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The influence of vector backgrounds with restored Lorentz invariance on non-Abelian gauge field
theories is studied. Lorentz invariance is ensured by taking the average over a Lorentz invariant ensemble
of background vectors, which are shifting the gauge field. Thereby the propagation of fermions is
suppressed over long distances. Contrary to the fermionic sector, pure gauge configurations of the
background suppress the long-distance propagation of the bosons only partially, that is not in all channels
beyond the leading contribution for a large number of colors.
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I. INTRODUCTION

We are studying the influence of an ensemble of constant
pure gauge vector backgrounds on non-Abelian gauge field
theories. As before in [1,2] they are to represent a non-
trivial vacuum structure. While every single vector in the
ensemble breaks Lorentz invariance, the ensemble as a
whole is to be Lorentz invariant. That means, although
almost every single member of the set changes under a
Lorentz transformation, the set is still to be mapped onto
itself. The same must also hold with respect to gauge
transformations as will be discussed below.

Technically, the modification is implemented by shifting
the gauge field of the original field theory by a background
vector and defining correlators as an average over a
Lorentz and gauge-invariant ensemble of backgrounds. In
[1] that approach has been pursued for an Abelian theory
and is extended to non-Abelian gauge groups in this article.
Previously, in [2] the correspondence to a theory featuring
a boson propagator with a modified zero mode has been
investigated. There, as well, the motive is to take into
account the effects of a nonempty vacuum in the construc-
tion of a field theory [2]. These investigations are moti-
vated by the fact that the degrees of freedom of the action
of quantum chromodynamics (QCD) do not appear as
physical degrees of freedom [3] as opposed to those of
quantum electrodynamics (QED). In [1], in the Abelian
case, the propagation of fermions over long distances is
damped in the presence of the ensemble of backgrounds.
The same finding has been made with a modified gauge
boson propagator in [2] for quarks as well as gluons.
Below, we shall extend the study of the influence of an
ensemble of pure gauge backgrounds beyond the Abelian
case. This choice is made in order to be able to analyze the
effect of the latter ensemble in comparison to the ones
mixing pure gauge and non pure gauge contributions [2].
Furthermore, here, we only want to address backgrounds
which do not couple to gravity through their energy
density.

A comparable area of research is formed by mass-
dimension two gluon condensates or their BRST invariant
generalization. Of late, various aspects of these conden-

sates have attracted attention (see, for example [4,5]).
Some qualitative similarities are also recognized in the
present context: in [4] it is shown that taking into account
such a condensate also leads to a suppression of the propa-
gation of partons at long distances.

In a somewhat different context vector backgrounds
appear—among many other terms—in theories breaking
Lorentz invariance explicitly [6–8]. These so-called stan-
dard model extensions (SME) are motivated from string [7]
and noncommutative field theory [8], where Lorentz in-
variance can be broken spontaneously. In the case of the
SME, the Lorentz invariance is not restored and one aims at
constraining the parameters of these standard model ex-
tensions by comparison to data. Commonly, the parameters
are considered as being perturbatively small and constant.
The effective description of the spontaneous breaking of
Lorentz symmetry by a model with explicit symmetry
breaking, the SME, can be regarded as an extreme, in
which the system remains in one background configuration
during the considered physical processes; in fact during the
whole data taking campaign. If one loosens this constraint
the background becomes space-time dependent. If the
space-time dependence should become faster than the
resolution of the experiment, the Lorentz symmetry would
be restored in the sense studied here. When the experiment
becomes more and more rapid the ensemble will become
skewed. Such situations interpolate between the two ex-
tremes. In all cases different from the one with a frozen
background, the limits on the parameters become qualita-
tively different. In particular, the limits must be determined
for the distributions describing the ensembles because the
original SME parameters then are silent variables. Here,
the postulate of Lorentz invariance of the theory is not to be
dropped in order to be able to accomodate this aspect and
the investigation along the lines of [1,2] at the same time.
For the same reason also the parameters of the standard
model extension other than the vector are not addressed at
present. Thus, in the context of the SME, the approach
which we pursue here can be viewed as a practical way of
including a space-time dependence of the backgrounds. An
unlimited space-time dependence and Lorentz-skewed en-
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sembles represent objects of interest for further research,
which, however, are beyond the scope of the present
investigation.

Section II describes how the background is incorporated
into the treatment of the theory. Section III discusses the
Lorentz invariant weight functions characterising the en-
sembles of background vectors for non-Abelian gauge
groups and the preservation of gauge invariance.
Section IV investigates the influence of the backgrounds
on the propagation of quarks and gluons. Section V sum-
marizes the results.

II. INCLUDING THE BACKGROUND

The Lagrangian density of a non-Abelian SU�Nc� gauge
field theory is given by

 L :� LF �LG (1)

with the fermionic part

 L F :� � �i@6 � A6 �m� (2)

and the gauge field part

 L G :� �
1

4g2 F
a���A�Fa���A�; (3)

where the field tensor reads

 Fa���A� :� @�A
a
� � @�A

a
� � f

abcAb�A
c
�: (4)

 stands for the fermionic spinor field (in QCD the quark
field) and A � AaTa represents the gauge field (in QCD the
gluon field). Ta with a 2 f1; . . . ;Nc

2 � 1g are generators
in the fundamental representation of the SU�Nc� Lie alge-
bra. g represents the coupling constant. The Lagrangian (1)
is invariant under the simultaneous gauge transformation,
U, of the fields according to

  !  U :� U (5)

and

 A! AU :� UAUy � i�@U�Uy; (6)

that is

 L � U; � U; AU� � L� ; � ; A� � L: (7)

The partition function,

 P :�
Z
�d ��d � ��dA� exp

�
i
Z
x
L

�
; (8)

where
R
x :�

R
d4x, inherits the same invariance properties

from the Lagrangian density. The functional integration
runs over all configurations and, thereby, over infinitely
many which differ merely by a transformation of gauge.
Therefore, in order to obtain a meaningful object, we have
to factor out the infinite dimensional integral

R
�dU� over

the gauge group, where �dU� is the invariant group mea-
sure. To this end, we single out a gauge field configuration

AU by imposing the gauge-fixing condition

 f�AU��
!

0: (9)

Its incorporation into the partition function can be achieved
after defining the corresponding gauge-invariant Faddeev-
Popov determinant, �f�A�, by

 1�
! Z
�dU���f�AU���f�A�; (10)

where ��f�A�� is a functional � distribution. Introducing
the last expression into the partition function leads to

 P �
Z
�d ��d � ��dA��dU���f�AU���f�A� exp

�
i
Z
x
L

�
:

(11)

The only gauge dependent factor in the integral is the
argument of the gauge-fixing condition inside the � distri-
bution, whence we can also replace it by A. Thus the
integrand is completely independent of the gauge and the
integral over the gauge group factors out

 P � �P	
Z
�dU�; (12)

where

 

�P :�
Z
�d ��d � ��dA���f�A���f�A� exp

�
i
Z
x
L

�
(13)

is the partition function in the gauge f�A� � 0.
It is our aim to include a vector background � into the

theory by shifting the vector field

 A � A��: (14)

Thereafter, however, the gauge and Poincaré invariance of
the resulting theory are still to be ensured. The restoration
of these symmetries is achieved by performing an average
over an appropriate ensemble of backgrounds. This en-
semble is to be elaborated in what follows.

As mentioned in the introduction, the theory in the
ensemble of backgrounds can be seen as one with a modi-
fied vacuum structure. One can express this by means of an
ensemble average �h. . .iW�:

 h�h0jT 
n � nAn

0
j0i�iW �: h�jT n � nAn

0
j�i; (15)

where j�i represents the structured vacuum and j0i�
depends on a single background. The vacuum expectation
values of the modified theory h�jOj�i are the averaged
vacuum expectation values h�h0jOj0ij�iW each in a single
background. In this theory the restoration of the symme-
tries is accomplished on the level of the partition function.
If it was merely for the sake of restoring the symmetries,
one could also try to do this at other stages; on the level of
the observables or the action. Performing the average on
the level of the observables, for example hj�h0jOj0i�j2iW
would amount to a different theory. It would not corre-
spond to a theory with a dressed vacuum but to one in the
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bare vacuum and with random background fields. For the
standard model extensions the theory with the average
observables would correspond to a situation, in which
measurements are taken on time and length scales, which
are much shorter than those on which the backgrounds
change, but where the backgrounds do change between
measurements. Opposed to that, the setting, which is
studied here is, in the sense of the SME, the long-
wavelength limit of an extension with space-time depen-
dent vector backgrounds. Restoring the symmetries al-
ready on the level of the classical action and not the
correlators would again not describe a theory with a struc-
tured quantum vacuum. Therefore, it would not describe
the system that is to be studied here.

Carrying out the shift (14) leads to the Lagrangian in the
background

 L� :� L�
F �L�

G; (16)

where

 L �
F :� � �i@6 � A6 ��6 �m� (17)

and

 L G � �
1

4g2 F
a���A���Fa���A���: (18)

Because of the shift (14) the gauge transformation of the
gauge field (6), which, if carried out simultaneously with
the gauge transformation (5) of the spinor fields, leaves
invariant the Lagrangian L�, becomes

 A��! U�A���Uy � i�@U�Uy: (19)

At the end, the dynamical gluon field A is still to transform
according to the original prescription (6). Thus, a simulta-
neous transformation of the fields according to (5) and (6),
and

 �! �U :� U�Uy (20)

leaves the Lagrangian unchanged.
The gauge-fixing term ��f�A�� and the Faddeev-Popov

determinant �f�A� in the partition function can be expo-
nentiated in the standard way and included with the
Lagrangian density. In background Feynman gauge this
leads to the equivalent expression for the gauged partition
function �P� in the background �:

 

�P� :�
Z
�d ��d � ��dA��d���d�
� exp

�
i
Z
x
�L� �L�

FG�

�
(21)

with the ghost fields � and �
 and where the additional
addends in the Lagrangian density are given by

 L�
FG

:� L�
GF �L�

FP; (22)

where

 L�
GF

:� �1
2�D

ab
� ���A

b���Dac
� ���A

c�� (23)

and

 L �
FP

:� �Dab
� ����

b
��Dac��A����c�: (24)

Finally, as alluded to before, the correlators of the theory
are to be defined as average of correlators in a single
background over an ensemble of backgrounds. This en-
semble is characterized by a weight W, which is a function
of the background, W � W���. It must be gauge and
Lorentz invariant. The details for the weight function are
developed below.

By construction the additional terms (22) in the
Lagrangian are BRST invariant. For gauge and matter
fields the BRST transformation corresponds to a normal
gauge transformation, whence the BRST invariance of L�

follows from Eq. (19). For the same reason, the gauge-
invariant weight W is also BRST invariant. At this point a
difference of the present approach [1,2] with one where
mass-dimension two gluon condensates are treated (see
e.g. [4,5]) becomes apparent. Here the gauge and Lorentz
invariant weight function can be expressed as a function of
�2 � �a

��a� [although this is not the most general pos-
sibility (see below)]. There, a gluon field bilinear A2 char-
acterizes the distribution of fields. Because of the
inhomogeneous gauge transformation (6) of the gauge field
A this is no gauge-invariant quantity. It can be given a
BRST invariant meaning by adding a ghost field bilinear
[4,5], which, in Landau gauge drops out again. Still, in the
two approaches similar results are obtained as has already
been noted in [2] with respect to [4].

In order to facilitate a perturbative treatment of the
modified theory, let us introduce current terms into the
partition function �P� in a single background,

 Z� :�
Z
�dA��d ��d � ��d���d�
� exp

�
i
Z
x
�L� �L�

FG�

�

	 exp
�
i
Z
x
�J � A� � �� �� � �
�� �
��

�
;

(25)

with the currents J, �, ��, �, and �
. Here, we will address
Z� as ‘‘generating functional,’’ as opposed to the ‘‘parti-
tion function’’ without the currents (Z�jJ;�; ��;�;�
�0 � �P�).
Let us define the two-point functions of the fermions (G�),
gauge bosons (��

��), and ghosts (��) by their respective
equations of motion in the background

 �i@6 �x� ��6 �m�G��x� y� � ��4��x� y�; (26)

 �@�x� � i ��� � �@�x� � i �����
���x� y� � ��4��x� y�g��;

(27)

and

 �@�x� � i ��� � �@�x� � i ������x� y� � ��4��x� y�; (28)
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where ‘‘�’’ indicates that the field transforms under the
adjoint representation. Then we can reexpress the generat-
ing functional as

 Z� � Z�
intZ

�
A Z

�
� Z�

 ; (29)

where

 Z�
A � exp

�
i
2

Z
x;y
J��x���

���x� y�J��y�
�
; (30)

 Z�
� � exp

�
�i

Z
x;y
�
�x����x� y���y�

�
; (31)

and

 Z�
 � exp

�
�i

Z
x;y

���x�G��x� y���y�
�
: (32)

Z�
int contains all terms of third and fourth order in the

dynamic fields. In background Feynman gauge it is given
by

 Z�
int � exp

�
i
Z
x
L�

int

�
; (33)

with the interaction part of the Lagrangian density

 L �
int

:� �
1

2g2 f
abc�@�Aa� � @�Aa��Ab�Ac�

�
1

4g2 f
abefcdeAa�Ab�Ac�Ad�

�
1

g2 f
abefcde�a

�A
b
�A

c�Ad�

� fabc�Dad
� ����d
��bAc� � � Ta�� Aa� (34)

and where all fields have to be replaced by functional
derivatives with respect to the corresponding currents.

III. WEIGHT CLASSIFICATION

This section is concerned with the construction of the
ensemble of backgrounds and the corresponding weight
function,W. At the beginning let us remember some results
for the Abelian case [1] also needed for the non-Abelian
theory. The Lorentz invariant ensemble of backgrounds �
is characterized by a weight functionW0��� which appears
in the averaging prescription (

R
�

:�
R
d4�),

 hOiW0 �
Z

�
W0���O: (35)

It does not change under Lorentz transformations and is
normalized in such a way that

 

Z
�
W0��� � 1: (36)

Except for when � � 0, which leads to the unmodified
theory, all other Lorentz invariant quantities depending on
the vector � must be functions of �2. Thus every allowed

weight function W0 can be cast into the form:

 W0��� � c��4���� � w��2�; (37)

where w is a normalizable function of �2.
In Euclidean space �2 � 0 also means � � 0, whereby

that case could be encoded in wE��2�, where the subscript
E marks the Euclidean space. In the following the possible
contribution from � � 0, from the unmodified theory, is to
remain marked clearly and the delta term is kept explicitly.
Thereby the normalization condition (36) becomes

 �2
Z 1

0
vdvwE�v� � 1� c; (38)

with v :� �2. The Lorentz invariant weight functions can
be decomposed into elementary delta weights

 wE	��
2� :� �4�	��1���2 � 	�; (39)

according to

 wE��
2� �

Z
4�	d	wE	��

2�wE�	�: (40)

In Minkowski space the same basis can be used. If a
time-ordered formalism is to be pursued a different basis
may be useful. From the identity

 4�i���2 � 	� � S�	 ��� � S
�
	 ���; (41)

with the time-ordered (� ) and anti time-ordered (� )
scalar propagators

 S�	 ��� � ��
2 � 	� i
��1; (42)

it follows that the elementary weight function of choice is
then constructed from the scalar Feynman propagator S�	 .
For this purpose, in Eq. (40) wE	 is replaced by S�	 . Yet in
Minkowski space the hyperboloid pair defined by �2 �
const has infinite content. Thus the minimal normalizable
weight is given by a sum of three terms [1],

 wM��
2� �

X3

j�1

ajS
�
	j
���; (43)

satisfying

 

X3

j�1

aj � 0; (44)

 

X3

j�1

aj	j � 0; (45)

and the normalization condition

 

4�2

4

X3

j�1

aj	j ln	j � 1� c: (46)

The subscript M marks the Minkowski space. On top of
that, the case � � 0 cannot be described by a function
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wM � wM��
2� and must be added in form of a delta term

where required.

A. Non-Abelian

In this subsection the approach is generalized to pure
gauge configurations in non-Abelian gauge groups. In
the non-Abelian case the gauge field carries color.
Nevertheless, the different Lorentz components of a homo-
geneous pure gauge background commute. The back-
ground � transforms homogeneously [see Eq. (20)]
under gauge transformations U [2]. Therefore, we can
decompose the background (for the fundamental represen-
tation) according to

 

XNc2�1

a�1

Ta�a
� � �� �

XNc
a�1

�a�
a
�; (47)

where the �a are Nc projectors. The projector indices a 2
f1; . . . ;Ncg are distinguished by the underline from the
generator indices a 2 f1; . . . ;Nc

2 � 1g. Only such sum-
mations over projector indices are carried out, which are
marked explicitly. The projectors satisfy �a�b � �ab�a

and

 

XNc
a�1

��a�jk � �jk; (48)

where �jk is the Kronecker symbol. The projectors can be
expressed as unitary transformations of ��a�jk � �ja�ka.
A function of the background vector � can be decon-
structed in the basis of the projectors �a:

 f��� �
XNc
a�1

�af��a�: (49)

The gauge dependence resides entirely in the transforma-
tions U of the projectors �a,

 f������!�20�
f��U� �

XNc
a�1

U�aUyf��a�: (50)

The �a being gauge-invariant quantities, one can study
each addend separately. To this end, we use the weight
function

 W��� �
YNc
b�1

W0��b� (51)

and integrate over
R
f�g

:�
R
f�1g . . .

R
f�Nc g . This leads to

the average [see Eq. (35)]

 

hf��U�iW �
�36�XNc

a�1

U�aUy
Z

�a
W0��a�f��a�

� U

 XNc
b�1

�b

!
Uy

Z
�0
W0��0�f��0�

�
�48�Z

�0
W0��0�f��0�; (52)

where W0 is a weight constructed in the beginning of
Sec. III and �0 2 R4. This demonstrates also that the
dependence on the gauge transformation of the background
drops out. Alternatively, the average can be taken with
weights being functions of �

a
��a�, which is a gauge and

Lorentz invariant quantity. Examples for both types of
weights are studied below.

For the fundamental representation of a U�Nc� gauge
group all ingredients for the averaging procedure are pre-
sented above. In the case of an SU�Nc� gauge group an
additional constraint arises,

PNc
a�1 �a � 0, because the

generators all have vanishing trace. Its incorporation leads
to a coupling of the channels and thereby to a modification
of Eq. (52). The vanishing of the trace can be imposed
replacing the product of weights in the previous expression
according to

 

YNc
b�1

W0��b�� ��4�
 XNc
d�1

�d

!
1

Nc

XNc
c�1

Y
b�c

W0��b�; (53)

where a symmetrization in the numbering of the projectors
has been taken into account, as the assignment of the
eigenvalues to the projectors may not play a rôle because
of gauge invariance. Introducing the previous expression
into Eq. (52), taking the summation over c to the front, and
repeating the same steps yields

 hf��U�i
SU
W �

Z
�0
W00��0�f��0�; (54)

where
 

W00��a� :�
Nc � 1

Nc
W0��a�

�
1

Nc

Z
f�b�ag

��4�
 XNc
d�1

�d

!Y
b�a

W0��b�; (55)

where the integrations run over the components of the
background vector but the ones with projector index a.
For example in SU�3� W00 becomes

 W00��0� �
SU�3� 2

3
W0��0� �

1

3

Z
�00
W0��00�W0��00 ��0�

(56)

and in SU�2�

 W00��0� �
SU�2�

W0��0�; (57)
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where use has been made of the fact that W0��0� is always
an even function of �0.

B. Adjoint representation

The background for bosonic correlators transforms
under the adjoint representation of the gauge group. The
adjoint representation of the SU�Nc� can be embedded in
the fundamental of the SU�Nc2 � 1� or the U�Nc2 � 1�,
that is

 

XNc2�1

a�1

�a �Ta � ���
!
� �

X�Nc2�1�2�1

b�1

�btb; (58)

where �Ta with a 2 f1; . . . ;Nc
2 � 1g are the generators of

the adjoint representation of SU�Nc� and tb with b 2
f1; . . . ; �Nc2 � 1�2 � 1g the generators of the fundamental
representation of SU�Nc2 � 1� [or U�Nc2 � 1�, but then
with b 2 f0; . . . ; �Nc2 � 1�2 � 1g]. � can be decomposed
in a basis of projectors �a with a 2 f1; . . . ;Nc

2 � 1g,

 � �
XNc2�1

a�1

�a�a: (59)

The projectors satisfy �a�b � �ab�a (no summation over
a). Possible representations of the projectors are unitary
transformations of ��a�jk � �ja�ka. A function of � has
the decomposition

 f��� �
XNc2�1

a�1

�af��a�: (60)

Finally, the expression relevant for the adjoint representa-
tion of SU�Nc� is extracted by imposing additional con-
straints. In general, members of the adjoint representation
of SU�Nc� are hermitian and antisymmetric. Therefore, the
eigenvalues either vanish or come in pairs with opposite
sign [9]. For the adjoint representation of SU�2� embedded
in U�3� this means that the eigenvalues always satisfy
�1 � ��2 and �3 � 0. Thus,

 f��� �
SU�2�

�1f���1� � �2f���1� � �3f�0�: (61)

For the adjoint representation of SU�3� embedded in U�8�
one has �1 � ��2, �3 � ��4, �5 � ��6, and �7 �
0 � �8 [9]. Hence,

 f��� � ��7 � �8�f�0� �
X
a2
f1;3;5g

��af���a� � �a�1f���a��:

(62)

That induces the following form for the average

 hf���i
SUadj

2
W �

1

3
f�0� �

2

3

Z
�0
W0��0�f��0� (63)

and

 hf���i
SUadj

3
W �

1

4
f�0� �

3

4

Z
�0
W0��0�f��0�: (64)

These results can be understood by noticing that the cal-
culation for each pair of eigenvalues with opposite sign
resembles the calculation for the fundamental representa-
tion of SU�2� [see Eq. (57)]: If we express the mean as

 hf���i
SUadj

Nc
W �

Z
f�g
W���f���; (65)

where
R
f�g :�

R
�1 . . .

R
�
Nc

2�1 , the weight function W for

Nc � 2 becomes

 

W��� �
SUadj

2 1

3
W0��1����1 ��2����3�

�
1

3
W0��2����2 ��3����1�

�
1

3
W0��3����3 ��1����2�

�
1

6

X
perm

W0��1����1 ��2����3�: (66)

In the last expression the necessary symmetrization with
respect to the projector indices is taken into account like
above in the case of the fundamental representation. The
sum runs over all permutations of the indices. The corre-
sponding expression for Nc � 3 reads

 

W��� �
SUadj

3 1

8!

X
perm

W0��1�W0��3�W0��5����7����8�

	 ���1 ��2����3 ��4����5 ��6�: (67)

Actually, it is equivalent and more economic to use the
unsymmetrized weight function and symmetrize the pro-
jectors instead. Noticing this also makes the average’s
invariance under gauge transformations of the background
more apparent. Like for the fundamental representation,
the gauge dependence of the unaveraged quantity with
respect to gauge transformations of the background resides
entirely in the projectors,

 f��� ! f��U� �
�60� XNc2�1

a�1

U�aUyf��a�: (68)

For the next step, it is not of importance whether we
consider only adjoint SU�Nc� transformations or funda-
mental SU�Nc2 � 1� transformations. The symmetrization
of the projectors,
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f��U��
sym XNc2�1

a�1

U
�

1

Nc
2 � 1

XNc2�1

b�1

�b
�
Uyf��a�

�
1

Nc2 � 1

XNc2�1

a�1

UUyf��a�

�
1

Nc2 � 1

XNc2�1

a�1

f��a�; (69)

leads to an expression, which does not depend on gauge
transformations of the background.

In Eq. (72) a common mean over the factors of the
generating functional transforming under the fundamental
and the adjoint representation of the gauge group, respec-
tively, is taken. For this reason a connection has to be
established between the eigenvalues �a, a 2 f1; . . . ;Ncg
of the fundamental representation and �b, b 2
f1; . . . ;Nc

2 � 1g of the adjoint representation. (Of the latter
onlyNc are independent as has been discussed above.) This
link comes into play if correlators are to be calculated that
involve bosonic and fermionic fields simultaneously. In
SU�3� one has the connection [9]:

 2��1
��

2 � ����
2�1� cos�#���;

2��3
��

2 � ����
2�1� cos�#� � �=3��;

2��5
��

2 � ����
2�1� cos�#� � �=3��;

(70)

with

 1� cos3�#�� � 18��2
��
�3
Y3

a�1

��a
��

2: (71)

This relationship holds separately for each Lorentz com-
ponent, which is why one does not sum over the index �
anywhere in the previous equations. These relations allow
to construct the corresponding weight for one representa-
tion from the weight function for the other.

IV. TWO-POINT FUNCTIONS

As described above, the background is incorporated into
the theory by translating the gauge field A by the back-
ground �, A � A��, and afterwards taking the mean
over the ensemble of these vectors and thus restoring
Lorentz invariance as well as gauge invariance with respect
to gauge transformations of the background. Doing so
leads to the modified generating functional:

 Z :� hZ�iW; (72)

with Z� [see Eq. (29)] the generating functional in a single
background, �. A principal ingredient of the modified
generating functional and thereby of the modified theory
are the two-point correlators [see Eqs. (30)–(32)] which

are studied in the following. They also serve to establish
the link to the results presented in Ref. [1].

With the usually made assumption that all other con-
densates be absent [2,4] the fermionic propagator in the
background obeys the equation of motion (26). Its solution
in the pure gauge background � is given by

 G��z� � ei��zG0�z�; (73)

where G0�z� is the solution of the free equation.
Without further spontaneous symmetry breaking, that is

with hAi � 0, the equation of motion for the gluon propa-
gator in background-field Feynman gauge is given by
Eq. (27). In the same gauge the ghost propagator obeys
the equation of motion (28). Therefore, one has in back-
ground field Feynman gauge [10]:

 ��
���x� y� � g���0�x� y� (74)

and it is sufficient to study one of the two propagators, for
example, the ghost propagator. In the pure gauge back-
ground � one has then

 ���z� � ei ���z�0�z�; (75)

with �0�z� the solution of the background-free equation
and where ‘‘�’’ indicates that �� transforms under the
adjoint representation.

As had already been seen in the Abelian case [1] the
Fourier phases of the propagators in the background � lead
to the averaging procedure being identical to a Fourier
transformation of the weight function. For this reason, in
coordinate space the n-point functions of the modified
theory are the n-point functions of the theory without
background multiplied by an n-point function which is
the Fourier transformed weight. The latter is a genuine
n-point function. That means that even if in the original
theory the higher correlators factorize into lower ones, they
will not in the modified theory.

There are other situations where such field configura-
tions play a rôle. The zero components of aforesaid Fourier
phases resemble chemical potentials [1]. The spatial com-
ponents are similar to what one encounters for twisted
boundary conditions on compact spaces [11]. In a color
superconductor a constant field configuration, correspond-
ing to a zero field tensor, serves to restore its color neutral-
ity [12].

A. Euclidean space

Let us compute the average of the fermionic propagator
G� [see Eq. (73)] in Euclidean space for a U�Nc� gauge
group. In the first step we decompose the vector � in the
basis of the projectors �a and likewise the phase factor
[ei��z � f���]. Afterwards, we utilize the explicit expres-
sion for the average and repeat the steps carried out pre-
viously in Eq. (52):
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 hG��z�iEW �
�73�
hei��zG0�z�i

E
W � G0�z�

*XNc
a�1

eiz��
a
�a

+
E

W

�
�52�

G0�z�
XNc
a�1

�a
Z

�a
W0��a�eiz��

a
�
�48�

G0�z�
Z

�0
W0��0�ei�

0�z (76)

As has already been seen in Eq. (52) the dependence on
gauge transformations of the background drops out.
Subsequently, we substitute Eq. (37) with c � 0 for W0

and choose Eq. (39) for w before carrying out the integral
to obtain

 hG��z�iEW �
sin

��������
	z2

p
��������
	z2

p G0�z�: (77)

The fraction involving the sine function arises from the
Fourier transformation of ���2 � 	�. If, instead, we are
considering an SU�Nc� gauge group, we have to replace the
last line of Eq. (76) with the expression from Eq. (54).
Choosing the same function for W0��0� yields
 

hG��z�i
E;SU
W � G0�z�

�
Nc � 1

Nc

sin
��������
	z2

p
��������
	z2

p
�

1

Nc

�
sin

��������
	z2

p
��������
	z2

p �
Nc�1

�
: (78)

The Fourier transformation has transformed the multiple
convolution in the second line of Eq. (55) into a power.

For large distances
�����
z2

p
, the propagators (77) and (78)

are damped with respect to the free one. At short distances�����
z2

p
the free propagator is recovered. In momentum space

this manifests itself in the on-shell pole being removed and
a pole proportional to 1=

�����
k2
p

being introduced [1]. The
elementary fermions are no longer part of the spectrum of
freely propagating particles.

This result resembles the one for the tree-level propa-
gator in [2,4]. However, there, as opposed to here, configu-
rations of the gauge field were taken into account that lead
to a nonvanishing field tensor. Copying the steps that lead
to Eqs. (77) and (78), respectively, the weight used there
WHP���  exp���2=	2� but constrained to zero field
tensors gives [U�Nc�]

 hG��z�i
E
HP � exp��z2	2=4�G0�z�; (79)

or in an SU�Nc� gauge group

 hG��z�i
E;SU
HP � f�1� Nc�1� exp��z2	2=4�

� Nc
�1 exp��z2	2�Nc � 1�=4�gG0�z�:

(80)

For a large number of colors, Nc, the last expression
reduces to the U�Nc� result. Again the propagation over

large distances
�����
z2

p
is suppressed while the free propagator

is obtained for
�����
z2

p
! 0.

As Eq. (73) is satisfied by every fermion propagator
which is a singlet of the color group, the previous result
holds for all those correlators, too.

In background-field Feynman gauge for the present in-
vestigation it is sufficient to study either the gluon or the
ghost propagator. Let us take the latter. Calculating the
average of the ghost propagator (75) according to Eq. (64)
with the elementary weight (39), that is choosing c � 0,
yields

 h���z�i
E;SUadj:

3
W �

1

4
�0�z�

�
1� 3

sin
��������
	z2

p
��������
	z2

p �
: (81)

The free propagator is recovered for short distances
�����
z2

p
.

Six of eight channels are suppressed at large distances
�����
z2

p
while the two belonging to the zero eigenvalues remain
freely propagating. Contrary to the fermions, which belong
to the fundamental representation of the gauge group, the
ghosts and gluons can be kept from propagating only
partially. In momentum space the suppressed channels
behave like the fermionic propagators in the background,
that is the on-shell pole is absent and a pole proportional to
1=

�����
k2
p

present. These results hold for every ghost/gluon
propagator that is a color singlet.

In [2] for gluons in background configurations with, in
general, nonzero field tensor and evaluated at leading order
in Nc

�1 no remainder of freely propagating bosons is
found. Already for fundamental reasons this cannot be
due to the specific form of the weight. This can also be
seen directly because, again, two free channels remain in
the spectrum if it is used within the present framework:

 h���z�i
E;SUadj:

3
HP � 1

4�0�z�f1� 3 exp��z2	2=4�g: (82)

As the number of eigenvalue channels in the adjoint rep-
resentation equals Nc2 � 1 and the multiplicity of zero
eigenvalues is Nc � 1 the zeros are of subleading impor-
tance for large values ofNc and go unnoticed in an analysis
based on the leading order of an expansion in Nc�1. If the
analysis in [2] was extended to subleading orders in Nc�1,
the above could mean that freely propagating channels
would be found.

Nevertheless, there is still the second difference that in
Ref. [2] configurations with nonzero field tensors are taken
into account. In that case the Lorentz components of the
background vector do not commute and a simultaneous
diagonalisation of all components is impossible. Then
products of matrices could occur which do not belong to
the adjoint representation, which is not closed with respect
to matrix multiplication of its elements. Thereby the nec-
essarily existing zero eigenvalues of the adjoint represen-
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tation might be avoided and the propagation of the gluons
be stopped entirely.

In the situation under investigation here, however, the
behavior of the Nc � 1 photonlike gluons is fundamentally
different from that of the rest, and the leading order of an
expansion in Nc�1 does have different characteristics than
higher orders or the full result. For these reasons inves-
tigations based on large-Nc arguments or models of strong
interactions with several ‘‘photons’’ should be treated with
the necessary caution.

B. Minkowski space

Repeating the steps in Eq. (76), but with the weight
function (43) and taking into account the Minkowski met-
ric leads to the following form for the average fermion
propagator:

 hG��z�iMW �
X3

j�1

ajs�	j�z�G0�z�; (83)

with the Fourier transformed scalar Feynman propagator

 s�	 �z� :� 4�2
����
	
p K1�

����
	
p ��������������������

�z2 � i

p

���������������������
�z2 � i


p ; (84)

which arises after integration over the components of the
background and where K1 stands for a modified Bessel
function. In an SU�Nc� gauge group the result becomes
[see Eq. (54)]:
 

hG��z�i
M;SU
W � G0�z�

(
Nc � 1

Nc

X3

j�1

ajs
�
	j
�z�

�
1

Nc

"X3

j�1

ajs�	j�z�

#
Nc�1

)
: (85)

For z2 � 0 the previous expressions reduce to the free
propagator. For large absolute values of z2 the propagator
is suppressed at least proportionally to jz2j�3=4 [1] with
respect to the free propagator. Therefore, the fermions
cannot propagate over arbitrarily large distances.

Like in the Abelian case [1] all terms for the U�Nc�
gauge group correspond to contributions of scalars to the

self energy of the fermion without external legs, which
indicates that no freely propagating particles are described.
For the SU�Nc� gauge group the first terms have the same
interpretation. Only the last one corresponds to a sum over
multiple (Nc � 1)-loop contributions of scalars to the self
energy of the fermion once more without external legs.
Thus, what was said concerning the absence of freely
propagating particles remains valid.

Computing the average of the ghost propagator (75) with
the weight (43) in SU�3� yields

 h���z�i
M;SUadj:

3
W �

�0�z�
4

"
1� 3

X3

j�1

ajs�	j�z�

#
: (86)

For small absolute values of z2 the free propagator is
reobtained. At large absolute values of z2 two [Nc � 1]
of the eight [Nc2 � 1] channels remain unaltered and cor-
respond to freely propagating gluons.

The terms for which the propagation over long distances
is suppressed again do resemble the contribution of scalars
to the self energy of the considered particle—which now is
the gluon/ghost—without external legs.

The observations for ghosts and gluons remain the same
in all background-field Lorenz gauges. For those the ghost
propagator (75) does not change. In the gluon propagator
only the free part ���0 �z� changes, which leaves the enve-
lope function, that is the Fourier transformed weight func-
tion, unchanged.

Also in Minkowski space the above findings are valid for
every propagator that is a color singlet. The consequences
remain the same as in Euclidean space.

Finally, let us consider examples for gauge-invariant
quantities, that is observables and how they are altered
by the background. For this purpose, regard observables
of the form

 F�x; y� :� trfQ1�x�G�x� y�Q2�y�G�y� x�g; (87)

where G�x� y� :� hG��x� y�iW and where Q1, Q2 are
gauge-invariant operators which are to commute with local
gauge transformations. Then, because of the cyclic prop-
erty of the trace F is gauge invariant:

 

F�x; y� ! FU�x; y� :� trfQ1�x�U�x�G�x� y�U
y�y�Q2�y�U�y�G�y� x�U

y�x�g

� trfQ1�x�Uy�x�U�x�G�x� y�Q2�y�Uy�y�U�y�G�y� x�g

� trfQ1�x�G�x� y�Q2�y�G�y� x�g � F�x; y�: (88)

After putting the explicit expressions for the propagators into F, we obtain

 F�x; y� � trfQ1�x� ~W�x� y�G0�x� y�Q2�y� ~W�y� x�G0�y� x�g � j ~W�x� y�j2 trfQ1�x�G0�x� y�Q2�y�G0�y� x�g

�: j ~W�x� y�j2 	 F0�x; y�;

(89)
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where ~W represents the Fourier transformed weight func-
tion,

 

~W�x� y� :�
Z
f�g
ei���x�y�W���: (90)

In Eq. (89) its absolute square appears inside a manifestly
gauge-invariant quantity. This demonstrates that the modi-
fication caused by the ensemble of backgrounds is inde-
pendent of the gauge.

V. SUMMARY

Non-Abelian gauge field theories have been studied
whose correlators are defined with an additional average
over a Lorentz and gauge-invariant ensemble of homoge-
neous pure gauge vector backgrounds. The background
vector, �, acts as an additive contribution to the gauge
field. The orginal theory is obtained by setting � � 0.
Modified contributions are characterized by normalisable
functions of the Lorentz invariant quantity �2. The con-
struction can be seen as a method for taking into account a
nontrivial vacuum structure.

The background ensemble’s presence keeps the fermi-
ons from propagating freely over large distances; in
Euclidean as well as in Minkowski space. The on-shell
pole is absent in the dressed fermion propagator. At high
momenta or short distances the particles can still propagate
approximately freely. This finding coincides with the one
for Abelian gauge groups [1] and the one obtained admit-
ting nonzero field tensors [2,4]. Thus for fermions the pure
gauge configurations of the background also block the free
propagation in the case of non-Abelian charges.

For the gluons the propagation over long distances can
be stopped in most but not all of the (color-)channels [13].
Technically, those remaining free reflect the Nc � 1 zero
eigenvalues of elements of the adjoint representation under
which the gluons transform. As the total number of chan-
nels equalsNc2 � 1 the undamped channels are subleading
in a large-Nc expansion. In [2] the propagation was hin-
dered completely but then, there, the investigation was
carried out to leading order in Nc

�1 and, additionally,

nonzero field tensors were admitted. At leading order in
Nc�1 also in the present setting the free propagation is
stopped. Nevertheless, the finite field tensors in [2] might
also be of influence.

The results in the present article for the propagators in
pure gauge backgrounds do not only hold for the correla-
tors to all orders in the background and otherwise at tree-
level but for every color singlet correlator. In Minkowski
space the contributions which do not describe freely prop-
agating particles resemble contributions of scalars to the
self energy of the particle without external legs. This fact
confirms the interpretation concerning the nonpropagation.

The interpretation of the present result in the sense of an
extension of the standard model (SME) where Lorentz
invariance is broken by a background but restored, as
alluded to before, would lead to rather different constraints
on the SME parameters. Most importantly the ususal co-
efficients—here the components of the vector �—be-
come silent variables. The limits have to be determined
for the weight functions. A suppression of the propagation
over long distances of the quarks and of most of the gluonic
channels, however, would surely also be discovered in
many Lorentz-skewed ensembles of backgrounds. In these
ensembles it is also possible to change the characteristics
of the weight function by redefining the elementary spinors
[14]. In the Lorentz invariant case this ambiguity can be
avoided.

The feature that the propagation over short distances
remains essentially unchanged while it is modified over
long distances is shared by noncommutative field theories
preserving Lorentz invariance [15].
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