formula for N = 8 supergravity
which can be easily compared with the entropy of the
octonionic N = 2.

A. Universal d = 4 & d = 5 relation

Consider the splitting

G, — G5 X SO(1, 1), 3.1)

where G5 is the duality group in d =5 and G4 is the
duality group in d = 4. The quartic invariant of the rele-
vant duality groups G4 can be constructed using the cubic
invariant of Gs. In all cases we have to split the total set of
electric and magnetic charges into the zero component and
the rest,

()= pliq0q),  I=1....n,. (32
This splitting is of the type
R,,=R,+1,+R}+1], (3.3)

where R, is the five-dimensional representation and Ry, is
its contravariant representation:

R 14 - (PI); Ri] - (q])r (34)

1,—(p%,

All of these are real representations of G4 or G5 as appro-
priate. In the magic models R, , refers to the following

1; — (qo). (3.5

q

representations:

J? — 56, fundamental of E7(_»s),

J? —32, chiral spinor of SO*(12),

JY—20, three fold antisymmetric (selfdual) of SU(3, 3),
JY¥—14/,  three fold antisymmetric traceless of Sp(6, R).

(3.6)

The general formula for the quartic invariant of the four-
dimensional duality groups G4 related to its d = 5 cubic

1Recently the d =4 < d =135 relation between particular
black hole solutions has been used in counting of the BPS black
hole degeneracy [23].
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invariants is

J4(p%, q0. P'. q1) = —(p - 9)* + 4(qol5(p) — p°L5(q)
+{I:(¢9), (p)}),

where the cubic invariants of the five-dimensional duality
groups G5 are given by
1
L(p) = §d1JKP1PJPK,

(3.7)

1
13(61) = y dHKCIMJCIK,
(3.8)

and the scalar product of charges and the Poisson bracket
of cubic invariants are defined as follows:

a15(q) 915(p)
aq; op'
(3.9)

This structure of quartic invariants in terms of the cubic
ones is valid for all cubic systems, where both d;;x as well
as d"/X are known, in particular, it can be used for N = 8
and for all the magic N = 2 theories. Each model corre-
sponds to specific values for d;;x and d"’¥ in Eq. (3.8)
which form the cubic invariants of G5. The quartic formula
above can be derived following Refs. [3,24] using the
Freudenthal triple system that applies for any decomposi-
tion of the type given in Eq. (3.1). The properties of the
coset spaces which one encounters in magical supergrav-
ities can be inferred from Refs. [25,26].

For N =8 the classic example is E7@) — Ege) X
SO(1, 1). The quartic invariant of the E7(;, and the cubic
invariant of the E¢ ) have been in the literature a long time:
they were used for the single black hole entropy in N = §,
d=4,[27,28] and N = 8, d = 5, [7], respectively. In this
section, we will exploit the relationship between N = §
and the octonionic magic N = 2 to efficiently present
invariants for all the magic supergravities. We can use
these, in turn, to write explicit black hole composite
solutions.

Let us quickly review the magic N = 2 supergravities.
These are labeled using the four division algebras A: dimA
is 1 for real numbers R, 2 for complex numbers C, 4 for
quaternions H, and 8 for octonions . N = 8 supergravity
corresponds to the split octonions, which do not form a
division algebra.

pq= poqo + pIqI, {13(Q)y IB(P)} =

. _ . . Gs __
The scalars in N = 8 supergravity are in the cosets H—z =

Eg6) Gy _ Eig
Tspm A 7 = 7

each case, the vector fields are in the real representations
27 of E6(6) and 56 of E7(7).

For magic supergravities the cosets in d = 5 are, in the
order of increasing dimension of the division algebra
dimA:

in d =5 and d = 4, respectively. In

H.~ S0(3) ' SUG) 'Usp©) F,
(3.10)

d=>5:
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and in four-dimensional theories

G, ~ Sp(6;R) SU3,3)
H, SUB)x U() SUB) x SUB) x U(1)’
S0*(12) E7(-25)
SU6) X U(1) Eg X U(1)

d=4:

(3.11)

The number of vector fields in the five-dimensional ver-
sions of magic supergravities is
d=S5,
n, = 3(dimA + 1) =n, =6,9,15,27 for R C H, O,
(3.12)
with one of the vectors coming from the gravity multiplet
and transforming as a singlet of Hs. The “magic” comes
from representing the charges for all these vector fields as
real parameters of a self-adjoint 3 X 3 matrix over the
appropriate algebra (elements of the Jordan algebra 13’&).
In d = 4, Kaluza-Klein reduction adds one more vector
field, and so the numbers are
d=4,
i, =3dimA+1)+1=17,
=17,10,16,28 for R, C H, O,

(3.13)

with one of the vectors coming from the gravity multiplet
and transforming as a singlet of H,.

We will demonstrate two complementary methods for
establishing the explicit form of the quartic/cubic invari-
ants and related d = 4, 5 black hole entropies.

(1) Starting in five-dimensions, we use the manifest
five-dimensional duality group Gs for all of our
models, with Ege), Eg—26), SU"(6), SL(3;C),
SL(3; R)-symmetry, and the simple features of the
corresponding Jordan algebras to write down the
appropriate cubic invariants. Operationally, this en-
tails representing the real coordinates of the N = 8
theory and the very special real geometry of the N =
2 theories in terms of complex antisymmetric ma-
trices obeying a reality condition. We then obtain
the holomorphic coordinates of the corresponding
four-dimensional scalar manifold geometry by re-
laxing the reality condition. To the reader, this may
seem different from the well known case where one
starts with real matrices in d = 5 complexify them
term by term to get the holomorphic coordinates in
d = 4. In fact, the difference is cosmetic rather than
structural, due to the convenience of using a double
index notation; we will make this clear in an explicit
mathematical way.

(2) We rearrange our charges and coordinates using just
G, manifestly-symmetric representations. In this
case we have to further split the five-dimensional
duality symmetry down to the six-dimensional one:

PHYSICAL REVIEW D 74, 125018 (2006)
Gs = Gg X SO(1, 1). (3.14)

The duality group, G¢, for magic supergravities is
SO(1, dimA + 1), similar to the duality group
SO(5, 5) for the N = 8 model. For a IIB oxidation,
tensor charges (self-dual strings) will appear in vec-
tor representations of G¢ and vector charges (point
charges and their magnetic duals) will appear as real
spinors. The advantage to this method is that, in all
but one case, we can reconstruct the cubic invariant
in d = 5 using just the metric and gamma matrices
of Gg. For the quaternionic magic the eight dimen-
sional real representation of SO(1,5) is really the
combination of 2 pseudoreal spinors of the same
chirality; the answer in this case is only slightly
more complicated. In the first cases (dimA # 4),
the d = 4 holomorphic coordinates are a simple
complexification of the d = 6 real coordinates.
The details for the more subtle quaternionic case
are presented in the appendix.

While overall not as manifestly symmetric, the six-
dimensional approach provides us with more than a
cross-check for our first method. The choice of
splitting for Gs — G4 X SO(1, 1) also yields some
valuable insight into the oxidation process, e.g. the
split into tensor and vector multiplets above.

B. G5 manifestly-symmetric entropy of d = 4 BPS
black holes

Our goal at this point is to develop a simple expression
for the cubic invariants of the five-dimensional magic
supergravity; using these we can then extract a Gjs
manifestly-symmetric formula for the quartic invariant in
four dimensions using the formula in Eq. (3.7). A very
efficient way to accomplish our task is to use the relation-
ship of these theories to Jordan algebras and the N = 8
maximally supersymmetric theory.

Let us demonstrate with the familiar case of N =8
supergravity

E7¢7) = Eg6) X SO(1, 1) (3.15)

and the octonionic magic N = 2 supergravity with

E7(_25) - E6(—26) X SO(], 1) (316)

The respective five-dimensional charge spaces for these
theories correspond to the Jordan algebras J? *and J9. We
can represent the 27 elements for both algebras conven-
iently using the (faithful) traceless antisymmetric repre-
sentations of Usp(8) and Usp(6, 2). This is similar in spirit
to the use of SU(8) and SU(6,2) to construct quartic
invariants in Ref. [29], but our results for the cubic invar-
iants of E¢) and Eg(—,6) do not descend straightforwardly
from these quartic invariants. It would be interesting to
have a better understanding of the connection between the
two.
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We will now quickly review the details necessary to
build these representations. We start by defining [25,26]
the (8 X 8) symplectic matrix () and a metric preserved by
Usp(8) and Usp(6,2)

0 -1
Q=10 (1 0 )
which will allow us to treat both cases, Eqg) in Usp(8)

basis and Eg_,6) in Usp(6, 2) basis, simultaneously. The
(4 X 4) matrix « is

Kb =g (é ?) (3.17)

1 0 0 O
01 00
=100 1 0 for Usp(8),
0 0 0 1
(3.18)
-1 0 0O O
0O -1 0 O
a=| 0 -1 0 for Usp(6,2),
0 0 0 1

and a = &', a? = 1. We will label the two different met-
rics either K@% or KGV.

We are now ready to exhibit the real representation 27 of
E¢(6)» E6(—26) taken in the Usp(8), Usp(6, 2) basis by using
the map # — 1% where 1%’ is the antisymmetric traceless

matrix, 1 = —t*¢, Trt = 1% Q) ,, = 0 satisfying a reality
condition
£ = D Q' & = Q) (3.19)
where
~ (0 —a) _ _(a 0\/0 -—I
o=(a o)=xe=(0 a)i o)
(3.20)

(0 —=I
0= ( 0 >
With our framework, we quickly write down our cubic
invariant as

dIJKtItJtK = Tr(QtQtQt), (321)

which is a real polynomial. For the contragradient repre-

sentation we can take
dvke it = Tr(Q'r Q' Q'Y), r=QT

(3.22)

I — 4/
U=t

Using these representations, the cubic invariants of Eq
and Eg(_y) in Usp(8) and Usp(6, 2) basis, respectively, are
given by

5(p) = 5, THOPO Q).
1' (3.23)
L(g) = 57 Tr(@'qQ ¢V g).

Here
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p* — QPQT;
q* — QCIQT,

TT(PQ) = pabﬂab = Or
Tr(¢Q) = 0.

(3.24)

The reality and trace condition give exactly 27 real entries
for the complex matrices p®® and q,,; the complex two
index notation is simply a convenient way to represent the
real numbers p’ and g,. The only difference between the
the cubic invariants of Egg) and Eg_,s comes from the
reality condition, driven by a different choice of Q coming
from different versions of the metric K. The the fact the
cubic invariants are not explicitly different in terms of
complex matrices, but only different through their respec-
tive reality constraint is a direct consequence of the fact
that E¢) and Eg_ 5 are different real forms of the same
complex Eg algebra.

The reality constraint (3.19) and the tracelessness con-
dition #%*(),;, = 0 can be solved and one finds that

(A S
Rer= (—aSa aA1a>’

Im? = A A
aAa —aAya )

(3.25)

where S = aSa, TrS = 0, and A’ = —aA«. This means
that Rer depends on n> — 1 = 15 real entries since A, and
A, and A« are antisymmetric, and S« is symmetric. Im¢?
depends on n?> — n = 12 real entries. Together ¢ has 27 real
entries. The same forms apply for the electric and magnetic
charges, in agreement with n,, = 3(dimA + 1) = 3(8 + 1)
for octonions.

If we want to use only real entries for magnetic and
electric charges, where p = Rep + ilmp = p; + ip,, we
can use

P =0pQ" = p =0p,Q7,  py=-0p,Q0"

(3.26)

The cubic invariants in terms of the real entries are
1
I3(p) = i Tr(QpQpQp)

1 1
=3 Te(Qp 1 Q2p1Qp1) = 5 Te(Qp A pQpy).
(3.27)

The electric charges are in the contragradient representa-
tion, and so we expand g as ¢ = Req — i(—Img) = ¢, —
igq,, with the analogous equations to Egs. (3.26) and (3.27).

1. Three other Gs-invariant magic entropies

Consider the quaternionic magic case with G5 =
SU*(6), Hs = Usp(6). Our charges are in the 15, the
two-fold antisymmetric representation SU*(6), which de-
composes as the 14 traceless antisymmetric of Us p(6) plus
a singlet. This antisymmetric representation of Usp(6) is
not the truncation to the common 6 X 6 matrix of the two

125018-7



SERGIO FERRARA, ERIC G. GIMON, AND RENATA KALLOSH

types of 8 X 8 matrices above (as opposed to what happens
in Ref. [29]).

We write the quaternionic magic charges using the ma-
trix UM, U= —U' with the reality condition U* =
QUQOT, giving us n, =3(dimA + 1) =34 + 1) =%,
so we that we end up with 15 electric and 15 magnetlc
charges. The real cubic forms are

GAEAI‘HQUAEUAFUHQ = PfU,

1
—dyet' K =
3' 1JK

30- 23

(3.28)

1
L(p) = 35 exsarnop T pAlp® = +Pfp, (3.29)

1
3(9) = 57 B Mg\ s gargna = —Pfg. (3.30)
In terms of real charges p; = Qp,; Q7 and p, = —Qp, Q7

where p* = QpQ” and p = p, + ip, we have
1

I(py, p2) = 377 EASAITIOP) M (P plle — 3paTplle)
(3.31)

and analogous for ¢ = ¢g; — ig,. When we use these ex-
pressions (cf. Sec. V) to obtain a quartic invariant, we get
an expression which matches exactly with the quartic
invariant for quaternionic magic in Ref. [29]. This quartic
invariant also appears explicitly in Ref. [30] within the
context of N = 6 supergravity.

The next case is complex magic with Gs/Hs =
SL(3,C)/SUQB) and n, =32+ 1)=9. We truncate
UMY by writing it in terms of a symmetric 3 X 3 matrix
U,

UAE N UH_,

Ups — Upp. (3.32)

The reality condition makes U,;; Hermitian (the trace is an
invariant of Hs). The cubic invariants in term of real
charges, where p'’ = Rep!' + ilmp'" = p!l + ipl and
q;1 = Req; — i(=1mgq;;) = q;7 — iqyyr are

1 o
I(p) = gfszijkpup”l?“ = detp

1 JJ KK

= sy euxernxpl (P! pf* = 3p %), 3.33)

1

I(g) = yflménkﬂhi%ﬂlaz = detq

1
The last case, real magic has t' in 6 of SL(3, R), and n,,
3(1+1)=6.

WKeTR g1 11(q11591kk — 3920792k%)- (3.34)

tLPMONR = detr.  (3.35)

1
1K
3—d111<t ret = gfLMNGPQR

PHYSICAL REVIEW D 74, 125018 (2006)

[P — (PL

Here the symmetric matrix is real. The cubic

invariants in terms of real charges are

1
I;(p) = ; GLMNGPQRPLPPMQPNR,

(3.36)

1
((]) elMN PQR(]LPQMQCINR

C. Magic prepotentials from d = 5 and the attractor
equations

To connect the d = 5 construction with real coordinates
Y! to four-dimensional holomorphic coordinates X’ we
have to give a prescription for complexifying the real
coordinates. We can then present the holomorphic prepo-
tentials F' = % of d =4 N = 2 supergravities for all
of our models. For the magic supergravities, the prescrip-
tion is sweet and simple: we just relax the reality condition
on our defining matrices, keeping it only when we need to
define a complex conjugate quantity. In the quaternionic
case, for example, we take our reality-constrained matrices
Y and split them once again into real matrices ¥ = Y| +
iY, satisfying Y, = QY,Q7, Y, = —QY,Q7. Regular
complexification now requires us to turn the real matrices
Y|, Y, into complex matrices X;, X, satisfying the linear
constraint X; = QX,Q7, X, = —QX,Q7. If we write
X = X; + iX, we now have a new complex matrix inde-
pendent of any linear constraints, the new conjugate vari-
able is X = X} + iX5 = Q(X")QT.

To summarize, in general we apply the standard com-
plexification to our real coordinates Y; and Y, to get a
holomorphic coordinate X = X; + iX;. In the bi-index
notation, what remains of the reality constraint on Y is a
different definition for complex conjugation on our vector
space:

= YAS XA XA = Q(xAH*QT. (3.37)
Thus the ““bar’” operation is defined to be not just complex
conjugation but also a matrix multiplication as shown
above.

The prepotentials for all magic N = 2 supergravities the
their cubic invariant in five dimensions. These prepoten-
tials may be used in future for the analysis of the Legendre
transform and relation to the generalized Hitchin func-
tional, as in Refs. [24,31].

JO = F(X)
3|X0 THQX, + iXo) QX + iX,) QX + iXy))
3'X0 [Tr(QXl QXl QX]) 3 TT(QXI QXzﬂXZ)],

(3.38)
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Xl = OXIQT,
X2 = _QXZQT,

Tr(XIQ) = 0,
Tr(in) =0.

(3.39)

Here X; and X, are the complexified fields corresponding
to the real and imaginary parts of the antisymmetric trace-
less matrix Y%’ with Y* = —QYQ,a, b=1,..., 8.

1
Je = F(X) = 30 Pf(X, + iX,)

1
= 37y SazarnaXi (XX = 330G,
(3.40)

Here X; and X, are antisymmetric and X; = QX,Q7,
X2 = _QXZQT, Wlth A, E = 1 e 6

1
JE = FX) = 0 det(X, + iX,)
1 I S
= o Suers XX XER = 3X0XEF),
Here X, is symmetric and X, is antisymmetric. We can put
them together in a single 3 X 3 matrix, X in the (3, 3)
representation of H, = S(U(3) X U(3)).

(3.41)

1 1
JR = F(X) = X0 detX = X0 ELMN €porX T XMOXNR,
(3.42)

Here XM is in the symmetric representation of H, =
UB3),L,M=1,2,3.

In each case, the X° field is the usual extra projective
coordinate which is a singlet of Hs. We note the parallel
with the five-dimensional case. In that case, the real cubic
invariant was determined by a cubic invariant of the com-
plex form of G5 plus a reality condition. Here the holo-
morphic prepotential is determined by a cubic invariant of
H, supplemented by a different notion of complex
conjugation.

For completeness we add here the prepotentials for other
N = 2 cosets for which the entropy formula is known. For
the L(0, P) models the holomorphic prepotential is

X
F(X) = —[Y"Yn,] s=(0,=1...,-1),
(X) 2XO[ Nys] N5 = ( )
rs,=1,...,P+2 (3.43)
The corresponding coset space in D =4 is S[l]]((ll’)l) X

SO(2,P+2)
SOQ2)XSO(P+2)

and the entropy was found in Ref. [21].

and in d =5 we have SO(I, 1) X SZLLED

SU(1,n)

The case of the complex projective space SOmX0M is

described by a quadratic prepotential

o= lar-Sar]

i=1

the entropy was found in Ref. [22].
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The BPS attractor equations for all cases can be nicely
written by once more embedding our charges into con-
strained complex matrices (here we use quaternionic magic
to illustrate):

Ax 40 WP @) o5 as

(3.45)
g s

p

In terms of strictly real charges p'!, p? and q,, g, these
equations can be rewritten as

d

q1

8 I ’ > .
Py + iiV;(pq) — iZ[L — QLQT] = 2iZiL,. (3.47)
92
Solving these attractor equations yields (in terms of
either the constrained complex form or split real form of
the charges):

XAE pAE +2i 3\/14(17'!1)
tAE — N 9gas
XO 0 + ia\/JA(qu)
P 9q0

AS _ 2-3\/14(174)

vAS
S — X P ! 9gas

X N

—1
p 99

(3.48)

A3, + i a\/ 14(/7’(/)

A3
! X0 04 . 0+/J4(p.q) '
p ! dqo

9qaas

0+ § )

dq0

(3.49)
AS x>
2 X0

where we also exhibit the matching antiholomorphic equa-
tion to reemphasize the different complex conjugation.
These equations are a slight generalization of the one in
Eq. (2.12) which allow us accommodate a more algebraic
notion of “reality’” acting on matrices and will allow us to
present the black hole composite solutions for N = 8 and
magic N = 2 supergravities.

Finally, we can give an explicit expression for the Kéhler
potential of all the magic supergravities in terms of a
modified notion of reality as follows. In standard holomor-
phic coordinates, the Kihler potential depends on the
imaginary section. We then get the usual looking Kihler
potential:

e K = %lXolzTr[Q(t ~ DO - DO - D] (3.50)
One has to keep in mind here that we use a definition of

complex conjugation where our antiholomorphic special
coordinates are related to the holomorphic as follows:
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t=Q7rQ. (3.51)
This expression for the Kéhler potential again shows that it
is not invariant under Kéhler transformations. One can use
the gauge X° = 1, but in this gauge one does not neces-
sarily have 2U = K. Moreover, it is known from the
example of the STU attractor that in this gauge e 2V is
not equal to eX, see Ref. [20]. On the other hand the
freedom in the choice of the gauge for X° may be used
to identify K with 2U as in Ref. [14].

D. G4 manifestly-symmetric entropy of d = 4 BPS
black holes

The explicit expressions for each case can be established
using the very special real geometry constructions of
[18,19]. The corresponding homogeneous special real
spaces in five dimensions (very special geometry) are
P=dimA=1,2428. (3.52)
in the Table 2 of Ref. [19]. Their corresponding Kihler
spaces with special geometry are our magic cosets g—: in

d = 4. We uplift our models to d = 6 (2, 0) supergravities,
following Refs. [32,33] (see also Ref. [34]). We introduce
in d = 6 a number of tensor multiplets, N, = dimA + 1,
and a number of vector multiplets N, = 2dimA and we
split the symmetric tensor d;;x as follows:

d”K = (dzrsr draﬂ): A’k = (dzrs’ dra,B)’

where r =0,...,dimA+1,z=1,a, B=1,...,2dimA.
This corresponds to the split of the real five-dimensional

coordinates into (z, b", a®) so that z is the KK singlet
SO(1,dimA+1)
SO(dimA+1)

and a® are spinors of SO(1, dimA + 1). We have an analo-
gous split for the electric and magnetic charges.

(3.53)

scalar, b" is the coordinate of the coset space

= (p% p’, p%), g1 = (92 91, 90);
o (3.54)
r=0...,dimA+1, a=1,...,2dimA.
For the L(0, P) models one should take r, s =0, ..., P + 1

and p* = q, = 0, following Table 2 of Ref. [19]. The
cubic invariants are

L(p) (3.55)

=2 0,50"P° + (V) app P PP),

Liq) = a.m" 9,9, + (¥)*Pq,q09p). (3.56)

Here 7,, is the Lorentzian metric of SO(1, dimA + 1) and
(Y,)ap are the y-matrices of the groups SO(1, dimA + 1).
The details magic quaternionic supergravity are given in
the appendix. For the groups SO(1,2), SO(1,3) and
SO(1,9) we can have real spinors and therefore the cubic
invariants (3.55) and (3.56) above applies to them.

The relation between the magic exceptional octonionic
N = 2 and N = 8 supergravity has to do with the change
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from the real octonions with the norm invariant under
SO(8) to the split octonions with the norm invariant under
SO(4.4). In d = 6 this means that

S0(1,9)
S0(9) ’
(3.57)

N=2 octonionic magic, real octonions =

SO(G5,5)
SO(5) X SO(5)°
(3.58)

N=238 octonionic, split octonions =

To find the cubic/quartic invariants of N = 8 theory in
the G manifest basis all we have to do it to take the cubic
invariants for octonionic magic N = 2 in Egs. (3.55) and
(3.56) with the associated metric 7, for SO(5, 5) instead of
that for SO(1,9). The y-matrices in the second term of
cubic invariants change accordingly so that the correspond-
ing Clifford algebra has the 7, signature for SO(5,5)
instead of SO(1.9).

The case of quaternionic magic supergravity with
SO(1,5) ~ SU*(4) duality group we have to treat sepa-
rately. We present this case in the appendix.

IV. BPS COMPOSITES OF OCTONIONIC MAGIC
N=2

A. Manifest E 6(—26)

The quartic invariant of E7 is a well known invariant
related to the entropy of N = 8 black holes. We would like
to give a similar explicit formula for the entropy of the
octonionic magic N = 2 which is a quartic invariant of
E;(_»s). In this section we will extract this invariant using
the procedure given in Sec. III, but in more detail. We will
then use this expression to write down the general multi-
black hole solution following the framework in Sec. II,
with all the modifications necessary to use our the bi-index
formalism which proved so useful in deriving the cubic and
quartic invariants of octonionic magic.

Recapping the procedure in Sec. III, we introduce the
charges with a d = 4 — d = 5 split corresponding to the
Eq—25) — Eg(—26) X SO(1, 1) split; in the N = 8 case this
is an E4(7) — Eg) X SO(1, 1) split. The real 56 of E7_ys)
which combines electric and magnetic charges is split into
2 real charges p°, g, and 54 electric and magnetic charges
in the 27" and 27 representations of Eg_yg), Written as
representations of Usp(6, 2). This means we have a com-
plex antisymmetric skew-traceless p® = (p% + ipsb)
and g, = (qlab igy,,) satisfying a reality constralnt
p* = QpQ7 and analogous for g. Here

Q =k6DQ, @.1)
where the matrices K*!) and () are defined in Egs. (3.17)
and (3.18). Alternatively, one could use the real charges,
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e, ps and G Goap, as is and lose explicit duality
symmetry.
The quartic invariants of E;(;) and E7(_,s) are both
p°I(q)
4.2)

P qap) = —(p - @)* + 4(qol5(p) —
+{L(g), L(p)}),

J4(P0y 90

with cubic invariants given by

31 T p0p0p)

1
= = Tr(QpQp, Qpy) — 3 Tr(Qp,Qp,Qp,),
(4.3)

I(p) =

I(g) = % Tr()' gQ'qV q)

1 1
= 5 Tr(QY'q,Q'q, Q' q) — ) Tr(Q'q, Q' 4,90/ q,),
“4.4)

and the scalar product of charges and the Poisson bracket
of cubic invariants are defined as follows:

1
=P qup

cqg= pOg, +
P4 PQOZ

0 1 ab 1 ab
=pqt 2P d1ab + 2 P2 G2ab 4.5)

15(q) 913(p)
{Is() B(p)} = 22 S8

_ 1 3l5(g) a55(p) n
2 0q1, OpY°

1 315(q) a15(p)
2 gy Ops°
4.6)

All the formulas above with complex matrices are real due
to the reality condition on the charge matrices. We note that
any derivatives we write in the octonionic case need to take
into account the fact that we differentiate with respect to
skew-traceless matrices. This corresponds to restricting the
tangent space using the tracelessness condition and opera-
tionally gives the following definition for the derivative:

9 ab 1
aivd = 518} = 8360 = 1 0 Qs

4.7

It would be interesting to understand exactly witch change
of variable would be necessary to match with our expres-
sion for the quartic invariant, J4, with the one in Ref. [29]
written explicitly in terms of four-dimensional charges.

Overall, the only difference between the endpoint ex-
pressions for E;;y and E;_,s) is exactly in the reality
constraint on the charges, i.e. which parts of p get slotted
in p; or p, by our choice of Q:
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N =8: E7(7) g E6(6) X SO(L 1) =p= iQTp*Q

= K" Q7T p* QK (4.8)
N = 2 magic: E7(_ps) = Eg—26) X SO(1,1) = p
— 7pr0 = K0T KM, 4.9)

Following Sec. II, to describe the BPS composites of
octonionic magic N = 2 we need a set of 1 + n fundamen-
tal 56-dimensional representations of E;(_s). Here n is the
number of centers of our multicenter solution

h = (ho, I’lo, hab, hab)’
ab=1,...,8

I's = (0° 90, " qup)s»

s=1...,n (4.10)

We introduce a 56-real-dimensional harmonic function in
terms of two real harmonics and two constrained complex
matrix harmonics:

n

Z >

H()_C)) = (HO’ HO! Hab’ Hab) - (411)

Here we have introduced n constant E;(_,s) fundamentals
I'; = (p, q); with s =1,...,n and one constant E;_,s)
fundamental, & = (po, go) Which is the asymptotic value
of the harmonic function. Note that once again reality for
H in this notation means that (H, H,,) are complex
matrices, they satisfy the same reality condition as the
corresponding charge matrices. With the information
above, we are almost ready to write down the solution.
The final ingredient we need is a definition of the sym-
plectic invariant for our solution, which is

wT)=ps-q,— piqs (4.12)

We can now write the stationary metric for the BPS multi-
center solution with J,(¥) > 0:

ds? = 1/2()c)(dz‘ + &d¥)? + Jl/z(x)d)'c’z, (4.13)
where
L@ =J0HE, VXa&=(HVH. @14

As before, we define J, o H(X) by replacing the set of
charges in Egs. (4.2) by the harmonic functions in
Eq. (4.11). The integrability condition for the solution is

<Fs’ Fz>

(H, AH) =0, Z B + (I';, h) =0. (4.15)

For the asymptotically flat geometry one has to require that
J4(h) = 1. The values of the vector fields (written as con-
strained complex matrices again), in spherical coordinates
(ry, 0y, ¢,) around each center X, are

d
AW = (InJ,(H))(dt + w) — E cosf,dpp, ® ',
oH,, = ° 4

(4.16)
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The 54 scalars of magic octonionic model represent the

E7(-25)
coset space z/sor;

holomorphic coordinates with the special complex conju-
gation explained in Sec. III C:

. We give their solution in terms of the

Xab N Hab + 21.68;;(:1) 417
(x)_—HO-i- N 4.17)
158

XO

If we want to write things in terms a purely real decom-
position of H, H® = H{ + iH$*, H,, = H{® — iH5®
with H, = H = QH,Q" and H, = H; = —QH,Q" we
can split the equation above into two parts involving only
real harmonic functions and two separate holomorphic

functions #; = Q,Q7 and 1, = —Q1,Q,:
A A3, . d+/J4(H)

ax X > HTAiSET
! X0 HO 4 ;N ’

9H,
(4.18)

AS AS | . 0JIi(H)

(A :XZ _)Hz ti dH,s

N/ A
H” + i oty

This completes the multicenter composite solution of the
magic octonionic supergravity.

B. Manifest SO(1, 9)

By uplifting the magic octonionic supergravity to d = 6
and breaking Eg_5 — SO(1,9) X SO(1,1) we can
present the entropy formula using only real unconstrained
charges. The set of 27 real d = 5 coordinates includes a
singlet of SO(1,9) z, a 10-component vector b”, and a
chiral Majorana-Weyl 16-component spinor *. The
quartic invariant of E;_,s) in this basis can be presented
as a function of real 56 charges (p°, p’; qo, q;) where

pPr=@uppY), @ =(4249,9.). (419
Here p® are 16; Majorana-Weyl spinors of SO(1,9) and
g, are 16z Majorana-Weyl spinors of SO(1, 9).

J4(p°, P’ 90, 91) = —(p - 9)* + 4(qol5(p) — p°L5(q)
+{L(q), I(p)}), (4.20)

where the cubic invariants of the Eg 5 in this basis are
given by
L(p") = 5P nsp" P’ + (¥ )app” P PP),

, ‘ 4.21)
I3(qp) = Xa.m"q,q, + (¥)**q,q.4p).

and the scalar product of charges and the Poisson bracket
of cubic invariants are defined as follows
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P q=p"q+ piq. + p'q, + P*qa

{I(q), Iy(p)} = %{;I‘I) 323[39)

(4.22)

Here 7, is the Lorentzian metric for the space SO(1,9)
and vy are the chiral y-matrices.

The relation between the entropy of the magic excep-
tional octonionic N = 2 and N = 8 supergravity in this
basis is simple. The metric 7, for N =8 is that of
SO(5,5) instead of SO(1,9) and the y-matrices in the
second term of cubic invariants are the one for SO(5, 5)
instead of SO(1, 9).

Since the entropy of exceptional magic N = 2 super-
gravity in Eqgs. (4.20), (4.21), and (4.22) in d = 6 basis is
given in terms of the real 56 charges we may immediately
use it for the standard from of the composite multicenter
black hole solutions using equations from the Sec. II.

The choice of the most appropriate basis for the solu-
tions, the one with manifest Eq,5 or with manifest
SO(1.9) may depend on the problem.

V. N = 8 BPS COMPOSITES

A. Solutions via truncation to quaternionic magic
N=2

Eqa)
ST(s) coset space can be

consistently truncated to N = 2 quaternionic magic super-

gravity with a S%"((()I)Z) coset space [2]. Hence 1/2 BPS
multicenter solutions of quaternionic magic supergravity
are simultaneously 1/8 BPS multicenter solutions of N =
8 d = 4 supergravity. This fact has the useful consequence
that to generate multicenter solutions of N = 8 we can use
magic N = 2 and the procedure summarized in the Sec. Il
to extend the black hole attractor equations to stabilization
equations in terms of harmonic functions.

Our first step is to identify the proper set of 32 charges
which transforms as a real spinor representation of the
SO*(12) duality group and are truncated from the 56-
dimensional fundamental representation of the E;(;, dual-
ity group of the N = 8 model. Note that E;(;) decomposes
into SU(2) X SO*(12) and therefore we can use the fol-
lowing split

N = 8 supergravity with its

Eq7)— SU(2) X SO*(12), 56 — (2,12) + (1, 32).

5.1

Thus we keep all 32 charges of SO*(12) and take as
vanishing the remaining 24 charges of E;;). For this qua-
ternionic magic model we can use the formulas in Sec. III
to write our expressions with the Gs = SU*(6) duality
manifest or with the Gg = SO(1,5) ~ SU*(4) manifest.
In both cases we naturally work with complex coordinates
in d = 5 satisfying a reality constraint. We will quickly
recap here the solution with manifest G5 = SO*(12) dual-
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ity, and then discuss some interesting features of the solu-
tion obtained from the truncated N = § structure.

One 32-dimensional set of charges of SO*(12) is given
by

=% p™ 90 qas), AS=1,...6, (52)

where the 15 pA¥’s satisfy the constraint p = QpQ7 and

similarly for the electric charges g, . These charges trans-
form as an antisymmetric plus singlet of the compact
subgroup Hs = Usp(6). As in the octomonlc case, we

can split our charges as pAE = Di AX 4 1p > and gps =
qias — igaas- The cubic invariants are
L(p) = +Pfp,  L(g) = —Pfq,  (5.3)

and the scalar product of charges and the Poisson bracket
of cubic invariants are defined as follows:

4+ L A%

p-q=p t3p " qrs

= plqo + 5171 *qias + %PQE%AE, (5.4

{I(q). L(p)} = 2"’3(4) oL(p)
aph*

_ 1 ah(q) a5(p) |
2 dqias apjl\2

1 353(q) aL5(p)
2 dgoas apyt
5.5

allowing us to define J4(p°, go, p**, qas) (if we map p°
and ¢y to Z’® and Z,g in Ref. [29] we get a matching
expression for J,).

The quaternionic multicenter solution starts with (1 +
n) of these spinor representations of SO*(12). Here n is the
number of centers of our multicenter solution

h = (% WA hg,hys), Ty = (p° pt

s=1,...,n

*:90, qas)s
(5.6)

The first set h defines the value of the harmonic spinor at
infinity. The other n spinors are the quantized electric and
magnetic charges at each center. We can now introduce a
constrained complex harmonic function:

H (%) = (H°, H"*;Hy, H\s) = h + Z , (5.7

55 I

which gives the stationary metric for the BPS multicenter
solution as

ds2 = —J; PR (dt + &d?)? + 1 ®dR2 (5.8)
The standard definitions still apply:
J4()_C)) = .14 o H()-E), J4(h) = 1,
(5.9)

V X & = (H, VH),

as well as the usual integrability condition:
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Z (L 1) L =0,
= |xs - xt

The vector fields are combined into a constrained complex
matrix defined just as in Eq. (4.16). The 30 scalars of magic

quaternionic model represent the coset space s%*((g)z). Wi

will give the solution for them using our modified attractor
Eqgs. (3.49)

(5.10)

HAS 49 [1.(H)

LAOE 3) = lﬁ‘(’_;j , .11)
.d
X P+ 81;0

also written as

XAE n iXAE HAE 08\/;4(1‘1) HAE 4 da\/lf(H)
1 2 ()_C)) IAY + 2A3 .
X0 04 0\/14(H 2040 T.(H)

p =5,
(5.12)

At infinity the scalars take values defined by the harmonic
function at infinity, when H = h. Near each center at X =
X, the attractor values of the scalars are defined as follows:

a+/J4(H)

0H zs

p() + d+/J4(H)

8H0 H:Fs/l)z_)?x

YAS HAY + 2
(&) =

(5.13)

Note that if we would keep only canonical 3 + 3 of our 15
p and g we would reproduce the Caley’s Hyperdeterminant
of the 2 X 2 X 2 matrix, which will also give us the STU
multicenter black hole solutions.

B. On the uniqueness of the N = 8 multicenter BPS
solution

We want to argue that the most general 1/8 BPS multi-
center solution is given by the 1/2 BPS solution of the
quaternionic magic N = 2 supergravity, modulo and over-
all SU(8) rotation. Indeed, using an SU(8) rotation one can
diagonalize the N = 8 central charge matrix so that it has
only the nonvanishing complex eigenvalues z; = Z,, 2, =
Z34, 23 = Zsg, 24 = Z7g. As argued in Ref. [9] this leads to

a condition at each attractor point that
2122 + 287 =0, 2123 + 2774 =0,
(5.14)
273 7 =0

The 1/8 BPS condition for the one center solution requires
that

(5.15)

JB PS

= P%PS >0, Mgps = |Zl|

The largest central charge z; belongs naturally to a unique
N = 2 subalgebra. This defines a decomposition of the
N = 8 supergravity. In the compact basis SU(2) X SU(6)
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under SU(8) of E;¢)

28 of SU(8) — 28 = (1,15) + (2,6)

+ (1, 1) of SU(2) X SU(6). (5.16)

The 1 + 15 are antisymmetric and make a total of 32 (16
electric and 16 magnetic). This is precisely like 28 + 28
combine in 56 of E;(;). However, now the 32 combine into
a single chiral spinor of SO*(12), which is the U-duality
group of the truncated N = 2 theory.

In general finding 1/8 BPS solutions of N = 8 super-
gravity, 1/6 BPS solutions of N = 6 supergravity, 1/4 BPS
solutions to N = 4 supergravity always involves a consis-
tent truncation to the appropriate N = 2 supergravity. For
the case of N = 8§, this gives the quaternionic magic N = 2
supergravity.

1. Multicenter case

It is plausible that for the solution to be BPS each center
must be 1/2 BPS with respect to the same N = 2 algebra.
In such a case, we may truncate our theory to a single copy
of the magic supergravity with vector multiplets only and
ignore all the hypermultiplets, as we did in the previous
section, and we may claim that there are no other solutions.
The question which one still may like to ask here is the
following. Is it necessary that near each center the BPS
solution can only belong to the same N = 2 supergravity?
Could it be that more general solution has different N = 2
parts of N = 8 as unbroken supersymmetry? For example,
at some center instead of Eq. (5.15) we may have

271 =23=24=0, 2 = pppse’® # 0,

s (5.17)

= p%Ps >0, Mgps = |z,].

If this is possible, one would not be able to provide the
most general 1/8 BPS solution of N = 8 by truncating it to
quaternionic magic N = 2. However, we find this scenario
extremely unlikely.

One way to resolve this issue and get a definite statement
on the uniqueness/nonuniqueness of our solution is by
using the study of the Killing spinors of 1/8 BPS multi-
center solutions in N = 8 supergravity. These Killing spin-
ors have not been constructed so far. We find it plausible to
conjecture that such Killing spinors have the structure seen
in many other examples, namely: the Killing spinor de-
pends on ¥ via a common factor ¢V®/2 where the g,, =
¢?U® and a phase. The Killing spinor also satisfies some
constraint imposed globally. Thus the projector usually
acts on a part of the spinor which is X-independent. The
reason is that the supersymmetry transformations [1] are
given by

8'\IrMA =DIU,EA+ZAB,u,V’yV€B’ (518)

Sxapc = Y*Puapcp€” + Ziapu, 0"V €c) (5.19)
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They consist of two parts, the first is the gravitino in
Eq. (5.18) while the second is for the spin 1/2 fields in
Eq. (5.19). We deal only with the global part of the spinor
for the spin 1/2 equation while for the gravitino we have a
spin connection which tells us how the Killing spinor
acquires an X-dependent factor, which depends on some
harmonic functions. The projector, however, is the same
for all centers if the Killing spinor in N = 8 has the same
features as the one in truncated models. If our expectation
about the structure of Killing spinors are justified, we will
be able to confirm definitely the uniqueness of our solution
for 1/8 BPS multicenter black holes in N =38
supergravity.

C. Alternate N = 8 structure and the black hole mass
formula

In the material above, we have written the gauge fields,
prepotential and complex scalars using a symplectic sec-
tion nicely adapted to an invariance under the five-
dimensional U-duality group Gs. We will not give any
description of the gauge fields or the coset which is ex-
plicitly invariant under G4, but is useful to point out such a
description is easily available for understanding the metric.
This description uses some of the inherent structures of the
N = 8 U-duality group, and by truncation applies to the
quaternionic magic N = 2. It is likely that the modification
of a reality structure yields a similar structure for the
octonionic magic N = 2, but we will not explore this here.

The N = 8 U-duality group in four dimensions, G, =
E;(7) has a covariant cubic map [35] from the the funda-
mental representation back into itself and an invariant
symplectic form. Each 56 (X%, X;;), is spanned by the
two antisymmetric real tensors X/ and X;; and the action
of E5(7) on them is realized in a standard way [1,35].

The quadratic invariant of £, an invariant symplectic
form, can be constructed from any two distinct fundamen-
tals as follows.

(X, Y)=—Y,X):=XVY;; — X;;Y". (5.20)
Note that such quadratic invariant vanishes for a single
fundamental. A triple product of any three 56 (X, Y, Z)",
(X, Y, Z),;;), gives a trilinear map 56 X 56 X 56 — 56.

A unique quartic invariant can be constructed from a
single fundamental in the following way. One can build out
of X a triple which is different from the original 56.
Afterwards one can use the quadratic invariant for 2 dis-
tinct fundamentals: a fundamental and its triple: this gives
the standard form of a quartic invariant via the following
symplectic invariant

J4(X) = (X, X, X), X). (5.21)

The triple product obeys some relations
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X,Y,2) = (Y, X,2) + 2(X, Y)Z,

(5.22)
X, Y,2)=(ZY,X)— 22X 2)Y.
A symplectic product of a fundamental and a triple satisfies
the following relation

(XY, 2),W)=(X,W,2),Y) — 22X, ZXY, W). (5.23)

The operations above have their origin in the Jordan alge-
bra structure, J? * behind the magic square construction of
E, and so carry over nicely to the duality group based on
the restriction of this algebra to J?, the quaternionic U-
duality group G4, = SO*(12). This allows us to write for all
magic supergravities:

J4(%) = 3{(H@), H(Z), H)), H()). (5.24)
Here the corresponding harmonic function H(X) is in the
fundamental representation of E7(_,s) for octonionic magic
and in the appropriate representation for all its truncations.
In particular, in the quaternionic case this expression pro-
vides us with the mass of the N = 8 supergravity solution.
We can efficiently extract this mass for our solution using
the form for J, above, J,,’s fall-off at infinity, the properties
of the cubic map and the fact that (h, I') = 0. The ADM
mass is defined via the asymptotic behavior of the time-
time component of the metric, as

_ 2Mpm
||

and we take into account that in our case

gtt:J;l/zz 1

+... (5.25)

((h,h,h), I') = ((I''’h, h), h) = {(h, ', h), h)

= ((h, h, ), h). (5.26)
This gives us a magic black hole mass formula:
M spum = 75{(h, h, h), T). (5.27)

VI. BPS AND NON-BPS, N =2 VERSUS N =5, 6, 8

A. N = 2 attractors, general case

In [9] simple algebraic attractor equations were derived
for regular black holes of N = 8 supergravity. These equa-
tions have 2 solutions: one BPS with 1/8 of unbroken
supersymmetry and one non-BPS solution with all super-
symmetries broken. In the case of the STU truncation the
N = 8 attractor equations correspond to the attractor equa-
tions of the N = 2 model.

Here we would like to analyze the generic attractor
equations for N = 2 theory and apply this analysis to
BPS and non-BPS attractors of magic supergravities. For
this purpose we start with a special geometry identity:

PHYSICAL REVIEW D 74, 125018 (2006)

P+ i% = 2iZL* + 2iG'D;ZD;L*, N
qs — i;% = 2iZMs + 2iG/'D;ZD;Ms. o0
The identity follows from the definition
D,Z=(3; +1iK,)Z (6.2)

where the central charge Z = L*q, — M, p". One con-
tracts Eq. (6.2) with D]-»l_,EGj " and proceed as in Eqs. (40)—
(45) in Ref. [6] where the BPS attractor equations were
derived assuming DZ = 0. A simplified form of these
equations, which wuses the derivatives of the
I,(p, g)-invariant, was explained in Sec. 3.2 in Ref. [36].
Egs. (6.1) supplemented by a vanishing of the first deriva-
tive of the potential, 2ZD,Z + ic;3G'G*D;ZDiZ = 0
[8], have 3 types of solutions.
(1) 1/2 BPS, well known

ol i} ol _
p* i =2ZL% gy —i— = 2iZMs.
dqs ap
6.3)
(2) Non-BPS, Z = 0, less known
i . .
P + la— - ZZG”D]ZDJ'L ,
7 (6.4)

al _
qs — ia?‘)S = 2iG/'D,ZD:Ms.

If 2iGVD,ZzD;L* =2i3%_, Z/DiL* we find a

solution of the following type
22 * 0, Z3 = O,

Z, =0, (6.5)

and we can solve the attractor equations as follows:

; — . 91 -
pA+l%_DQLA QA_lM_k_DQMA
ol A4y.70° ol Py
p0+zﬁ D;L° qo—la—pg DsM,
(6.6)

(3) Non-BPS, Z # 0. This case is particularly tractable
for the models with the coset spaces 1% of rank 3. All
magic models have rank 3. The matrix of central
charge derivatives DZ has an H, symmetry:

() JO = H, = E¢ X U(1),

(i) J@ = H, = SU(6) X U(1),

(iii) J© = H, = SU(3) X SU(3) X U(1),

(iv) JR= H, = SUQ3) X U(1).
With an H, rotation we can skew-diagonalize the matrix
DZ so that it has 3 eigenvalues, l_)IZ =7,1=2 3,4
Together with N = 2 central charge Z = —iZ; we have 4
charges,
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Z, =iZ, Z, = D;Z. 6.7)
The extremality condition is given by
27DiZ + idy; 3 Z;2;87 55K = 0, (6.8)
and it becomes for magic models in normal frame
7,7, + 7287 =0, 7,75 + 777 =,
(6.9)

7,75 + 717 =0,
exactly as in N = 8 case [9]. The solution is as in Ref. [9]
Z, = pelm3e), Z; = pe'?,
: 7 (6.10)
ZIZZZ3Z4 = p4e”" = _p4.

Here we have satisfied the attractor equations: Z;Z; +
ZxZy = 0,1 #J # K # M. We may use this in an iden-
tity (6.1) and we find in case that ¢ = 0

ol .
pE+ ia—l = 2,o<L2 + iZD;_LE) (6.11)
qs 7
.0l o
a5 =ik 2p<M2 + lZ@;M§>, 6.12)
I
and
L* +iSD:L*
3 - 9l g
p +l@ _ i
.ol R = =n
potigt L0+ 1%@;—L0
b (6.13)
. Ms + iSD:M
gs — ity M IR

1

Egs. (6.13) define the values of moduli fields in terms of
charges in the non-BPS case. We have verified [37] that
these equations provide a non-BPS attractor solution of the
STU model in example studied in Ref. [11].

B. N =2 versus N = 5, 6, 8 and BPS versus, non-BPS

The extended supergravities N = 5, 6 as well as N = 8§
have no matter multiplets, only the gravitational one.
Therefore they are very restricted. BPS black holes in these
theories have been studied before in Ref. [38]. Since now
we understand certain features on N = 8 BPS and non-
BPS black holes and their relation to N = 2 BPS and non-
BPS ones, as shown in Ref. [9], we may extend this
relations also to include N = 6 and N = 5 theories.

The N = 8 supergravity has a consistent truncation both
to N =6 and N = 2 supergravity theories, depending on

whether one keeps six or two of the eight gravitinos. In
50*(12)
U6

both cases one ends up with J¢ based on the mani-
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fold. This manifold, because it is consistent with N = 2, is
indeed a special Kihler symmetric space. The charge
vector is in the 32 of SO*(12) (chiral spinor). From an N =
2 point of view

32 =15+15+1+1, (6.14)

where 15 are in the matter multiplet and 1 is the
graviphoton.

In N = 6 supergravity the central charge is ZA8 =
—Z7ZB4 with A,B=1,...,6 and there is also a singlet
charge Z [38]. The black hole potential is

VBH = %ZABZ_AB + ZZ (615)

The 1/6 BPS solution of N = 6 theory was identified in
Ref. [38]: it has Z= 0 and a skew-diagonal Z,p with
Zl2 # 0 and Z34 = ZS6 = (0. From the N =2 point of
view such solution is a non-BPS solution (with vanishing
central charge). On the other hand, the 1/2 BPS solution of
N = 2 theory with Z # 0 and Z,5 = O corresponds to a
non-BPS solution of the N = 6 theory (with vanishing
N = 6 central charge).

Let us now comment on N = 5 theory and relation of
1/5 BPS solution to 1/2 BPS of the relevant N = 2 theory.
The N = 5 special Kéhler geometry theory is based on the
charge Z,p has a nonvanishing component Z;, # 0
whereas Z;, = 0 is vanishing: this is a 1/5 BPS solution.
Despite the fact that the N = 5 model has the same sigma
model as the corresponding N = 2 theory, the vector part
of these models is different: N = 2 has six vectors and
N = 5 has ten vectors. Therefore, as different from N = 6

case, the 1/5 BPS solutions of N = 5 are different from the
SU5,1)
U(5)

symmetric space with 5 complex scalars. The central

1/2 of N = 2 supergravity based on symmetric

space.

VII. DISCUSSION

We have given a complete description of the cubic and
quartic invariants for magic supergravities. Using these we
were able to write down multicenter 1/2 BPS solutions for
the exceptional octonionic magic supergravity with a 56-
component charge vector at each center. This model has
E;(_»s) duality symmetry, which is slightly different from
the duality symmetry of N = 8 theory, E7(7). We have also
demonstrated how multicenter quaternionic magic solu-
tions with 32-component charge at each center can be
used to describe a broad (possibly complete) array of N =
8 1/8 BPS multicenter solution.

In Ref. [28], it was shown that any single center 1/8 BPS
solution of N = 8 could be rotated using an E;(;, duality
transformation to a form involving just a single center
solution the N =2 STU truncation of N = 8. For the
non-BPS attractors of magic supergravities we have
made used of this truncation to the STU model. Using
the solutions of the non-BPS attractors for N = 8 super-
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gravity presented in [9] we have found the general solu-
tions of the non-BPS attractors for the N = 2 STU model.

The duality rotation which takes a single center solution
to an STU form is not powerful enough for a generic 1/8
BPS solution with multiple centers: such a rotation is
clearly not enough to rotate every center to STU form.
For solutions generated via quaternionic magic supergrav-
ity, it would be interesting to work out which is the minimal
N = 2 truncation that admits generic cases with two, three,
four etc... centers, just as STU supergravity is minimal
truncation of N = 8 which describes all single center
solutions.

Clearly, N = 2 truncations play a major role in under-
standing 1/8 BPS states of N = 8 supergravity. Apart from
clarifying if N = 2 truncation is the only way to achieve
1/8 BPS configurations, a clearer look at these truncations
in context of black holes might be productive. Different
truncations allow a varying number of hyper-multiplet
scalars (see e.g. Ref. [39]) from the N = 8 coset to survive.
The hyper scalars vevs typically play a spectator role, since
they will not vary in BPS black hole solutions, but for an
observer near infinity they may reveal some information
about just which N = 2 truncation is in operation for a
given multicenter solution.

For future reference, we summarize the hyper-multiplet
scalars which the survive from the N = 8 coset in the
truncation to the various magic supergravities (for details
see Ref. [39]). In quaternionic magic, we have Ey») —
SO*(12) X SU(2) and no hypers survive. In the complex
case, E;7) — SU(3,3) X SU(2, 1) and we get four hyper
scalars parameterizing the coset SU(2, 1)/SU(2) X U(1);
the real case corresponds to E;7) — Sp(6, R) X Gy, and
has eight hyper scalars, Gy;)/SO(4). The STU truncations
has hyper scalars in SO(4,4)/SO(4) X SO(4,4) (see
Ref. [28]). As we restrict the vector moduli space, the
hyper moduli space increases in multiples of four (it is
quaternionic).

Finally, given the relationship between extremal non-
BPS and BPS solutions of N =2 magic quaternionic
supergravity and those of N = 6, it would be interesting
to understand just how many such links exists between
various extremal solutions of different supergravities, per-
haps along lines related to Ref. [36].
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APPENDIX: d = 6 DUALITY AND QUATERNIONIC
MAGIC MODEL

This model even if we break the manifest G5 duality
down to G duality still does not give us a very special real
geometry in d = 5 and the relevant complexified special
geometry in d = 4. The reason is that the spinors of
SO(1,5) ~ SU*(4) as opposite to other magic models
with SO(1, 2), SO(1, 3), SO(1,9) do not have real repre-
sentations. Thus we have to use complex coordinates con-
strained by reality conditions.

Both the vectors and the spinors are complex and satisfy
the reality condition. For vectors of SU*(4) we use an
antisymmetric matrix V,p = —Vp, and V* = —QV()
where Q =-Qf Q?=-1. Thus V,=ReV =
—QReVQ and V, = ImV = Q ImV(). We also introduce
VAB = 1 ABCDY ., Thus the first term in the cubic invari-
ant, z[(b°)? — S=3(b")?] can be rewritten as zV,zVAE =
2(Viag V4B — V.5 V4E) in terms of real entries only. For
spinors Wy; of SU*(4) X SUQ2)withA = 1,...,4,i = 1,2
there is a reality condition W}, = Q,z€;;¥p; and e =
—1. We also split these spinors into real and imaginary
parts which we call ¥, and V¥, respectively, ¥, = QeV¥,
and ¥, = —QeW,. The second term of the cubic invariant
can now be presented as a function of only real coordi-
nates, [Viap (WA — WAgS)y — v, (TS 4
WWa]e; ;.

Now we need the cubic invariants in terms of charges.
We take

P P’ p* = Pt pag P, 9o dr da = 95 95 qai

pas = —ppar 9 =—¢%, (A1)
and  p-q=pq.+ pasg™® + pMqui, P =
3€*¥Ppep, Gap = % €apcpq“’.

The cubic invariants are

Li(p) = 3p*papp*® + papp?pPie;),  (A2)

I(p) = %(CIZQABQAB + qABQAiCIijij)y (A3)
where the reality conditions are

pr=-QpQ,  p=(Qep)t. (A4)

As the consequence of the reality conditions (A4) the cubic
invariants are real

I5(p) = L;(p*) = I1(p)

and the same for electric charges. We may split the charges

(AS5)
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into real and imaginary parts

PaB = PiaB T iP2aBs pi+ipy, (A6)

and find for I;(p)

(1]
(2]

(4]

(5]

(6]
(71
(8]
(91
[10]

[11]

%(PZ(PMBI;?B - P2ABI~793) + [PlAB(P?iP?j - Pﬁ“Pz

PHYSICAL REVIEW D 74, 125018 (2006)
Bj )

i Bj i Bj
— paas(P{ipy’ + py'pi)]e;), (A7)

and analogous for I5(g).
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