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We present an N = 1 supersymmetric non-Abelian compensator formulation for a vector multiplet in
three dimensions. Our total field content is the off-shell vector multiplet (A M’ , A') with the off-shell scalar
multiplet (¢!, x'; F') both in the adjoint representation of an arbitrary non-Abelian gauge group. This
system is reduced to a supersymmetric o model on a group manifold, in the zero-coupling limit. Based on
this result, we formulate a ‘self-dual’ non-Abelian vector multiplet in three dimensions. By an appropriate
identification of parameters, the mass of the self-dual vector multiplet is quantized. Additionally, we also
show that the self-dual non-Abelian vector multiplet can be coupled to the supersymmetric Dirac-Born-
Infeld action. These results are further reformulated in superspace to get a clear overall picture.
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I. INTRODUCTION

For theories with gauge invariance, so-called compensa-
tor fields or Stueckelberg fields [1] play interesting roles,
such as giving masses to vector fields without Higgs fields
[2]. The supersymmetrization of the Stueckelberg formal-
ism in four dimensions (4D) was performed in the 1970’s
[3], and also recently [4] both for Abelian gauge groups.
Supersymmetric Abelian Stueckelberg formulations have
been considered also for phenomenological applications
[5]. However, these supersymmetric compensator formu-
lations have been only for Abelian gauge groups.

As for the non-Abelian generalization of supersymmet-
ric compensators, there seems to be certain obstruction at
least in 4D. The origin of such an obstruction seems to be
due to the limitation of available multiplets in 4D. For a
desirable compensator, we have to have a spin O field in the
adjoint representation. The trouble is that such spin 0 fields
can be found only in a chiral multiplet (A, B, ) or a tensor
multiplet (B,,, x, ¢). The latter is problematic, because
the tensor should be also in the adjoint representation, i.e.,
the problematic non-Abelian tensor [6]. On the other hand,
in a chiral multiplet, both the scalar A and the pseudoscalar
B are in the adjoint representation. However, in order for
the A-field to be exponentiated as a compensator field, it is
very difficult to separate the B-field not to interfere with
the compensator, maintaining supersymmetry. We can try
to complexify the gauge transformation parameter, but the
price to be paid is the complexification of vector field
which costs the doubling of the vector multiplet (VM).
This problem is more transparent in superspace: If we try
to exponentiate the chiral superfield as a compensator
superfield, then the B-field will be inevitably involved
nonlinearly, and it is difficult to separate the B-field from
the A-field. Considering these points, it seems almost
impossible to formulate supersymmetric compensators
for non-Abelian gauge groups.
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There is, however, one way to circumvent this problem,
by changing the space-time dimensions. Instead of dealing
with problematic 4D case, we can work in 3D for the N =
1 supersymmetrization of compensators for non-Abelian
gauge groups. This is possible because a scalar multiplet in
3D has only a single scalar. In this paper, we will introduce
the N = 1 off-shell VM (4,,’, A7) in the adjoint represen-
tation of an arbitrary gauge group G, and an off-shell scalar
multiplet (SM) (¢!, x'; F') also in the adjoint representa-
tion. We will adopt the off-shell SM with the auxiliary field
F!. The VM stays within the Wess-Zumino gauge with no
auxiliary fields needed. Interestingly, we will see that the
compensator field strength P, = (D e¥)e” ¢ plays a cru-
cial role also for the supersymmetric consistency of the
total system. As one of the most important applications, we
use this result to formulate a non-Abelian ‘self-dual’ VM
in 3D which had been considered to be extremely difficult
ever since the original work in 1980’s [7], except for
sophisticated theory such as N = 4 supergravity in 7D [8].

We also see that our system has a close relationship with
o-models for gauge group manifolds, when the minimal
coupling is switched off: m — 0, justifying various coef-
ficients in our Lagrangians. Subsequently, we also show
that the self-dual VM can be further coupled to super-
symmetric Dirac-Born-Infeld (DBI) action [9-11]. By an
appropriate identification of mass parameters, we will see
that the mass of the self-dual VM can be quantized as the
result of Chern-Simons quantization. Subsequently, we
also couple the self-dual massive VM to supersymmetric
DBI action. Finally, we give the reformulation of these
component results in superspace that might provide a
clearer picture for the whole subject.

II. COMPENSATORS AND GAUGE COVARIANCE

We first establish the right way to describe the compen-
sators for an arbitrary non-Abelian gauge group G. Let
¢ = ¢!T! be the set of Lie-ring-valued scalar fields in the
adjoint representation with the antihermitian generators 77,
where I = 1,2, ---,dimG = g. The antihermitian gener-
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ators satisfy the commutator

[T7,7/] = fUKTK, 2.1)
where f//¥ is the structure constants. Let A,/ be the gauge
fields for the gauge group G, whose field strength is defined
by

F,, =0

A, —d,A, +mlA, A, 2.2)

v u
As in this expression, we sometimes omit adjoint indices in
order to make the expressions simpler. The m’s is the
gauge-coupling constant with the dimension of mass.'
The finite gauge transformations for these fields will be?

(e?) = e he?,  (e7%) =e %eh,  (2.3a)
A/ =m e g et + e M et (2.3b)
F, =e et (2.3¢)

where A = A/(x)T! are x-dependent finite local gauge
transformation parameters. Needless to say, all the terms
in (2.3) are Lie-ring valued.

We can now define the covariant derivative acting on e?
by [2]

D#e“’ = a#w + mAMe“’, 2.4)
transforming ‘‘covariantly” under (2.3):
(Dye?) = e MD,e?). (2.5)

Relevantly, we can define the covariant field strength for ¢
by

P, = (Dye)e?, (2.6)

transforming as

| — ,—A A
Pu =e PMe.

2.7)
Accordingly, it is convenient to have the arbitrary infini-
tesimal variation

0P, =[D, — P, (8e®)e ]+ mdA,,. (2.8)
This implies that the product P,/P*! is the most appro-
priate choice for a gauge-covariant kinetic term for the
¢-field. Relevantly, an important identity is

"In this paper we assign the physical engineering dimension 0
(or 1/2) to the bosons (or fermions). Accordingly, the gauge-
coupling constant m has the dimension of mass.

>These transformation rules have been known in the past, e.g.,

[2].
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1 1
D, P +-mF,, + E[P’*’ Pl

1= *3 (2.9)

We can now understand the role of the compensator
scalars by the “toy”” Lagrangian®

£y (0) = = (F 2 = S (P

> (2.10)

We now redefine the gauge field by
A, = e PAe? +mle?(0,e%) =m e PP e?,

2.11)

M

so that the new field Au and its field strength do not
transform [1,2]

A=A, F,/ =F,, (2.12)
Relevantly, the inverse relationships are
P, = me®A e %, F,,=eF, e % (2.13)

Note that the exponential factors e=¢ are entirely absent
from the Lagrangian:

L@ == (B = Im @02 @)
In other words, the original kinetic term for ¢ is now
reduced to the mass term of A » [1,2]. Now the original
gauge invariance of the action is no longer manifest, be-
cause at the moment the scalars ¢ are absorbed, the gauge
degree of freedom is fixed. Even though these features of
compensators have been known in the past [1,2], we now
consider their supersymmetrization.

III. N = 1 SUPERSYMMETRIC COMPENSATOR
SM IN 3D

With the preliminaries above, we are ready for present-
ing the invariant action for the VM + SM, where the latter
is the compensator SM. Our total action I} = Iyy + Igy
has the corresponding Lagrangians

L) = = (Fu 17 = (V) (.10
Loulx) = = 5 (P = 3 (FBx) + 5 (FF = m(Ay)

+ MG,

13 (3.1b)

where h/ KL = flIM ¢MKL “The covariant derivatives D,
and D, are defined by

3Our metric in this paper is (n,,) = diag.(—, +, +).
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D A =9, + mfUKA I AK, (3.2a)

1
D.x' =D, x' — Emf”KP,LJ)(K. (3.2b)

Note the peculiar coefficient ‘—1/2” in the last P y-term.
Each of the actions Iy, and Igy is separately invariant
under off-shell supersymmetry

5QAMI = +(€’}/M)l1), (3.3a)
1

5Q/\1 = _E(’}/MVE)FMV, (33b)

dge? = +(Ex)e?, (3.3¢)

ox! = +(yrel P, — LI x| + e
(3.3d)

SoF! = +EDx') + m(eN) = = KL EXF)(/x1)
(3.3e)

In (3.3c), both sides are Lie-ring valued. Note that (3.3a)
and (3.3b) are within the Wess-Zumino gauge with no
auxiliary fields.

The component field equations are obtained from the
total action /, as*

81 ,
sy = PN —my' =0, (3.42)
81, ) 1 o
il SR — mA + — pIKL K (2] L) = (),

o DX mAl SR EGEX)
(3.4b)
81 1 )
SA;, = =D, F# = mP, !+ om KKy, AF)
1 :
+omfE ) =0, (3.4¢)
81, 1
¢ =4+ ,ul+_ 1JK (< J K
€ soe = | FDLP LI DA
1 _ .
— ghl]’KL(XKyMXL)PMJ}TI = O, (34(1)
81 _
sp= tF =0 (3.4¢)

We can also confirm the supercovariance of these compo-
nent field equations under (3.3).

We now consider the absorption of the compensator ¢
into the vector field, so that the latter becomes explicitly
massive. The prescription is basically (2.11), so that the
total Lagrangian L, becomes

“We use the special symbol = for a field equation in this paper.
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1 - 1 = ~ 1 .
L) =——(F,,02=-(A'pX) - -m*(A,")?
4 2 2
Lz o Loa %
— 5 WD) + 5 (F = m(X )
1 r9 ~ ~ ~
+ WL R OO XD,

48

and the corresponding supersymmetry transformation rule
is

(3.5)

8oA, = +(&y,N) + D,E Q) (3.62)
S0kl = =3 (Y OF,, ~ [(€ 0. A1, (3.6)
ot! = +(yre mA,! ~ LK (¥ )|

+ el —[(EQ). X (3.6¢)

~ - 1 =
SoF! = +@PX) + m(EX) — = n" K ER) (X X

—[(e p). Fl, (3.6d)
where
(A X, F) = e ?(A x, Fe®, (3.7a)
D A= d,A+mlA, A]
D,y=0d,x+mlA, %] (3.7b)
Dy =d,x+ %m[fi,u b2l (3.7¢)

Since the ¢’s has been totally absorbed into A u» NO
¢-transformation is needed any longer. All the commuta-
tors in (3.6b) through (3.6d) and the covariant derivative in
(3.6a) can be interpreted as compensating gauge transfor-
mation from the untilded fields into tilded fields.

We thus see that the peculiar coefficients for terms with
A " have been fixed, which could not have been fixed so

easily without the gauge invariance with compensator
fields.

IV. RELATIONSHIP WITH GROUP MANIFOLD
o-MODEL FOR m — 0

Note the important limit of m — 0, when the minimal
coupling is switched off. Even in this case, there are non-
trivial interactions within the SM, because the nontrivial
kinetic terms of ¢ and y remain. The ¢-kinetic term
becomes nothing but the usual o-model kinetic term for
the group manifold, with the N = 1 supersymmetric part-
ner kinetic term of y with the couplings through P,,.

To be more specific, the equation relating our original
notation and the conventional o-model notation for the

m = 0 case is
P#Imzo = (aﬂeé")e_g" = —(aﬂcﬁ“)ealTI, 4.1)

where ¢“ is the o-model coordinates with the curved-
coordinate index ¢ = 1,2, - - -, g = dimG. Note the nega-
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tive sign in the r.h.s. Relevantly, other important key rela-
tionships are such as’

Sap = €a'eg, (4.22)
(8e®)e ¢ = —(64%)e,'T, (4.2b)
w1 = — %fa” - _ %fKIJeaK’ (4.2¢)
Cog! = duey’ — dges) = —fog! = —fKle, e K.
(4.2d)
Rog! = (00,7 + 0,/Kw ) = (@ = )

- %ha G = Lo Ke LnkLL, (4.2¢)

T,5' = daep’ — dge + 0 ey’ —wgle,’ =0,
(4.21)

where g,p is the metric tensor on the group manifold, e,
is its vielbein, w, ' is the Lorentz connection, C,, BI is the
anholonomy coefficient, R,z is the Riemann curvature
tensor,and T, ﬁ’ is the torsion tensor that vanishes. Some of
these relationships have been known in the context of
Kaluza-Klein theories [12]. Needless to say, the vielbein
e, satisfies the “vielbein postulate’:
Dyey! = dgesl + w0, 0e s — {a”ﬁ}ey’ =0 (43
After simple manipulations based on these relationships,
we can easily show that the Lagrangian Lgy(x) in (3.1b)
with m — 0 becomes

1
‘ESM(X)lmﬁO = _Egaﬁ(‘a,uqsa)(a'ud)ﬁ)
1 1
- Egaﬁ(/?ap/\/ﬁ) + zga,BFaF'B

1 _ _
+ ERaﬁya(XaXy)()(ﬁXs), 4.4)
where y¢ = yle!®, F* = F'e!®, and the covariant deriva-

tive D, is with the Christoffel symbol:

D, x*=d,x" + (amﬂ){; }XV. 4.5)
Y

Equation (4.4) is nothing but the N = 1 supersymmetric
o-model Lagrangian based on the group manifold as a
torsionless Riemannian manifold. This is another by-
product of our supersymmetric compensator formulation
in 3D.

The relationship with the o-model above provides an
additional confirmation of various coefficients in our

SSince the gauge group we are dealing with has always
positive definite metric 8"/, we always use the superscripts for
the local indices 7, J, - - - . As for curved indices «, 3, -, we
distinguish their upper/lower cases, because of the involvement
of g,p(¢) or its inverse.
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Lagrangian, in particular, the special P y-term in D, y. It
is this coefficient that explains the minimal coupling of the
Lorentz connection in the y-kinetic term via (4.2c):

D/LXllmZO = ,u)([ + (a,ucﬁa)wa”XJ' (46)

V. N =1 SUPERSYMMETRIC NON-ABELIAN
SELF-DUAL VM IN 3D

The new concept of ‘self-duality’ in odd dimensions had
been introduced in [7] for an Abelian gauge field. However,
the generalization of this system to non-Abelian system has
been supposed to be extremely difficult. One of the reasons
seems to be the lack of gauge invariance of the total action,
so that possible terms in the Lagrangian increases, and we
lose the control of the supersymmetrization of the system.

This problem can be now solved, because we have
established the N = 1 compensator SM. In other words,
we can temporarily keep the gauge invariance of the total
action, before we choose the special gauge in which the
scalar fields are absorbed into the field redefinition of the
non-Abelian gauge field, as we have seen in the toy
Lagrangian (2.14).

Our total action is now I, = [d’xL,(x) with L, =
Loes + Lou, where Lgy is the same as (3.1b), while
Lcg is the supersymmetric Chern-Simons Lagrangian

1 1
£SCS(x) = + ZMGMVP(].?MVIAPI _ gmf”KA,U,IAVJApK>

1 -
— _M()\I/\I)~

2 5.1

The mass parameter p can be arbitrary and independent of
m. Since we are dealing with off-shell supersymmetry
(3.3), the new action Igcg is by itself invariant under (3.3)
which is not modified.

Our field equations are now

o1 .
Sy = e —my' =0, (5.2a)
o1 1
_21 = — Dy — pM + — WKL K (R y ) = 0,
ox 12
(5.2b)
81, 1 v
SAMI = +§,u6“p Fpgl — mPM’
1 .
+mfE ) =0, (5.2¢)
o1, 1
¢ 2 =|4+D P,lL]_j’__ 1JK (< J K
o sr = | TDLPH S RGP
1 _ .
_ ghIJ,KL(XK,yMXL)PMJ}TI =0, (5.2d)
Sl .
s =t =0 (5.2¢)
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The most important equation is (5.2c), which yields the
self-duality condition in 3D, after the scalar fields ¢ are
absorbed into the new field A x 10 (2.11). This is because
P M’ = mA M’ is proportional to a mass term for A - yield-
ing the non-Abelian version of the self-duality condition

1 I - e 1 = ~
Elu‘e,u,pa-FpU'l = +m2A,ul - meIJK(XJ‘yMXK)‘ (53)

Since the u-coefficient is independent of m, we have an
J
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additional freedom for controlling the self-duality here.
The fermionic bilinear term in our self-dual condition
(5.3) is analogous to usual self-duality conditions in super-
symmetric theories in even dimensions, such as self-dual
tensor in 6D [13] or in other higher-dimensions [14].

The coefficient p in (5.1) is to be quantized for non-
Abelian gauge groups with nontrivial 73-homotopy map-
pings [15]. These mappings are given by

Z (f()r G= Ai: Bi: Ci’ Di (l = 2’ G # DZ)J GZJ F4> E6) E7’ ES):

m(G)={ZeZ (for G=S04)),

0 (for G = U(1)).

For Y G with 75(G) = Z, the coefficient u is quantized as

wu=— (n=0=1%2---)

yp (5.5)

Accordingly, this quantization condition is involved in the
self-duality Eq. (5.3).

The quantization of the u-coefficient is purely non-
Abelian feature of the system, which did not arise in the
Abelian case in the past [7]. In other words, our system is
the first one in 3D that has both self-duality and the
quantization of the w-coefficient in (5.3). Note also that
by the identification pu = m, the mass of the self-dual
vector itself is quantized as 47mm = n € Z.

VI. COUPLING TO SUPERSYMMETRIC
DBI ACTION

Since our formulation has been in off-shell component
language, it is not too difficult to introduce more general
interactions, such as DBI action [9]. As a matter of fact, we
can consider the supersymmetric DBI action [10] in 3D
[11] at the first nontrivial quartic order:

Loppx) = a2Str[+(F,L)2<FV>2 —2ABAE, )
+ F AyrP(y? AF,) + (APA)?

+ %(M)Dz(h)} L 0(d), ©6.1)
where O(¢?) is for terms at the quintic order in fields, and
« is nonzero real constant with the dimension of (mass) ™!,
while all the fields carry the generators. The F o =
(1/2)€,P?F,, is the dual of F,,. The symbol “Str” is
for the totally symmetrized trace operation, i.e.,

Str(T!'T/TETL) = u[TUT/TKTL ] = CHKL,  (6.2)

5.4

{
so that the coefficient C'VKZ is totally symmetric, whose
explicit values depend on the group G [16]. Since the VM
has no auxiliary field even off-shell, we do not have any
auxiliary-field dependent term in (6.1). Additionally, the
supersymmetry transformation rules (3.3a) and (3.3b) do
not change, even after Lgppy is added.

The important conceptual point is that the vector field
equation from the total action I3 = Igcg + Igy + Isppy 1S
now

015 1

-4
Y 2

"
+ QZEMPUCIJKLDP[4ﬁUJﬁTKﬁTL
— AV BNV, + 20y, By AR
+0(4") =0,

1 _
/-‘LEMVPFVpI - mP,u,I + me”K(XJ'yMXK)

(6.3)

containing the mass term for the vector interacting with the
supersymmetric DBI-terms, after absorbing the compensa-
tor into PMI = mA MI . To our knowledge, such massive
supersymmetric DBI interactions have never given explic-
itly in the past.

We have thus accomplished not only the generalization
of N = 1 self-dual VM in 3D to non-Abelian case, but also
the coupling it to a DBI action. Even though the Abelian
supersymmetric DBI action was introduced to self-dual
VM [11], our result (6.3) covers the non-Abelian case for
the first time after the discovery of self-dual VM in 3D [7].

VII. SUPERSPACE FORMULATION

Once we have established the component formulation of
the compensator SM, the next natural step is to reformulate
these results in superspace [17,18]. In fact, this turns out to
be not too difficult. We give here the main results needed
for such superspace reformulation.

We start with the basic superfield relationships. The SM
(¢!, x'; F') is now embedded in the scalar superfield ® =
®'T! in the adjoint representation. The gauge supercovar-
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iant derivatives (V,) = (V,, V,) are defined by®

V,=d,+mA, Vo =D, +mA,, (7.1)
where all the superfields are Lie-ring valued, and A, is the
fundamental spinor superfield, corresponding to I', in [17].
Accordingly, the superfield strength P, is now defined by

Py = (Vie®)e @, Vie® =D e® + mAe®. (7.2)
Under a finite local non-Abelian transformation, they
transform as

(e?) = e Ae?, (e7®) =e %t (1.30)
AA/ = e‘ADAeA + me_AAAeA, (7.3b)
P,/ = eiAPAeA, (7.3¢)

where A = Al(z)T' is now a scalar parameter superfield
for a finite non-Abelian gauge transformation. Even though
these are parallel to the component cases in earlier sec-
tions, superspace reformulation provides a clearer picture
of the total project. The correspondence to the component
fields is such as

CI)|=¢, Palz_/\/op

—EV“PQI =F (14
2
We skip the relationships for VM which have been already
known [17].
We now give the superspace Lagrangians for Igy, Iy
and Igcg, where the latter two have been well-known for
some time [17], while the first one is our new result here:

I = /d3xd20£SM(z) = fd3xd20(—;1P“1Pfx>,
(7.5a)
Iyy = f dPxd?0 Lyy(z) = f Bxd*0c,(WIW, 1),
(7.5b)
Iscs = fd3Xd20£scs(Z)
= fd3xd26c2MA“1<Wal —ém[AB,AaBy). (7.5¢)

The real constants c¢; and ¢, depends on the normalizations
in the VM sector. Here, as usual, W,/ is defined in terms of

SFor superspace coordinates (z4) = (x4, 6%), we use the in-
dices A= (a,a),B=(b,B),"--, where a, b,--- =10, 1, 2 (or
a, B, -+ =1, 2) are for the bosonic (or fermionic) coordinates.
We also maintain the signature (7,,) = diag.(—, +, +), which
generates a slight difference from [17]. We use the convention
that all the Lie-ring valued quantities X in terms of antihermitian
generators: X = X'T' in contrast to the hermitian generators in
[17]. Other conventions, such as A,z = (y°),gA. are the same
as in [17].
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A, [17] by’

1 1

1
+ 6 m2[AB: {Aﬁ) Aa}]’ (76)
The crucial relationship is
VeV Pgl = =2(Px)s — 4mAg, (7.7)

where the peculiar covariant derivative D, y arises in the
r.h.s. consistently with the component result (3.2b), with
the special coefficient ‘—1/2" for the Py-term in D, y.
Using these equations, we can reobtain the component
Lagrangian Lgy(x) in (3.1b).

As we have seen, superspace reformulation has many
advantages, not only providing a clearer overall picture,
but also technical details, such as the closure of gauge
algebra which we skipped in the component formulation.

VIII. CONCLUDING REMARKS

In this paper, we have established N = 1 supersymmet-
ric compensator SM for an arbitrary non-Abelian gauge
group. We have seen that the field strength PM’ plays a
crucial role in the supersymmetric couplings. We have also
seen the peculiar terms such as those in the covariant
derivative D, y, in which the Py-term plays important
roles for supersymmetric consistency. We have also seen
that we can stay within the Wess-Zumino gauge for the VM
in order to handle the compensator couplings. This feature
is also important to build simple Lagrangians and trans-
formation rules. We have further seen that the m — 0 limit
corresponds to the supersymmetric o-model on the group
manifold for G. We have seen how the compensator field
strength is related to o-model notations, such as the metric
of the group manifold.

As the most important application, we have presented
non-Abelian self-dual VM, in which the compensator SM
solves the conventional problem for non-Abelian cou-
plings. This is because we can keep gauge invariance
as the guiding principle to fix the supersymmetric
Lagrangian. We have seen that the quantization of the
p-coefficient as purely non-Abelian effect, which did not
arise in the Abelian case [7]. Interestingly, we see that the
mass of the self-dual vector itself is quantized, by the
identification u = m.

As additional by-products, we have also performed the
coupling to supersymmetric DBI actions at the first non-
trivial order. These generalizations have been supposed to
be extremely difficult, since the discovery of the self-dual
VM in 3D [7]. These are all extra new results, following

"Since we are using antihermitian generators in the expansion
X = X!T! instead of hermitian ones, we have associated differ-
ences from [17] in these coefficients.
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our successful formulation of N = 1 supersymmetric com-
pensator SM in 3D.

We have further reformulated all the component results
in superspace, which provides a more transparent picture
of the total subject. We stress that even though the scalar
multiplet (¢, y; F) has been known for decades since
1970’s, it is shown for the first time that this multiplet
serves as a compensator multiplet for non-Abelian gauge
groups. These results both in superspace and components
indicate that there are still lots of unknown features in
supersymmetry, such as the new off-shell transformation
rule (3.3d) with the y-term, even 30 years after its first
discovery [17,18].

Our results also show that 3D are very advantageous for
dealing with compensator SMs, because a SM in 3D has
the simple structure (¢, y; F) only with one physical scalar
field. For example, in 4D we have already mentioned the
obstruction for supersymmetric non-Abelian compensator,
due to the two different spin O fields interfering. In princi-
ple, we can try similar procedure for compensator SM in
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higher dimensions. However, it seems impossible to build a
similar theory in 7D or higher, because of the lack of SMs
in those dimensions [19]. In this context, the particular
importance of 3D should be also emphasized, as the base
manifold for supermembrane theory [20].

It has been well known that self-dual Yang-Mills theory
in 4D [21], together with its supersymmetric versions
[22,23], have close relationships with integrable models
in lower dimensions. From this viewpoint, it is natural to
expect similar relationships between a supersymmetric
‘self-dual’ Yang-Mills in 3D and supersymmetric inte-
grable models in lower dimensions. With the non-
Abelian self-dual VM established at hand, we are now at
a better position to investigate this important question with
supersymmetry, self-duality and non-Abelian interactions.
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