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Factorization in graviton scattering and the “natural” value of the g factor
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The factorization property of graviton scattering amplitudes is reviewed and shown to be valid only if
the natural value of the gyromagnetic ratio gg = 2 is employed—independent of spin.
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L. INTRODUCTION

Over the years there have been a number of speculations
concerning the ‘“natural” value of the g-factor (gyromag-
netic ratio) for a particle of arbitrary spin. These basically
fall into two categories. The first is the Belinfante conjec-
ture, which asserts that the natural value is gg = 1/S for a
particle of spin S [1]. This hypothesis reproduces the well-
known Dirac value—gg—,/, = 2—for a particle of spin
1/2 but predicts smaller numbers for particles of higher
spin. A second proposal is that the value gg = 2 is the
natural value independent of spin [2]. Of course, in some
sense any such speculation is somewhat metaphysical in
that a natural value for the g-factor has no experimental
basis for particles which participate in the strong interac-
tions. One case which does have direct empirical support is
that of the charged leptons which, carrying spin 1/2, agree
with their Dirac value—gp;,c = 2—up to small electro-
magnetic corrections [3]. The only other case which has
empirical support is that of the charged W-boson, which
for reasons discussed below, has gy = 2 in the standard
model [4]. The present experimental limits—g = 2.20 =
0.20 [3]—are in agreement with the standard model
prediction.

Below then in Sec. II we briefly review the previous
arguments in this regard, while in Sec. III we present a new
argument which favors the hypothesis g¢ = 2—the facto-
rization of gravitational amplitudes. A brief concluding
section follows.

II. NATURAL g-FACTOR

Every student learns in his/her first quantum mechanics
course that the natural value for the g-factor of a spin-1/2
particle is its Dirac value—gg—,/, = 2—and this result is
strongly confirmed experimentally in the case of the
charged leptons (e, i, 7) up to small electromagnetic cor-
rections [3]. Of course, for particles such as the proton,
which possesses an experimental g-factor nearly 3 times
this value, one is not surprised because the natural value of
2 is modified by large strong interaction corrections. In
fact, this is the situation with nearly every other known
particle—strong interaction corrections obliterate any
underlying “‘bare” value of the g-factor, making any direct
experimental confrontation impossible. Nevertheless, it is
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intriguing to speculate theoretically what this value might
be. One of the first physicists to do so was Belinfante [1].
Using minimal substitution he calculated directly the
g-factor for a charged particle carrying 3/2 and determined
gs=3/2 = 2/3. Knowing the result for unit spin [5]—
gs—1 = 1—he suggested that the natural value for particles
of arbitrary spin S is gg = 1/S. This proposal has become
known as the ‘““Belinfante conjecture’ and has in fact been
confirmed rigorously by later authors in the case that the
electromagnetic interaction is introduced via minimal sub-
stitution [6].

Despite this theoretical confirmation there have devel-
oped a number of reasons to doubt the naturalness of
Belinfante’s suggestion. One is the feature that besides
the charged leptons, the only other charged particle which
does not have strong interactions—the W*-boson—does
not obey this prediction. Rather, in the standard model we
have gy -~ = 2 [4]. Since, as mentioned above, this number
has been confirmed experimentally, it is important to
understand where the difference from Belinfante’s calcu-
lation comes about.

A. W= Boson

A neutral spin 1 field ¢, (x) having mass m is described
by the Proca Lagrangian density, which is of the form [7]

1 1
L) = = U 0U" (@) +5m*d, (04w (1)
where
U,uv(x) = la,u,d)y(x) - iaud)y,(x) (2)
is the spin 1 field tensor. If the particle has charge e, we can

generate a gauge-invariant form of Eq. (1) by use of the
well-known minimal substitution [8]—defining

=10, —eA,(x) 3)
and
U,ul/(x) = 7T,u¢1/(x) - 7TV¢,U,('X) 4

the charged Proca Lagrangian density becomes
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L) = =3 ULWUR) + mld ) )

Introducing the left-right derivative

DWVF(x) = DOVF) — (VDE)FR)  (6)

the single-photon component of the interaction can be
written as

L) = ieAP (1) ()[105V s — 15, Va]bB )
00 (V0 (1) B () ™

so that the on-shell matrix element of the electromagnetic
current becomes

1 e
<Pf: €pliulpi €4) = ———=
VAEE; ’ VAELE;
— €4u€p°q Tt €p,€4q]

®)

[2P, €} - €4

where we have used the property p; - €z = p; - €4 = 0 for
the Proca polarization vectors. If we now look at the spatial
piece of this term we find

1

JAEE;

e

2m

Py €sl€, - jlpi €a) = 5—€, X G- €3 X €,

e > >
= (L mISI1,m)- B )

where we have used the result that in the Breit frame for a
nonrelativistically moving particle

i&y X &, = (1, m/ISI1, m;) (10)

which we recognize as representing a magnetic moment
interaction with g = 1. On the other hand if we take the
time component of Eq. (8), we find, again in the Breit
frame and a nonrelativistically moving system

|
\/mﬂ’f’ €sl€oyjolpis €4)

* 1 Ak - kA ->
= _6607[53 “€4 %(EAOGB © g — €pp€y 6])} (11)

Using
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0 ~ > 0 Ak >
€y =—€,q, €p =~ —— ¢y
AT 5 q B om B q -
VO LR,
€ €A= TE€p AT 5 €5 44
we observe that
1
€, (13)

1, E; <Pf, eB|EOyj0|pi’ €4) = eEOyéz’ ’

which is the expected electric monopole term—any elec-
tric quadrupole contributions have cancelled [9]. Overall
then, Eq. (8) corresponds to a simple EQO interaction with
the charge accompanied by an M1 interaction with g-factor
unity, which is consistent with the speculation by
Belinfante that for a particle of spin S, g = 1/S [1].

Despite this suggestively simple result, however, Eq. (1)
does not correctly describe the interaction of the charged
W-boson field, due to the feature that the W* are compo-
nents of an SU(2) vector field [4]. The proper Proca
Lagrangian has the form

L) = = 0L 0200 + 3mh ) 30
(149

where the field tensor U #V(x) contains an additional term
on account of gauge invariance

U () = 7,0,(x) — 7,0, (x) — iGU ,(x) X U,(x)
(15)

with G being the SU(2) electroweak coupling coupling
constant. The Lagrange density Eq. (14) then contains
the piece

Liy(x) = —gWo W T ()W, () = W, T W) (x)
(16)

among (many) others. However, in the standard model the
neutral member of the W-triplet is a linear combination of
7" and photon fields [10]—

Wi = cosfyZY, + sinfyA, (17

and, since G sinfy, = e, we have a term in the interaction
Lagrangian

085002-2



FACTORIZATION IN GRAVITON SCATTERING AND THE...

LO@) = —eF,, W OW, (x) = Wit W, (x)
(18)

which represents an additional interaction that must be
appended to the convention Proca result. In the Breit frame
and for a nonrelativistically moving system we have

! - 3 € e XG-eiXE
4EfE-<pf’ €B|6y 7| pis €4) = 2y €y X q-€p X €y
e > >
=—(1,mf|S|l,m,»>-B
14

and

.(1 Ak > PPN -
<Pf, fgljg)lpi, €A>:_e (GAGB'q_fsofA'CI)

1 1

e >
=52 46 (20)
w

The first piece—Eq. (19)—constitutes an additional mag-
netic moment and modifies the W-boson g-factor from its
Belinfante value of unity to its standard model value of 2.
Using

1 ; |
E(EZZfAj + €ai€p) — §5ij6;3 "€

1 2

1, m,»> 1)

we observe that the second component—Eq. (20)—im-
plies the existence of a quadrupole moment of size Q =
—e/M3,. Both of these results are well-known predictions
of the standard model for the charged vector bosons and the
standard model prediction for the g-factor is experimen-
tally confirmed—gy, = 2.20 £ 0.20 [3].

Of course, a single example does not constitute a com-
pelling case, but it has recently been suggested, from a
number of viewpoints, that the natural value of the gyro-
magnetic ratio for a particle of arbitrary spinis gg = 2 [2].
We shall briefly review these arguments below and then
will present a argument which buttresses this assertion.

B. GDH sum rule

Perhaps the first author to suggest the importance of
gs = 2 was Weinberg who, in Brandeis lecture notes,
examined the low energy limit of Compton scattering
[11]. In this way he was able to generalize the
Gerasimov-Drell-Hearn (GDH) sum rule, which relates a
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particle’s anomalous magnetic moment to a weighted in-
tegral over its polarized photoabsorption cross sections
[12]. In the case of spin 1/2 this was shown by GDH to
have the form

2 , 1 [*dw
e = ﬁ Ao () 22)

where « is the nucleon anomalous magnetic moment and
Aoy(w) = 0'3/2(0)) - Ul/z(w)

is the difference between the cross section measured with
the incoming photon and target polarizations parallel and
antiparallel. The sum rule has been well tested and has
been shown to work in the case of the nucleon [12].
Weinberg demonstrated that the sum rule can be general-
ized to arbitrary spin provided one defines the anomalous
magnetic moment of a particle of charge Qe via—

N eS

=5 gs(Q + k)

with g¢ = 2—independent of spin. From the perspective
of the GDH sum rule then it is suggestive that the natural
value of the g-factor is g¢ = 2 [11]. However, there also
exists an argument from the realm of high energy Compton
scattering [2].

C. Compton scattering at high energy

We next examine high energy Compton scattering from
a basic spin-S target having mass m and charge e, and
consider the case of spin one. As discussed above, the
simple Proca interaction for a charged spin 1 system yields
the Feynman rules for photon interactions [5]

PPy = —ie{(ps + Pi)u8ap — &pul&Pra — (&€ = Dpial
— 8aplepip — (¢ — Dpsplt
PPyy = i¢*(28,,84p — 8ua8vp — 8up8va) (23)

where, for generality, we have included an anomalous
moment (Pauli) interaction of the form

PPy = —ie(g — DF*(WiTW) — W, tw,)  (24)

Calculation of the three lowest order diagrams shown in
Fig. 1 then yields the result

(a) (b) (©

FIG. 1. Diagrams relevant to Compton scattering.
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L€ Pifji Py € Pffji *Di " " «(€ " Pi € Dy
A S=1,0) = e*2¢, - — — €. - — AGYAE —
mpCompton( g) e { €A EB|: D ki pi- kf €i 6f:| g|:€A [Ef f] 63([71' . ki Di- kf
€ Df € °Di
«(Sf Pf f
—enlekl (g =
v 5 pi~ki pi kf

! . .1 ) )
_ g2[2pi yal Le; kil L€} kel € — WEA [t k] [en ki1 63}
(g—27°1 1 o { * *
- [2171- e [ei kil - pi€y - [€h k1 py — WGA €5, k1 prey - [ei kil P;}}

where we have defined
S-[Q,R]-T=S-QT-R—S-RT-Q.

The interesting terms here are those on the last two lines,
which are proportional to the factor 1/m?. They arise from
the Born diagrams via the k,kg/m?* terms of the spin-one

propagator

and reveal that if we take the limit as the mass becomes
small the Compton amplitude will diverge, violating uni-
tarity at a photon energy w; ~ m unless the gyromagnetic
ratio has the value g = 2, and this same condition can be
shown to assure the absence of 1/m? terms for arbitrary
spin [2]! Again, this result is certainly suggests that the
natural value of the g-factor is gg = 2, in agreement with
the result found from the GDH sum rule.

kakﬁ

D,p(k) = 2 (26)

< gaﬁ+

D. Graviton scattering and factorization

Having reviewed “old” results [13], we now present a
new argument which makes the case for g = 2—factori-
zation of graviton scattering amplitudes.

Based on string theory arguments it has recently been
pointed out that the elastic scattering of gravitons from a
bare target of arbitrary spin should factorize [14]. This
condition had been found earlier by Song et al. from gauge
theory considerations [15]. That is, the graviton is a parti-
cle of spin 2 whose polarization tensor €, can be written,
in harmonic gauge, which we use henceforth, as a simple
product of corresponding spin one photon polarization
vectors—

The elastic scattering of gravitons from a target of arbitrary
spin is constructed by summing the four diagrams shown in

(25)

[

Fig. 2, consisting of two Born pieces, a seagull term, and
the graviton pole diagram. The factorization theorem as-
serts that for scattering from a target of spin S, the graviton
scattering amplitude from an “‘ideal” target particle of spin
S can be written in the form

a Biuv
graviton

iny

‘ x
.J>

€tapM (S)e; F X [efa Compton(S)ElM]

XOO

[EfﬂACOmpton (O)eiu] 27

aBiuv
where M graviton

tude from a system of spin S, A

is the elastic graviton scattering ampli-
COmp[on(S) is the elastic

Compton amplitude from a target of spin S and charge e, F
is the kinematic factor

pi-kipr -k,

F =
k]'kz

(28)

and k> = 327G is the gravitional coupling This is a re-
markable result and dramatically simplifies the evaluation
of graviton scattering. In the case of spin O the calculation
is fairly straightforward. The four diagrams which must be

(©)

(b)

N~
T~

(d)

FIG. 2. Diagrams relevant for gravitational Compton scatter-
ing.
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included in order to satisfy gauge invariance are shown in Fig. 2. From the Klein-Gordon Lagrangian
! 242
L= E(amﬁa’“ﬁ — m*¢?)

we find the one- and two-graviton vertices [16]

—iK
7ap(P P') =~ (paPlp + PaPp ~ Map(p - p' = m?))

. 1
Tapys(P P') = le[Iaﬂ,pglf,,ya(p”p’” + P77 = 5 Maplpoys + Myslpo.ap)p” P”

1 1
- 5(%3,75 - E"?aﬁﬂyé)(p p = mz)}

while the triple graviton vertex has the form [17]

iK

’ 3
Topysk @) = _{Paﬁ,yﬁ[k'uky + (k= @tk —q)" + q*q" — En"”qz}

2

290Gl g5 AT ST g = I I s = 7 g TN 5]

+[ara" (apl 5 + MysI" op) + aaq” (Mapl™ 5 + 151 0 g) = @ (Napl™ 5+ My51H7" o p)

= 1*7q*q"Maplysno + Nyslaparo)] + [ZQA(I””'aﬁlya,M(k =t 17 plys gk — )"
17" s Lapackt = 178 o Lop agk?) + PUTH gL s 7+ 1 M T7H )

+ nﬂyq)‘qo‘(laﬂ,/\plpo’yé + I'yﬁ,)\plpa-’aﬁ)]

2

(29)

(30)

1 v,
+ [(/8 + (k- q)2)<1‘7”’aﬂly5’a” SA A nWPa,g,yg) — (K5l 5 + (k — q)Znaﬂlﬁg')ﬂ

where we have defined

1
ID(,B,,U,V = E(na,u,nﬁv + navnﬁlu)
and
1
Pa,B,,MV = IaB,,u,V - Enaﬁn,u,v

The other component which we require is the graviton propagator, which has the form in harmonic gauge

iPug.ys
DaB;yS(Q) = #

085002-5

(31

(32)

(33)

(34)



BARRY R. HOLSTEIN PHYSICAL REVIEW D 74, 085002 (2006)

It is now straightforward (though tedious) to evaluate the four diagrams, yielding

1. Graviton scattering: spin 0

) (€ Pi)z(fjf : Pf)2
pi ki

) (E;kr “pi)(e; - Pf)2

pPi- kf

Born — a: Amp,(S =0) = —«

Born — b: Amp,(§ = 0) = «
Seagull: Amp.(S = 0) = k2] €5 - €€, - i€t pr + € - pres- p) — Sk - ki(€h - €)
eagull: Amp, K ef €;\€; plEf Py € prf Pi P f Ef €;
K> . . .
g — pole: Ampd(5=0)=m[€}‘nf€f’l)i(€i'(ﬁi_Pf))2+fi'Pifi'Pf(ff'(Pi_Pf))z
i nf

+ € (pi— ps)e; - (py — pi)€s - prei - pi + € - pi€i - pp) — €5 €(€; - (pi — pp)e;
“(pr = p)pi pr—m?) +k; k(€ - prei-pi + € - pi€i " py) + €
“(pi = P €; - pppi-ky + € pips-ky) + €5 (pp— p)€i - pips ki + € pypi - ki)

1
G fi)2<19i “kips ki + pi-kepypkp— E(pi “kips ket pickeprk)

3
# 3k kstpi oy =) (39)

and when combined, one verifies that

2
Amp (S = 0) + Amp,(S = 0) + Amp,(S = 0) + Amp,(S = 0) = éF X [AMpeompon(S = OF  (36)
e

where
€ pi€s- € pr€s - p;
AMD Compron(S = 0) = 2e2[ L TE el} (37)
it K pi kg
[
is the Compton scattering amplitude from a spinless target. ~ with

Similarly in the case of spin 1/2 we must use the
vierbein e,* in order to define the Dirac Lagrangian [16] 1 {
£S=1/2 _ LZ(W“Q,”DM _ M)l// (38) W pab = Eeay(a,uebv - aveb#) - Eebv(aﬂeav - avea,u)

1
where the covariant derivative D, is given by ts e, e, (dsecp = dpecq)e,” (40)

i
D,=d,+-0%w 39 . . )
" L} pab (39) The resulting one and two-graviton vertices are then:
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Tup(p, P) = —[ Yalp + P)g + v5(p + P)a) — naﬁ( B+#) - m)}
s 1) = =3 (504 B) = m)Pass — e Tmanr 0+ )5 + 73l + 2),)
+ 10y5(Ya(p + P + v5(p + P))] + 13—6(17 + )Y Ugpapl? e ys + Lpysl? cap)

_ BEPU'”’])lyAYS(Ia‘B’nVIyé,UVk/p — Iyﬁ,nylaﬁ’o'”kp)} (41)

The calculation is somewhat more challenging than in the case of spin 0 because of the Dirac algebra, but is still
straightforward. Indeed, evaluating the same diagrams we find the individual contributions:

. . . . l
2. Graviton scattering: spin 5

Born — a: Ampa<S = %) = —K W _(pf)[ff (Bi + K + m)é Ju(p,)
Born — b: Ampb<S = %) =K % u(ppléi(p: — Ky + m)ﬁ‘;]”(!’z‘)

1
Seagull: Ampc<S = 5) =K u(pf)[ €; - €i(fi€; - (pi + py) + £7€ - (pi + py))
l *
_ 1_6 1 ad nA Yavs(€i €rokpp — efnemk,»p)}u(p,-)

1 . " *
g — pole: Ampd(s - 5) - W(p ke - €26 (p; + pp)es ki + € - ey (p; + py)

2
16k; - ks
+ ]éff; : Ei(_zf_? “(pi + pple - kp + €5 - €k; - (pi + pp)
+4fle; k(e pi€; - pr— € - pi€i - ps) + €; - €€ - pips ki — € prk; - pi)]

+ 4ﬁ(}[€i : kf(ei ’ Pif} Py~ 67 *Pi€ Pf) + ff €€ pfkf “pi T € pikf : Pf)]]u(l?i)

(42)
Combining these terms, we reproduce again the factorization condition, but now in the form
A S ! +A S ! +A S ! + A S !
m =_ m = — m =_ m =—
pu(S = 3) + Ampy(5 = 3) + Amp. (5 = 5) + Amp (s = 5)
K> 1
= @ Fx [AmpCompton(S = 0)] * |:AmpC0mpt0n(S = §>i| (43)

where
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N, £i(Pi K+ mé £i(By — K+ m)f;
Amp Compton<S - 5) - ezu(Pf)|: 2p, ) ki 2pf : ki

}u(p,-) (44)

is the spin 1/2 Compton scattering amplitude.

Thus far we have verified factorization for spin O and spin 1/2, but we have learned nothing about conditions on the
g-factor for particles of higher spin. This situation changes when we move to the case of spin 1, for which we use the Proca
equation [7] discussed above. The one- and two-graviton vertices are then found to be

T (P p2) = 154 + Vs — P1g( + ) = Pal + )
Boa,u, v P P2 ) pl;LPZV prp2,u na,B plB pr,nva p21/7’a,u, P2a plunvﬁ prT],B,u

+(p1 P2 = MmN paop + MupMoa) = Ml (P1* P2 = M) Nap — PigP2al}

2
2 . K
Ti}’)a”u/’y'p,g'(pl’ Pz) = _lj{[pl,BPZa - naﬁ(pl P2 mz)](n,u,pnmr + NuoNvp — nuvnpa-)

+ Mol Map(P1oP20 + ProP2w) = MavP18P20 — NpuPioP2a — MpoP1vP2a — NacP1pP2y
+(p1 P2 = )M Mpe T Naocps)) + Mol Map(P1uP2p + P1oP2) = NavPipP2p

= NguP1pP2a — MppPivP2a — NapP1P2v + (D1 P2 = M) NN + Napnpy)]

+ Mol Map(PruPre + ProP2u) = ManP1pP20 = MpuPioPra — MBoP1uPra ~ NacP1pP2u
+(p1 P2 = M) MapMpo + NaoMp)] + MoalMap(Prup2p + P1oP2u) = NapPipP2p

— MpuP1pP2a — MapP1uPre — NapP1pP2u + (P P2 = M) Mawpp T Mapmpu)]

= Nl Map(P1pP20 T ProP2p) = NapPigP2e — NepProPra — MpalipP2a — NacP1pP2p
+(p1 - P2 = M) MapMpe T NppNac)] = NpelMap(PruP2s + P1oP2s) = NapPipPow

~ MpuP1vP2a — MprP1uP2a — MavP1pP2u + (P P2 = M) Mauwpy + MppNar)]

+ MapPip = MawP1p) Mol — Mgul20) + MacPiv = NawP1o)MppP2p — MpuP2p)

+ MaoPiy = MNauP1e)MpP2v = MpuP2p) + MapPiv = MavP1p)(MpoPop = NpuP2s)t  (45)

and the individual contributions from the four diagrams are somewhat more complex:
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3. Graviton scattering: spin 1

[(e; - Pi)z(fjr : Pf)zEA €~ (f}kf ) pf)zfi “pil€s ki€p - € + €4 €i€5 - p))

Born —a: A §=1)=«?
orn — a: Amp,( )=k ok

— (€ Pi)zf}kv pyleg G;GA "pptoepkpey- E;) te- Pifjv “Dr€i* Pr€a  ki€p - 6_?

+ € pi€f - pre; pi€a - €i€g kp+ (€ pp)ieyc €€q €p; ki + (€ p)iey - €5eq
€;pykp T € pi€g - prley ki€p kpe € + €p - €p€st €p; " pr) — € pi€;

" Di€p E;GA c€pyky — f; " Pr€i" PfEA " €i€p " G;Pi ki — € - pi€s ki€p e;e; T€Dy
“ky — € " prepkres - €€ €pi kit €y €€ €p; kipy - kp€; € — m*€y - €€x

) 6;'5; “Pr€i” pil

1 % * * * * * sk
2])—]{[(6f : pi)z(ei : pf)zfA c€p t (€; - Pf)sz “piley kaB T€p T €pt Ef€p e Pi)
i Rf

+ (5; : Pi)zfi : Pf(fz ki€ € — 62 c €€ Pf) - f} * D€ Pff; *Pr€a- kffz T€ T €p

Born — b: Amp,(S =1) = —«?

" Pi€i " Pp€; " D€y €€ ki — (€; - Pf)257; "€r€x €pptky— ('5; i€y €€y €Dy
kit € pi€iprles - kpey ki€ €p + €y €640 €4pic py) T € i€t pi€y - €€y
) GA?Pf kit o€ pffjf *Dr€a- 6;62 “€pikp— f; “Di€a kffz T €€ GA?Pf ki

2

— € " prepki€s - €p€;  €p;kp+ €y €€ €p;kppy ki€ € — m €y - €€, - €€

" pre; - pil

2
K * * ® *
seagull: Amp.(S = 1) = — Z[(ei ) 6f)2(m2 — Di"Dp€a- €p + €4 prep - pile; - Gf)z

+ € - pi€;pr(2€; - €64 - € — 2€4 " €265 " €))

€ prep-pi(2€; - €€y € —2€4 " €€ €7) + 26, pi€| " PrEy - €p€ - €;

+ 2€; pr€; pi€x €€y € — 26" D€t €€y PrEp - €p — 2€; " PrE; " €4€5 " €€ P
— 2€; " Pf€; - €€y €€ p; — 2€;° Di€; " €;€p " €;€5 " Py

— 2(m? — PreP)E 6;'(€A " €i€p 6; TExr 6.?62 nei)l (#6)

and finally the (lengthy) graviton pole contribution is
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K2

g —pole: Amp,(S = 1) = — ——{e; - eal(e; - 6;')2(4ki "pipy kit kg piky - py
16k; - kg

—2(pi - kipy - kp+ ppokipikg) +6p; - prk; - kp) + 4((e; - kf)zf; “Pr€; D

+ (€} - ki)’€; - pi€; - pr + € - kpel - ki(e; - pi€f - py+ € - pre} - pi))

—de€; - €;(€; - kp(e}  pips - kp + € - prkp- p) + €; - kile; - pipy - ki + € - prpi - ki)
—4k; - kye; - E;(Ei ) Pifjf "prtoe pr;; “pi) —4pi- Pr€i - fjrfi ) kfejf " kil

—(pi Pr€p " €4 — € Di€y - Pf)[lo(fi : 6;)2](1' “kpt+4e; ejféi ) kffji “ki

— 4(e; - e;)zk,» “ky — 8e; - €p€; " kyey kl+ (p; - pr—m?

X [(€; - €7) (des - ki€ - ki + deq - kpep - ky — 2(es - ki€p - kp + €4 - kpep - k;)

+ 6€p - €ak; - kp) T 4l(€; - k) eq - €r€ - €5 + (€] - ki) eq - €i€p - €

o€ kpeskp(es - €€ €+ €4 €€ - €)] — de;

€rleikp(es - €rep -k + €p - €r€s - ky) T €; ki(es - €€ ki + € - €€4 - k)

ki k(€r- €€y €+ €y €€4 €7) + €4 €p€; - kpep - k1] — 2€4

: Pf[(fji- : ei)2[26i§ “kipi ki + 2€p kepi-kp+ 3€p " piki k¢

— (ep " kipi~kp + € - kypi - k)] + 2(e; - kf)zf*g €€ pit 2(5; “ki)’€p - €€ - pi

+ 2€; - ke ki(ep - €€ pi + € - piep - €F) — 2€;

) 6;[61' ’ kf(fz ) G;Pi ky E; ‘pi€g kf) + f;kf “ki(ey - €pi - ki + €5 - ki€ - pi)]

— 2k; - kye; - €;(€p - €€ p; + €5 €1€;° p;) — 2€p " pi€; - €;€; - kp€) - k]

—2ep - pil(e}- €)(2€q  kipy ki + 264 kppp-kp+3€q prk; - ky
—(€skipykp+ €x kppp-kp)]+2(e; - kp)Pes €r€f - prt2(ef ki)es - €€ - py
+2€; - kpe} - ki(es - €€ - pr+ € prey - €

- 2€; - e.’;[e,- “ky(es e;pf “kp A+ e;i “préa - ky) + e;i “ki(€q - €py ki + €r- ki€ py)]
— 2k; ~kye; - €;(€x €€ pr+ €4 €€ " py) — 2€5 ps€; - €€ - kr€p - kil} 47

Nevertheless, when combined (after considerable effort) one finds once again the factorization condition to be valid, this
time in the form

Amp,(S = 1) + Amp,(S = 1) + Amp.(S = 1) + Amp (S = 1)

K2

= QF * [AmpCompton(S = O)] * [AmpCompton(S =1 8= 2)] (48)

where Ampcompion (S = 1, g = 2) is the Compton scattering amplitude quoted earlier in Eq. (25) with the g-factor set equal
to 2.

From the gravitational side of Eq, (48), the full graviton scattering amplitude might naively be expected to contain terms
proportional to 1/m? from the Born diagrams and the piece of the spin 1 propagator proportional to 1/m?. However, this
does not occur, as can be seen from the half-off-shell form of the single graviton coupling given above
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(P2 AT 11, €4) = €ax(P2uP1y + P1uP2y) T 8uwPir€a " P2 — PiA(P2p€ar + P2v€ay) — €4 P2(P1u&av + P1,8AR)

T (P2 p1 — m*)(@rp€ar + €480 — Cur€ar)

Setting p, = p; + k and contracting with the intermediate
state momentum (p; + k)* we find a result proportional to

mz—

(p1 + )Xp1 + ki, AT, |py, €4)

= m*(g ,€a ki — €au(p1 + k1), — €4,(p1 + k1))
(50)

This term cancels the factor 1/m? from the spin one
propagator so that no term proportional to 1/m? survives
in the Born amplitude and this vanishing of terms which
diverge as m — 0O can be shown to be a general property
regardless of the spin of the target. If we acknowledge the
validity of the factorization result, then the vanishing of
1/m? terms in the gravitational amplitude can only result
from the vanishing of such terms in the corresponding
Compton amplitude, which we have already argued occurs
only if the value g = 2 is chosen, so from a new stand-
point—-factorization of graviton scattering amplitudes—
we see again that the natural value for the g-factor is

gS=2.

I1I1. CONCLUSIONS

Above we have examined the question of the natural
value for the g-factor of a particle of spin S. Although the
simple minimal substitution gives rise to the Belinfante
conjecture gg = 1/S [1], we pointed out that more recent
studies have suggested a correctness of a universal value—
gs = 2—independent of spin. We first pointed out that this
arises from the well-known features:

(i) the standard model g-factor of the charged
W-boson is 2

(i) the GDH sum rule provides a measure of the quan-
tity (gg — 2)? in the case of arbitrary spin [12]. If
we use this sum rule to define the anomalous mag-

(49)

netic moment then clearly the natural value for the
gyromagnetic ratio is gg = 2 [11]

in high energy Compton scattering from a target of
arbitrary spin the choice of a gyromagnetic ratio
different from 2 leads to terms which are divergent
in the small mass limit [2] and which violate uni-
tarity at photon energies @ ~ m.

We then presented a new argument for the correctness of
this assertion—factorization in graviton scattering. Gauge
invariance and string theory arguments make the case that
the graviton scattering amplitude for a bare target having
spin S should factor into pieces proportional to the product
of the Compton scattering amplitude for spin O times the
Compton scattering amplitude for spin S times a universal
kinematic factor. Since the graviton scattering amplitude
does not contain terms involving the inverse mass squared
of the target particle, the same must be true for the
Compton amplitudes, but this is true only if the gyromag-
netic ratio has the value 2.

Again we emphasize that there is little experimental
content in this prediction—except for the well-verified
cases of the charged e, u, 7 leptons and the charged W
boson, all of which carry g =2 in the standard model.
Nevertheless, the question of the existence of a natural
value for the g-factor is an intriguing one, to which we
have provided new input.

(iii)
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