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We analyze the problem of the existing ambiguities in the conformal anomaly in theories with an
external scalar field in curved backgrounds. In particular, we consider the anomaly of a self-interacting
massive scalar field theory and of a Yukawa model in the massless conformal limit. In all cases the
ambiguities are related to finite renormalizations of local nonminimal terms in the effective action. We
point out the generic nature of this phenomenon and provide a general method to identify the theories
where such an ambiguity can arise.
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I. INTRODUCTION

Fundamental scalar fields constitute an important ele-
ment of the standard model of particle physics and modern
cosmology, in spite that there is not yet any experimental
confirmation of their existence. Indeed, the cosmological
applications of the scalar fields (e.g. inflaton [1], cosmon
[2], and quintessence [3]) require formulating them on
curved backgrounds at both the classical and quantum
level. It is well known that the consistent description of a
scalar field on curved backgrounds (see, e.g. [4] for an
introduction) is based on the nonminimal covariant action
S � Sscal � Svac, where

 Sscal �
1

2

Z
d4x

���
g
p

�
g��@��@���m2�2 � �R�2

�
�
12
�4 � �1��2 �

�2

2
m�3 � �m2�

� �m�R
�
; (1)

and

 Svac �
Z
d4x

���
g
p

�
�

1

16	G
�R� 2�� � a1C

2 � a2R
2

� a3E� a4�R
�
: (2)

Here C2 � R2
��
� � 2R2


� � 1=3R2 is the square of the
Weyl tensor and E � R2

��
� � 4R2

� � R

2 is the integrand
of the Gauss-Bonnet topological invariant (Euler number).
a1; . . . ; a4 and G, � are independent parameters of the
vacuum action, �, �, �1, �2, �, � are independent parame-
ters in the scalar sector, including the nonminimal parame-
ters ��; �� of interaction with the scalar curvature [5]. The
action S contains all local diffeomorphism invariants up to

dimension four to guarantee the renormalizability of the
theory at quantum level. Terms with odd powers of � have
been included to consider models with spontaneous break-
ing of the �$ �� symmetry [6].

The presence of nonminimal terms like R�2, R�, and
Svac might be required because they may emerge as infinite
quantum corrections. In this case one needs such terms in
the classical action for renormalization purposes. These are
not, however, the only possible types of quantum loops
contributions. Some other important quantum corrections
to S of nonlocal type might also appear. In the absence of
scalar fields, for the massless conformal case, these con-
tributions can be partially evaluated by means of the con-
formal anomaly (see, e.g. [7–10] for some works on
conformal anomaly and [11,12] for the anomaly-induced
effective action). In the case of massive quantum fields
there is no general method of calculation and one has to
rely on some expansions which are valid, typically, either
for large or small masses. In any case the effective action is
a functional of the metric and the background scalar field,
and the quantum corrections are somehow related to the
renormalization of the parameters ai, G, �.

There are, however, more involved situations, where the
scalar field is present at the cosmic scale. In this case the
quantum fields are interacting not only to the external
metric but also (directly or via the metric) to the external
scalar field. Therefore, in order to provide renormalizabil-
ity, the vacuum effective action has to include all local
diffeomorphism invariants of dimension four constructed
from both metric and scalar fields. In other words the
whole scalar action Sscal must be considered as a part of
the vacuum action. In this situation it is important to extend
the available information concerning conformal anomaly
and corresponding derivation of the effective action to the
theory with an external scalar. It is known that for vanish-
ing external scalar fields the anomaly manifests an ambi-
guity in the �R-sector [7,13]. In the recent paper [9] we
have investigated this ambiguity in detail. In particular, we
have shown that there is no conflict between the results for
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the coefficient of the �R term in the dimensional and other
regularizations, for the dimensional regularization leaves
this coefficient completely arbitrary. Furthermore, we have
constructed another example of covariant Pauli-Villars
regularization with similar ambiguity. In all cases the
coefficient of the �R term can be fixed by the renormal-
ization condition for the finite

R
R2-term in the vacuum

action. Thus the ambiguity concerns only the initial point
of the renormalization group trajectory for the correspond-
ing parameter but not the shape of this trajectory.

The purpose of the present paper is to extend the results
of [9] for the case of a scalar field. We study the anomaly
and the effective action in the presence of a nonvanishing
scalar background and, in particular, investigate if new
ambiguities appear in that case. Indeed, the scalar may
also interact with other, e.g. fermion fields. Therefore, a
complete understanding of the problem requires consider-
ing also the quantum effects of these interactions. Finally,
we consider two distinct models: self-interacting scalar
field theory and Yukawa model for the scalar-spinor inter-
actions. In both cases we shall find the anomaly via the
massless conformal limit in the effective action for massive
fields, not only by using dimensional regularization [8]
(see also [9]), but also by covariant Pauli-Villars regulari-
zation. The use of this regularization has proved very
fruitful in the analysis of the anomalous ambiguity in the
case of pure gravitational background [9] and we shall
extend these results for the case with nonvanishing scalar
field backgrounds.

The paper is organized as follows. In the next section we
formulate the conformal symmetry and anomaly for the
scalar backgrounds in curved space-times. The derivation
of anomaly is performed by means of dimensional regu-
larization [8] and the discussion of corresponding ambi-
guities will parallel that of Ref. [9].

In Secs. III and IV we analyze the divergence structure
in the self-interacting scalar theory and in the Yukawa
model. Furthermore, we use Barvinsky-Vilkovisky formal-
ism [14,15] and the approach developed in [16] to derive
the nonlocal finite part of the effective action for the case of
the massive Yukawa model. In the case of self-interacting
scalar theory, this calculation has been already done in
[17]. The results for massive theories enable us to apply
the covariant Pauli-Villars regularization for the compre-
hensive analysis of the nature of the new ambiguities due to
the presence of scalar background. Finally, in Sec. V we
outline our conclusions concerning the general status of
local conformal symmetry at quantum level.

II. LOCAL CONFORMAL SYMMETRY AND
DIMENSIONAL REGULARIZATION

It is well known that the global conformal symmetry
SO�4; 2� is usually broken by quantum radiative correc-
tions. At the same time there is another similar symmetry
associated to the background fields. This symmetry is local

[18] and is not directly related to space-time transforma-
tions, however it is also broken by anomaly. The local
conformal symmetry corresponds, in the case of the scalar
field �, to the transformation law

 �! �0 � � � e��; g�� ! g0�� � g�� � e2�; (3)

where � � ��x� is a space-time scalar function. This local
conformal symmetry reduces to Weyl symmetry when
there is no scalar background fields �. The action S is
invariant under this symmetry if the following conditions
are satisfied:

 m � 0; � �
1

6
;

1

G
� 0; a2 � 0: (4)

The corresponding Noether identity is

 T � �
2���
g
p g��

S
g��

�
1���
g
p �

S
�
� 0: (5)

The first term is the usual trace of the energy-momentum
tensor while the second term is a new contribution due to
the presence of a background scalar. If the scalar satisfies
the classical equation of motion the second term vanishes
and the Noether identity (5) reduces to the standard con-
dition for Weyl invariance.

The existence of a quantum anomaly implies the viola-
tion of the identity (5). In the absence of scalar background
fields, the simplest way to discover the conformal anomaly
is via dimensional regularization [8]. However, the deriva-
tion of the anomaly in dimensional regularization may
exhibit some ambiguities [9] and these ambiguities might
become even larger in the presence of scalar background
fields.

Dimensional regularization proceeds by extending the
covariant perturbative expansion to an arbitrary dimension
n. This is achieved by replacing the differentials and
integrals in the action (1) by the n-dimensional covariant
derivatives and integrals, e.g.
 

1���
g
p

X4

�;��1

@�g
�� ���

g
p
@� !

1���
g
p

Xn
�;��1

@�g
�� ���

g
p
@�;

Z
d4x!

Z
dnx:

(6)

The dimensionality of the different terms in the action for
n � 4 is restored by inserting an appropriate power of the
dimensionful parameter � which sets the renormalization
scale.

The first observation is that the purely metric part of the
action (2) is not conformal invariant in n dimensions
independent of the values of the parameters of the action,
in both cases of global and local transformations. The
situation in the scalar sector (1) is more complicated. In
fact, the procedure (6) leaves the room for different pre-
scriptions to extend the action of the scalar field. In order to
satisfy the symmetry under the global conformal symmetry
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(7) one needs to comply with the same conditions (4).
However, in order to provide the local conformal symmetry
one has to generalize the transformation law for the scalar
field and the value of the nonminimal parameter �, corre-
spondingly, to

 �! �0 � � � exp
�
2� n

2
�
�
; ��n� �

n� 2

4�n� 1�
:

(7)

An important observation is that, in the classical theory, the
introduction of conformal coupling is not really necessary.
After the removal of the regularization by taking n! 4
limit, the theory is the same independently of whether we
follow (7) or leave the transformation for scalar in the
original form (3) and keep � � 1=6 in n dimensions.

Now let us discuss the violation of conformal symmetry
on the quantum level in the framework of dimensional
regularization. There are two alternative, although equiva-
lent, ways of deriving the anomaly. Let us start from the
one which is close to the original derivation of Duff [8] and
is based on the direct use of the counterterms. The second
method is based on the evaluation of the finite part of the
effective action [19], which becomes anomalous after sub-
tracting divergencies. This method will be used in the next
sections to check the correctness of the derivation based on
the counterterms.

It proves useful to rewrite the Noether identity (5) in
different field variables. Let us define g�� � �g�� � e

2� and
� � �� � e��, where �g�� and �� are some fiducial fields. It
is important to keep the original four-dimensional form of
the transformation law (3) for the scalar, instead of the
generalized one (7). In the new variables the conformal
transformation is reduced to the shift of �, while (5) is cast
in the new form

 T � �
1���
�g
p


�

S�n; �g��e2�; ��e�2�n=2���

���������! 0
n! 4

� 0;

(8)

where the procedure includes also the replacements �g�� !
g��, ��! �.

At the quantum level, the effective action which includes
classical action plus the naive one-loop corrections � �
S� ���1� is locally conformal invariant at n space-time
dimension. Now, the presence of the UV divergences in
���1� requires introducing local counterterms, �S�1�, which
explicitly break the conformal symmetry. In the vicinity of
n � 4 the requested counterterms are defined as

 �S�1��n; g��;�� �
1

n� 4

Z
dnx

���
g
p
f�1C2 � �2E

� �3�R� 
1R�2 � 
2��2

� 
3�
4g; (9)

�i and 
i being the �-functions in the vacuum and scalar
matter sectors, respectively. The effect of these terms into
conformal Noether identity is

 hT i � �
1���
�g
p

�S�1��n; g��e2�;�e���

�

���������! 0
n! 4

� �1C2 � �2E� �3�R� 
1R�2 � 
2��2

� 
3�
4: (10)

Let us remark that this expression is exactly the anomaly of
the global conformal symmetry and hence it can be ob-
tained via the renormalization group [4,20] or the
�-regularization method [21]. The expression for the con-
formal anomaly (10) has been used to get an explicit form
of the anomaly-induced action in the scalar-metric theory
(cosmon model) [22], with very interesting phenomeno-
logical implications. In the next sections we will show that
the approach described above agrees with the calculation
based on the heat-kernel [14] and Pauli-Villars methods.

Before discussing the source of ambiguities in the di-
mensional regularization, let us make some general re-
marks. The counterterms in �S are local expressions on
the background fields, whereas among the finite terms of
the effective action ���1� there are both local and nonlocal
terms. The universality of nonlocal terms [23,24] guaran-
tees the universality of the terms in the anomaly which are
not total derivatives. In the particular case of metric and
scalar background fields this means that the ambiguities
should only affect the coefficients 
2 and �4 of the terms
��2 and �R and the corresponding local terms R�2 and
R2 in the finite part of the effective action. The ambiguities
arise from the conformally invariant local terms in the
counterterms �S�1� which are total derivatives or, equiv-
alently, from the finite local anomalous terms of ���1�.
Qualitatively the reason for this is as follows. The splitting
of the quantum effective action into divergent and finite
parts is ambiguous and the actual expression for the con-
formal anomaly becomes dependent on this splitting in the
local terms which break local conformal symmetry. In
principle, the ambiguity has to be fixed by the choice of
a suitable renormalization scheme [7,9]. However, as we
shall see below, in the presence of the background scalar
this may be a difficult task to accomplish.

The ambiguity in the splitting can be easily understood
within the dimensional regularization scheme. The condi-
tions for constructing the counterterm of the R�2 type are
locality and cancellation of the divergent part of the effec-
tive action. However, both requirements allow, instead of
the minimal choice h1 �

1
2 ���

n�2
4�n�1�� in the R�2 term of

(9), a more general choice

 h1 �
1

2

�
��

n� 2

4�n� 1�
� ��n� 4�

�
;

where � is an arbitrary dimensionless parameter. For any
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value of � the counterterm is local and it cancels the UV
divergence. Hence we meet an ambiguity. The correspond-
ing term in the anomaly (10) depends on �

 6h1��2 ! 6�h1 � ����2: (11)

The arbitrariness here is quite similar to the one discussed
in [9] for the �R term. In the last case the anomaly
corresponds to the local

R
d4x

���
g
p
R2 term in the effective

action, and therefore the arbitrariness in the anomaly cor-
responds to the freedom of adding a local finite

R
d4x

���
g
p
R2

term to the classical vacuum action. In the present case the
anomalous contribution corresponds to the finite termR
d4x

���
g
p
R�2. However, there is a very important differ-

ence. Adding a finite
R
d4x

���
g
p
R2 term to the classical

vacuum action does not break any symmetry of the theory
in the sector of scalar quantum fields, while addingR
d4x

���
g
p
R�2 may break the conformal symmetry of the

quantum sector of the theory. The situation with such a
term is indeed closer to the one with the

R
d4x

���
g
p
R2 term in

conformal quantum gravity [25] rather than in the semi-
classical theory.

From the previous discussions it is also straightforward
to understand what is the general structure of the ambig-
uous terms in any dimension: ��2 and R in two dimen-
sions and furthermore

 ��2; ��R2
��
��

�n=2��1;

��R2

��

�n=2��1; � � ��R�n=2��1

for any even dimension n. The corresponding local terms
of the finite part of the effective actions may have the form

 R�2; R�R2
��
��

�n=2��1; R�R2

��

�n=2��1; � � �Rn=2:

In the case of background gauge fields there are also extra
terms like the Chern-Simons term in three dimensions
[23,26].

Let us discuss, for completeness, another possible im-
plementation of local conformal symmetry in dimensional
regularization which does not lead to the same result.
Following the method introduced in [8] (see also [10,27])
one could use a different transformation law for the back-
ground scalar field (7) and the corresponding value of ��n�.
The peculiarity of this prescription is that Sscal becomes
invariant under local conformal transformations in arbi-
trary dimension and, of course, the same is true for the
corresponding counterterms. Thus, although the pure
gravitational part of the anomaly is obtained as in the
minimal prescription [9], there is no � dependent part of
the anomaly. The final expression for the conformal anom-
aly is reduced to

 

hT 0i � �
1���
�g
p

�S�1��n; g��e2�;�e��2�n�=2���

�

���������! 0

n! 4

� �1C
2 � �2R

2 � �3E� �4�R; (12)

that essentially differs from the correct one (10). There are
missing terms which depend on the scalar background field
�. A more exotic renormalization scheme, leading to the
total uncontrollable ambiguity in the conformal anomaly,
is demonstrated in the appendix.

III. SELF-INTERACTING SCALAR FIELD

The derivation of the effective action for self-interacting
scalar field theory (1) has already been carried out in
dimensional regularization [17] and we shall merely ana-
lyze the limit relevant for conformal anomaly. For the sake
of simplicity we consider the special case with vanishing
values of the coefficients �, �, � of the odd-power terms in
the action (1).

The one-loop effective action is defined, within the
background field method, as

 

�� �1� � �1
2 Tr ln��1̂�� 1̂m2 � P̂� 1̂

6R�; (13)

where the hats indicate operators acting in the space of the
quantized fields. For the case of the real scalar field �, 1̂ is
the image of the delta function and P̂ � ���� 1=6�R�
��2=2. The divergent part of the effective action can be
easily calculated using the standard Schwinger-DeWitt
technique
 

���1�div
scalar � �

1

�4	�2�n� 4�

Z
d4x

���
g
p

�
�
12

��2

�
�
2

�
��

1

6

�
�R�

1

180
�R�

1

120
C2 �

1

360
E

�
1

2

�
��

1

6

�
2
R2 �

�
2

�
��

1

6

�
R�2 �

�2

8
�4

�
:

(14)

Let us notice that all the integrals in this section are four
dimensional, because we use dimensional regularization in
the minimal way discussed in the previous section.
Alternatively one can apply the proper-time cutoff regu-
larization [9,14] here, the result is of course the same. Later
on we shall see that if instead of dimensional regularization
we use the covariant Pauli-Villars regularization [9] the
logarithmic divergent part of the action will agree with
(14).

The calculation of both the divergent and finite part of
the effective action has been performed up to the second
order in the curvatures �R��
�; P̂� using Feynman dia-
grams on flat backgrounds and also the heat-kernel solution
[14,15]. The result is [16,17]
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C��
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60�
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�
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1
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�
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1
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�
2
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�
R�

�
2�
m2�2 ��2

�
�2

8�
� k��a�

�
�2 ��2

�
�
�
2�

�
��

1

6

�
� k��a�

�
R
�
; (15)

where

 

1

�
�

2

4� n
� ln

�
4	�2

m2

�
� �;

� being the Euler number. The relevant form factors are [16,17]

 k��a� �
A�2

4
; k��a� � �

�
A�a2 � 4�

12a2 �
1

36
� A

�
��

1

6

��
; (16)

 

kW�a� �
8A

15a4 �
2

45a2 �
1

150
;

kR�a� � A
�
��

1

6

�
2
�
A
6

�
��

1

6

�
�

2A

3a2

�
��

1

6

�
�

A

18a2 �
A

9a4 �
A

144
�

1

108a2 �
7

2160
�

1

18

�
��

1

6

�
;

(17)

where we used the notations [16]

 A � 1�
1

a
ln

1� a=2

1� a=2
; a2 �

4�

�� 4m2 : (18)

An important difference between the divergences (14) and
the divergent part of (15) is that the first expression does
include surface terms while the second one does not.
Indeed, one can always restore these terms using anomaly.

The conformal limit corresponds to m2 ! 0 and �!
1=6. The useful relations corresponding to the massless
limit m2 ! 0 are as follows:

 a! 2; A	 1
2 logj2� aj ! 1; �a� 2�A! 0:

(19)

Applying the limit (19) to the expression (15) reduces the
nonconformal term to

 

�� �1�reg � �
1

2�4	�2
Z
d4x

���
g
p

�
�2

8
�2 log

�
�

4	�2

�
�2

�
1

120
C��
� log

�
�

4	�2

�
C��
� �

�
36
�2R

�
1

1080
R2

�
: (20)

It is easy to see (using the formulas of the previous section)
that this result perfectly fits with the divergence (14). The
coincidence holds for both metric and metric-scalar local
terms. Hence, at this level, the heat-kernel solution does
not show any sign of ambiguity discussed in Sec. II.

Let us now analyze the explicit emergence of these
ambiguities in the framework of the Pauli-Villars regulari-
zation. In this regularization method the classical action (1)
is supplemented with extra Pauli-Villars fields whose in-
teractions with the physical field � are given by

 

Sreg �
XN
i�1

Z
d4x

�������
�g
p

�
1

2
g��@�’i@�’i �

�i
2
R’2

i �
m2
i

2
’2
i

�
�
2
�2’2

i

�
: (21)

The physical scalar field � (also labeled below by ’0) is
conformally coupled (� � 1=6) and has bosonic statistics
(s0 � 1). The N Pauli-Villars fields ’i �i � 1; . . . ; N� are
massive mi � �i M � 0 and may have degeneracy si.
These fields can have either bosonic or fermionic statistics.
In the first case the degeneracy of the field si has to by
multiplied by the factor of 1 and in the former case by the
factor of �2. We also assume, for the sake of complete-
ness, that the Pauli-Villars regulators might have noncon-
formal couplings �i � 1=6. The regularized effective
action of the massless scalar field with conformal coupling
� � 1=6 is given by

 

�� �1�reg � lim
�!1

XN
i�0

si ��
�1�
i �mi; �i;��; (22)

where � is an auxiliary momentum cutoff.
According to the general prescription, all divergences in

the ultraviolet cutoff � are cancelled out due to the Pauli-
Villars conditions

 

XN
i�1

si � �s0 � �1; (23)

 

XN
i�1

si�
2
i � 0;

XN
i�1

si��i �
1
6� � 0; (24)

 

XN
i�1

si�
4
i � 0;

XN
i�1

si��i �
1
6�

2 � 0 (25)
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which are identical to those of the free scalar fields [9]. The
first equation (23) cancels out quartic divergences �4, the
second and third equations (24) cancel quadratic ones �2,
and the last two equations (25) are required to cancel
logarithmic divergences log��2=m2�. A simple solution
of these equations matching all these requirements is

 s1 � 1; s2 � 4; s3 � �s4 � s5 � �2;

�2
1 � 4; �2

2 � 3; �2
3 � 1; �2

4 � 3;

�2
5 � 4; and �i � �2

i �
1

6
:

(26)

Another possible solution emerges if one takes all si, �i as
in (26) and �i 
 1=6. At that point we detect an ambiguity
in the solution for the regularized effective action.

A compact expression for the effective action is obtained
in the limit M ! 1. In this limit the form factors kW�a�
and kR�a� for the auxiliary regulator fields ’1;...;5 vanish
and the asymptotic form of the remaining expression has
the form

 

���1�reg �
1

2�4	�2
Z
d4x

���
g
p

�
M4


2
�M2R��

�
�

1

1080

�
R2

� �
�

1

36
� �

�
�2R�

�2

8
�2 log

�
�

4e�
0
M2

�
�2

�
1

120
C��
� log

�
�

4e�M2

�
C��
�

�
; (27)

where

 
 �
XN
i�1

si�
4
i ln�2

i ; � �
XN
i�1

si�
2
i ��i �

1
6� ln�

2
i ;

� � 2
3�

XN
i�1

si ln�2
i �

2
3� �

0;

� � 1
2

XN
i�1

si��i �
1
6� ln�

2
i ;  �

XN
i�1

si��i �
1
6�

2 ln�2
i ;

(28)

The finite part of the effective action (15) which breaks
conformal invariance has two kinds of terms. First, the
terms which are nonlocal because of the presence of the
logarithmic in � insertions and second those which are
local. The last terms essentially reduce to two types, R�2

and R2. The first type of terms have universal coefficients
because of their nonlocality. The second type of terms
depends on arbitrary parameters of the Pauli-Villars regu-
larization  and �. These properties are inherited by their
descendents in the expression for conformal anomaly in the
covariant Pauli-Villars regularization

 

hT i �
1

�4	�2

�
1

120
C2 �

1

360
E�

�2

8
�4

�

�
1

180
� 6

�
�R�

�
1

12
� 3�

�
��2

�
: (29)

The last expression shows that, whereas the coefficient of
the ��4, Weyl and Euler terms in the anomaly are univer-
sal, those of �R and ��2 terms are in fact arbitrary, for
they depend on the regularization procedure. Qualitatively
this is the same ambiguity we have detected in the dimen-
sional regularization case.

The analysis performed above can be easily expanded
and we can establish a general structure of the ambiguities.
The ambiguous terms of the effective action are always (up
to the conformal terms) of the form RA�R;��, where A
is a dimension n� 2 local operator which induces the
anomaly terms of the type �A�R;��. Indeed, in dimen-
sion n � 4, we have A � R or A � �2, in n � 2, A �
cte, or A � �k, however from the above consideration it
is clear that in arbitrary dimension n the operator A � �2

is always ambiguous.

IV. THE YUKAWA MODEL

The Yukawa model in curved Euclidean space

 SYukawa � i
Z
d4x

���
g
p � ���r� � im� ih�� (30)

describes the interaction of the fermionic field  with a
scalar background field �. Let us denote

 ’ � m� h�; Ĥ � ��r� � i’: (31)

The one-loop effective action can be calculated in two
different ways. The first possibility is to consider
 

���1�fermion�g��;�� � Tr ln�Ĥ � Ĥ�1� �
1
2 Tr ln�Ĥ�1 � Ĥ

�
1�;

Ĥ�1 � ��r�; (32)

and the second corresponds to
 

���1�fermion�g��;�� �
1
2 Tr ln�Ĥ � Ĥ�2�;

Ĥ�2 � ��r� � i’;
(33)

where we use the known fact ���1�fermion is an even functional
in ’. Let us notice that the derivation of the second term in
(32) can be performed in a standard way (see, e.g. the
second reference in [16]).

In the first case (32) the relevant operator is

 Ĥ � Ĥ�1 � 1̂�� 2ĥ
r
 � �̂;

ĥ
 � �
i’
2
�
; and �̂ � �

1̂

4
R:

(34)

The calculation of divergences can be performed using
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standard prescription [28,29] (see also [4]) and the result is
 

���1�div
fermion�Ĥ � Ĥ

�
1� � �

1

�4	�2�n� 4�

Z
d4x

���
g
p

�
k
2

�’2

�
1

30
�R� 2g��@�’@�’� 2’4

�
1

3
R’2 �

1

20
C2 �

11

360
E
�
; (35)

where k � k1 � �8=3.
In the second approach (33) the relevant operator is

 Ĥ � Ĥ�2 � 1̂�� �̂1;

where �̂1 � ’2 � i��’;� �
1̂
4R:

(36)

The divergences have the same form except that the coef-
ficient k has a different value k � k2 � �4=3. The differ-
ence in the coefficient k is quite remarkable, for it might
indicate the arbitrariness in the anomalous R�2 term in the
finite part of the effective action. Later on we shall confirm
that this is exactly the case.

The operator (Ĥ � Ĥ�1) in the prescription (32) has a
linear in derivative term and does not admit direct appli-
cation of the heat-kernel solution [14]. The derivation of
the full (with finite part) effective action using the method
of [14,16] gives, in the case of the prescription (33), the
following result:

 

���1�fermion�Ĥ � Ĥ
�
2� �

1

�4	�2
Z
d4x

���
g
p

�
�m4

�
1

�
�

3

2

�
�

1

6
m2R

�
1

�
� 1

�
�

1

2
RkfR�a�R� 2m2�’2 �m2�

�
1

�
� 1

�

�
1

4
C��
�

�
1

10�
� kfW�a�

�
C��
� �

1

2
�r
’�

�
2

�
� 4A

�
�r
’� �

1

2
�’2 �m2�

�
1

3�
�

2

9
�

8A

3a2

�
R

�
1

2
�’2 �m2�

�
2

�
� 4A

�
�’2 �m2�

�
: (37)

The higher derivative form factors kfW and kfR can be found in the second reference in [16]. The change ’2 ! �’2 �m2� �
h2�2 � 2mh� is due to the fact we have to settlem2 into the exponential of the heat-kernel representation for the effective
action [16].

The massless limit (19) of the finite part of the one-loop effective action (37) leads to the following expression for the
nonconformal term:

 

���1�reg � �
1

2�4	�2
Z
d4x

���
g
p

�
1

90
R2 �

2h2

9
�2R� 2h4�2 log

�
�

4	�2

�
�2 �

1

20
C��
� log

�
�

4	�2

�
C��
�

� 2h2�r
�� log
�

�

4	�2

�
�r
�� �

h2

3
�2 log

�
�

4	�2

�
R
�

(38)

which is quite similar to the result for the scalar case (20).
There are nonlocal finite terms which are in one to one
correspondence with the local UV divergent terms. These
terms were cancelled by counterterms in a momentum-
subtraction renormalization scheme (see [16] for a detailed
discussion). On top of that, we have two usual local termsR ���

g
p
R2 and

R ���
g
p
R�2. At this level no ambiguity is

observed.
A more complete analysis can be performed in the

framework of the Pauli-Villars regularization, in a way
similar to that described in the previous section. Our
purpose is to detect the ambiguity in the local termsR ���

g
p
R2 and

R ���
g
p
R�2, these ambiguities are expected to

be similar to the ones we met for the scalar case. In order to
use this analogy we need to introduce some parameters
similar to the nonminimal ones �i.

In order to get the most general ambiguity we shall
introduce Pauli-Villars regulator fields  i with bilinear
couplings like in (36) to include nonminimal couplings

 �Ĥ � Ĥ�2��i� � 1̂�� �̂1i;

where �̂1i � ’2
i � i�

�’i;� � ��i �
1
4�1̂R;

(39)

where ’i � h��Mi, Mi � �iM is the mass of the regu-
lator fields, M is the regularization scale parameter, and �i
is the dimensionless parameters which can be defined from
the condition of cancelling the divergences. Finally, �i are
new nonminimal parameters, which may be safely intro-
duced for the massive regulators. The operators (39) act in
the space of Dirac fermions, but may have either fermionic
or bosonic statistics. The corresponding multiplicities are
di � �1;�2�, like in the scalar case.

 

�� reg � �
1
2 Tr log�Ĥ � Ĥ�2� �

1
2

XN
i�1

��1�di Tr log�Ĥ � Ĥ�2��i�:

(40)

The Pauli-Villars conditions for si and �i are similar to
(23)–(25), the only difference is the sign of the contribu-
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tion of the massless physical field, which is opposite
compared to the scalar case
 XN

i�1

si � �s0 � �1;

XN
i�1

si�
2
i �

XN
i�1

si�i �
XN
i�1

si�
4
i �

XN
i�1

si�
2
i � 0;

(41)

and also we have here factors �i instead of �i � 1=6.
The solution of Eqs. (41) is opposite in sign to the one of

(26),

 s1 � �1; s2 � �4; s3 � �s4 � s5 � 2;

�2
1 � 4; �2

2 � 3; �2
3 � 1; �2

4 � 3;

�2
5 � 4; and �i � �2

i :

(42)

Exactly as in the scalar case, another solution emerges if
taking the same si, �2

i , and �i 
 0.
Finally, we arrive, in the massless limit m! 0, at the

following expression for the conformal anomaly
 

hT i �
1

�4	�2

�
1

20
C2 �

11

360
E�

�
1

30
� 6

�
�R

� 2h2r
�r

�� 2h4�4 �

h2

3
R�2

�

�
2

3
� �

�
h2��2

�
; (43)

where � and  are parameters depending on details of the
Pauli-Villars regulators. This dependence indicates the
ambiguities of the coefficients of the total derivative terms
��2 and �R. Qualitatively, the ambiguity is the same as in
the scalar case.

V. CONCLUSIONS

We have investigated a problem of conformal anomaly
and the corresponding ambiguity in the theory of quantized
matter fields on the background which consists of the
space-time metric and an additional scalar field. The anom-
aly can be evaluated via different methods and perhaps the
most simple one is based on the dimensional regulariza-
tion. However, the renormalization schemes based on this
regularization allow a much larger ambiguity in the anoma-
lous part of effective action. A similar ambiguity can be
also observed in covariant Pauli-Villars regularizations.
Except for the specially designed artificial renormalization
scheme described in the appendix, the ambiguity concerns
only the local sector of the effective action, while the
nonlocal part of it is well defined. In this respect our results
are quite similar to the ones obtained earlier in [9] for the
purely metric background case, although there is a serious
difference between the two cases. The ambiguity in the
pure metric case concerns only the vacuum sector, that is

the effective action of the external metric field. In the
present case of a metric-scalar background the ambiguity
concerns also the action of the quantized scalar field.
Hence the effect of this ambiguity is much stronger. If
one attempts to fix the problem by introducing the special
renormalization condition, the theory becomes confor-
mally noninvariant already at the classical level. In this
respect the theory of the conformal scalar field is closer to
quantum conformal gravity [25], rather than to the theory
of free conformal matter on a purely metric background.

Let us notice that the renormalization scheme ambigu-
ities are common in the higher loop corrections to the
�-functions and therefore to the trace anomaly. For ex-
ample, they have been discussed in [30,31] for the case of
quantum field theory in curved space-time. The fundamen-
tal difference between our results and the ones of the
mentioned papers is that we have found the origin of the
trace anomaly ambiguity which shows up already at the
one-loop level. Furthermore, we have clarified the existing
mismatch between the anomalous violations of global and
local conformal symmetries and found that the ambiguities
can arise not only within dimensional regularization, but
also for general covariant Pauli-Villars regularizations.

Finally, the main lesson we learned from exploring the
ambiguity in the quantum violation of local conformal
symmetry is that this symmetry cannot be exact even at
the classical level. The model with local conformal sym-
metry does not enable one to obtain a consistent theory at
quantum level, because the quantum corrections are
plagued by ambiguities. Our consideration also leaves
open the possibility to regard the conformal symmetry as
an approximation. In this case the conformal anomaly must
be seen as a useful way to evaluate the effective action and
the corresponding ambiguities may be easily fixed by
implementing the corresponding renormalization condi-
tions on the coefficients of local nonconformal terms in
the renormalized action of the theory. The approximate
character of conformal symmetry will manifest itself in a
hierarchy of the parameters of the starting action. The
parameters in the nonconformal sector must be some or-
ders of magnitude smaller than the ones in the conformal
sector. In this case local nonconformal terms will be indeed
modified by the quantum (mainly anomalous) contribu-
tions, while the ambiguities can be easily fixed through
the renormalization conditions in the nonconformal corner
of the theory.
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APPENDIX: REMARK ABOUT MORE GENERAL
AMBIGUITIES IN DIMENSIONAL

REGULARIZATION

The arbitrariness described in Sec. II concerns only the
local finite term

R
d4x

���
g
p
R�2 in the effective action and

corresponding ��2 term in the anomalous trace hT i. On
the other hand, the presence of a scalar field with a non-
trivial transformation law enables one to design renormal-
ization schemes which make the arbitrariness in the
anomaly very much larger than that derived via dimen-
sional regularization in a usual way. Let us notice that the
conditions for the counterterms formulated in Sec. II (lo-
cality plus cancellation of the divergent part of the effective
action) can be satisfied in a great variety of different ways
in the presence of a scalar field. For example, in the scalar
field sector one can keep the transformation of the scalar
field the same (3), independent of the dimension n. Then
the derivation of anomaly in this sector will be essentially
the same as for the gravitational sector and the anomaly
hT i will be just proportional to the divergent part of the
effective action, plus a standard ��2-type arbitrariness
described above. On the other hand, in the purely gravita-
tional field one can use the scalar field to eliminate the
anomaly completely. Let us choose the counterterm for the
Weyl term in the form

 �SWeyl �
�1

n� 4

Z
dnx

���
g
p
�n�4C2; (A1)

where we took the simplest transformation law (3) of the
scalar field for simplicity [32]. It is obvious that this
counterterm is conformal invariant and therefore using
the standard procedure of deriving anomaly from [8]
does not produce anomaly et al. The same is true also for
other anomalous terms. Therefore, the combination of the
dimensional regularization and scalar field makes the
whole anomaly arbitrary, not only the part corresponding
to the local sector of the one-loop effective action.

There are several reasons why such an ambiguous re-
normalization scheme is unphysical. The dependence
�n�4 is nonanalytic on the scalar field � for noninteger
values of n and for such a reason it can never be generated
by radiative perturvative corrections. Indeed, in perturba-
tion theory Feynman graphs have a definite integer number
of external legs (�0s) which cannot be a fractional number
(see, however, Ref. [33] for scenarios with the emergence
of nonperturbative nonanaliticities). On the other hand the
form of the counterterms does not need to follow the form
of the original quantum corrections, but only satisfy the
requirements formulated above. Nevertheless, the scheme
based on (A1) is very artificial and the resulting ‘‘total’’
ambiguity does not correspond to the direct calculations of
a finite part of the effective action. In general, the existence
of the scheme described above just shows that the dimen-
sional regularization is not an appropriate instrument to
derive the conformal anomaly, especially if the scalar field
is present.
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