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Holographic representation of local bulk operators
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The Lorentzian anti-de Sitter/conformal field theory correspondence implies a map between local
operators in supergravity and nonlocal operators in the CFT. By explicit computation we construct CFT
operators which are dual to local bulk fields in the semiclassical limit. The computation is done for general
dimension in global, Poincaré and Rindler coordinates. We find that the CFT operators can be taken to
have compact support in a region of the complexified boundary whose size is set by the bulk radial
position. We show that at finite N the number of independent commuting operators localized within a bulk

volume saturates the holographic bound.
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I. INTRODUCTION

The anti-de Sitter/conformal field theory (AdS/CFT)
correspondence [1-4], in its Lorentzian version [5—7],
states that any bulk excitation is encoded on the boundary
by some CFT operator or state. In the semiclassical limit of
large N and large 't Hooft coupling we expect to have free
local fields in the bulk. These bulk fields should be encoded
in the CFT. To see how this works consider a bulk field with
normalizable falloff near the boundary of AdS

$(z, x) ~ 22 ().

Here z is a radial coordinate which vanishes at the bound-
ary. The bulk supergravity field can be expressed in terms
of the boundary field ¢, via a kernel K

$(z,x) = ] A K x|z, x) o).

We will refer to K as a smearing function. ¢,(x) corre-
sponds to a local operator O(x) in the CFT [8]

$o(x) = O(x).
Thus the AdS/CFT correspondence implies that local bulk
fields are dual to nonlocal boundary operators [6,9—11]

d(z, x) « fdx’K(x’Iz, x)O(x). (1)

Bulk-to-bulk correlation functions, for example, are equal
to correlation functions of the corresponding nonlocal
operators in the CFT.

(b (213 (2232 hsucra = f A, dxb K (x)|21,x1)

X K(x5]z2, 2){O(x]) O(x}))crr
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Smearing functions are central to understanding
Lorentzian AdS/CFT: they define the map by which, in
the semiclassical limit, local bulk excitations are encoded
on the boundary. The semiclassical limit tightly constrains
behavior at finite N. For example, as we will see, smearing
functions can be used to count the number of independent
commuting operators inside a volume in the bulk, even at
finite N. They can also be used to study bulk locality and
causality: for example in [12] we used them to understand
the causal structure of a black hole from the boundary point
of view.

The main purpose of this paper is to compute smearing
functions in various pure AdS geometries. This continues
the study started in [12], where a two-dimensional AdS
spacetime was considered. In the present paper we extend
the analysis to higher dimensions and compute smearing
functions for global AdS,., for the Poincaré patch in d +
1 dimensions and for AdS; in Rindler coordinates.

It is important to recognize that smearing functions
are not necessarily unique. In some cases the boundary
fields do not involve a complete set of Fourier modes and
we are free to add to the smearing function terms that
integrate to zero against all boundary fields. This freedom
enables us to present the smearing function in different
forms, which is useful depending on which aspect one
wishes to study.

For the impatient reader, let us briefly summarize our
main results. In global coordinates we find that the smear-
ing function can be chosen to have support on boundary
points that are spacelike separated from the bulk point.
This is illustrated in Fig. 1. The exact form of the smearing
function depends on the dimension: for even-dimensional
AdS it is given in (20), for odd-dimensional AdS it is given
in (33).

We also construct smearing functions in the Poincaré
patch. For even-dimensional AdS we find that the smearing
function can be taken to have support at spacelike separa-
tion in the Poincaré patch: see (35). For odd-dimensional
AdS the smearing function has support on the entire
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FIG. 1 (color online). In global coordinates AdS resembles an
infinite cylinder. We have drawn the light cones emanating from
a bulk point and intersecting the boundary. The CFT operator has
support on the strip indicated in yellow, at spacelike separation
from the bulk point.

Poincaré boundary: see (39). An alternate form of the AdS;
Poincaré smearing function is given in (C5).

In Rindler coordinates we show that to construct a
smearing function we must analytically continue the spa-
tial coordinates of the boundary theory to imaginary val-
ues. This enables us to find a smearing function with
support on a compact region of the complexified geometry.
The explicit result for AdS; is given in (54).

It is desirable to work with smearing functions that make
the boundary operators as sharply-localized as possible.
Our strongest results in this direction are achieved in
Rindler coordinates, where we find operators with compact
support on the complexified boundary. This enables us to
obtain an improved understanding of bulk causality.
Furthermore the statement of scale-radius duality [13,14]
can be made in a sharper way, since the size of the smeared
operator is determined by the radial position of the bulk
point. We would also like to stress that, as in [12], light
cone singularities of bulk correlators arise from UV singu-
larities of the boundary theory. This is true even for bulk
points deep inside AdS. Thus regions deep inside the bulk
cannot be associated with a boundary theory with a con-
ventional UV cutoff.

An outline of this paper is as follows. In Sec. II we
compute the smearing function in global coordinates. In
Sec. III we compute the smearing function in Poincaré
coordinates. In Sec. IV we compute the smearing function
for AdS; in Rindler coordinates, and in Sec. V we discuss
some of the implications of our results for bulk locality and
holography. Finally appendix A presents an alternate deri-
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vation of the global smearing function in even-dimensional
AdS, appendix B shows that the smearing functions are
AdS-covariant, and appendix C presents an alternate deri-
vation of the Poincaré smearing function in AdS;.

II. GLOBAL ADS

In this section we construct smearing functions in global
coordinates. The construction is based on mode sums. We
treat even-dimensional AdS in section IIB and odd-
dimensional AdS in section I C. In appendix A we present
an alternate approach to the even-AdS global smearing
function, where the construction is based on a Greens
function.

A. Preliminaries
We will describe AdSp,—;. in global coordinates
2

ds? = (—d7? + dp* +sin’pdQ%_)) (2

cos’p
where R is the AdS radius, —o0o <7 <00, 0 = p < 77/2,
and dQ?7_ is the metric on a unit (d — 1)-sphere. An AdS-
invariant distance function is given by

cos(t — 7') — sinp sinp’ cos(2 — )
o(x|x') =

7 3)

COSp COSp
where ) — )/ is the angular separation on the sphere. For
—7 <71 — 7 <7 points with o > 1 are spacelike sepa-
rated, while points with o = 1 are lightlike separated and
points with o <1 are timelike separated (although they
can only be connected by a timelike geodesic if —1 < o <
1). Solutions to the wave equation ((J — m?)¢ = 0 can be
expanded in normalizable modes

¢(T, P, Q) — Z Z anlme*i(2n+l+A)TCOSApSinlp

n=0 L,m

X P UDIHEDTD ( cos2p)Y,,, ()
+ c.c. 4

where Pﬁf"ﬁ ) is a Jacobi polynomial, Y;, is a spherical
harmonic, and the conformal dimension of the correspond-

ing operatoris A = ¢ + /£ + m?R?. In global coordinates
we define the boundary value of the field

global(T’ Q) = lim d)(T» pA, Q) (5)
p—m/2  costp

B. Even AdS: Mode sum approach

We assume that D is even and construct a smearing
function starting from the mode expansion (4). We first
work at the center of AdS (meaning p = 0), where only the
s-wave contributes, and later extend our results to arbitrary
bulk points. At the center
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d(1,p=0,0Q)

_ Zw ¢t 87 PR (1) 4 ¢
n n L.
n=0

(6)

We can split the corresponding s-wave part of the bound-
ary field into its positive and negative frequency compo-
nents,

global( )

d)global( )+ d)global( ) (7)

o0

global Z

71(2;1+A)TP51A*(d/2),(d/2)*1)(1) (8)

3

1(2n+A)7‘P(A (d/2),(d/2)— 1)(1) (9)

global Z

Note that

1
N mvol(§¢—1)pA /2=

/2 .
X f dr f dQ.fgq etV g (1) (10)
—7/2

Plugging this back into the bulk mode expansion (6) we
can write the field at the origin of AdS (meaning the point
7 =p' =0)as

Glorigin = /W dT/dQ@K+(T Ql7, p!, Q/)¢globdl
X (1,Q) + c.c. 11
where
PIA-@/2d/2-1(_yy
PG/
(12)

t(2n+A)T

1
~ vol(S4Y) HZ'

The sum can be evaluated as

rA-24+1) &  Tn+4
K, = ( d—l2 ) et Z " %1)
avol(S4~1I'(d/2) ST+ A—-5+1)
X (_eiZT)n
1 A d d -
= TR, = A—=+1,— 27 13
arvol(S971) ¢ ( 2 2 ‘ ) 9

where strictly speaking to make the sum convergent we
should have replaced 7 — 7 + ie.
In terms of z=e?" K. =

] A 2 d _ . . . .
olsTT 12F(1,4 SA-S+1, 7). At this point it is use-
ful to make a z — 1/z transformation of the hypergeomet-

ric function. This gives

we have
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A2 A -4+ DIE- 1)
WVO](Sd_I){ I'(d/2)I'(A —d/2)
d d 1
><F<1,1+§—A,2—§,—E>
rA-4+0ra-9 _,,
TOFA —d+ 1)

><F<d Agj i)} (14)

It is important to note that smearing functions are not
unique, since we could replace

-1

Ky =K. +2823 ¢,z (15)
n=1

for any set of ¢,: the extra terms involve Fourier compo-
nents which are absent from the mode expansion (8), so
they drop out when integrated against ¢&°*" . This freedom
can be used to eliminate the first line in (14), as can be seen
by expanding the hypergeometric function there in powers
of 1/z [15]. Then using F(a, 8, B, x) = (1 — x)™“ in the
second line of (14) we are left with

_ T@A-4+Dra-9 1 \A—d
Ky = avol(S¢ DA —d + 1) (ﬁ * ﬁ) - (19

Note that K, isreal, sowe canset K = K, = K_. The full
smearing function for a bulk point at the origin is then
given by

_ T@A-4+1Dra1 -9
~ mvol(STHI(A —d + 1)

It is useful to express this in terms of the invariant distance
(3). In global coordinates the regulated distance from the
origin of AdS to a point on the boundary is
lim,_ ;0 cosp = cos7. In terms of this regulated dis-
tance the smearing function for a bulk point at the origin is

CT@A -4+ DI -9
— mvol(STYD(A —d + 1) por

To extend this to an arbitrary bulk point P we can first
use an AdS isometry to move P to the origin, then apply the
smearing function (18) to the transformed boundary data.
Alternatively we can use the original boundary data but
transform the smearing function. This is straightforward
because (18) is AdS-covariant. Thus for an arbitrary bulk
point we have

#P) = [ a7 [ 40 Gk QP Q) (19)

(2 cosT)A 4. (17)

hm (20-cosp)A 4. (18)

where

K(7, Q|P) = c 1im/2(a'(x|P) cosp)®~46(spacelike)
p—,

(=DW@=D/228-PP(A — 4 + 1)
a72T(A —d + 1)

Can = (20)
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In appendix A we reproduce this result by constructing a
Greens function for the bulk wave equation.

C. Odd AdS: Mode sum approach

We now assume that D is odd. As in the previous
subsection we first work at the origin of AdS (meaning 7 =
p = 0), where only the s-wave contributes, and later ex-
tend our results to arbitrary bulk points.

The result (13) holds in any number of dimensions, so in
terms of z = ¢’?” we have the positive-frequency part of
the global smearing function for a bulk point at the origin
of AdS

1 d d
=————A2F(1, -, A - -+ 1,—z).
T ol ¢ < 2’72 ¢

At this point it is useful to make a z — 1/z transformation
of the hypergeometric function. Noting that % is an integer,
the relevant formula can be found in [16], p. 109 equa-
tion (7). Again it is important to note that the smearing
functions are not unique, since we could replace

Ky =Ky +282% ¢,z (21
n=1

for any c, since the extra terms drop out when integrated
against ™. Making the z — 1/z transformation and
dropping terms that do not contribute we are left with

7 A=D/2 1ogz7
Wvol(Sd’l)F(d/2)F(d/2 —A)

Z F(n+d A)(—z)™" (22)

K+:_

With some transformations of the gamma function, the
binomial series can be rewritten as

(1+x)e= _! sm(ﬂ'a)F(a +1) Z F(n — a)(—x)".

(23)

So in fact

—NUI2TA -4+ 1
(=1 @-z+D hm (2(fcosp)A 4logz

K =
T 2gH@ANA —d 4+ 1) p—m/2

(24)

where we introduced the invariant distance (3) from the
origin of AdS to a point on the boundary via

1
lim 2o cosp = + — 25)
Jim p =4z NG (

Using (24) in (11), we can express the value of the field at
the origin of AdS as

PHYSICAL REVIEW D 74, 066009 (2006)

Blosgn =4 [ a7 a0 g lim Qotsl)cosp)*
/2

XlOgZ( globdl(T Q) globdl( Q)) (26)

where A = l)d PPTA—g+]) . This is progress, but we

would like to express g{) in terms of the local combination

global — pglobal 1 gglobal 6 do this it is useful to note
that for even d

1\A—d
lim (20 cosp)A—d = ZA/zz_‘W(l +—) @7)
Z

p—7/2

has an expansion in inverse powers of z,

hm (Za-cosp)A d = A2 Z cpz ™ (28)

p—m/2 n=1

A function of this form vanishes when integrated against

glol I ikewise, by expanding in positive powers of z, it

vanishes when integrated against $£°™. So we have the
identity [17]

[ dedQJgQ hm ((J'(:osp)A (8 (7, Q)
+ G2 (r, Q) =0. (29)
Differentiating this identity with respect to A, including the

factors of z*2/2 hidden in the mode expansion of qﬁgl(’bdl
we obtain [18]

/7 dedQJgQ hm (a'cosp)A Aogz (P — pEo™)

=2[ dr[dﬂﬂ/gg lim/z(a'cosp)A_d
—7/2 —,
X log(orcosp) &, (30)

This lets us express the value of the field at the origin of
AdS in terms of an integral over points on the boundary
that are spacelike separated from the origin:

/2
Blosign = 24 f L f 40Eg lim (20 cosp)*~
-7 p—T,
X log(o cosp)fpgl(’bal (31)

Finally we would like to extend these results to an
arbitrary bulk point. We claim that

H(x') = f dr f 40 JgaK(r, Q)2 (7, Q) (32)

where
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K(r, Qx') = aya lim/ (o(x|x') cosp)*~?1og(o(x|x")
2

p—T
X cosp)6(spacelike)
(=128 7d0(A — 4+ 1)
7 TEIT(A —d + 1)

The argument is as follows. To compute the field at x’ one
can first use an AdS isometry to move x’ to the origin, then
use the smearing function (31) to compute ¢ at the origin
in terms of the transformed boundary data. Equivalently,
one can use the original boundary data but transform the
smearing function. This is easy to do because, as we show
in appendix B, (32) is secretly AdS covariant.

aga (33)

IIL. POINCARE SMEARING

In Poincaré coordinates the AdS metric is
R? N
ds* = ?(—de + |dX|* + dz?)

where R is the AdS radius and 0 < Z < o0. These coordi-
nates cover a wedge-shaped region of global AdS. In
Sec. III A we work in even-dimensional AdS and construct
a spacelike smearing function with support in the Poincaré
patch, starting from our global result (20). In Sec. III B we
follow the same procedure in odd-dimensional AdS, and
find that for generic A it leads to a smearing function with
|
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support on the entire Poincaré boundary. In appendix C we
present an alternate form of the smearing function for
AdS;, based on mode sums in the Poincaré patch.

A. Even AdS

In even AdS we can construct a spacelike smearing
function with support in a Poincaré patch, starting from
the global spacelike smearing function (20).

In global coordinates the antipodal map acts via [19]

A:T—1T* T, p invariant, Q— Q4
where (), is the antipodal point on the sphere. The

positive-frequency part of a bulk field transforms by

b1 (Ax) = T, (x)

under the antipodal map.

Given a bulk point P contained inside some Poincaré
patch, the global smearing function consists of three re-
gions on the boundary. Region I is located to the past of the
Poincaré patch, region II is contained within the Poincaré
patch, and region III is to the future of the Poincaré patch.
By applying a 7 — 7 + 7 antipodal map to region I, and a
T — 7 — 77 antipodal map to region III, everything gets
mapped inside the Poincare patch. Thus we can rewrite the
global smearing function as

¢(P) = [deQKglobal(T;le)(qﬁ%lfbal + ¢(%li)ba])

imA 4 global
e o+

global . .

o in region II

o~imh ploba

=/’ drdQc p|ocosp|A
Pmncire
patcl

where ¢, is the constant given in (20). We have used the
fact that the integration measure is invariant under the
antipodal map while o(x|x’) = —o(Ax|x'). By regarding
the phases as part of the smearing function rather than as
part of the boundary field we have

eiTrA

Mﬂ=/ drdQcg] 1
Poincare —imA

| cosp| 24 g
patch e
+ c.c.

Putting in the Jacobians to convert from global to Poincaré
coordinates, namely

drdQ  dTd*'X
cos?p zd

and

lobal i
COSAp(ﬁgO al __ ZA d)gomc&re’

in image of region I
+ c.c.

in image of region III

[
this becomes

iTA
e
(P) = f dTd 'Xcgp{ 1 HoZ|A7dphoineae + c.c.
e*iﬂ'A
(34)
Now consider the function
AT, XIP) = lim(o(T, Z, X|P)Z)"~
defined with the prescription 7 — T — ie. That is,
L 2 AT
1) = (5 (22 + X = XP = (T = 7'~ ieP))
—e™|agZ|A~¢  in image of region I
=1loz|A 4 in region II

in image of region III

where we have used the fact that d is odd. Since f is
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analytic in the lower half complex T plane its Fourier
transform f(w) = [dTe'®T f(T) vanishes for w <0, and
hence [ dTf(T)pLoneae = 0. We are therefore free to
modify the Poincaré smearing function by replacing K, —
K. + cyaf in (34). This exactly cancels the smearing
function at timelike separation, while giving a factor of 2
at spacelike separation, resulting in smearing function
which is real. Thus in the end we obtain the Poincaré
smearing function

¢(P) = dedd?lXKPoincare(Tz XIP)¢(l;oincare(T’ X)
(35)
KPOincare = ZCdA?Il’(I)(O'(T, Z, le)Z)Aide(Spacehke)-

d(P) = /deQKglobal(T,QlP)(q’J(g)lfbal n d)(g)li)ba]

=[P_ drdQayp|o cosp|®~4log|o cospl|
patch

where a,, is the constant given in (33). Again, regarding
the phases as part of the smearing function rather than as
part of the boundary field and transforming to Poincaré
coordinates, we have

ei7rA

d)(P) = dedd_IXadA 1 |0-Z|A_d10glo-zl¢g(iincare
e—i7TA

+c.c. (36)

This relies on the fact that, as shown in appendix B, we can
replace log|o cosp| with log|oZ| in the smearing function.

The phases in the smearing function can be absorbed
into an i€ prescription. That is, we have

$(P) = ] dTd* ™' XK , ¢pFoee + c.c. (37)

where

K, = as(0Z)* ¥ r—q_;cloglaZ|. (38)

A function analytic in the lower half 7" plane gives vanish-
ing result when integrated against ¢Fo". So we can even
take K to be given by the rather peculiar ie prescription

Ky =agn(02)2 i 108(0Z) | rmrte- (39

Note that K ;. is not real in general, so we cannot take K, =
K_ = K. Rather one must first decompose ¢ into its
positive and negative frequency components before using
these results. Also note that the smearing function is not
restricted to spacelike separation. It is, however, AdS
covariant.
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Note that this smearing function grows at large spacelike
separation. However a boundary field which is globally
well-defined must fall off at large spacelike separation,
gboincare — =4 a5 X — o0, So the convolution [K ¢, is
well-defined.

B. Odd AdS

We now construct a Poincaré smearing function in odd-
dimensional AdS, following the same procedure as in the
last section: we start with the global result (33) and use the
antipodal map to transform it into a Poincaré patch.

Applying the same logic as in the last section, we have

imrA 4 global

e b
global . .
0+ in region II

e~ iTA ¢gli>bal

in image of region I
+c.c.

in image of region III

[

It is not clear to us whether these peculiar features are
fundamental to Poincaré smearing in odd dimensions, or
can be overcome in some manner. However we would like
to point out one exceptional case: if A is an integer then K |
can be taken to be real and we have

¢(P) = dedd_IXadA(UZ)A_d10g|0-2|¢goincare. (40)

In appendix C we reproduce this result for d = 2, starting
from a Poincaré mode sum.

IV. RINDLER SMEARING IN ADS;

We will work in AdS; in Rindler coordinates, with
metric
2_ 2 2

r-—r
ds? = — e ~dP + 5——-dr* + rPd¢.
r-—ri

Here —oo <t, ¢ <oo and r. <r<oo. R is the AdS
radius and r is the radial position of the Rindler horizon.
With the ansatz ¢(t, r, p) = e e f . (r) a normaliz-
able solution to the scalar wave equation is [20—22]

B r2 — r2 —i®/2
fwk(r):r A< 7'2 +>

A—ied—ik A—id+ik 2
><F< )

’ )Axi
2 2 r?

Here we define & = wR?/r, and k = kR/r.. Perhaps
despite appearances, the mode functions f,; are real and
satisfy

fw,k = fw,—k = f—w,k = f—w,—k~
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Note that —o0 < w, k < o s0, unlike global and Poincaré,
the Rindler modes involve a complete set of functions on
the boundary [23]. This means we will have no freedom in
choosing the Rindler smearing function. We therefore ex-
pect to find boundary operators which are as well-localized
as possible.

The field has an expansion in Rindler modes

o 8) = [ do [ diage et i)
The Rindler boundary field is given by
bo(t, §) = hmr ot 1, @)

] da)[ dka, e ekd

G = gz [[drde e, ).

SO W€ can express

We can therefore represent the bulk field in terms of the
boundary field as

1 ] /
d)(l, 7, ¢) = 4—77_2 [dwdk<fdl/d¢’e”w(f*f)
X eik((b*qﬁ/)qgo(t/’ ¢/)>fwk(’”)- 1)

If we were justified in changing the order of integration and
doing the integrals over w and k first, we would have an
expression for the Rindler smearing function which is just
the Fourier transform of the mode functions.

K(, ¢'lt, r, d))— [dwdke io(t=1) gik(¢— "”f ()

(42)

However the mode functions f,,; diverge at large k, which
means we cannot simply change the order of integration;
we need to proceed in a more careful way. We will find that
a smearing function can be constructed by analytically
continuing to imaginary values of the ¢ coordinate.

A. Massless field in Rindler coordinates

In this subsection we specialize to a massless field (A =
2), and derive the smearing function in Rindler coordinates
directly from (41) by a process of analytic continuation. It
will be convenient to define the rescaled variables 7 =
rit/R:, ¢ =r,¢/R and & = wR*/r, k= kR/r,. We
will also use light-front coordinates

A+
- =

(® * k), =17+ .

=

Let us start by rewriting (41) in the form

PHYSICAL REVIEW D 74, 066009 (2006)

1
¢@n¢y=zp/ﬁwﬂ

1
X
cosh(r@ ™ /2) cosh(rd~/2)

fa)k(r)

X (cosh(wdfr /2)cosh(md~™/2)
X fdl/d¢'€7iw(t7’/)eik<¢7¢1)(j)o(t/, ¢/)> (43)

The point of breaking things up in this way is that it will
lead to a well-defined kernel, since f,,; < e™/? as k — 0.
We will denote this modified kernel by K below.

The hypergeometric function has an integral representa-
tion ([16], p. 78))

T'(c) NG
nmnc—mrww@—byﬂds
X fol dts® (1 — s)cma b1

X (1 =) b1 — stz)~c.

F(a,b,c z) =

Specializing to a massless field (A = 2) this becomes

Fl—idt 1 —ied~,2,r2/r)
__sinhw®™" sinh7a

o1 si D~ (1 1 s \—io*
— — ds | dt
T TO 0 0 1—=

X (—1 t_ t>ﬂw (1 —stry/r?)?

Using this to represent the mode functions in (43), the bulk
field can be expressed as a convolution

G 5 n——/@w “RGY — 37,
— 9., 57) (44)

where

- 1 1 do™ do
= ds | dr(1 — str’ /r?)~? @" do”
0 0 27 21

sinh(r@™/2) sinh(ﬂ'(ff /2)
76" 2 o /2

><<fc*—y +210g(1—r+/r2)—10g sﬂ

exp[—idfr

Xexp[—id) (A —y + = 10g(1—r+/r2)
log1 _ )} (45)

and where
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o Al dot do~ R _
do(3*, 9 )Zf = ?cosh(ww+/2)cosh(77w /2)
X eficb’(yw ,y/+)¢0()’;/+’5}/7)>. (46)

The modified boundary field ¢, can be defined by analytic
continuation, as we have

i

~ J iT 0
/\+, 8—) — h h— A+’ A—
.37 = o 17 LYo D Yo,

This assumes the boundary field is analytic in the strip
—/2 <Imyp*, Imy~ < 7r/2, which is true for boundary
fields constructed from finite superpositions of the global
boundary mode functions (5).

To compute the modified kernel K it is convenient to first
act with 9, 0_ tokill the 1 /&1 &~ factor, and to define the
sinh(r@* /2) sinh(7w®~ /2) factor by analytic continu-
ation. The &% and @ integrals then produce
6-functions which can be used to do the integrals over s
and . Finally, upon integrating with respect to £* and £~
we find

r? (1 =12 /r?)sinh?7 + cosh?

] g(1 — 12 /r?)cosh?? + sinh? b

Now let us go back to our expression for the bulk field
(44). We will break it up into two pieces, ¢ = fl?(f)o =
A + B. The first piece A includes the terms in which the
arguments of ¢, are shifted by 7 — 7 = i7/2. That is

S f d'dd'log
(1= 72 /)sinh(i = 7) + cosh($ — &)
(1 = 2./r)cosh(7 — 7)) + sinh2($ — &)
X (po(? + im/2 — ie, )
+ (P — im/2 + i€, $))
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[

FIG. 2. Branch cuts in the # plane are located at Im?’ = *77/2.

The logarithm has branch cuts indicated in Fig. 2. By
shifting the 7 contour of integration up or down by i7/2
one can make the arguments of ¢, real. The imaginary
parts of the logarithm just above and below the cuts cancel,
while the real parts of the logarithm add to give

A= %& j:, d ﬁ; dé' log

—(1 = r2/r*)cosh?(f — 7) + cosh?(¢ — ¢')
—(1 = 12 /r®)sinh?(7 — ') + sinh*($ — &)

X (7, ') @7

Now consider the contribution B coming from terms
where ¢ — ¢ * im/2, namely

B= ﬁ ] di'dé’

(1 — 12 /r?)sinh?(7 — 7') + cosh?(¢ — &)
(1 — r2/r)cosh?(f — ') + sinh®(¢ — ¢)
X (¢, ¢’ + im/2 — ie)
+ o7, d' — im/2 + i€))

The branch cuts of the logarithm are shown in Fig. 3. One
can push the ¢’ contour of integration up or down by i7/2,

X lo

however if cosh(f — ) < 1/4/1 — r% /r? the contour will
get wrapped around the vertical part of the cut. In fact, after

shifting <Z>’ , the contribution from horizontal part of the J)'
contour is

1 0 oo n
Bhorizonta] :Tf dt,[ dd)/log
T°ry ) —oo —o00
o ‘ —(1— 72 /r?)sinh?(7— ') + sinh?(p — ')
—(1—=7r% /r*)cosh?(i— ') + cosh’(¢p — ¢)
X o(@, §). (48)

But this exactly cancels the contribution (47) from shifting
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[0 ¢’

FIG. 3. For cosh(f — #) > 1/4/1 — r%./r? the branch cuts in
the @' plane are at Im¢p’ = */2 (left panel). When cosh(? —

i) =1/4/1 — ¥%/r* four of the branch points touch, and for

cosh(f — ') < 1/4/1 — 12 /r? the branch cuts are cross-shaped
(right panel).

i'1 So the bulk field arises just from the vertical part of the
contour, that is from the discontinuity of the logarithm
across the cut. Setting 7/ = 7 + x, ¢’ = ¢ + iy this leads
to

PN 1 X - N N
oG 1, ) =T[° dx f " dy2mdoli+ x, ¢
2 ry J—xo —7/2
+ iy +im/2)

/2 ~
+ f / d2meo(f+ x, o + iy — i7T/2):|

Yo

coshxy = 1/4/1 — 13 /r? and siny, =

+/1 — % /r? coshx. Finally one can shift y — y = 77/2 to

obtain

where

a A 1 N A
b1, d) = — L dxdydo(i+x ¢ +1iy)  (49)

Ty

where the region R is defined by
coshx < 1/4/1 — r2/r? cosy >+/1 — r% /r* coshx.

(50

It is worth emphasizing that we have been forced to

work on the complexified boundary. Had there been a well-

defined Rindler smearing function, with support on the

Rindler boundary at real values of the boundary coordi-

nates, it would have been given by (42). Since that integral
is divergent, no such smearing function can exist.

B. Wick rotating to de Sitter space

In this subsection we derive the Rindler smearing func-
tion for general conformal dimension. Having seen that we
need to analytically continue the ¢ coordinate we begin by
Wick rotating ¢ to ¢ = i¢. This gives a de Sitter geome-
try,

PHYSICAL REVIEW D 74, 066009 (2006)

2 _ 2 2

rr—ri
ds* = ————di + 5——
R r-—ri

drt — rrd¢>.

Note that —r plays the role of the time coordinate. To avoid
a conical singularity at r = 0 we must periodically identify
¢ ~ ¢ + 27R/r, . The de Sitter invariant distance func-
tion is

2
5

R
2 2 /
[ s i ro(t—1)

We consider a scalar field of mass m in de Sitter space. For
now we take m*R* > 1, however later we will analytically
continue m> — —m?. The analytically continued mass can
be identified with the mass of a field in AdS (note that the
Wick rotation flips the signature of the metric).

The field at some bulk point can be written in terms of
the retarded Greens function. De Sitter space has numerous
inequivalent vacuum states, known as the alpha-vacua,
which give rise to de Sitter invariant correlators. The
retarded Greens function is independent of this choice of
vacuum state. It coincides with the imaginary part of the
commutator inside the past light-cone of the future point
and vanishes outside this region. The field at some bulk
point is therefore

b (Cos<r+(s5 - &’))

I( 02 _ 2
b(r, §.1) = f d&'dﬂ%

X G, &', 17, &, 00, (. 1) (51)

where the region of integration is over a spacelike surface
of fixed r’ inside the past light-cone of the bulk point. In the
r — oo limit this becomes the region R introduced in (50),
namely

2 /
r ro(t —t
1—"*c ¥<

5 osh 1,
p

R? (52)

h— ' / 2 r—1
R r R

As r’ — oo (with other coordinates held fixed) the retarded
Greens function takes the form [24]
Gro ~ i(c(— 0 — ie)™ 1 FVm R~

+ M (—o — ie) 1TIVmMRT ¢ o)

where we take branch cuts along the positive real o axis
and where

I'QiVm?R* — DI(1 — iv'm?R?> — 1)
c= = .
227N REIRE( + iVm?R? - 1)

The boundary field is defined as usual
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bo($, 1) = limri$(r, b, 1). (53)

Choosing normalizable modes from the AdS viewpoint
corresponds to taking only positive frequencies in the —r
direction, which have a r~1=Vm*F*~1 ,_dependence.
Evaluating (51) as r' — oo we obtain the Rindler smear-

ing function [25]

(A—1)2472 . [o\A2
¢(r, ¢, t)—Tﬁdxdyhm<—,>

+ rl—oo\ I
2
X ¢>0<¢ + i&,wE)
A —1)2872
= ()Af dxdy(L<cosy
mry R ry
2 A—2 R RZ
-1 —%ooshx» ¢0(¢ + il,t+J>
r n Ty

(54)

In these expressions A = 1 + iv/m?R> — 1. However by
analytically continuing m> — —m? we can take A to co-
incide with the conformal dimension in AdS. Since o > 1
in the domain of integration this analytic continuation is
straightforward.

As a check on this result, note that for A =2 we
reproduce (49). As a further check we can examine the
limit » — oo where we should recover (53). In this limit the
region of integration becomes very small so we can Taylor
expand the smearing function, finding

(A —1)282

d)(r’ ¢’ t) -~ A ¢0(¢’ t)
mrY

A-2 , .2 _

r r 1 1 A-2
X | dxdy—— (55 — 542 — 5)?
R * yrﬁ’Z <2r2 2x 2y

~ bl (55)

as expected.

In this section we have used the fact that ¢ is analytic
on a strip in the complex ¢ plane centered on the real axis,
which will be true for fields built out of any superposition
of a finite number of global modes. The final result (54) is
manifestly AdS covariant. We have checked that it is
correct by setting ¢, equal to a plane wave e~ “’¢’*¢ and
numerically evaluating the integrals over x and y, finding
values that agree with the corresponding bulk field

e _iwteik¢fwk(r)-

V. PHYSICAL CONSEQUENCES
A. Bulk locality and UV/IR

We have seen that one can define operators in the
boundary theory that in the large N limit describe a free
local bulk field. This is not surprising, since this is the limit
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Iplanck — O where classical supergravity is valid. The con-
struction of these operators in terms of a mode sum makes
it clear that by construction the two-point function of these
CFT operators will reproduce the bulk two-point function.
The two-point function is singular when bulk points are
coincident or are lightlike separated. Since the smearing
functions are finite and have compact support, it is easy to
see that this singularity can only arise from UV singular-
ities in the boundary theory [26]. This means that regions
inside the bulk are not related to a boundary theory with a
conventional UV cutoff, so there is no UV/IR relationship
in the sense of relating bulk IR and boundary UV cutoffs.

What about scale-radius duality? In global and Poincaré
coordinates this duality is not manifest. As can be seen in
Fig. 1 there may be a minimum smearing in the time
direction which is related to radial position in the bulk,
however the CFT operators are always completely smeared
over the spatial directions of the boundary. In Rindler
coordinates, on the other hand, we were able to reduce
the smearing integral to a compact region of the complexi-
fied geometry, whose size shrinks to zero as the bulk point
approaches the boundary. This makes scale-radius duality
manifest. For example, a bulk point at radius r gets
smeared over a range of time &t on the boundary given by

ry ot
2R?
This is just the elapsed time between the point on the
boundary which is lightlike to the future of the bulk point
at the same value of ¢, and the point on the boundary
which is lightlike to the past at the same ¢. The smearing is
also over some finite region in imaginary ¢, as per (52).

cosh 1/4/1 — 2/ (56)

B. Finite N and the holographic bound

We begin with a few remarks on the boundary commu-
tator in the complexified geometry of Sec. IVB. The
boundary Wightman two-point function is

(Do(t, d)do(P', 1)) ~ (coshm(w} - cosh(r;ft - ie>>_A.

R
7

In the large N limit, with free bulk fields, the commutator is
a c-number which vanishes whenever the ie term can be
neglected. We are interested in real ¢ and complex ¢. So at
large N the commutator is nonzero in only two situations:

(1) 0¢ real and Ot > RO ¢ (the usual case of timelike

separation),

(2) &¢ purely imaginary and &t arbitrary,
while for generic complex ¢ the commutator vanishes.
What happens at finite N? Since the vacuum two-point
function is determined by conformal invariance, (57) is
true even at finite N. However the commutator is an
operator rather than a c-number, so we cannot conclude
that the commutator (rather than its vacuum expectation
value) vanishes. Still, it seems reasonable to assume that up
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to 1/N corrections to the size of the regions, the commu-
tator will be nonzero only if condition 1 or 2 is satisfied.

At infinite N the smeared operators we have constructed
commute when the bulk points are spacelike separated.
This works, even when the smeared operators overlap on
the boundary, because the commutator of the boundary
operators is a c-number rather than an operator. At finite
N this picture must change in an interesting way if a
holographic  description is to be maintained.
Commutators of boundary operators become operators
rather than c-numbers, which destroys the delicate balance
that enabled two operators smeared over regions timelike
to each other to commute. While the generalization of bulk
field operators to finite N is very difficult [6], we never-
theless get tight constraints from the N — oo limit.

We argue that the only generic way for two smeared
operators to commute at finite N is by smearing over
disjoint “‘spacelike” (commuting) regions on the bound-
ary. This motivates representing local bulk operators using
a form of the smearing function with minimal spread on the
boundary, in the hope that such boundary operators provide
the “most local” definition of bulk operators at finite N.
We proceeded to this goal in a series of steps, first reducing
from smearing operators over the entire boundary, to only
smearing over points spacelike separated from the bulk
point, and finally to smearing over a compact region of the
complexified geometry [27]. This prepares us to count the
number of independent commuting bulk operators inside a
given volume.

Consider two local bulk operators at the same values of r
and ¢ but different ¢». Up to 1/N corrections to the actual
size of the region, these will correspond to boundary
operators smeared in the ¢ and imaginary ¢ directions
according to (52). It therefore is reasonable to assume
that even at finite N these operators will commute if the
¢ separation is sufficiently large that the boundary com-
mutator always vanishes. This requires

coshr+ o¢
2R

>1/4/1— 12/ (58)

Let us work at large r. Then we expect bulk operators
separated by 6¢ = 2R/r to commute at finite N. Consider
the set of such operators at fixed r and ¢. Operators at
smaller values of r and the same ¢ will be smeared over a
larger time interval on the boundary, so will not trivially
commute with this set. Then the number of trivially com-
muting operators that can be localized to a radius = r, per
radian along the boundary, per independent CFT degree of
freedom is r/2R. Heuristically the number of CFT degrees
of freedom is given by the central charge, so the maximum
number of commuting operators per radian is of order

cr/2R. (59)

This result is consistent with expectations from hologra-
phy, and gives a nice picture of how the number of com-
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muting degrees of freedom is drastically reduced. This also
makes it clear where canonical quantization of gravity
fails: the degrees of freedom on a Cauchy hypersurface
do not commute. Note that if ¢ is periodically identified to
give a BTZ black hole, ¢ ~ ¢ + 27, then this counting
breaks down when 2R/r = 27 and the operator is smeared
over the entire boundary. Such a breakdown is expected,
since a Hawking-Page transition occurs for a black hole of
radius r ~ R [28].
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APPENDIX A: EVEN ADS: GLOBAL GREENS
FUNCTION

In this section we show how to reproduce our global
smearing function in even-dimensional AdS starting from a
spacelike Greens function. To construct such a Greens
function we first find the general (singular) AdS-invariant
solution to the homogeneous wave equation in Euclidean
space. The solution involves two arbitrary constants. We
fix one constant by requiring that the solution is in fact a
Greens function with a properly-normalized delta-function
source at the origin. We fix the other constant by requiring
that, upon analytically continuing to Lorentzian AdS, the
Greens function is nonzero only at spacelike separation.

The AdS-invariant distance (3) is defined for Lorentzian
AdS. However by Wick rotating 7 = —itg one can also
use o as an invariant distance function on Euclidean AdS;
continuing back to Lorentzian signature corresponds to the
prescription o — o + ie. For AdS-invariant fields [29] the
wave equation ((J — m?)¢ = 0 reduces to

(0> —1)¢"+(d+ 1)o¢d' — A(A—d)¢ = 0.
The general solution is

$(0) = ci(a? = 1)"#2P}(0) + cy(0? — 1) #20% ()

(A2)

where P, Q% are associated Legendre functions with u =

D22 y=A -2 In even AdS note that u is a non-

negative integer, in which case as o — 1 the Legendre
functions have the asymptotic behavior [16]

27H (v + u + 1)(o — 1)#/?
pl(y—pn+1)
Oh (o) ~ 2#27 10 (w)e' ™ (o — 1) /2,

(AD)

Py (o) ~ (A3)

A Euclidean Greens function should have the short-
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distance behavior

1
(D — 2)vol(S4)rP~2

Gg(r) ~— as r—0 (A4)
where r is a Euclidean radial coordinate and vol(S%) =
2722 /T(D/2). At short distances o =~ 1 + r2/2R2. So
¢ (o) will be a Euclidean Greens function with a properly
normalized (unit-strength) delta-function source at the ori-

gin provided
(-1t
2#~1(D — 2)vol(S9)(u)RP2"
(AS5)

¢, = arbitrary, cH =

Wick rotating back to Lorentzian AdS we set Gy(o) =
i¢(o + i€) so that

1
O — m?)Gy = ——8°(x).
( )Gy N (x)
G, has the same short-distance behavior as the standard
Feynman Greens function, although we have not yet fixed
its large-distance behavior (which depends on cy).
We choose ¢; to make the Greens function vanish at
timelike separation. With a ¢ — o + i€ prescription the

analytic continuation into the so-called “cut” region —1 <
o<lis[16]

(A6)

Gy(0) = ic)(=D)*(1 — o) #2P}(0) + icy(—1)*

(1 — 02)*M/2<Qg(a) - %’M‘(@) (A7)

where P,  are variants of the associated Legendre func-
tions (denoted with upright P’s and Q’s in [16]) which are
real for —1 < o < 1. Since (A6) is a real equation we only
need to keep the real part of Gy,. On the interval —1 <
o <1 this is given by

ReGM(U)=<Re(zcl)-l— )( DAL — 02) 2P (o),
(AB)

Note that ReG,,; vanishes for —1 < ¢ <1 provided ¢; =
imc,/2. With this choice we can construct a new Greens
function G which is nonzero only at spacelike separation
[30]:

Glxlx!) = ReGM(xIx) at spacelike separation
otherwise

7T"z( 2 — 1)~#/2pE (o) O(spacelike). (A9)

We can plug this into Green’s identity

d(x) = dedQ\/%

RD 2
$D— 2 (¢a G-Go ¢)|p—>77/2

(A10)

to obtain the corresponding smearing function. Noting the
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asymptotic behavior

2T+ 1/2)0” o
Py(o) NCACETES) as o (Al1)
we have
d(x') = /deQ\/(%K(xlx’)qbo(x) (A12)

where the smearing function is
(=1)P=2/22A-DPT(A — 4 + 1)
lim (o(x|x’
7Td/2F(A —d+ 1) p—>77'/2(0-( | )
X cosp)®~4@(spacelike).

K(x|x') =

(A13)

This agrees with the result (20) obtained from a global
mode sum in even AdS.

APPENDIX B: ADS COVARIANCE IN ODD
DIMENSIONS

To show that the smearing function is AdS covariant in
odd dimensions we must show that

f drdQ lim (o-cospo)A g™ =0  (BI)

po—7/2

where J is the Jacobian on the boundary induced by an AdS
transformation of the bulk. Consider an AdS isometry
which takes a point in the bulk to p = 0. To compute the
corresponding Jacobian introduce the embedding coordi-
nates

1
Yy = Rsecp cost = ﬁ(R2 +rr+2*-T% (B2
) T
Y, = Rsecpsint = RE (B3)
1

XO == RtaanO == ﬁ(Rz - r2 - Z2 + Tz) (B4)

N N ¢
X = Rtanpw = R2 (BS)

where wy, w are coordinates on a (D — 2)-sphere. AdS
transformations are given by rotations and boosts in these
coordinates. The center of AdS, at p = 0, is given in the
embedding coordinates by X, = X = 0. Givenan arbitrary
point in the bulk we can set X = Y, = 0 by performing
angular rotations and 7 translations in global coordinates,
for which the Jacobian is unity. We then boost in the X, —
Y, plane, resulting in a change of coordinates

X, = — sinhaY, + coshaX,
Y}, = coshaY, — sinhaX,.

Since we want X(’) = 0, this determines the parameter
tanha = X,,/Y,,. Now, turning our attention to the bound-
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ary, the Jacobian of the transformation is

Y§ + Y

J= lim cospy/cosph = J? =
2 pO/ Po Y(% T le

po—,

_ (cosha¥, — sinhaX,)* + 17
Y2+ 1?3 '

(B6)

The strategy is to show that the integrand of (B1) is
analytic in the lower half complex plane, making the
contour integral vanish. We find it convenient to perform
the calculation in a variation on light front Poincaré coor-
dinates, given by X* = T * r with r = |X|. However we
have to be careful regarding the domain of integration of
X=, since the spatial distance r = 0. If we restrict the
domain of the angular coordinates on the boundary to
cover only half the d — 2 sphere, and instead allow —o0 <
r < oo, then X~ has the full range of integration. One note,
however. The integration measure in these new coordinates
is proportional to |7|¢~2. In odd dimensional AdS, where d
is even, the measure factor is analytic. This would not be
true in even dimensional AdS.

As in section III B we project all boundary points into
one Poincaré patch. Referring to (B2)—(B5) we want to
evaluate the integral

cospy,

COSpP

I= /ddx(O'ZO)A_d|T—»T—ieln(

Poincare
>¢0 ¢ +c.c

1
=5 f dx(0Zg)* U rmr—ilIn[(R? + 12 — T?)? + 4R?T?]

—In[(cosha(R? + r* — T?) — sinha(R? — r* + T?))?
+ 4R?T* [} phoincare + c.c.

1

-3 [ A0 Z0)> g {In(R? + (X+)?)
+1n(R?+ (X7)?) —In(e®R* + e~ (X 1)?)
— In(e B2 + e~ (X))} pRoinee 4 c.c,

We now show that the integrand is analytic in the lower
half plane of one of the light front coordinates. With our
T — T — i€ prescription the branch points of (oZy)* ¢
are in the upper half complex plane of both X*. Each log
term is independent of either X* or X, and so is trivially
analytic in that coordinate. Finally the boundary field con-
tains terms like e {@ X T X")
|k| cosf, 0 being the angle between X and the momentum
k. Note that w* = 0, due to the fact that w = |k|, so the
boundary field is analytic in the lower half complex plane
of both X=. This shows that the contour integral over one
of the light front coordinates is zero, so / vanishes and the
smearing function is AdS covariant.

The same procedure can be used when converting the
smearing function from global coordinates to Poincaré,
showing that

where w® = w *+
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Z )
fddx(O.ZO)Afd ln< 0 )d)gomcare =0

cospy

APPENDIX C: ODD ADS: POINCARE MODE SUM

In Poincaré coordinates it is possible to construct a
smearing function by directly evaluating the Poincaré
mode sum. Bena did this in AdSs [10]; here we will do
the analogous calculation in AdS;.

In Poincaré coordinates the mode expansion of a real
scalar field is

(T, X, Z) = f dwdka e T e*™ 7], (Nw? — k*Z)
w>|k|
+ c.c. (Ch

where J, is a Bessel function of order » = A — 1. The
Poincaré boundary field is

o

(T, X) = lim ?¢(T, X, Z)
_ 1
2471T(A) o1

X (a)2 _ kz)(A_l)/ze_i“’TeikX.

dwdka,,

Thus we can express the bulk field in terms of the boundary
field,

(T, X, Z) = de’dX’K(T’, X'|T, X, Z)po(T", X") (C2)

where the smearing function is

2831(A)Z

KT, X'|T, X, Z) = 3 f dwdke™T=T)
w w>|k|

1
(wz _ kZ)(A—l)/z

X J,NWo* —kZ) +cc

To keep the integral convergent we should give 7' a
positive imaginary part.

It is straightforward to evaluate the positive-frequency
part of the smearing function. It suffices to set 7 = X =
X' = 0 and consider

X ek(X=X')

2473I(A)z T’
K. (T',0]0,0,2) = # f dwdke'T
T w>|k|
% 1
((U2 _ k2)(A—l)/2
X J,(Jo? — K2) (C3)
Setting
w+=1(w+k)=re§ w*=1(w—k)=re*§
2 2
(C4)
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we have

_ 28-110(A)Z

77.2

00 00 - 1
X f rdrj déeT coshé 1 (2r7)
0 —o0 (2r)V

2821(A)Z [oo 1
=— f dr
T 0

K,

Ky(=irT')J ,(rZ)

rl/*l
z* 2 fi2
I !
The Lorentz-invariant generalization is
1
K. (T',X'0,0,2) = ——
+( | ) 277_2
zA z?
X T12 _ X/2 F(l’ 1;A;TIZ _ X12>
(C5)

where again the singularities are to be handled with a 7' —
T’ + ie prescription. Since K, is constructed from
positive-frequency modes its complex conjugate K_ only
involves negative frequency modes. Then [K_ ¢y, van-
ishes, and we can take the full smearing function to be
givenby K=K, + K_.

Note that the smearing function we have constructed has
support on the entire boundary of the Poincaré patch. Also
it can be applied directly to the boundary field ¢; unlike
the smearing function constructed in Sec. III B one does
not have to decompose ¢, into its positive and negative
frequency components. It does have one drawback, how-
ever: the smearing function we have constructed is not
AdS-covariant.

One might ask how the Poincaré mode sum is related to
the covariant results obtained in section IIIB. This is
easiest to understand when A is an integer, in which case
one has

1\A—2
EF(L 1A, &) = —(A — 1)(1 - E) log(1 — &)

+ (polynomial of degree A — 3 in 1/¢)
(Co)
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Applying this to (C5) gives

K+=

A—1/-TP+X?+27\a2 T?—-X?-22
277.2 < 7 ) log T/2 _ X/2

2 _ yi2
l) )

+ (polynomial in 72

We can drop the polynomial, since it vanishes when inte-
grated against ¢ (close the contour in the lower half 7’
plane). Also we can write

K+=

A—1/~T2+X2+22\02 T2 — X7 -2

27 ( Z ) log———7

(T + X)(T' - X)
2Z

+ (polynomial) - log (C8)

The second line vanishes when integrated against ¢, . To
see this recall that the Poincaré mode expansion (C1) only
involves modes with @ > |k|, and close the integration
contour in the lower half of the 77 + X’ or T’ — X' plane
as appropriate. Then we are left with

o A1 TPEXP 4\ TR X2 -7
Ry ( Z ) S
(C9)
A —1)2472
= % lim (0Z')* 2 log(cZ'). (C10)
27 Z/—0

We can replace K, — K, + c.c., since the complex con-
jugate drops out when integrated against ¢, . This leaves

A—1)2472
K=K,=K_= % limo(o'Z’)A’z log|laZ/|
o Z'—

(C11)

in agreement with (40) for d = 2.
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