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Relativistic effects in the production of pseudoscalar and vector doubly heavy mesons
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On the basis of the perturbative QCD and the relativistic quark model we investigate the relativistic and
bound state effects in the production processes of a pair of S-wave doubly heavy mesons consisting of b
and ¢ quarks. Relativistic factors in the production amplitude connected with the relative motion of heavy
quarks and the transformation law of the bound state wave function to the reference frame of the moving
pseudoscalar P- and vector V-mesons are taken into account. Relativistic corrections of the second order
in the heavy quark relative momentum and bound state corrections proportional to the quark binding
energies in the doubly heavy mesons are calculated in the production rates. We obtain an increase of the
cross section for the reaction e™ + e~ — J/W¥ + 7, due to the considered effects by a factor 2 + 2.5 in
the range of the center-of-mass energy /s = 6 +~ 12 GeV.
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L. INTRODUCTION

Different processes of the production and decay of
heavy mesons consisting of heavy b and ¢ quarks provide
the means for revealing the role of the color and spin quark
forces. The aim of many present experiments consists in
the increase of experimental accuracy what is important for
the detailed comparison of different existing theoretical
approaches to the heavy quark problems [1-7]. The ex-
clusive production of a pair of doubly heavy mesons with
c-quarks in e* e~ annihilation has attracted considerable
attention in the last years. This is due to the fact that the
cross section of the process e™ + ¢~ — J/W¥ + 7, which
was measured in the experiments on Babar and Belle
detectors at the energy /s = 10.6 GeV

o(ete” — J/¥ + n,.) X B(n, —= 2 charged)
25.6+28+3.41 [56]
{ 17.6 +2.8%13 b [7]

)

leads to a discrepancy with the theoretical calculation in
the framework of nonrelativistic QCD (NRQCD) and the
color singlet model (CSM) by an order of magnitude [8—
13]. This conclusion is based on calculations in which the
relative momenta of heavy quarks and bound state effects
in the production amplitude were not taken into account. A
set of calculations was performed to improve the nonrela-
tivistic approximation for the process. In particular, rela-
tivistic corrections to the cross section o(e " e™ — J/¥n,)
were considered in the color singlet model in Ref. [11]
using the methods of NRQCD [14]. It was obtained here
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that the relativistic corrections increase the cross section by
a factor 2.4 for the production J/W¥ + 7,.. Another attempt
to take into account the relativistic corrections was done in
the framework of the light-cone formalism [15-17]. Here it
was shown that the discrepancy between the experiment
and the theory can be eliminated completely by consider-
ing the intrinsic motion of heavy quarks forming the dou-
bly heavy mesons. Thereupon, perturbative corrections of
order a, to the production amplitude were calculated in
Ref. [18] increasing the cross section by a factor 1.8 which
is dependent on the choice of the renormalization scale. On
account of different values of relativistic corrections ob-
tained in Refs. [11,15-17] and the importance of a relativ-
istic consideration of the process e* + ¢~ — J/W¥ + 7, in
solving the doubly heavy meson production problem, we
have performed a new investigation of relativistic and
bound state effects. As in our recent papers [19,20], this
investigation is based on the relativistic quark model which
provides the solution in many tasks of heavy quark physics.
In the above quoted papers Refs. [19,20] we have demon-
strated how the original amplitude, describing the physical
process, must be transformed in order to preserve the
relativistic plus bound state corrections connected with
the one-particle wave functions and the wave function of
a two-particle bound state. In the present paper we shall
extend the method of Refs. [19,20] to the case of the
production of a pair (2 + V) of doubly heavy mesons
containing quarks of different flavors b and c. In particular,
we will consider the internal motion of heavy quarks in
both produced pseudoscalar 2 and vector V mesons. It is
necessary to point out that the exclusive pair production of
heavy hadrons in e* e~ annihilation was studied within the
framework of perturbative QCD in the prescient paper
[21]. The paper is organized as follows: In Sec. II we
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present the general formalism and the basic relations of our
method which are required in order to formulate the rela-
tivistic amplitude for the production of doubly heavy me-
sons. In Sec. III we derive the analytical expressions for the
corresponding cross sections and make numerical estima-
tions exploiting the relativistic quark model. Conclusions
and discussion of the results are given in Sec. IV. The
construction of the quasipotential heavy quark distribution
amplitude in the light-front variables is included in the
appendix.

II. GENERAL FORMALISM

The production of a pair of doubly heavy mesons in the
color singlet model from e* e~ annihilation contains two
stages after the transition of the virtual photon y* into a
quark-antiquark pair (Q; Q). In the first stage examined on
the basis of perturbative quantum chromodynamics
(QCD), one of the heavy quarks (Q, or Q,) emits a gluon
with sufficiently large energy ~ /s which then transforms
to another heavy quark-antiquark pair (Q,Q,). These four
quarks can combine with a definite probability into a pair
of S-wave pseudoscalar (Q;Q,)s—o and vector (Q;0,)s—;
doubly heavy mesons. The second nonperturbative stage of
this process involves the formation of heavy quark bound
states from heavy quarks. In the quasipotential approach to
the relativistic quark model we can express the invariant
transition amplitude for the described process as a simple
convolution of a perturbative production amplitude of four
heavy quarks 7 (py, p»: 41, ¢2), projected onto the positive
energy states, and the quasipotential wave functions of a
vector meson W-,(p, P) and a pseudoscalar meson

V(g Q) [22]:
M(p_,ps, P, Q)= f(szpP‘i’v(p, P)f(szqP‘i’:p(q, 0)

X T g(p1, P23 q1, 2)0(p ) y*ulp-)

x AmeQias™ @)

r-+ie
where p_, p, are four momenta of the electron and
positron, r* =s = (p_ + p;)*, Q,, are the electric
charges of the produced heavy quarks; p;, p, are four-
momenta of Q, and O, quarks forming the vector doubly
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heavy meson V; ¢, g, are four momenta of Q; and Q,
forming the pseudoscalar doubly heavy meson 2. They are
defined in terms of total momenta P(Q) and relative mo-
menta p(q) as follows:

P12 = Mp2P £ p, (p-P)=0,
_EY, M3, —my, +mi, 3)
1,2 M—V 2M%/ ,
qip = p12Q0 * g, (g-0Q)=0,
o =E_172=M%,—m%’l +m%‘2 4)
b2 My 2M2, ’

where M, = my + my + W~,, Mp = m| + my + Wpare
the masses of vector and pseudoscalar mesons consisting
of heavy quarks.

Different color-spin nonperturbative factors entering the
amplitude M(p_, p4, P, Q) control the production of
doubly heavy mesons. In this process the gluon virtuality
is large k* > AéCD, and the strong interaction constant is
small a; < 1. There exist four production amplitudes in
the leading order over ¢, as explained below in Fig. 1. In
the color singlet model the first amplitude Tl, s(P1, P2
q1, q») takes the form:

167may, _
TP P23 a1 42) = = 20,(p1) Y,
(F—q, +m)
X
(r— q1)2 — m% T ie?’/ﬂh(fh)
X i13(q2) Y v2(p2)D 1 (). (5)

The color factor 8;,6;(T*);;(T*)x/3 = 4/3 is already ex-
tracted in the amplitude (5); a, = a(4m3). To calculate
relativistic effects we have to keep all factors in the am-
plitude (2) with the relative motion momenta p and g. We
have to take into account also the bound state corrections
which are determined by the binding energies W-, and Wop.

Clearly, in order to calculate the matrix element (2), one
needs explicit expressions for bound state wave functions.
We construct such wave functions by solving a relativistic
quasipotential equation to the desired accuracy in the
center-of-mass (CM) frame to keep in the production rates

FIG. 1.

The Feynman diagrams for the production of a pair of doubly heavy mesons (P + V) in e*e™ annihilation. The wave line

corresponds to the photon and the dashed line corresponds to the gluon. Two other diagrams can be obtained by permutations.
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the relativistic corrections of order O(p?), O(q?). But in the
matrix element (2) the final meson states have different
total momenta P and Q. So, it is necessary to know how to
transform the CM wave function to an arbitrary reference
frame. The transformation law of the bound state wave
function from the rest frame to the moving one with four-
momentum P was derived in the Bethe-Salpeter approach
in Ref. [23] and in the quasipotential method in Ref. [24].
We use the last one and write the necessary transformation
as follows:

W4 (p) = DY/**“(RY)Dy*“P(RY Wi (p),
V47 (p) = W (p)Dy A (RY )Dy /> (RY),

where RY is the Wigner rotation, Lp is the Lorentz boost
from the meson rest frame to a moving one, and the
rotation matrix D'/2(R) is defined by

((1) (1)>Di/22(R ) =S p)S®)S(P), (D

where the explicit form for the Lorentz transformation
matrix of the four-spinor is

R (&

For further transformation of the amplitude (2) the follow-
|

(ap) ) @)

e(p) + m)

8maw

Ml(p—’p-HP:Q) 3
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ing relations are applied:

Sap(Mup(p) = > ug(Ap)DF(RY),
o=*1/2
+1/2 ®)
}(p)Szh(A) = (RY g (Ap).
o=*1/2

Using also the transformation property of the Dirac bispi-
nors to the rest frame

0) (13l1+m1)

i (p) = i,(0 o —(ep)
v | \/261(P)(61(p) +m1) Pi €, P
(ph —my)
v (_ ) (O) =( o )’
o \/252(P)(62(p)+m2) py = (€, —p
(10)

we can introduce the projection operators 117 onto the

states (Q,Q,) in the meson with total spin 0 and 1 as
follows:

l+y0

NeYv = &) — 2.
’)’5(6) 2\/5

[UZ(O)MI(O)]S 0,1 (11)

As a result the doubly heavy meson production amplitude
from e* e~ annihilation takes the form:

q’o(P)

Loy [ 52

V2ei(p

)e1(p) + my)2€,(p)(ex(p) + my)

\I’O(Q)

dq
f Q7)Y 2€,(q) (€ (q) + m)2e;(@)(ex(q) + my)

x Sp{@z — )& (1 + 0)(By + my)y,

(F— g, +my)
(r—q,)? —m% +ie

7/3(51 —my)

X ys(1+ 9,)(G, + mz)yy}D,w(kx (12)

where the four-vectors €, p; 5, §;, are given by

= Lp(0, e)—( ,e—i—%),

0 = G12 = S(L)g\,5 ' (Lyp),

P
M~

ﬁl 2= S(LP)pl 2

S(Lo)(1 = y)S™(Ly) =

“HLp), S(Lp)(A = ¥O)STHLp) = (9, = 1),
(13)

i(‘ﬁz * 1), i)z = Mg,.p

In order to make optimum use of the expression (12), we rearrange the bispinor contractions in the numerator of Eq. (12)
and thus extracting in a more evident form the relative momenta p and g of heavy quarks:
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8maa, 9, _ .Y (p)
M —> B P; — = :Bu / 0
Sl 3s op+)y ulp-) 27 o) @@rm) &) (GpTm)
m 2m, ny 2m,
vl by — 1 2 P Tas
[ @ SP{[UI + 0, p - L}E*(l +0)
@2n)? \/e,@ Elgim) & Elghm) 2 2my(6,(p) + my)  2my
2m, my my
o +1 p’ (F—q, +m)
X|——+ — D, (k
|: 2 v12m1(61(p)+m1) 2m1i| 'U'(r_q )2_m2+i67/3 /.LV( )
0, — 1 q 61} [ 2+ q @} }
X|———+7 (1+ 0y 2——+1 —— |y, b
[ 2 2m1(e,(q) + my) ’s : 2 227”2(62(61) +my)  2my Y
(14)

The production amplitude (14) contains relativistic cor-
rections of two species. The first type of corrections are
held in the quark interaction operator. They can be ac-
counted for by means of the numerical solution of the
Schrodinger equation with the relevant potential. The sec-
ond type corrections are determined by several functions
depending on the momenta of relative motion of quarks p
and q including the gluon propagator D,,,(k), relativistic
bispinor factors and the heavy quark propagator. At least,
there exist bound state corrections in Eq. (14) which are
related to Egs. (3) and (4).

[
Notice that there are several energy scales which can

characterize the heavy quarkonium: the hard momentum
scale m (the mass of heavy quark), the soft momentum
scale mpv (v is the heavy quark velocity in the bound
state) and the ultrasoft momentum scale m, UZQ. We assume
that the heavy quarkonium is a nonrelativistic system. This
means that the following inequalities occur: mg >
movg > mgvy, mg 3> Agcp, which we can exploit in
the further study of the production amplitude (14). The
expansion of basic factors over relative momenta p and q
up to terms of the second order has the following form:

1 _ l[l PPt L 2Apa(rp) + ma(rg)] 4[p3(rp)* + n3(rq)? ]}
S A Z, Z, VA ’
1 1 2(rq) | 4(rq)*
<r—q1>2—m%_2_2[ ZARYZ } (15)

Zy = mapar,

where we have chosen the center-of-mass frame with the condition P + Q = 0; ry =

ZZ_r _2P1(VQ)+P%M2 m];

r=P+Q,

\/s is the total energy in the electron-

positron annihilation. In the leading order, when one neglects relativistic and bound state corrections, one obtains Z; =
(1 —k)?s,Z, = (1 — K)s, k = m/My = m,/(m; + m,). So, the expansions (15) are well defined. Substituting (15) into
Eq. (14) we have to combine the factors of the second degree over p and g. After averaging the obtained expression over
the angle variables with the account of orthogonality conditions (3) and (4) [20], we can present the necessary correction in
the integral form [ dppz‘lfa/ (p). Moreover, we performed the expansion of the amplitude (14) at p = q = 0 over the
binding energies Wp and W+, in the linear approximation in such a way that relativistic and bound state contributions can
exist separately as follows:

8 s _ —~ M
Myl 0) = 2L i) [ ) [ ) % et
ZL _ N YV _ 2
X{l—i—MO(l_K)(l 2K+K§)+MO(1 )(2 3k — 2k{?)
P’ q°

)2[—9 + 8k(4 + 0) — 8k2(1 — 1422 + 10{4)] +

+ e —
T2M3K3(1 — K T2M3K3(1 — k)?

X [=9 + 16x(1 + 0) — 16K322(3 — 47 + 147%) + 3262L(—1 + ¢ — 202 + 2{3)]}, (16)

where { = My//s.
Similar expressions occur for the other amplitudes contributing to the production process:
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Maip-po .0 =225 ypuip ) [0 ) [ vz
MO ZWP W
X S = K)3{ (1-¢)- W(l k(=2 =2k + k2 +2(1 — K)?)

p2

+ oo [—9 + 40k(1 + {) + 4x>(1 — 187 + 242 — 163 + 16{*
72M(2)K2(1—K)2[ k(1 + ) + 4 {+247 { ')
q2

— 41 3(7 — 4L + 2802 — 1683 + 56{9)] + ———5 > ———
7 = 4¢ 4288 168" + 5L+ 3 o

X [~9 — 8k(—8 + ¢) — 8Kk2(5 — 20 — 20> + 4{4)]}6(,_;,,\[;11?1)5%*)‘, (17)
8mlaa, dp - da -
M2, 0) = R 5 ytup) [ SRV [ @
x Mo {1 + —( 1 =28 42k + ) + TV (22 1 222(1 = k) + 26 + )
S MoK

2

p 2 4 2 3 4

to [T — 16£ — 16{% — 160{* + 4k(5 + 10¢ + 362 — 1643 + 136
TIMER(T — K)2[ { { &t + 4k( {+360 { )

+ 8Kk2(4 — 37 +304% — 1643 + 76{*) + 4k (—1 — 12 + 2872 — 16° + 56(%)]

q2

... r 2 _ 4 _ _ 2 4
+ TR — [15 + 8¢ + 16{* — 32{* + 8k(2 — 3¢ — 4~ + 8¢%)
—8k2(5—-2{ -2+ 4{4)]} oprBVT vhEA (18)
8mraa,Q, _ dp =v dq 3p
Milp-. p-. P.0) = =L 0oyt [ WY @) [ @
My

x5 3{1+M—( 24202+ 22 — 22) + V(—1—2;2 + k(3 + 222))

2

S e
T Mz D T8 I68 320 Bu(=2 = £ 48 4 8L
81 - 22 44+ T 7160 — 16 — 1602
8k*(1 —2¢ +4§)]+72M2K2(1_K)2[7 16{ — 167> — 160

+ +16k(—1 + 3 + 502 — 4% + 340%) — 16Kk2{(2 + 7¢ — 87% + 387°)

+16K372(3 — 47 + 14{2)]}egpwu;fugé“, (19)

where @y = a,(4m?), a, = a(4m3).

It is important to emphasize that we carried out formal expansions of the integrands in the amplitudes M; (16)—(19)
over quantities p?/ miz, q?/ miz assuming that the relative momenta of heavy quarks in the bound state are small as
compared with their masses. This means that the formally divergent integrals [ dpp*¥(p) and [ dqq®¥(q) have to be
defined by a suitable regularization procedure. Their numerical values will be directly determined by the properties of the
wave functions of the heavy quark bound states.

III. CROSS SECTION OF PSEUDOSCALAR AND VECTOR DOUBLY HEAVY MESONS PRODUCTION

Using the relativistic amplitudes /M ; obtained above, we can calculate the production cross section for doubly heavy
mesons in et e annihilation as a function of the center-of-mass energy \/s. For this purpose, the sum of amplitudes M,
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(16)—(19) can be represented as follows:
_ 16 My JAM
Mlete” =P+ V)= 30 5(1 ‘I’V(O)‘I’T(O) X (P )YPu(p_)e€,papvvh e
X[ Q anT) + (1 — k)’ Qsa,T,], (20)

where ‘lf(?/ "?(0) are the wave functions for the relative motion of heavy quarks in the vector and pseudoscalar meson at the
origin in its rest frame,

<p>

T, =72k*(1 — k)> + [ 9 + 36k — 2k% — 14Kk3 + 4k£(6 — 9k + 2K%) + 56K*(1 — k) + 3263 (k — 1) 3

2
+ 16k2(1 — Tx) 4] + @ >[ 9 4+ 40k — 202 + 4k(1 — 2K)¢ + 24K%(1 — k)2 + 32k2(k — 1) 3

W Wop
+ 16k%(1 — Tx) 4] + %36/{1 —5k> +6k3 — k* +2k(1 — k)27 + 772;(2[2 — 5k + 3> — 21 — k)],
0 0

21

<AI;>[1] + 2k — 20K% — 263 + 44(—1 + 4k + 3k% — 6K3) + 56Kk(1 — K)2C% — 32k(k — 1)273

0
<q>

T, = 72*(1 — k)*> +

+ 167*(—6 + 19k — 20k* + 7x3)] + = [11 —20Kk2 +47(—1+ 3k — 2K2) + 24k(1 — k)22 — 32k(k — 1)23

W
+ 16{4(—6 + 19k — 20k* + 7&3)] + —V36K(—3 + 11k — 1262 + 33 + &%)
M,

W
+ VT36K(—3 + 14Kk — 1962 + 813), (22)
0

where (p?), (q?) are quantities determining the numerical values of relativistic effects connected with the internal motion
of the heavy quarks in vector and pseudoscalar doubly heavy mesons. Note that they are not equal to the matrix elements
/ dp¥y (p)p*¥,’ (p) and [dq¥T(q)q*¥ ¥ (q) and are discussed at the end of Sec. III.

Performing standard algebraic calculations with the squared modulus of the amplitude |/M|? by the use of the system
form [25], we obtain the following differential cross section:

do 477' a2M2|\I/V(())|2|\p’P(O)|2
d cos6 729MVM79S4K10(1 — K)IO [k 3Q,1aszT1 + (1 — K)3Qzas1T2]2

X {[S — My + MT)?ES — My — M?)z]r/z(l + cos?6), (23)

where 6 is the angle between the three-momentum of the incoming lepton and the three-momentum of the outgoing doubly
heavy meson in the CM frame of the electron-positron beams. The total cross section for the exclusive production of
pseudoscalar and vector doubly heavy mesons in e ¢~ annihilation is then given by the following expression:

323 a?M3 VY (0)21WE(0)]2 (M + Mp)? (M~ — Mp)*7)3/2
o(s) = 2187My(1)\/1p(;4K10(1 _OK)lo [ Q anT + (1= k)* Qe T, X {[1 - s}[l - S:H

>

(24)

{
If we neglect relativistic and bound state effects in Eq. (24),  number of parameters entering in Egs. (21)—(24). They can

that is (p?) = (q*) = 0, Mp = M~, = M, then we obtain  be determined on the basis of the relativistic quark model
the expression o yg(s) coinciding with the analytical result ~ [27-29] as we shall discuss in the following.

of Ref. [26]. To estimate how the relativistic and bound In the quasipotential approach the bound states of
state corrections can change the nonrelativistic cross sec-  heavy quarks are described by the Schrodinger type equa-
tion ong(s), we have used definite numerical values of a  tion [27]
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M) p? dq
—— P = | —=V(p, q, M\)¥(q),
(G ™ 2 )o@ = [ 545 Vip 0. 1 %ota)
(25)
where the relativistic reduced mass is
E\E M* — (m? — m3)?
P =2  _ 13 2 , (26)
E, +E, 4M
and the particle energies E;, E, are given by
EIZMZ—m%—Fm% E2:M2—m%+m%. @7

2M ’ 2M

Here M = E| + E, is the bound state mass, m, , are the
masses of heavy quarks (Q; and Q,) which form the
meson, and p is their relative momentum. In the center-
of-mass system the relative momentum squared on the
energy surface M = E| + E, reads

[M? = (my + my)*]IM? — (m; — m,)?]
M '

For small binding energies it is approximately equal to
2ugrW. Notice that the kernel V(p, q, M) in Eq. (25) is the
quasipotential operator of the quark-antiquark interaction.
The construction of the quark interaction operator is dis-
cussed permanently during the last decades [2-4,30]. A
new stage in solving this problem came when nonrelativ-
istic field theories were introduced for the study of non-
relativistic bound states [31-33]. Within an effective field
theory (NRQCD) the quark-antiquark potential was con-
structed in Refs. [33—35] by the perturbation theory im-
proved renormalization group resummation of large
logarithms. On the other hand, in the quasipotential quark
model the kernel V(p, q, M) is constructed phenomenolog-
ically with the help of the off-mass-shell scattering ampli-
tude, projected onto the positive energy states. The heavy
quark-antiquark potential with the account of retardation
effects and the one-loop radiative corrections can then be
presented in the form of a sum of spin-independent and
spin-dependent parts. The explicit expression for it is given
in Refs. [28,29]. Taking into account the accuracy of the
calculation of relativistic corrections to the cross section
(24), we can use for the description of the bound system
(Q,0,) the following simplified interaction operator in the
coordinate representation:

_4a(p?)
3 r

where the parameters of the linear potential A =
0.18 GeV?, B = —0.3 GeV,

b*(M) =

(28)

V(r) = + Ar + B, (29)

dar 2
(u?) = ——F—, =11 —=-ny 30
CM“(IU, ) Bo 111(,LL2/A2) ,80 3 nf ( )
Here n; = 3 is the number of flavors and u = (i'l”f:fz) isa

renormalization scale and A = 0.168 GeV. All the pa-
rameters of the model like quark masses, parameters of
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the linear confining potential A and B, mixing coefficient &
and anomalous chromomagnetic quark moment « entering
in the quasipotential V(p, q, M) were fixed from the analy-
sis of heavy quarkonium masses [19,27—-29] and radiative
decays [28]. Solving the Schrodinger-like quasipotential
equation with the operator (29) we obtain an initial ap-
proximation for the bound state wave functions in the case
of (c€), (bc), and (bb) systems. For numerical estimations
of relativistic and bound state effects in the production
of heavy mesons in the e*e™ annihilation we need the
values of the wave functions at the origin, the bound
state energy and the parameter of relativistic effects:
[p*¥y "V(p)dp/(2)3. This integral diverges at high mo-
mentum. Using the Schrodinger-like Eq. (25), we can
express it through the value of the potential V(r) at the
origin. Different regularizations for it are discussed and
already applied to a number of tasks concerning the pro-
duction and decay of bound states [36—39]. A recent
discussion of the method for the calculation of an
order-v? matrix element is presented in Ref. [40]. To
estimate the numerical value of relativistic corrections in
the production processes, we follow the prescription of
dimensional regularization, where the scaleless momen-

tum integral [ V(p — q)\P(q)% %

lem vanishes [36,37,39]. Then we can express the
necessary quantity in the form:

related to the prob-

1 d‘p
w(0) ) @m)

PHpr = p’Wo(p) = 2uxW + 2uglBl.

€29

Let us note, that in the case of the Coulomb interaction in
QED the dependence of the relativistic parameter (31) on
the principal quantum number 7 is known in the analytical
form [41]. For the quark bound states the dependence on
the quantum number # is determined numerically. Solving
the quasipotential Eq. (25) with the potential (29) [42], we
obtain the energy spectrum W of the heavy quark system
and the numerical values of the parameter (31) for the
bound states (¢c), (bb) and (bc) which are presented in
Table 1. Heavy quark symmetry predicts that the wave
functions of the vector and pseudoscalar states are different
due to corrections of order UQQ. The analogous statement is
valid for the parameter (p?). Neglecting in this study the
corrections of order O(UZ) in the production rates we write
in Table I equal values of (p?) for V- and P-mesons. The
theoretical uncertainty of the obtained value of the parame-
ter (p) in Table I is determined by perturbative and non-
perturbative corrections to the quasipotential [27,28] and is
not exceeding 30%. We presented in Table I the estimation
of the pseudoscalar and vector wave functions at the origin
including effects of order 0(v2Q). For this aim first of all,
we obtained the central equal values of ¥+,(0) and ¥ »(0)
solving the Schrodinger-like Eq. (25). Then we took into
account the spin-dependent corrections of order O(UZQ) to
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TABLE 1. Basic parameters of the relativistic quark model.
Bound
Mass, state

State GeV energy, V(0), (p>pr
n®tL, Particle [28,43] a, GeV  GeV3¥?  GeV?
118, Ne 2980 0314 -0.120 0.28 0.6
135, J/v 3.097 0314 —-0.003 0.26 0.6
218, n. 3594 0314 0494 025 14
238, 4 3.686 0314 0586 023 1.4
118, B} 6270 0.265 -—0.160 0.36 0.7
138, B:~ 6.332 0.265 —0.098 0.34 0.7
21, B.F 6.835 0265 0405 0.34 1.8
238, B~ 6.881 0.265 0451 0.32 1.8
118, 7 9.400 0.207 —-0.360 0.55 0.9
135, Y 9.460 0.207 —0.300 0.53 0.9
21, ), 9.993 0.207 0233 045 2.9
238, Y’ 10.023 0207 0263 043 2.9

the wave functions at the origin which were calculated in
the framework of nonrelativistic QCD (see Refs. [34,44—
46])).

IV. SUMMARY AND DISCUSSION

We have investigated the relativistic and bound state
effects in the production of doubly heavy mesons on the
basis of the perturbative QCD and the relativistic quasipo-
tential quark model. Using the factorization hypothesis we
keep systematically all relativistic corrections of the sec-
ond order in the relative velocity of heavy quarks and
bound state effects in the production of the S-wave pseu-
doscalar and vector mesons from e* e annihilation.

Let us summarize the basic particularities of the calcu-
lation performed above.

(1) We obtain the cross sections for the production of a
pair of S-wave charmonium and bottomonium states
with opposite charge parity and B, mesons from
et e annihilation.

(2) Preserving exactly in the production amplitude all
relativistic factors conditioned by the relative mo-
tion momenta of heavy quarks including the trans-
formation factors for the two quark bound state
wave function, we have performed their expansion
up to terms of the second order in the relative
momenta.

(3) We have investigated numerically the role of rela-
tivistic and bound state effects in the total produc-
tion cross sections using predictions of the
relativistic quark model for a number of parameters
entering in the obtained analytical expressions.

The results of our calculation of the cross section (24)
presented in Figs. 2 and 3 evidently show that only the
relativistic analysis of the production processes can give
reliable theoretical predictions for the comparison with the
experimental data. It follows from Fig. 3 that with the

PHYSICAL REVIEW D 74, 054008 (2006)

increase of the quantum number n the nonrelativistic ap-
proximation does not work near the production threshold
because the omitted terms in this case have the same order
of the magnitude as the basic terms.

et+e > J/T+n

+en + L B -
e +e” - B + B}

0.25 / - —
/
O /
13 14 15 16 17 18 19 20
s
et +e Y+

0.008
0.006
© 0.004
0.002

0 X X X X X X =

20 21 22 23 24 25 26

Vs

FIG. 2. The cross section in fb of e e~ annihilation into a pair
of S-wave doubly heavy mesons consisting of b and ¢ quarks as
a function of the center-of-mass energy /s (solid line). The
dashed line shows the nonrelativistic result without bound state
and relativistic corrections.

054008-8



RELATIVISTIC EFFECTS IN THE PRODUCTION OF ...

et+e o> J/ T+,

75 8 85 9 95 10 105 11

Vs

FIG. 3. The cross section in fb of e e~ annihilation into a pair
of S-wave charmonium mesons with opposite charge parity as a
function of the center-of-mass energy +/s (solid line). The dashed
line shows the nonrelativistic result without bound state and
relativistic corrections.

As we have already mentioned, the experimental results
for the production of J/W¥ + 7. mesons measured at the
Belle and BABAR experiments differ from theoretical cal-
culations in the framework of NRQCD and CSM. The

PHYSICAL REVIEW D 74, 054008 (2006)

experimental data on the production cross sections of a
pair of S-wave charm mesons are presented in Table II. The
numerical value for the cross section of J/W¥ + 7, produc-
tion at /s = 10.6 GeV, obtained on the basis of Eq. (24)
amounts to the value 7.8 fb without the inclusion of QED
effects. In this case relativistic and bound state corrections
increase our nonrelativistic result by a factor 2.2 (cf.
dashed lines in Figs. 2 and 3). Accounting slightly different
values of several parameters used in our model in the
comparison with Ref. [11] (the mass of ¢ quark, the bind-
ing energies Wy ), we find agreement of our calculations
with the results of Ref. [11] for the production of the
charmonium states, if relativistic corrections are taken
into account (see the seventh column of Table II). Taking
in mind also the calculation [18], which includes additional
perturbative corrections of order «, we observe the con-
vergence between the experimental data and theoretical
results obtained on the basis of approaches combining
nonrelativistic QCD and the relativistic quark model. Our
results should be useful for the future comparison with the
(bb) and (ch) meson production measurements. Similarly,
we can examine the production rates for doubly heavy
mesons including the P- and D-wave states. The experi-
mental data for the production of the mesons y. + J/V¥
are obtained already in Refs. [9,10]. The work in this
direction is in progress.

There is an essential difference in the numerical results
obtained in this work and in Refs. [15-17] on the basis of
the light-cone formalism. Our results lead to the increase of
the cross section for the production J/W¥ + 5. only by a
factor 2 + 2.5 in the range of center-of-mass energies
s =6+ 12 GeV but not to an order of magnitude at
/s = 10.6 GeV as in Refs. [15-17]. While the cross sec-
tion (24) depends on the choice of the c-quark mass, strong
coupling constant «,, the meson wave functions at the
origin, binding energies Wy -, and the relativistic parame-
ter (31), a possible enhancement of the theoretical value
(24) does not solve the problem. So, there exist at least two
questions which could be discussed regarding the per-
formed calculation.

The first question refers to the comparison of our calcu-
lation with the light-cone approach to the same problem in
Refs. [15-17]. Since the main part of the investigation was
connected with the relative motion of heavy quarks in the
meson, it is necessary to find the wave function ¢(p, x)
which describes bound states in such an approach and
satisfies the quasipotential wave equation in the light-front
formalism [47—-49] (see the appendix). This equation gives
the wave function of a bound state in an arbitrary Lorentz
reference frame. The transformation property for the wave
function from the arbitrary frame to the frame, in which the
total transverse momentum of the two-particle bound state
is equal to zero is determined by Eq. (A3). But contrary to
our approach to the production of doubly heavy mesons,
accounting the relative motion of the heavy quarks, the
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PHYSICAL REVIEW D 74, 054008 (2006)

TABLE II. Comparison of theoretical predictions with experimental data.
O aBAR X By, —charged=2 (1b)  Ogeie X Bry,—chargea=2 (fb) o (tb)  onpgep (b)) o (fb) o (fb)  Our result

State HH, [10] [9] [17] [11] [13] [11] (fb)
W(18)n.(1S) 17.6 £ 2.8%13 256 28 =34 26.7 3.78 5.5 7.4 7.8
P(2S)n.(1S) 16.3 4.6 3.9 16.3 1.57 3.7 6.1 6.7
P(1S)n.(2S) 16.4 = 3.71%¢ 16.5*+3.+24 26.6 1.57 3.7 7.6 7.0
v(28)7n.(2S) 16.0 £5.1 3.8 14.5 0.65 2.5 53 5.4
quark transverse momentum inside the heavy quarkonium ACKNOWLEDGMENTS

was neglected in Refs. [15-17]. So, the basic difference
between our method and the light-cone formalism consists
in the fact that in Ref. [15-17] the effects of the wave
function ¢(x, p ) transformation from the frame P; = 0
to the moving one with the transverse momentum P, # 0
were not taken into account in the CM frame of the
electron-positron colliding beams. In the CM frame of
the produced doubly heavy mesons where the velocity of
the quarkonia is directed along the Oz axes, this effect is
reduced to the transverse motion of heavy quarks. The
terms proportional to the meson and heavy quark trans-
verse momentum squared in the production amplitude
might correct the total result. The role of the transverse
momentum was stressed in the recent paper [50]. Another
source of a disagreement between the light-cone approach
and NRQCD, connected with the renormalization factors
Z;, was discussed in Ref. [51].

Finally, another important question regards the accuracy
of the calculation performed in this paper and the numeri-
cal estimation of the next term in the expansion of the
production amplitude over the relative velocity of the
fourth order. Recently, corrections of order O(v*) were
studied in the S- and P-wave quarkonium decays in
Refs. [52,53]. There it was demonstrated that the v expan-
sion converges well for the decays of heavy quarkonium.
Note that a numerical estimation of the parameter (p*) can
be obtained as in Eq. (31) by using the dimensional regu-

larization technique [39]: (p*/m{))pr = % . When we
consider the production of 1S-wave charmonium states
with the binding energy W < m,, then the numerical
values of the parameters (p”)pg, (p*)pg are small. In the
production of excited S-wave states the binding energy
increases what leads to the enhancement of (p*)pg,
(pMpr- So, it follows from the results of Table I that
(v*)pr = 0.6 for the 2S-charmonium states and (v?)pp =
0.7 for the 25 (hc) meson. Obviously, the convergence of
the expansion becomes worse in this case. The calculation
of the coefficient in the term (v*) would deserve additional
investigation. On the whole, we estimate the theoretical
uncertainty of the obtained production rates due to inac-
curacies in the determination of the meson wave functions
at the origin and the omitted terms in the expansion of the
relativistic amplitudes as the 40% for the 1S-states and the
70% for the 2S-states.

The authors are grateful to S.J. Brodsky, N. Brambilla,
K.-T. Chao, R.N. Faustov, V. O. Galkin, Ch.-R. Ji, A.K.
Likhoded, V. A. Saleev, and A. Vairo for general discus-
sions and fruitful remarks. One of the authors (A.P.M.)
thanks M. Miiller-Preussker and the colleagues from the
Institute of Physics of the Humboldt University in Berlin
for warm hospitality. The work is performed under the
financial support of the Deutsche Forschungs-
gemeinschaft under Contract No. Eb 139/2-3.

APPENDIX: QUASIPOTENTIAL LIGHT-CONE
DISTRIBUTION AMPLITUDE

In this appendix we consider the construction of the
heavy quark light-cone distribution amplitude on the basis
of the quasipotential equation derived in light-cone
variables.

The quasipotential wave equation for the two-body
bound state in the light-front formalism takes the form
[47-49]:

X

FIG. 4. The light-front distribution amplitude over the
momentum fraction x (solid line). The dashed line shows the
phenomenological function from Ref. [16]. The thin solid
line shows the result obtained in our model by means of the
relations (44), (49) of Ref. [51] with the c-quark mass m,. =
1.55 GeV.
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P2 (pL + G —x)P )+ mi
X

_(pL+G—0PL) +m3
1—x

}pp(pl,x)

— ! d}’ qu )
- ,/o y(1 —y) fz(z,”)3 V(P,x,p1;y. q)¥p(qL, y),
(Al)

where p (p ) and P (P ) are total (transverse) momenta of
relative motion of quarks and the meson. The variable x is
introduced in the following way:

PHYSICAL REVIEW D 74, 054008 (2006)

This equation allows to find the two-particle wave function
in an arbitrary Lorentz reference frame. The transforma-
tion of the wave function from the arbitrary frame to the
frame, in which the total transverse momentum P; = 0 is
the following:

bp(x,pL) =

The case of spin particles is discussed in Refs. [49,54]. In
the equal mass case (m; = m, = m) in the frame where
P, =0 we get

p,—o(x,py + (1/2 = x)P). (A3)

=Ly Pe L w P =P, P,
2 P - - ‘
(A2)
|
[MZ pl-i-m
(1 —

In order to discuss the realistic wave function #(p |, x)
there is the need to transform Eq. (A4) to the ordinary form
(25), because we know the potential (29) for it which
describes the energy spectrum with sufficiently high accu-
racy. Let us introduce the relative momentum p =

(p1, p3) = (psiné cosg, p sinf cose, p cosh):

1

— A 2 2 + m2
D3 ﬁm\/lh ,

1 1 0 (A3
x:_<1+£>:_<1 +&>,
2 e(p) 2 w/p2 + m?
so that
2x(1 —
dxdp, = 20 =0 4 (A6)

Pt P

As a result, we obtain from Eq. (A4) the ordinary quasi-
potential Eq. (25), which contains the wave function W (p)
connected with the initial one by the following relation:

4x(1 — x)

o) = | (A7)

TMMPLX)'

1

The ordinary normalization condition for the wave func-
tion Wy(p) can be rewritten for the function (p |, x) as
follows:

I dx dp, -
./0 x(1 — x) 12(277)3 lgp(po, ¥ = L.

The expectation value of the quark relative transverse

(A8)

L s = [0 [ 5o Ves b auwlaL )

(A4)

{
momentum squared can be determined by means of the
wave function ¢(p |, x). In the case of the charmonium it is
equal (p7) = 0.34 GeV>.

Then we determine the light-cone distribution amplitude
by means of the quasipotential light-front function

(P, x):

b() = N f WpL, 0dp,

=N 8m-x(1 —x)f
m/((x=1/2)?/x(1—x))

X (p* + m?)/* pWo(p)dp. (A9)
The integral function in Eq. (A9) differs by the power of
the relativistic energy e(p) (e'/*(p) — €'/2(p)) and the
function x(1 — x) from the expression in Ref. [51]. The
normalization factor N is determined by the condition:
[o ¢(x)dx = 1. The plot of the function ¢(x) and the
comparison with the corresponding amplitudes in
Refs. [16,51] are presented in Fig. 4. All these functions,
obtained in the frame where the meson transverse momen-
tum P; =0, have the similar shape. But our function
(solid line in Fig. 4) has a larger maximum and falls
quicker to the end points x = 0, 1. To derive the light-
cone distribution in the arbitrary reference frame we can
use Egs. (A3) and (A9). The shift of the transverse mo-
mentum p; — p; — (3 — x)P shows that the quark light-
cone distribution does not change the shape in the arbitrary
frame with P; # 0. So, the light-cone amplitude trans-
formation from dashed line of Ref. [16] to our solid line in
Fig. 4 decreases the production rates of the charmonium
states in the light-front approach.
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