PHYSICAL REVIEW D 74, 106007 (2006)

New supersymmetric AdS; solutions

Jerome P. Gauntlett, Oisin A.P. Mac Conamhna, Toni Mateos, and Daniel Waldram

Theoretical Physics Group, Blackett Laboratory, Imperial College, London SW7 2AZ, United Kingdom
The Institute for Mathematical Sciences, Imperial College, London SW7 2PE, United Kingdom
(Received 27 September 2006; published 17 November 2006)

We construct infinite new classes of supersymmetric solutions of D = 11 supergravity that are warped
products of AdS; with an eight-dimensional manifold Mg and have nonvanishing four-form flux. In order
to be compact, Mg is constructed as an S bundle over a six-dimensional manifold By which is either
Kihler-Einstein or a product of Kihler-Einstein spaces. In the special cases that By contains a two-torus,
we also obtain new AdS; solutions of type IIB supergravity, with constant dilaton and only five-form flux.
Via the anti-de Sitter (AdS)-conformal field theory (CFT) correspondence the solutions with compact Mg
will be dual to two-dimensional conformal field theories with N = (0, 2) supersymmetry. Our construction
can also describe noncompact geometries and we discuss examples in type IIB which are dual to four-

dimensional N = 1 superconformal theories coupled to stringlike defects.
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I. INTRODUCTION

In this paper we will construct infinite new classes of
supersymmetric solutions of D = 11 supergravity and
type IIB supergravity that contain AdS; factors and com-
pact internal spaces. Via the anti-de Sitter (AdS)-
conformal field theory (CFT) correspondence [1] these
solutions are dual to two-dimensional conformal field
theories with N = (0, 2) supersymmetry. Note that a sub-
class of the type IIB solutions was already discussed in [2].

Our construction is directly inspired by the supersym-
metric solutions found in [3]. Recall that these solutions
are warped products of AdSs with a six-dimensional mani-
fold Mg and are all dual to N = 1 supersymmetric confor-
mal field theories in four dimensions. These solutions were
found in two steps. The first step consisted of classifying
the most general supersymmetric solutions of this form
using G-structure techniques. The second step involved
imposing a suitable ansatz on Mg, namely, that My is a
complex manifold, and then showing that all such compact
Mg could be constructed in explicit form. Specifically M
is an S bundle over a four-dimensional base which is
either (i) Kihler-Einstein with positive curvature i.e. $? X
S2, CP? or a del-Pezzo dP, with k =3,...,8, or (ii) a
product: S? X 2, 82 X H?, or §? X T2, each factor with its
constant curvature metric. The last example with base S? X
T2 is related, via dimensional reduction and T-duality, to a
family of type IIB solutions AdSs X Y74 where Y77 are
new Sasaki-Einstein metrics on S2 X §3 [4]. These five-
dimensional Sasaki-Einstein metrics, and their generaliza-
tions [5], have been receiving much attention because the
dual conformal field theories can be identified [6—10]. It is
an important outstanding issue to elucidate the conformal
field theories dual to the other M theory solutions found in
[3].

It is natural to try and repeat the successful constructions
of [3] in different contexts. In [11] a complete classification
of the most general supersymmetric solutions of type IIB
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supergravity consisting of warped products of AdSs with a
five-dimensional manifold X5 was successfully carried
out.! The Pilch-Warner solution [13] was recovered using
this formalism, but, as yet, it is unclear what additional
ansatz one should impose upon X5 in order to be able to
construct new explicit solutions. Furthermore, a detailed
classification of AdSs, AdS,, and AdS; solutions of D =
11 supergravity with various amounts of supersymmetry
and vanishing electric four-form flux was given in [14].
While various known solutions were recovered, it again
proved difficult to find new classes of solutions.

In this paper we will construct solutions of D = 11
supergravity that are the warped product of AdS; with an
eight-dimensional manifold Mg which are dual to confor-
mal field theories with N = (0,2) supersymmetry. The
solutions, which have nonvanishing electric four-form
flux, do not fall within the classes studied in [14], so
require an appropriate generalization, which is discussed
in detail in Appendix A. By considering a suitable ansatz,
we will then show that we can indeed find infinite new
classes of explicit AdS; solutions of D = 11 supergravity.
We find solutions in which My is an S? bundle over a six-
dimensional base space Bg which is either a six-
dimensional Kihler-Einstein space, KEg, a product of
four- and two-dimensional Kihler-Einstein spaces, KE; X
KE,, or a product of three two-dimensional Kihler-
Einstein spaces, KE, X KE, X KE,. There are various
possibilities for the signs of the curvature of the Kéhler-
Einstein spaces, as we shall see. If these backgrounds are to
be bona fide M theory solutions one must also ensure that
the four-form flux is quantized. While we do not consider
this in general, the expectation is that this will restrict most
if not all of the parameters in the solutions to discrete
values. We show how this is indeed the case in a particular
class of solutions.

'For some recent further developments see [12].
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In the special case when My is an S? bundle over a
KE, X T? or a KE, X KE, X T? base space, we can di-
mensionally reduce and then 7-dualise to give solutions of
type IIB supergravity (this is analogous to how the AdSs X
YP 4 solutions were found in [3]). These type IIB solutions
are warped products of AdS; with a seven manifold M,
have constant dilaton and nonvanishing five-form flux. For
those arising from KE, X T2, we will show that there are
two families of regular solutions for any positively curved
KE] . One family was first presented and analyzed in some
detail in the type IIB context in [2]. Of the second family,
taking the special case where KE; = CP?, the IIB solu-
tion describes the near-horizon limit of D3-branes wrap-
ping a holomorphic Riemann surface embedded in a
Calabi-Yau four-fold that was first constructed in [15]
(generalizing a construction of Maldacena and Nufez
[16]). For this family we calculate the central charge of
the dual CFT. Remarkably this is integral independent of
the choice of KE, . The new D = 11 solutions arising from
a KE, X KE, X T? base space give rise to new type IIB
solutions generalizing these solutions and also those pre-
sented in [2].

Most of the paper will focus on solutions in which the
internal space is compact. However, generically our ansatz
also includes noncompact solutions. We will briefly dis-
cuss a class of these in the type IIB context, that is of the
form of a warped product AdS; X M, with noncompact
M. These solutions include backgrounds that can be
interpreted as the backreacted geometry of probe D3-
branes in AdSs X S3 with world volume AdS; X S!, and
preserving %th of the supersymmetry. The corresponding
dual field theory is N = 4 super Yang-Mills coupled to
stringlike defects preserving the superconformal group in
two dimensions. More generally, the S> factor can be
replaced by a Sasaki-Einstein manifold, and the back-
reacted geometry corresponds to some four-dimensional
N =1 SCFT coupled to stringlike defects.

The plan of the rest of the paper is as follows. We start by
motivating the ansatz for the 11-dimensional supergravity
fields in Sec. II. Section IIB describes how the Killing
spinor equations reduce to one single second-order differ-
ential equation, and uses it to comment on the conditions
required to eliminate conical singularities in the metric.
The following sections describe the explicit solutions that
we have found. They are ordered in increasing complexity
of the base Bg: Sec. III deals with Bg = KE, Sec. IV with
Bg = KE, X KE,, and Sec. V with B = KE, X KE, X
KE,. The type IIB solutions that arise when one of the KE,
factors is a T2 are discussed in Sec. VI. A discussion of the
new noncompact solutions of type IIB supergravity is
presented in Sec. VII and we conclude in Sec. VIIL
Finally, we have included three appendices. The technical
study of the Killing spinor equations has been relegated
from the text, and collected in Appendix A. In particular,
this appendix contains the classification of the relevant
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AdS; solutions using G-structures. Some properties of
KE, spaces used in this paper are explained in
Appendix B. Finally, Appendix C describes how to relate
the orientations and parameters in M theory and IIB
supergravity.

II. ANSATZ AND SOLUTIONS

To explain our ansatz in a bit more detail, we recall that
the family of AdSs solutions of [3] with M, an S? bundle
over an H? X S? base space contain a limiting solution in
which the geometry degenerates to H> X §*. This particu-
lar solution was constructed previously by Maldacena and
Nuafiez and describes the near-horizon limit of
M-fivebranes wrapping a holomorphic two-cycle (cali-
brated by the Kéhler two-form) inside a Calabi-Yau three-
fold [16]. Here the two-cycle is the H factor” while the $*
factor corresponds to the four-sphere surrounding the
wrapped fivebranes. The metric for this *“2-in-6 Kihler”
solution contains an S* factor twisted over the H? base in a
specific manner, which can be deduced from probe five-
branes wrapping holomorphic cycles [16]. From this per-
spective, the solutions of [3] correspond to a generalization
where the S* surrounding the brane is replaced by an S2
bundle over S

For us, a key observation is that the structure of the AdSs
2-in-6 Kahler solution [16] has many similarities with the
AdS; solution of [17] corresponding to M-fivebranes
wrapping a Kéhler four-cycle in a Calabi-Yau four-fold,
“4-in-8 Kihler.” In both cases, of the five directions trans-
verse to the probe M-fivebranes wrapping such cycles, four
of them are tangent to the Calabi-Yau. Combined with the
fact that in both cases the fivebrane is wrapping a Kahler
cycle, this implies that in the D = 11 solution the four-
sphere is fibered over the base space in an almost identical
way, the only difference being that the H? base is replaced
by a four-dimensional Kihler-Einstein manifold KE, that
is negatively curved. We have summarized the probe-brane
configurations in Table I. Note that in the 4-in-8 case one
could also consider a probe membrane wrapping directions
orthogonal to the Calabi-Yau without further breaking the
supersymmetry.

Thus, inspired by the fact that the 2-in-6 Kihler solution
is a single member of a family of solutions where the S* is
replaced by an S? bundle over S?, we are motivated to find
new warped AdS; X Mg solutions where Mg is a bundle
over KE,, with fibres which are themselves S? bundles
over 2. Or rather, in analogy with [3], the structure should
actually simplify to an S? bundle over S? X KE,. In the
specific 4-in-8 Kihler solution of [17] the KE, had nega-
tive curvature. However, following the success of [3] we
can also seek solutions that are S? bundles over more

It is possible to take a quotient of H” to obtain any compact
Riemann surface with genus greater than one while still preserv-
ing supersymmetry [16].
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TABLE I. Arrays describing the probe brane setups in M
theory. In both situations, of the 5 transverse directions to the
MS5-branes, 4 are tangent to the CY and 1 lies in flat space.

“2-in-6” 0 1 2 3 4 5 6 7 8 9 10

CY; - - - - - -
M5 - - - - - -

“4-in-8” 0 1 2 3 4 5 6 7 8 9 10

cy, - - - - = = = -
Y N

general bases Bg. Specifically we will consider Bg = KEj,
BG = KE2 X KE4, or B6 = KE2 X KE2 X KEz, with the
various factors having positive, negative, or zero curvature.

A. Ansatz
‘We start with the ansatz for the bosonic fields of D = 11

supergravity, discussing each choice for B¢ in turn. In all
cases we assume the metric is a warped product:

ds® = 02[ds*(AdS;) + ds?(My)], @2.1)

where ds*(AdS;) is the metric of constant curvature on
AdS; with unit radius.
Case | By = KE, X KE, X KE,

In this case we assume that ds?(My) has the form

3
dsz(:Ms) = Zhids2(ci) + f3d”2 + f4(D¢)2,
i=1

2.2)
and the four-form is given by
Gy=g3/i Ny + g1 a N3+ g3 ATy
+ (841 + g5J2 + g6J3) Adr A DY
+ g7dr A VOlAdS3' (23)

Here ds*(C;) is locally a constant curvature metric
on 2, H?, or T? for k; = 1, —1, or 0, respectively,
and J; = volg, is the corresponding Kihler-form
on C;. The ansatz depends on 13 functions #;, f3,
fa> &15---, &7, @ which are functions of r only.
Thus, in general, the isometry group will be, at
least, SO(2,2) X U(1), the first factor correspond-
ing to the symmetries of AdS; and the latter to
shifts of the fiber coordinate 4 (we will see later
that, for compact M-, i is a periodic coordinate).
Note that using the freedom to change the r coor-
dinate we can choose f5 as we like. We also have

Dy =dy+ P (2.4)
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3 3
dP = R; = ki, (2.5)
i=1 i=1

where R,; is the Ricci-form for C;. Thus, the twist-
ing of the fiber with coordinate ¢ is associated to
the canonical U(l) bundle over the six-
dimensional base space Bg given by C; X C, X
C3. Indeed in the compact complete solutions that
we will construct r, ¢ will parametrize a two-
sphere and topologically we will have an S? bundle
over C; X C, X Cj that is obtained by adding a
point to the fibers in the canonical line bundle. This
is entirely analogous to the solutions in [3].

Case 2 B= KE, X KE,
In this case we assume

dS2(M8) = hldSZ(KE4) + h3dSZ(C3) + f3dr2
+ f4(D¢)2,
G4 = %J/\J"‘ glJ/\J3 + (g4.]+ g6J3)

Adr A D(// + g7dr A VOlAdS3’ (26)

where now J is the Kéhler-form of KE,. Note that
in terms of the functions 4;, g; and parameters k;,
this can be viewed as a special case of the previous
ansatz

ki = ks, hy = hy,
2.7

81 = 82 84 = 8s-

The 4-in-8 Kihler solution of [17] is contained
within this ansatz. More specifically, we shall
show that it is recovered in the By = KE4 X KE,
class (2.7) when KE, has negative curvature (k; =
k, = —1) and C5 = S? (k3 = 1). For this particu-
lar solution, the r, ¢ coordinates parametrize a
two-sphere but when combined with the two-
sphere C; give rise to a four-sphere. The metric
for this solution is then a warped product of the
form AdS; X KE, X S*. From a physical point of
view the four-sphere surrounds the fivebrane that is
wrapped on the negatively curved® KE,.
Case 3 By = KE,
In this case the ansatz is even simpler

ds*(Ms) = hds*(KEg) + f3dr* + f4(Dy),
G, =%J/\J+g4j/\dr/\D¢/

+ g7dr/\V01AdSB, (28)

where here J is the Kihler-form of KEs. Again in

3Note that solutions for fivebranes wrapping positively curved

Kihler-Einstein spaces, i.e. k, = 1 were also found in [17] but
they did not have an AdS; factor in the near-brane limit.
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terms of the functions and parameters, this is a
special case of the original ansatz with

ki = ky = ks, hy = hy = hs, 2.9

81 = 82 = &3 84 = 85 = Le6-

Finally, our ansatz leads to type IIB backgrounds
when one of the cycles in By is a torus. By reducing
to IIA along one of the torus directions and
T-dualizing along the other, we obtain type IIB
solutions with constant dilaton and only five-form
flux. To be explicit, let Cy = T?. The 11-
dimensional four-form decomposes naturally as

G4 = F4 + Fz A VOITZ,

Fy=g3Ji ANJy + (g4J) + 85J2) Adr ADys
+ g7dr A VOlAdSy

Fz = gZJl + g].]2 + gﬁdr/\ D(r// (210)

Note that both F, and F, are closed by virtue of the
closure of Gy. In particular, we can write locally
F, = dA, for some one-form potential A;. Having
made this decomposition, the IIB background
reads (for a few more details see Appendix C)

= (w®h3)"*[ds*(AdS;) + ds*(M;)],
Fs=(1+%)F, ADg 2.11)
where

dS2(:]Vl7) = hldsz(Cl) + hzdSZ(C2) + f3dr2

1
+ faDy? + —55 D2, (2.12)
3

and
Dz=dz+ A,. (2.13)

For our ansatz, explicitly we have

h 3 7
*x[Fy ADz] = “g‘%;}—hﬁf“volAds Adr A Dy
112
hyhyg @3
%VOIAdS3 /\J2
1VJ3J4
h1h385w3
——==vol ANJ
hofos s
+ g7h1h2h3w3J‘§J1 /\J2 /\Dw
3

(2.14)

Note that (as explained in Appendix A), taking
w?® >0, we have /f5f, < 0. Also note that these
IIB backgrounds will have an isometry group at
least as large as SO(2,2) X U(1) X U(1), the U(1)
factors acting as shifts of the coordinates ¥, z.
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B. The BPS condition and global construction

Let us now turn to the conditions imposed by supersym-
metry, the Bianchi identities, and the equations of motion.
The derivation is technically involved and relies on a key
gauge choice for the function f3. We have presented some
details in Appendix A. Remarkably, we find that all con-
ditions boil down to solving the second-order nonlinear
equation for a function H(r):

0= —4(H")* + 4HQH" + 4k;d; + 4k;c;r —

+ ]‘[(k ks 2 e, - 4d>

Here c¢; and d; are six integration constants that appear in
the analysis. Given a solution of (2.15) one can construct
the full 11-dimensional supergravity solution as follows

3k1 k2k3r2)

(2.15)

hl _ 2H” + 4kidi + 4kiC,-r - 3k1k2k3"2 l _ 1 2 3
4(4d; + 4c;r — —k‘%]@ r?)
f _ _ 2H// + 4kidi + 4kl’Cir - 3k1k2k3r2
} 16H ’
f _ —HZH// + 4kidi + 4kiC,-r - 3k1k2k3r2
! 3 (—k‘kzk3 2 —dre; —4d;)
k kzkz 2 - .
6 _ 41T, —d4rc; — 4d;) ' 2.16)
QH" + 4k;d; + dk;cir — 3k kyksr?)?
If we define the function f via
4H'
f= 2.17)

2H// + 4kidi + 4kl’Cir - 3k1k2k3r2’
then the first three components of the flux are given by

g1 = —f(kahs + kshy) + koksr] + ¢y,

g2 = —3f(kshy + kyh3) + kskyr] + ¢y, (2.18)
g3 = —2f(kihy + kahy) + kikyr] + c.
The next three components are given by
—4gy = Q2fh) +k,  —4gs = Q2fh) + ks,
—4ge = (2fh3) + ks, (2.19)

while the electric piece is
/3

2hhyhy

+ f(kikyhs + perm.)r — 2fc;h;],

87 = [(® + f?)(kihyhs + perm.)

LX)

where “+perm.” means adding the other two terms in-
volving the obvious permutations of 1, 2, and 3. The
explicit expression for the Killing spinors are given in the
appendix. We find that the solution generically preserves
1/8 supersymmetry and is dual to a two-dimensional con-
formal field theory with N = (0, 2) supersymmetry.
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We have not managed to find the most general solution
to the differential equation (2.16) for H. However, we have
found a rich set of polynomial solutions that lead to regular
and compact solutions, which we will discuss in detail in
the next section.

Our principal interest is the construction of compact
solutions. As mentioned earlier, our procedure will be to
require r, i to parametrize a two-sphere fibered over a
compact base Bg:

S%,w — My
. (2.20)
By

This is achieved if the range of r is restricted to lie in a
suitable finite interval, r; = r = r,, and ¢ is a periodic
coordinate. Clearly, the range of the coordinate r is re-
stricted by the poles of f3 which must be zeroes of the
function H. Generically, the poles of f5 are also the zeroes
of f, and so the (r, ) part of the metric can indeed form an
§? provided that one can remove potential singularities at
each of the zeroes r, of H. If such a generic H has a linear
behavior at r, we find that, after a change of coordinates
r = r(p), the (r, ¢) part of the metric takes the form

ds®> = dp* + yp*dy?, (2.21)
with
4[H'(ro)T
L (B — dre; — 4d))

y = , (2.22)

where H'(r,) is the value of H' at the corresponding zero.
Now, using the differential equation (2.15), and evaluating
it at a zero of H, one deduces the remarkable fact that y =
1 at all poles. Thus, for such generic H, the condition for
the absence of conical singularities at the poles of the $°
formed by (r, ) is just Ay = 2.

For such H, we have complete metrics on Mg, then,
provided that the warp factor w and the metric functions #4;
remain finite and nonzero within the interval r; = r = r,.
Topologically, Mg is a two-sphere bundle over a six-
dimensional base, Bg, where B = KE¢, KE, X KE,, or
KE, X KE, X KE,. This S*>-bundle is obtained from the
canonical line bundle over B¢ by simply adding a point “at
infinity” to each of the fibers.

C. Flux quantization

Given a regular compact solution, the final condition
that we have a bona fide solution of M theory is the
quantization of the four-form flux G4. In our ansatz (2.1)
we took AdS; to have unit radius, thus we should first
reinstate dimensions by rescaling the metric and back-
ground by powers of L, the actual radius of the AdS; space,

ds}, = L%ds},, G, =L’G,. (2.23)

In our conventions, the quantization condition [18] for the

PHYSICAL REVIEW D 74, 106007 (2006)

four-form is that we have integer periods
1 <~ 1
N(D) = ——=G,——p (M ez, (224
@) = [ | GrigGs—gmm | €2 @29

where [p is the 1l-dimensional Planck length (see
Appendix C), D is any four-cycle of the 11-dimensional
manifold M,;, and p;(M,) is the first Pontryagin class of
M. The subtlety here is the shift by  p; (M) which is not
necessarily an integral class.

For our solutions M;; = AdS; X Mg, and the relevant
four-cycles lie in Mg. Thus, written in terms of cohomol-
ogy the condition becomes

1

——[Gy] — %Pl(:MS) € HY (Mg, 2),

VAT (2.25)

where [G,] denotes the cohomology class of G4 on Mj.
Given the fibration structure (2.20) it is relatively easy to
find an expression for p;(Myg) in terms of classes on Bg.
One way to view the fibration (2.20) is as a complex space
formed by the anticanonical line bundle £ of By together
with a point r = r| added at infinity of each C fiber to
make them into spheres. One finds

p1(Mg) = 7 p(Bg) + 7 py(L)
= 7*[c)(Bg)* — 2¢5(Bs)] + 7*[c1(Bs)*],
(2.26)

where the second term in the first line comes from the
twisting of the fibration. In the second line we have used
the complex structures on TBg and L to rewrite the
Pontryagin classes in terms of Chern classes.

As we will see in the next section all our new solutions
will be of the form

Bs = B, X C, (2.27)

where C is some Riemann surface. Given the projections
Mg — B, and m,: Mg — C we then have 7°c,(Bg) =
mici(By) + m5¢(C)  and 7 pi(Bg) = mipi(By) +
75p1(C) = 7{pi(By). Hence

P1(Myg) = mi[2¢,(By)* — 2¢5(By)] + 27ic (By)
A 75¢1(C)
= mi[4c1(By)* — 24x(Op,)] + 47ic (By)

A Tx(Oc), (2.28)

where the alternating sum of Hodge numbers y(0,,) =
>,(=17 h%P(M) is the holomorphic Euler characteristic.
(For B, [19,20] we have x(Op,) = 5[c(B4)* + c(By)],
while for a Riemann surface it is half the Euler number
x(Oc) =1y =1-— g, where g is the genus.)

From (2.28) we see that } p;(!M) is in fact integral for
our new examples. Thus in the following we may neglect
the 1p;(M;) term in (2.25) and simply require that
[G4]/(27lp)? is integral.

106007-5



GAUNTLETT, MAC CONAMHNA, MATEOS, AND WALDRAM

III. THE CLASS Bs = KE,

Let us begin with the simplest case: By = KEg¢. As
explained above, we need to impose the conditions (2.9),
which imply ¢3; = ¢, =c¢; and d; =d, = d;. We are
therefore left with only two integration constants, say cj,
dy, and also the constant k; specifying the curvature of the
KEg. We discuss the cases k; # 0 and k; = 0 separately.

A.Bg = KEf

From (2.18) we see that when k; # 0 we can shift the
coordinate r to set ¢; = 0. Having done this, we are left
with only one independent constant, say d;. Our polyno-
mial solution for H is

H =k (Gr* — 2d,? + 4d?), 3.1D
which leads to the following metric
ad, + 312
d52 = a)2|:ds2(AdS3) - m(kldsz(KEﬁ)
dr?
+ DY+ ———) |,
=r]
with
4(r* — 44,)?
o - M~ dd)) 3.2)

C TGP 4

Demanding that the metric is positive definite implies that
we must take k; = 1, choose d; < 0 and restrict the range
of r so that 7> < 4|d,|/3. However, at > = 4|d,|/3, the
warp factor @ diverges and hence there are no compact
regular solutions in this class.

B. B6 = CY3

If k, = 0 we have B, = CYj (this includes B, = T° and
Bg = CY, X T?). We have only found one single regular
solution, for which

H=—4r* + 1, 3.3)
and ¢; = 0, d; = —1. This leads to constant metric func-
tions:

hy=h=h=w=1 3.4)
A redefinition y = 2r then yields
ds® = ds*(AdS;) + ds*(CY3)
17 dy?
+ = + (1 = y?)dy? |,
4[1 s (1 = y9)dy }
1
G4 = 5\] A VOlSZ, (35)

where volg: = dy A dis is the volume form of the round S?
parametrized by y, . This solution is thus simply the well-
known AdS; X S? X CY; solution that is dual to a (0, 4)
superconformal field theory. In the special case that CY; is
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CY, X T? we can dimensionally reduce and T-dualise to
obtain the type IIB solution of the form AdS; X CY, X §°
with nonzero five-form flux, which is the near-horizon
limit of two intersecting D3-branes and is dual to a (4, 4)
superconformal field theory.

IV. THE CLASS B; = KE, X KE,

The next to simplest case is when the base is Bg =
KE, X KE,, which happens when we impose the condi-
tions (2.7). These imply that we have to set ¢, = ¢; and
d, = d,, leaving a total of four independent constants,
{c|, ¢, d;, d} say, and the two curvature constants k; and
ky of KE, and KE,, respectively. We proceed to consider
the cases k; = 0 and k; # O separately.

The case k; = 0, which leads to By = K3 X KE, or
Bg = T* X KE,, is rather special, as we cannot set to
zero any of the c; by shifting r. Thus the general solution
is specified by {c|, c3, d;, d3} and the KE, curvature k3. We
have found the following cubic polynomial solution for H:

_ 42}"3 _ 4(36‘% + d3) V2

H=
3k, ks
4(6C1d1C% + 3d3(4€% + d3)C3)
- r
3C§k3
4(C%d% + 4C1C3d3d1 + d§(4c% + d3))
- : 5 , @&
3C3k3
which leads to the metric functions
b= — 3(4ct + ds + c3r)
! 4k3(dl + Clr)
= — 3(4ct + ds + c3r)
3 4k3(d3 + c3r)
2
w6 — _16(d1t01”) (d3+(;3”)’ 4.2)
9(4ct +dy + c3r)
£ 3(4ct +dsy + c3r)
3 4Hk;, ’
3H(4C% + d3 + C3I’)
Jfa=

a 16k3(d1 + Cll")z(d3 + C3l")‘

Unfortunately, we have not been able to prove the exis-
tence of positive definite metrics leading to compact solu-
tions for any choice of {c|, c3, d|, ds, k3}.

However, if k; # 0, then we can set c; = 0 by shifting r.
Thus the general solution is specified by {c,, d,, ds} and the
KE, and KE, curvatures k; and k3. We have found the
following quartic polynomial solution for H:

4
H= Z par’, 4.3)
n=0

where
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1
2
p3 = _gklcly
3dzk2
—————— — 2dk| — dxzkj,
D2 = 2d ik, + diks 1K1 3K3 4.4)
8C]d|d3
p1 =

2d1k1 + d3k3 ’
4d3(4d3c% + (2d] kl + d3k3)2)
3k3(2d k) + dsk3)

Po =

The corresponding expressions for the metric functions
are:

3k2(4d2 + k3(2d k1 + d3k';)}"2)
4(2d kl + d3k3)(4dl + r(4cl k k3r))’

_ 3ki(4d} + k3 (2d, ky + dsks)r?)
3 4Q2d ky + dsks)(K2r? — 4dy)

hy =

o A40dky + dsks)2 (K312 — 4d3)(4dy + r(dey — kikyr))?
©“T OK* (42 + kx (2dyky + dyky) )2 ’
fimm 312 (4d3 + ky(2d Ky + d3k3)r2)’

3 16H(2d k, + d3k3)
3HKX (42 + k(2d, ky + dsk3)r?)
fa= (2d, ky + dsks)(4dy — K2r2)(4d, + r(4c) — kikyr)?
(4.5)

We have found positive definite metrics that lead to com-
pact solutions in the classes where k1 k3 = —1,i.e. KE; X
S? and KE; X H?, and k3 = 0, i.e. KE] X T?. We now
proceed to discuss them separately.

A. Bg = KE; X S and the solution of [17]

Let (k;, k3) = (—1, 1). In this section we argue that there
exists a range of the constants {c;, d;, d3} for which the
expressions (4.5) yield positive definite metrics and com-
pact 2Mg. To show this we first note that the special point in
the {c,, d,, ds} space defined by

c; =0, d, = —9/16, dy = —27/16, (4.6)
is actually the 4-in-8 Kihler solution of [17] discussed in
Sec. II. Indeed, defining y = 2r/3 we have

3
6=3+)2 hy ==,
w y 1 2
3(1 —y?) 3
Ty BTy

A further change y = cosa leads to the 4-in-8 Kihler
solution of [17]:
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3
ds*(Mg) = Z|:ds2(KE4) + da?

sinfa
3 + cos

If the range of ¢ is taken to be 47 then, at fixed « the Sz
and ¢ parametrize a round three-sphere and together with
« parametrize a four-sphere. Clearly, this solution is regu-
lar and compact (provided KE; is). We can recover the
solution in the coordinates used in [17] by defining con-
strained coordinates Y4 on the $%, satisfying YAY# = 1, via

[ds2(S2) + D¢2]} 4.7)

Y! + iY? = sina cosg eli2=4)

02 4.8)
Y3 + iY* = sina sinze*("/z)(”“”), Y? = cosa,
where 6, v are polar coordinates for the S? appearing in
“.7).

It can be easily checked that for values of the constants
sufficiently close to (4.6), the metric is still regular and
positive definite for values of » between the two relevant
roots of H. The topology of these nearby solutions is
however not KE; X S*. The function 3 now does not
go to zero. Instead, by virtue of the general properties
discussed in Sec. II B, taking the period of ¢ to be 2,
the i-circle fibers over r form a smooth S?. Globally the
manifold is constructed by fibering this S over By =
KE, X S%. Noting that we can still use the scaling sym-
metry of the 11-dimensional equations of motion to set
either d, or d; to a fixed value, we conclude that the
expressions (4.5) (with k; = —k3 = —1) lead to a two-
parameter family of solutions that include the solution of
[17] as a special case in which the topology changes. This
family of solutions thus realizes expectations of Sec. II.

B. B = KE; X H?

We repeat the analysis of the previous section in the
(ky, k3) = (1, —1) class. A very simple regular and com-
pact solution occurs at the point

Cq :O, d] :d3:_1/4, (49)
where the metric is
3(1 + ) 3
ds> = wz[dsZ(Adsg e S KE]) + )
9(1 + r?) q(r)
+ dr? + Di? |, 4.10
) A - ] (10
with
4(1 — r?)?
6= =1-6r7—-3r". (411
e A =1-er =3 @l

It can be readily checked that the quartic polynomial g(r)
has only two real roots of opposite sign r, = —r;, with
absolute value less than one, and that g(r) is positive
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between these two. Although the analysis of Sec. II B does
not apply because the expansion near the roots is not linear,
one can still show that if the range of r is restricted to lie
between them, the metric is positive definite, and 7y, r, are
the north/south poles of the S? formed by (r, ¢). Note that
one can easily obtain compact solutions by the standard
procedure of taking the quotient of H> by a discrete ele-
ment of SL(2, Z), to obtain a Riemann surface with genus
greater than one. As shown in Appendix A 1, the Killing
spinors are independent of the coordinates on H?, and are
therefore preserved in the quotient procedure.

Having concluded that this solution is regular and com-
pact, one can now check that for values of the constants
sufficiently close to (4.9), the metric is still regular and
positive definite between the two relevant roots of H. By
virtue of the general properties discussed in Sec. II B, the
-circle always fibers over an interval parametrized by r to
form a smooth S2. Thus, noting that we can still use the
scaling symmetry of the 11-dimensional equations of mo-
tion to set either d; or d; to a fixed value, we conclude that
the expressions (4.5) (with k; = —k; = 1) lead to a two-
parameter family of deformations of the solution (4.10).

C.Bs=KE; X T?

To study this class, we just need to set k3 = 0 in the
KE, X KE, expressions (4.4) and (4.5). It can then be seen
that we cannot have d; = 0, so it can be set to =1 by
rescaling r. Further inspection reveals that we need to set
ki =1, d; = —1 in order to have a metric with the right
signature and so we are led to consider only KE; spaces.

We will consider the cases when ¢; = 0 and when ¢; #
0 separately. The solutions in this section are of particular
interest because one can use dimensional reduction and
T-duality to relate them to new type IIB solutions. This will
be discussed in Sec. VI below.

1. ¢; = 0 solutions

Setting ¢; = 0, the metric and the warp factor read

3
ds?(Mg) =Zds*(KE}) + ——— ds*(T?
57 (Ms) 8s( 4) 2(rg_%)s()
9dr? 3r2 — 16d;)Dy?
+ G- —16)DY” -\ 1)
4(3r2 — 16d;) 16(r2 — 4d;)
W6 — 16(r% — 4d;)
—

A further rescaling allows us to choose d; = 0, =1. When
dz = 0 the solution is singular. However, when d; = *1
the solution is regular. For example, when d; = 1, the
coordinate change r = (4/+/3) coshar leads to the mani-
festly regular metric and warp factor

PHYSICAL REVIEW D 74, 106007 (2006)
ds (M) = > ds(KE) + ——
8 8(4cosh?a — 3)
3da®>  3sinh’aDy?
4 4(4cosh?a — 3)’
64(4cosh’>a — 3)
27 '

ds*(T?)

wb =

2. ¢; # 0 solutions

When ¢; # 0 we can rescale it to 1. Defining

y=1-r, a=1—4d,, (4.13)
the 11-dimensional background reads
ds®> = w*[ds*(AdS;) + ds*(My)],
(4.14)
G4 = F4 + F2 A VOsz,
with
16
0=y =2y +a)
8 1 4ds*(T?)
~ds*>(Mg) =~ds*(KE}) + —————
345 (My) = s (KED) (y*—2y+a)
6dy*  q(y)Dy’
q0)  6’(7—2y+a) (4.15)

— 8
F4:uj/\]+izj/\dyAD¢//——ydyAVolAds ,
8y 8y 3 ’

_ a—y
2(y*—2y+a)

2 —2ay+
Y ST dyADy,
2(y* =2y +a)

F,

and where ¢(y) is the cubic polynomial
q(y) = 4y* — 9y + 6ay — d>. (4.16)

Again one can show that this leads to a family of regular
solutions parametrized by a. We will discuss this in more
detail in the IIB dual formulation in Sec. VL.

V. THE CLASS B = KE, X KE, X KE,

In this section we consider the base space to be a product
Bg = KE, X KE, X KE, space. This case is the most
general in the sense that it is associated with the most
general polynomial solution of the differential equa-
tion (2.16). We have found that the integration constants
{c;, d;} have to be constrained in order for polynomial
solutions to exist. This constraint reads

0 - dl(k%dl + 4C2C3)(k2C2 - k3C3)

+ 2kld] (k%CQdZ - k%C3d3) + perm. (51)

The solution for H is then a quartic polynomial whose
coefficients are rather long expressions involving the con-
stants {c;, d;} and the curvatures k;. We know however that
these expressions must be symmetric under permutations
of the indices {1, 2, 3}. Indeed, the only symmetric combi-
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nations appearing in H are
k = kikyks, E. = kic;,
E.; = kic;(koydy + ksdz) + perm,

Ed = kidi’

Eccc = C1C2C3,

Using these definitions H reads

4
H=7 pur"

with

Pa = %k’
P2 = {3Eddck2 - 4[EC(C4 + 2Ec) - 6Ecc][4Eccc -

E.. = kikycic, + perm,

Ecd] + [3(4Eccc
+ EL(ZELZj —4E.q t Edd)]k - S[ES —3E.E.+ C4(E% - 2Ecc)]Ed}[4c4(E% —4E.. — Edk)]_l’

PHYSICAL REVIEW D 74, 106007 (2006)

E, . = kik,d,d, + perm,

(5.2)
E..q = cicod; + perm, Eg4. = didrcsy + perm.
(5.3)
- Ecd)Ed + 2C4(E31 - 4Eccd + Edd)
(5.4)

P = {(_2E¢21’ - 4Eccd + Edd)E% + [Ed(_4Eccc + Ecd - 264Ed) + Eddck]Ec + 4ECC(E¢21 + 4Eccd - Edd)
+ 204(_4EcccEd + Echd - Eddck)}[c4(Eg - 4Ecc - Edk)]il!
Po = {8E 4 E2 + 2E3 — 4E.cqEy + EgqEq — 4¢4E 0 )E. — 24E  Egqc + Eg[12E Ey + 2¢4(E} + 4E cq — Egg)

= 3(E.qEq + Egack)[Hes(=3E2 + 12E,. + 3E,k)] 7,

where ¢, is either of the two roots of

Cﬁ = k%C% + k%C% + k%C% - k1k2C1C2 - k2k3C2C3

_k3k]C3C1. (55)

One can readily check that all the solutions presented in
the previous sections follow from this quartic polynomial
by imposing the appropriate conditions discussed in
Sec. II. In addition, (5.4) leads to interesting generaliza-
tions. Recall that in the class of solutions with By =
KE, X KE,, we found positive definite metrics in the cases
Bs = KEf X H>, By = KE; X §?, and B¢ = KE] X T°.
For these, (5.4) leads to a generalization where the KE,
splits into two KE, spaces with different radii (but with
both still having the same sign of the curvature). We leave a
more detailed analysis of these generalizations to future
work.

On the other hand, the quartic polynomial (5.4) also
provides a generalization of the KE solutions presented
in Sec. III, where the K E splits into three KE, spaces with
different radii but still with the same sign of the curvature.
Recall that we only found singular metrics in the KE¢
class. Unfortunately, the situation does not seem to im-
prove by considering the more general solution (5.4) as we
have not been able to find any regular metrics in the
KE; X KES X KE; class, nor any positive definite met-
rics in the KE, X KE; X KE; class. However, we have
not carried out a systematic analysis of all possibilities.

VI. SOLUTIONS OF TYPE IIB STRING THEORY

In Sec. IV C above we presented two classes of solutions
with Bg = KE X T%: the ¢; = 0 solutions with d; =
0, =1 and the c¢; = 1 solutions parametrized by a. By
dimensional reduction on one leg of 72, and T-duality on
the other, these can be transformed into new solutions of
type 1IB supergravity with only the five-form flux excited.
As such these should provide new examples of the AdS-
CFT correspondence where the N =(0,2) two-
dimensional CFT arises from a configuration of D3-branes.

The IIB duals of the second family with ¢; = 1 were
discussed in some detail in [2]. So below we mostly focus
on the ¢; = 0 solutions, analyzing the regularity of the
solutions, the conditions for integral flux, and deriving an
expression for the central charge of the dual CFT. We show
that this family includes a solution first constructed in [15]
which describes D3-branes wrapping a Kihler two-cycle in
a Calabi-Yau four-fold. Turning to the ¢; # 0 solutions, we
demonstrate how quantization of the G, flux in 11 dimen-
sions is, as expected, related to the regularity and flux
quantization in the dual type IIB configuration discussed
in [2].

We also note here that the following analysis can also be
applied to the analogous solutions in B = KE, X KE, X
T? class, but we shall leave the details to future work.

A. ¢; = 0 solutions

Dualizing the solution (4.12) to type IIB, using the
formulae at the end of Sec. II, one finds the metric takes
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the form
ds}y = ds*(AdS;) + 3ds*(H,) + 2ds*(SE5),  (6.1)
where?
—1
ds*(Hy) = <r2 ——1Zd3) dr + <r2 ——163d3>d22, ©62)

is the constant curvature metric on H? (irrespective of
whether d; = 0, =1), and

ds*(SEs) = Jds*(KE}) + 3Dy + rdz)*] (6.3)
Finally, the five-form flux reads, for the case d; = 0,
gFs =35(—J AJ +J AdrAdz) A(Dip + rdz)

+ (%J —2dr A dZ) A VOlAdS3' (64)

All other fluxes vanish.

We first observe that, at fixed z and for a given KE;
manifold, ds*(SEs) is a regular Sasaki-Einstein metric. We
will see shortly that we can also consider quasiregular
Sasaki-Einstein manifolds for which KE; is an orbifold.
We also note that in order to obtain a compact solution, we
need to take the quotient H? /T by an element I of SL(2, Z)
(the Killing spinors are independent of the H? coordinates
and are therefore preserved in the quotient procedure).

It is also interesting to point out that irrespective of
whether d; = 0, =1 we get the same type IIB solution.
We noted earlier that in the D = 11 solutions d; = 0 was
singular, but d; = *1 were regular. This is not a contra-
diction, because in obtaining the D = 11 solutions from
the type IIB solutions we are T-dualizing on different U(1)
directions of H>.

We now turn to examine the conditions for the general
solutions to be globally well defined. Note that (6.1) is the
metric on a compact seven-manifold M, which is, locally,
a U(1) fibration over Bg = (H?/T') X KE;. The U(1)
fibration is characterized by the first Chern class ¢;(M-).
If we let ¢ have period Ay = 27rl, then from (6.3) we find

c\(M;) = l*1RKE4+ + 7ol r. (6.5)
We will have a proper U(1) fibration if ¢;(M,) €
H?(Bg, 7). Since the cohomology of KE; and hence of
Be contains no torsion classes, this global condition is
equivalent to the periods of c¢;(M;) being integral.
Explicitly, suppose a convenient basis for H,(Bg, Z) is
provided by {H?/T,3,}, where 3, is a basis of
H,(KE], Z), then we require

“We have rescaled the metric by a factor of (3/8)!/2 and hence
the five-form by (3/8)? with respect to our general IIB formula
(2.11). We have also rescaled z by a factor of 2.
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i[ e(My) =" e 7,

2 )3, [

1 (6.6)
X

— M)y=Xe7z

27 Jwer c1(M5) i

where y is the Euler number of the Riemann surface H? /T,
m is the Fano index of the KE] space, and the integers n,
are coprime (see Appendix B for further details).
Therefore, we deduce that the maximum value that / can
take is

I = hef{m, | xI}. (6.7)

For example, if KE; = CP?, then m = 3. If, furthermore,
the Euler number of H?/T is divisible by 3, then we can
take [ = 3. For fixed z, the S' fibration over the KE] is
then, topologically, an S°. However, for a general choice of
H?/T, the largest possible [ is [ = 1, which leads to $°/Z;.
By considering, for example, the family of ¥, , Sasaki-
Einstein metrics [4] on §3 X S2, one can follow a similar
argument to show that M; is still regular when KE} is
replaced by the orbifold base of a quasiregular Y, ,.
However, the construction does not appear to work for
irregular Y, , metrics. To check the regularity it is natural
to change coordinates on Y,, to the parameterization
where Y, , is manifestly a U(1) bundle over a base which
is itself an S2 bundle over S2. Given the form of (6.1) and
(6.3), in this coordinate system, M5 similarly becomes a
U(1) fibration over an S? fibration now over S? X H?/T.
One can then check the regularity of the U(1) and S? fibers
over H?/T'. One finds that the whole space can be made
regular, but generically one must make the size of the U(1)
fibration nonmaximal, that is consider Y,,,, for some
positive integer n and (p, g) coprime (that is a Z,, quotient
of ¥,,). One would expect that a similar construction
would work for any quasiregular Sasaki-Einstein space.
Let us now compute the central charge for these solu-
tions. We will follow the same steps as in [2]. We first
reinstate dimensions by rescaling the metric and back-
ground
ds® = L*ds?,

Fs = L*F;. (6.8)

The quantization condition for the five-form in type IIB is

1 -
N(D) :W]DFS EZ,

where D is any five-cycle of M.

Now Hs(M, Z) is generated by two types of five-cycle:
Dy, the U(1) fibration over the KE] space, and D,, the
five-cycles obtained from the U(1) fibration over H?/T" X
3.,. From (6.9), we obtain

(6.9)

3L 3L*

N(Dy)=—-————-MI, ND,)=—""——
(D) = = g (D)
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where

1
M=—— R AR. 6.11
Q2m)? fKE; 1D

Noting that M is always divisible by m?, and hence, in
particular, by m, the condition that all the fluxes are the
minimal possible integers becomes the following quanti-
zation condition on the AdS; radius:

3L* n M
— = h = hef]—, , 6.12
64mg lt  mlh ¢ {m le} ©.12)
leaving N(Dy) = —¥p and N(D,) = 4n,n. Forn = 1 we

obtain the minimal D3-brane setup that creates the back-
ground, with higher values of n corresponding to n copies
of this minimal system.

We can now determine the central charge c¢ of the dual
two-dimensional SCFT. It is well known [21] that ¢ is fixed
by the AdS; radius L and the Newton constant G 3, of the
effective three-dimensional theory obtained by compacti-
fying type IIB supergravity on M;:

L
c=L (6.13)
2Gg)

Using the same conventions as in [2], we obtain the follow-
ing expression:

36M| x|
=, (6.14)

which, remarkably, gives an integer number irrespective of
the choice of KE; and H?/T.

In the special case that we choose KE; = CP? we find
that we have recovered the type IIB solution that corre-
sponds to D3-branes wrapping a holomorphic H,-cycle (or
H?/T'-cycle) inside a Calabi-Yau four-fold. This solution
was first found in [15] and generalizes the solutions of [16].
From this perspective we have shown that the solutions of
[15] (at least for noncompact H?) can be dualized and
uplifted to regular solutions in D = 11. Note that the S°
in this solution is the $° that surrounds the D3-branes. We
have thus also shown that we can replace’ this S5 with any
regular or quasiregular Sasaki-Einstein metric.

B. ¢; # 0 solutions

The reduction to type IIB of the By = KE; X T? solu-
tions with ¢; # 0 gives precisely the solutions we pre-
sented in [2]. The metric (2.12) on the seven-dimensional

>We can analogously replace the S7 in the D = 11 solutions
describing membranes wrapping holomorphic curves in Calabi-
Yau five-folds that were constructed in [22], by a seven-
dimensional regular or quasiregular Sasaki-Einstein manifold.
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IIB manifold M is given by

3 9dy? q(y)Dy?
ds*(M;) = —dsgg, +
M) = gy ket 3000 T 10207 — 2y + @)
2 -2y +
TR (6.15)

4y2

where, as above, g(y) = 4y®> — 9y + 6ay — a* and Dz =
dz + Ay, with F, = dA, given in (4.15) or explicitly

a—y

Dr=di——4 7Y
. . 2(y*> =2y + a)

Dy. (6.16)

The global analysis of [2] proceeded in two steps. First we
showed that (y, i) form an S? fibration By over the base
KE,. We then showed that z formed a U(1) fibration over
36.

In this section we will show how this analysis translates
into conditions on the M theory solution. Note first that the
S? of the M theory solution is only fibered over the KE;
part of Bs = KE] X T?. From this perspective we can
write Mg = B X T?> where By is the same manifold
that appears in the IIB solution: (y, ) form an S? fibration
over KE, in 11 dimensions. Thus the global analysis of B
is the same. Explicitly, it is regular and compact for values
of a € (0, 1) if the range of y is restricted to lie between the
first two roots of g(y).

The second part of the IIB global analysis performed in
[2] translates, however, not into geometry but quantization
of the G, flux in 11 dimensions, as we will now show. To
this aim, we first reinstate dimensions by rescaling the 11-
dimensional metric and background,

ds3, = L¥ds}, G, = LG, (6.17)

Note that this implies an analogous rescaling of the IIB
metric and five-form. As discussed in Sec. II C, for all our
examples, the quantization condition for G, is that for any
four-cycle D we have

1 . L3
N(D) = )y fD G, = Bl fD G, €7 (6.18)

Recall that, upon reduction and 7-duality along the 77, the
surviving direction of the torus becomes the z-circle fi-
bered over By. In [2] we denoted by [ the resulting radius
of this circle measured in units of L, and we studied the
conditions for the fibration to be a proper U(1) bundle;
namely, that the periods of its first Chern class be integer
numbers. Thus, in the IIB language, we require
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P(C) = L f F,eZ, (6.19)
2wl | ¢

where C is a two-cycle in H,(Bg, Z).
We can now use the standard relations between 11-
dimensional and type IIB parameters (see Appendix C)

Ry = IL = l%/Rle, =10 /Rl» gs = Ri/R,.
(6.20)
From the first relation we have
LR|R, ] L3Vol(T?)
P(C) = Fh=———- F
© 273 Jo ot @)} Je P
L3 )
= —— G, = N(C X T%, 6.21
Qmip)? fcxﬁ ( ) ( )

where we have used Vol(T?) = (27)*R,R,/L? since the
volume is measured in units of L. Thus the integrality of
the IIB periods is equivalent to the quantization of the flux
through the four-cycles D = C X T? in the M theory
solution.

In the IIB solution we also needed to ensure that the flux
of Fs through any five-cycle D of M is appropriately
quantized. The only nontrivial cycles arise as S' fibrations
over a nontrivial four-cycle D in H,(Bg, Z). Now, recall
that the IIB five-form is

gsFs = L*(1 + %)[F4 A Dz], (6.22)

where z parametrizes the S!. The quantization condition

reads
1IB L \4 -1 LY
N (D):( > f 85 F4/\dZ: [ G4,
D D
(6.23)

27l (2m)3g,lt

for D € H,(Bg, Z) and where in going to the final ex-
pression we have integrated over the S fiber and used the
expression (6.22). Using the relations (6.20) we directly see
that

NHB(D) —

N(D), (6.24)

so that the quantization of F’5 is equivalent to the quantiza-
tion of G, through four-cycles D in Bg. Notice that the
ratio of the two radii of the torus is unfixed, corresponding
to the fact that the IIB dilaton can take any constant value.

VII. NONCOMPACT SOLUTIONS

So far we have focused on solutions where the internal
space is compact as this leads to new examples of the AdS-
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CFT correspondence. However, our analysis can also be
used to find new solutions where /M, is noncompact. In
this section we will initiate a study of such solutions,
restricting our attention to the class of type IIB solutions
with ¢; # 0 that were first presented in [2] and briefly
discussed above in Sec. VI B.

It is convenient to introduce the coordinates = ¢’ —
7/, z = 27’ so the local class of solutions (6.15) parame-
trized by a can be written

9 .r4
ds? = 217 X ds(AdS;) + ——dy? + Q(y)d 2
4 9 q(y)
1 2 2 / 2
+6dsKE4 +§(D(// _A) y
A=2az 7.1
y
with
gL 4Fs=JA iJ/\(D;b’—A)+ Sa dy A DY/
s 5 32 34y2

A dz’} + volags, A [2ydy Adz — %J}.
(7.2)

For the compact solutions, y ranged between y; and y,, the
two smallest roots of the cubic g(y). For the noncompact
solutions, we instead take y; =<y << oo, where y; is the
largest root of the cubic.

Let us first consider the case when a = 0 giving y, =
y, =0 and y; = 9/4. By implementing the coordinate
change y = (9/4)cosh?p, the metric becomes

ds? = %Lz[costhdsz(AdS3) + dp? + sinh?pdz’

+3(DyY))] (7.3)

1 2
+ E(dSKE4

Remarkably, we have just recovered the AdS; X SE5 so-
lutions of type IIB supergravity, where SE5 denotes a five-
dimensional Sasaki-Einstein manifold. In particular, if
KE, = CP? we obtain AdSs X S°.

We next observe that for general a, as y — oo the solu-
tion behaves as if a = 0 and hence the solutions are all
asymptotic to AdSs X SEjs. Furthermore, for generic a (not
equal to 0 or 1) when the three roots y; are distinct, we see
that as y approaches y; the potential conical singularity can
be removed by taking the period of 7z to be
27T[6yg/ ?/4'(y3)]. With this period the noncompact solu-
tions are regular: they are fibrations of SE5 over a five-
dimensional space which is a warped product of AdS; with
a disc parametrized by y, 7/
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To interpret these solutions we consider for simplicity
the case when SEs = S°. There are probe D3-branes in
AdSs X $° whose world volume is AdS; X S'. Following
[23], in terms of intersecting branes, one such configura-
tion [24] is just two flat D3-branes intersecting over a
string, where the geometry AdSs X S° corresponds to the
near-horizon limit of one of the branes, while the second
brane is treated as a probe. However, such a configuration
preserves }1 of the supersymmetry of Minkowski space,
whereas our configurations preserve %th. A configuration
with the correct supersymmetry would be four D3-branes
intersecting over a string, with the geometry corresponding
again to the near-horizon limit of one of the branes.
Specifically, if (z;, z, z3) are complex coordinates in the
R® space transverse to this background brane, the other
three probe branes could lie in the orthogonal holomorphic
two-planes z; =z, =0, z, =23 =0, and z3 =z, = 0.
These probe branes are a generalization of those studied
in [23] which corresponded to defect CFTs. It is natural to
interpret our new solutions as the backreacted geometry of
such probe branes and dual to a four-dimensional N = 4
super Yang-Mills theory coupled to stringlike defects
which preserve the N = (0, 2) two-dimensional supercon-
formal subgroup of PSU(2,2|4). One might expect the
backreacted geometry of such branes to be localized in
CP? corresponding to the positions of the three probe
branes. However, in our solutions the CP? is still manifest.
Hence our geometries seem to correspond to probe D3-
branes that have been ““‘smeared”” over the CP2. In terms of
intersecting branes, instead of three probe branes, one is
considering a uniform superposition of flat probe branes
spanning all holomorphic two—planes6 in C3. More gener-
ally, the solutions where the S° factor is replaced by SEj
can similarly be interpreted as the gravity duals of a
general N = 1 SCFT coupled to stringlike defects.

We make a final observation about the ¢ = 1 case, for
which ¢(y) has a double root at y = 1. By expanding the
solution near y = 1 we find, again remarkably, that the
solution is asymptotically approaching the solutions dis-
cussed in Sec. VI A. In particular, for the special case when
KE, = CP?, this is the solution found in [15] that de-
scribes the near-horizon limit of D3-branes wrapping a
holomorphic H?/T" in a Calabi-Yau four-fold. Thus, in
this special case, our full noncompact solution interpolates
between AdSs X S° and the solution [15], while preserving
an AdS; factor.

VIII. SUMMARY AND CONCLUSIONS

In this work we have found new infinite classes of
supersymmetric warped AdS; X Mg solutions of 11-
dimensional supergravity. The new compact solutions are

®A given plane is parameterized by z; = A,w for generic
constants A; and parameter w € C.
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all S? bundles over six-dimensional base spaces By which
are products of Kihler-Einstein spaces. The explicit solu-
tions are obtained by solving the single second-order dif-
ferential equation (2.15), for which we have found the most
general polynomial solution. The most general polynomial
solution arises for the case when B¢ = KE, X KE, X KE,
and gives the quartic solution (5.4). The solutions for Bg =
KE, X KE, and Bg = KE¢ can then be obtained from this
general solution as special cases. The new compact regular
classes of solutions can be summarized as follows:

(i) The firstclass is when Bg = KE; X KES X H?.In
the special limit where the two KEJ radii coincide,
the same class can also describe solutions with
Bg = KEJ X H?, as discussed in Sec. IV B.

(ii) The second class is when B = KE; X KE; X S°.
In the special limit where the two KE, radii coin-
cide, this class can also describe solutions with
Bg = KE; X 82, as discussed in Sec. IVA. The
latter include the solution [17] originally found in
gauged supergravity, describing M5 branes wrap-
ping a Kihler four-cycle in a Calabi-Yau fourfold.

(iii) The third class is when Bs = KE X KEF X T2

In the special limit where the two KE3 radii coin-
cide, this class can also describe solutions with
Bs = KE; X T?, as discussed in Sec. IV C. This
class is particularly interesting because it leads to
type IIB backgrounds with constant dilaton and
only five-form flux. Focusing on the IIB solutions
arising from the Bg= KEj X T? case, in
Sec. IVC 1, we showed how these lead to general-
izations of the solutions corresponding to D3
branes wrapping an H?/T" in a CY; found in [15],
whereas in Sec. IV C2 we showed how to recover
the infinite IIB families presented in [2]. The 1IB
solutions arising from the B¢ = KE5 X KES X T?
case provide generalizations that would be interest-
ing to explore further.

The general polynomial solution to the differential equa-
tion (2.15) thus gives rise to an extraordinarily rich five-
parameter family of solutions. The most general solution
involves eight integration constants and it would be inter-
esting to know if this larger family includes any additional
regular solutions.

Despite the long expressions involved in the most gen-
eral polynomial solution, we gave a simple argument in
Sec. II B (covering most cases) that the metric is regular.
Therefore, the solutions presented here always lead to good
11-dimensional supergravity backgrounds. However, as M
theory backgrounds, we still need to make sure that the
fluxes of the four-form field strength are integral. We have
only discussed the implications of this condition for the
solutions where Bg = KE; X T?. As we discussed in
Sec. IVC?2 this requires appropriately discretizing both
the volume of the torus and the parameter of the solution,
leading to an infinite discrete series of AdS;/CFT, ex-
amples. Though the most general case is more difficult to
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analyze, we expect that most, if not all, of the parameters of
the solution will also need to be discretized. It would be
interesting to check this expectation since if it were not
true, we would be led to predict the existence of exactly
marginal deformations of the dual CFTs.

It would be very interesting if the dual conformal field
theories to our new solutions could be identified. The
solutions in the third class above that have a type IIB
description seem the most promising, since the CFTs
must arise from the gauge theories living on D3-branes.
A key check of any proposal will be to recover the central
charges that were calculated here and in [2] for the case
when B; = KE, X T?.

We also found some intriguing noncompact solutions. In
particular, there were type IIB solutions in the By =
KE, X T? class that, in the simplest case, appear to be
dual to the two-dimensional defect CFTs arising on probe
D3-branes with world volume AdS; X S' embedded in
AdSs X S3. More generally, the S3 factor could be replaced
with SE5 such that the geometries appear dual to defect
CFTs in more general N =1 field theories. This also
seems to be a profitable avenue for further investigation.
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APPENDIX A: CONDITIONS FOR
SUPERSYMMETRY

In this appendix we determine the conditions for the
ansatz (2.1), (2.2), and (2.3) to be a supersymmetric solu-
tion to the equations of motion of D = 11 supergravity. For
completeness and by way of comparison, we shall consider
two equivalent approaches. First we substitute directly into
the Killing spinor equations, given a particular ansatz for
the Killing spinor. This is the most straightforward ap-
proach and gives the explicit dependence of the spinor on
the coordinates. In the second approach we use G-structure
techniques. In particular, we follow the general analysis of
[14]. This has the advantage of giving generic conditions
for a general class of AdS; compactifications. Substituting
our particular ansatz then gives a comparatively easy way
of obtaining the relevant differential equations. It also
motivates a particular gauge choice for the function f5.

We shall use the conventions of [25]. In particular the
Killing spinor equations are

(Vy + 5L, — 883! TG, ,.)e = 0.

753 (A1)
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In addition we need to ensure that the Bianchi identity and
the equations of motion for the four-form G, are satisfied

dG, =0, d*G, +1GyAGy=0. (A2)
As we will see below, the Killing spinors of the AdS;
solutions we construct define a preferred local SU(3)
structure. Consequently, by the arguments of [26], it is
sufficient to impose just the Bianchi identity, since all field
equations are then identically implied by the supersymme-

try conditions.

1. Killing spinor analysis

Let us start with the Bianchi identity. Given our ansatz, it
implies the following three equations

g1 = kags + kyge, gy = kags + ki ge,

(A3)
85 = kagy + ki gs.

The Killing spinor equation is more involved. We will use
the following orthonormal frame

e* = wé?, et = A&, el =A@,
e = Aem, e’ = Bdr, eV = C(dy + P),
with
— 1/2 — 1/2 _ 1/2
A, = wh;'", B = wf;", C=owf, (A4

where we have introduced the index notation

AdS;: a=1{0,1,3},
Cz: 1= {3, 4},

Cl: a = {1, 2},
C3: m = {5, 6}

The Kéhler forms for the C; are given by

Jy=2¢e ANeS.
(A5)

Jy=e' Aé?, J, =e> Aeét,

Our orientation is fixed by €373 23456,y = 1, Where the
indices refer to the vielbein basis. It will be useful to define

Y9 = Tizasery = 513 (A6)

A straightforward calculation then shows that the
Killing spinor equations take the following form, where
all indices are tangent space indices:
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l o o' 1 83 81 8
0=1-Vy+-—T, +—T JTLT + =L T + 22 ), T, T
{w “ " 2Bw 12 [4A2A2 T 42427 T T gp202700
L (8 ,p i 8 jpy 8, Loy |+ =22 T ysle,
BC 2A2 2A2 2A2 6Bw’
1 AI k] 1 81
0=1—(V,—P,3,) +=—=LT, — Ty, +—T VAVAY
{Al( ) 2BA, " 4A? Tk T 15 [4A2A2 e

Blc (2(252 O 2(262 J3F>r’¢’ B zfc;r’”} B éj“br”[zzf%aAg N 2522/42 Sl Bi‘i}z L “‘
0= {Aiz (Vi = P+ 52 T = iiz J,Ty, + 112 r,[4;2Az LT + o <2A21 P JJ‘)FW - %rryg}
N éji-frf[zAZAZ Al 2A2A2 Sl Bi‘i\% F””}}G’ (A7)
0= {Az (V0 — Ppiy) + 22;‘ - ’Egjmnrw ér [4 f;Az JTAT + BIC (ZAZJ ey er>r
- Bgc;r,yg} - éj’””r [2A2A2 ST+ 2A2A2J T BCA2 Ly ”6
0= {%ar + %r [4A2A2J I/, + 8L 4A2A2 LTI + 82 4A2A2 JiTJ, r}

1

1 c’

1
T+
6B C[2A2 !

2A2 Sl 5 hr}r ]'e

The hats on the covariant derivatives indicate the covariant
derivatives on the AdS; and KE, spaces.

To proceed, we assume that the Killing spinors are of the
form

€ = a(r)elg(r)rr')@e(l/Z)Qbrrl//’}@ €0 (A8)
where € satisfies the projections
reg = I's4€0 = I'sge, Yo€y = €o. (A9)
In addition €, must satisfy
V€ = %Fa Y9 €ps V.€e) = %Parnpfoy
R . (A10)
VI'EO = %Pirr¢60, meo = %Pnlrr¢60.

The first of these equations can be solved using the Killing
spinors on AdS;, while the other three are solved using the
Killing spinors on C;. Note that the integrability conditions
for the last three equations are consistent with the projec-
tions imposed in (A9). The projections imply that we
preserve 1/8 of the supersymmetry. Two of the four super-
symmetries are Poincaré supersymmetries and the other
two are special conformal supersymmetries. Writing the
metric on AdS; in horospherical coordinates, the former
are eigenstates of Fp, the I'-matrix along the AdS radial

I+ r+2 rir, + 57
6BC[2A2J1 2A2J2 2A2 } ' 6Bw? 79}6’

kiC 87
+ ﬁrwr - ZWJlF + EF¢[4A2A2 JIFJQF + —— 4A2A2 J2FJ3F + —— 4A2A2 J3FJ1F a)3 Fr’}/9:|

[

direction [27]. But given that all the spinors preserved in
our backgrounds are also eigenstates of yo, we deduce that
those that become Poincaré supersymmetries all have the
same chirality with respect to the Minkowski conformal
boundary, and hence the solutions are dual to conformal
field theories with (0, 2) supersymmetry.

Another interesting property that follows from (A10),
and that we have used repeatedly in the main text, is that
the Killing spinors are independent of the coordinates on
the two-cycles C;. Essentially, the terms on the right-hand
sides of (A10), which arise from the connection on the
normal bundle to the cycles, cancel the spin connection
terms inside the covariant derivatives V. Note that this
statement ceases to be true, in general, when any two of
the cycles are replaced with a KE, space.

Plugging our spinor ansatz into the Killing spinor
equations (A7) leads to two differential equations for
a(r), B(r) plus a set of algebraic constraints on the spinor.
The equation for a(r) can be solved exactly,

a(r) = 0'2(r), (A11)

whereas the equation for 8 reads

106007-15



GAUNTLETT, MAC CONAMHNA, MATEOS, AND WALDRAM PHYSICAL REVIEW D 74, 106007 (2006)
, 1 /84 85 . 8 AdS;, C;, and ¢ directions) can all be written in the form
_'8 - 2w " 4BC <F A2 P)‘ (Al2)
1 2 3 ?AdS3€ = Tcif = T¢€ = 0, (A13)
The remaining algebraic conditions (coming from the  with

|

w' g7 1 1 1 /g4
AdS; 2'Bw 6Bw3 Yo — 12 |:A2A2 perm:| |:2w 12BC (A% perrn>:| rY9

1 Ck 87 c 1 /84 £
Py=|z=—75+ - + r, - + Ty,
v <2C 4A? 12Bw3> 8¢ 6BC (A2 perm) 12<A2A2 perm) Yo
Ir—g 28 , 28 86 _ 284 Al g . kC
P, =— + + +22——"lyg + r, - +— I, y0, Al4
G 6[A§A§ A2A2 A%A%} GBC[ A2 A A }79 BA, ' [63503 ZA%} Yo (A1
Ir—g 283 28, -{ _ 285 A) 87 k,C
Pc, =— + + - +—=TI, — + = ' vo,
¢ 6[A§A% A2 A%A%} 6BC[ A2 Ag}” BA, ' [630)3 ZA%} 7Y

M-8 281 28 1 L85 _ 28 As g1, kC
Po =~ + =8y - L) R + 2211y,
2 6[A%A% A2AZ A%A%} 6BC[ A2 Ag}@ BA; [6Bw3 2A§} o

Note that the algebraic equations (A14) have all the same have further three differential equations coming from the
structure Bianchi identities (A3).

At this stage, the problem still seems formidable.
However, we may progress as follows. To begin we use
(A15) seven of the 11 equations to determine the flux functions

(GO + aiYyo + azrr + (13Fr’)/9)eﬂr"79€1/2¢rr'/’ €y = 0.

After multlplylng from the left by e—BF,yg’ we find that this 815---587 in terms of the metric functions and their first
is solved provided that derivatives. Specifically, we use the conditions arising
from P and P,. In making further progress we found

ap t ajcos2B + a;sin2p =0, (AL6) it extremely useful to work in the gauge

as + a,cos2fB — a; sin28 = 0.

In this way, we obtain ten equations from (A14). To solve é/ 2 = 3; (A17)
the Killing spinor equation we also need to solve an 11th ” sin2f3

Eq. (A12). In addition to solving these 11 differential

equations for the metric and four-form functions we also  In this gauge the expressions for the g; are given by

J

3
81 = 3f1/2 [cot2B((f3f4)"/*(=2kihyhs + kohshy + kshihy) + cos2 B3} hyhy — (hyhyhs)'])

+ Sln2B(3h/1h2h3 - 2(/’11]’12]’13)/ - 6]’11]’12]13(() /(l))],

w3 csc2
8143 = 2f1/2h p [2(f3f ) 2l [=hahs + falkohy + ksho)] + cos2B[(fahy) hahy — fahi(hahs)']],
2h3
w3
81 = Iiioh [—(f3f0)"/*[kihyhs + perm] + cos2B[(hihyhs) + 6hyhyhyw!/0]], (A18)
213
with the appropriate permutations to obtain g,, g3 and g5, g¢. We then used these to express the quantities
(ij + perm) <A§134 + perm) (A19)

in terms of the metric functions and their first derivatives. After inserting these expressions into the remaining four Killing
spinor equations we obtain a system of four coupled first-order ordinary differential equations (ODEs) for the metric
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functions:

w3

0= [stZ,B log(@'2f3h hyhs) + cos?23 10g<

12

3

1= %[sinZZB log(w'2f3hhyh3)' + cos?23 10g<

0= (%) + (1 + cos?28) log(w®h hyhs) —

cosZ,B1 < fi

0= w3[sin2,8,8’ + 2

These equations are not all independent, and in fact reduce
to one algebraic condition’

in2
411 /2 _ sm2 B’ (A20)
and two differential conditions:
4cos2f
1 126in22 Bh hohs) = — —— |
og(w'*sin“2Bh h,h3) D Sin’2 (A21)
(w3cos2B) =2 — g
It is convenient, therefore, to define
f = w3cos2p, (A22)

and trade S for f.
The next step is to integrate the Bianchi identities (2.18).
From the expressions for the flux components one obtains

kygs + kage = — 3 f(kahs + k3hy) + kyksr],
g1 = —3f(kyhs + kshy) — (@®hyhs),

together with permutations of (1, 2, 3). We may therefore
integrate the Bianchi identities twice to find

(A23)

g1 = =3 flkohy + kshy) + kaksr] + ¢y,
g2 = =3l flkshy + kyhs) + kskir] + ¢, (A24)
83 = =il f(kihy + kahy) + kikor] + c5,
and
0= wShhy, — %klkz’”z + c3r + ds,
0 = wShyhy — jhkoksr® + cir + d,, (A25)
0 = wbhsh, — Ykskyr® + cyr + dy,

for some constants c;, d;. The expression for g; now takes
the form

"Note that (A20), together with (A17), imply that \/f5f; =
—1/2?3. This sign is important, for example, when checking the
equations of motion for the four-form.

/ |
+ 4
o8 h1h2h3> } s1n2,8|: Zh
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iy )” I
+ cot2 ,
hlhth “ B[ Zh Zf}‘/z}
o) oo g
+ co2B |
hihyhy Z h; Zfi/zcos22,8

l/200t2ﬂz:h—i,

1/2 3 1
4f1/2} 2"

[

g7 = [(w® + f2)(kihyhs + perm.)

2h h2h3
+ f(kykyhs + perm)r — 2fc;h;]. (A26)

It thus remains to solve the two coupled first-order
equations (A21). The function redefinitions

H = @°h hyhy(w® — £2), I = 4w°h hyhsf, (A27)

allows us to decouple them, at the expense of having to
solve one single second-order differential equation

I=—H,
0= —4(H")? + 4HQH" + 4k;d; + 4k;c;r —

+ ]‘[(k ks o e, - 4d>

From any solution of this second-order ODE we can re-
construct the full solution. The explicit formulae are re-
corded in the main text.

3k| k2k3r2)

(A28)

2. G-structure analysis

In this appendix we use the G-structure techniques of
[14] to derive, first, a set of general supersymmetry con-
ditions for a class of AdS; backgrounds, and then consider
the restriction to the specific ansatz (2.1), (2.2), and (2.3).
The conditions are derived as a limit of class of warped
R"! supersymmetric Minkowski backgrounds. The discus-
sion follows exactly that in [14], except that here we
include an electric flux component.

The class of Minkowski backgrounds is defined by the
set of projections on the Killing spinors. The solutions of
interest are related to MS5-branes wrapping holomorphic
four-cycles in a Calabi-Yau fourfold (4-in-8 Kihler solu-
tions) with N = (0, 2) supersymmetry. We start by consid-
ering the geometry with the M5-brane viewed as a probe in
the special holonomy spacetime R? X Mgyy). We can
choose a frame {e*, e™, ¢!, ..., °}, with R"? spanned by
{e™, e, €%}, such that the four special holonomy Killing
spinors satisfy

[1234 ¢ — 3456 ¢ — 5678

€= —¢€. (A29)
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The SU(4) structure can be written as
J=e2+ &3+ 56 4 78
Q= (e' +ie2) A (3 +ie*) NS+ ied) A (€7 + ied),
(A30)

where e1in = et A ... A e'n. The projection on the probe
brane can be written I'" ~123*¢ = —¢ or equivalently

I'"'“e=c¢e (A31)

Together these projections define an (SU(4) XR?¥) X R
structure [28], or equivalently, a pair of (Spin(7) XR?) X
Rstructures K = e*,Qyy = KAv,2 = KA ¢ with ¢ =
¢~ and v = ° where

. = -3 AT FRe). (A32)
We define a class of “‘wrapped-brane” geometries as
warped R"! X M, backgrounds where the Killing spinors
satisfy the same projections as the probe brane geometry.
The metric is assumed to have the form

ds®> = L™ 'ds*(R"") + ds*(M,), (A33)

so e" =L 'du and e~ = dv, while, preserving the
Minkowski symmetries, we split the flux as

G4 = €+7 A E2 + B4. (A34)

Note that unlike the discussion in [14] we keep some
electric flux E, as well as magnetic flux B,.

A necessary condition for supersymmetry is that the
(Spin(7) XR8) X R calibration conditions [25] are satis-
fied, namely,

dK =2ig G, +iis % Gy,
dE - iK*G4 _QM/\G4

Substituting for the pair of structures ¢. one finds the
conditions

L7'dL =%i,E, — Lij ;%9 By, ReQ A B, =0,
Ld(L™'v) = E,, d(L"'ReQ) = 0,
ILA(L™' T AJ) = %9By — v A By,

(A36)

where the orientation on My is defined by vol g, = e'-.

Generically, since the Killing spinors for supersymmetric
spacetimes satisfying these conditions define a preferred

local (SU(4) XR®) X R structure, given our metric ansatz
|

d(w? cos2B) — 2w’ sin2Bp = —w’E,,

1
d[a)G(EJ AJ +cos2BJ AW A [))i| = »’sin23p A By,
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one must impose the Bianchi identity and the + — 9
component of the four-form field equations to ensure that
all field equations are satisfied [29].

To obtain conditions for supersymmetric AdS; X Mg
spacetimes, one specializes the conditions (A36) by assum-
ing the warping and metric have the form

L =eXp2 ds*(My) = 0?’[dR?> + ds*(My)].
(A37)

This matches the ansatz (2.1) with the radial coordinate R
combining with the R"! factor to give a unit radius AdS; in
Poincaré coordinates. To preserve the AdS; symmetries
one assumes in addition that

E, = wdR NE, (A38)

and that B, has no component along dR.

In general the radial direction will only lie partly along
v. If the orthogonal component lies along a unit one-form &
then writing v = w® we have

dR = cos2Bv + sin2 i, p = —sin2B0 + cos2Bii,

(A39)

where we have also introduced p, the unit one-form or-
thogonal to dR. Note that the angle 3 is the same angle
defined in the Killing spinor analysis above. This decom-
position defines a (local) SU(3) structure on Mg, defined
by p, together with a second unit one-form w = Jii, a two-
form J, and three-form (). The relation to the original
SU(4) structure is

040 = QA+ id).
(A40)

w2 =T+ WAL

The metric on Mg can be written as
ds*(My) = ds*(Mgy) + p* + W (A41)

where ds?(Mgy(s)) is the metric defined by the SU(3)
structure (J, Q).

Given the relations (A40), reducing the conditions (A36)
one finds

d(?sin2Bp) = 0, (A42)

d(w®sin2BImQ) = —2w®ReQ A W — cos2BImQ A p)
(A43)

together with

6w 'do = —2cos2BE| + w3 sin2Bijry; *g B,

(A4d)

|
—d(w® $in2BJ A W) + 2a)6<§J AT+ cos2BT AW A ,a) — g By + 3 cos2 BB,

and the algebraic constraints
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ImQ AB, =0, WwA ReQ AB, =0,
4w’ sin2BisEy + (ijp; + 2¢082Bijannp) *s By = 1207,
(A45)

where the orientation on Mg is given by volg, = %J A
JAJ A p AW. Note that this is not necessarily a minimal
set of conditions: one expects that there is redundancy
among these relations.

In addition, one must impose the Bianchi identity for G4,
which, given (A44) requires that we impose

dB, = 0. (A46)

For the specialization to AdSs;, the preferred local structure
group defined by the Killing spinors of the wrapped-brane
spacetime is reduced from (SU(4) X R®) X Rto SU(3). We
may read off from the results of [26] that for the AdS;
spacetimes it is sufficient to impose just the Bianchi iden-
tity in addition to the supersymmetry conditions, and all
field equations are then identically satisfied.

Let us now compare our general conditions with the
specific ansatz (2.1), (2.2), and (2.3) relevant to our solu-
tions. The identification is

J = hl‘]l + hz.]z + h3J3,

Q = (l’llhzh?’)l/zﬂl A Qz A Q3, (A47)
p=ridy.  w=r"Dy,

where (); are the holomorphic one-forms on Kihler-
Einstein spaces C;. Substituting into the conditions
(A42)—(A46) one can relatively quickly derive the super-
symmetry conditions given in the previous section. Rather
than repeat that calculation in detail, let us make a couple
of observations. From (A42), one notes that, quite generi-
cally for any AdS; solution, one can introduce a coordinate
y such that

dy

—_. A48
w3 sin28 (A48)

p=
This is precisely the gauge condition (A17) we chose in
analyzing the Killing spinor equation and was the motiva-
tion for this choice. Using this gauge, it is easy to see, for
instance, that the p component of (A43) gives the first
differential equation in (A28).

APPENDIX B: SOME PROPERTIES OF KE,
SPACES

In the main text we make use of a few properties of four-
dimensional Kihler-Einstein spaces. Let us summarize and
explain them here. For some more details see
Refs. [19,20,30]

Given a Kihler metric on a complex manifold M one
can always construct the Ricci form R by contracting the
Riemann tensor with J. This two-form gives the curvature
of a holomorphic line bundle £ known as the anticanonical
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bundle. The first Chern class ¢;(M) of M is just the first
Chern class of L. It is given by #’R, is necessarily
integral, and depends only on the choice of complex struc-
ture on M. In the special case where the metric is also
Einstein it is easy to show that the Ricci form is propor-
tional to the Kihler-form J,

R =kJ. (B1)

In this paper we normalize the metric such that k = 0, *=1.
If k = 0 the metric is Calabi-Yau.

Suppose we have a minimal set of two-cycles {X,}
which generate H,(M, Z). This means that any element
of the homology can be written as m“2,, for some set of
integers m“. It is possible that H,(M, Z) includes torsion
elements. These are elements 3 such that ¥, itself is non-
trivial but p2 = 0 in cohomology for some p € Z. If we
ignore this subtlety (in fact none of the manifolds we are
interested in will have torsion) then the integrality of
c1(M) is equivalent to the integrality of the periods

1

n(s,) = fga (M) = — fz,, Re7Z

2w (B2)

In some cases, the anticanonical bundle can be written as a
(positive) multiple tensor product of another line bundle,
that is £ = N for m € Z". In general the maximal
possible m is known as the Fano index. It implies that
c;(M) = mc;(N) and hence n(Z,) = mn, where n, =
[s, ¢1(N). Since m is maximal, the n, must be coprime.

Recall that, in d dimensions, ¢;(M) € H*(IM, Z) is
Poincaré dual to a (d —2)-cycle 2, in Hy; ,(M, Z).
This means by definition that the integers n(2,) are given
by the intersection number of 3 , with 3,

n(S,) = S;- 3, (B3)

Note thatind = 4, 2, € H,(M, Z) and so can be written
as 2, = ms®%, for some set of integers s¢ € Z.

Of specific interest here are those four-dimensional
complex manifolds KE; which admit a positive-curvature
Kéhler-Einstein metric. The list is in fact finite: only CP?,
$2 X §? and the del-Pezzo surfaces dP, for k =3,...,8
are allowed. These latter spaces are CP?> blown-up at k
distinct points. None of these spaces have torsion classes.
In four dimensions, in addition to the Fano index m and the
periods n,, one can also consider the integer

M=/ c\(KE?) A ¢y (KED)
KE}

- me A(NIA(N)=3,-3S, €7 (B
K +

4

Note that by construction M is always divisible by m?>.
These are all the quantities which will enter our discussion.

For completeness, it is straightforward to list m, {n,} and
M for each of the allowed KE; spaces. For CP? the
situation is very simple: H,(CP?, Z) = Z and is generated
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by a single class, known as the hyperplane class H. A
representative curve in this class is just the S? given by
say z; = 0 in homogeneous coordinates (z;, 25, z3). It is
easy to see that H -+ H = 1. One finds that 3 ; = 3H and so
m=3,n =1,and M =9.

If KE; = S? X §? things are equally straightforward.
Now H,(8? X §2,7) = 72, and is simply generated by the
classes H; and H, corresponding to each of the two-
spheres. The only nonzero intersection is H; - H, = 1.
One finds 3, =2(H, + H,) and so m =2, n; = n, =
1, and M = 8.

For dP, recall that in four dimensions blowing up re-
places a point on the manifold with a two-sphere. Thus
H,(dP,, Z) = Z**! and is generated by H, the image of the
hyperplane class after blowing up CP?, together with the
exceptional two-spheres E;, for i =1,...,k, at the k
blown-up points. The only nonzero intersections are H -
H=1and E;- E; = —§,;. One finds %, =3H — E, —
...— E; and so m = 1 while n; = 1 and n;; = 3 (if we
label 3; = E; and 3;,; = H). In addition M = 9 — k.

APPENDIX C: REDUCTION TO TYPE IIB

Consider a solution of 11-dimensional supergravity in-
variant under a T2 action of the form
dst, = ds3 + f*ds*(T?), G, = F, + Fy Avolp,
(CDH
with orientation
€11 = €9 A VOlp, (c2)

where €9 defines an orientation on ds3. The Bianchi iden-
tity, dG4 = 0, and the 11-dimensional equation of motion
for the four-form, d * G, + %G4 A G4 = 0, decompose as
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dF 2 = O, dF 4 = 0,

d(fz*9F4)+F2/\F4=0, (C3)

1
d(f‘—Z *9 F2) +§F4/\F4 = O,

where % is the Hodge dual with respect to ds3.
After dimensional reduction and 7-duality, we find the
following metric and five-form for type I1IB supergravity

1
dsiy = fdsj + ]Tg(dz +A))%

Fs=(1+%)F, A(dz + A,) €4

:F4/\(dZ+A1)+f2*9F4

with dA; = F,. Observe that the orientation in ten dimen-
sions is given by

€190 = €9 A dZ, (CS)

so that closure of F5 indeed follows from (C3).

It is also useful to note here the standard relations
between 11-dimensional M theory parameters and the
ten-dimensional type IIB parameters [31]. Following
Polchinski [32], we define the 11-dimensional Planck
length Ip by 2,3, = (2m)31}. For a square torus, with sides
length 277R; and 27R, the string length [, and type 1IB
coupling are given by

B =105/R, 8 = Ri/Ry. (Co)
The radius Ryp of the IIB circle is given by
Rug = Ip/RR,. (C7)
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