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Dark energy cosmology from higher-order, string-inspired gravity, and its reconstruction
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In this paper we investigate the cosmological effects of modified gravity with string curvature
corrections added to the Einstein-Hilbert action in the presence of a dynamically evolving scalar field
coupled to Riemann invariants. The scenario exhibits several features of cosmological interest for the late
universe. We show that higher-order stringy corrections can lead to a class of dark energy models
consistent with recent observations. The models can give rise to quintessence without recourse to a scalar
field potential. The detailed treatment of the reconstruction program for general scalar-Gauss-Bonnet
gravity is presented for any given cosmology. The explicit examples of reconstructed scalar potentials are
given for an accelerated (quintessence, cosmological constant, or phantom) universe. Finally, the relation
with modified F(G) gravity is established at the classical level and is extended to include third order terms

on the curvature.
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L. INTRODUCTION

One of the most remarkable discoveries of our time is
related to the late-time acceleration of our universe which
is supported by observations of high redshift type Ia super-
novae treated as standardized candles and, more indirectly,
by observations of the cosmic microwave background
(CMB) and galaxy clustering. The criticality of the uni-
verse supported by CMB observations fixes the total en-
ergy budget of the universe. The study of large scale
structures reveals that dark matter contributes nearly 30%
of the total cosmic budget. Then, there is a deficit of almost
70%; in the standard paradigm, the missing component is
an exotic form of energy with large negative pressure
dubbed dark energy [1-7]. The recent observations on
baryon oscillations provide yet more independent support
for the dark energy hypothesis [8].

The dynamics of our universe is described by the
Einstein equations in which the contribution of the energy
content of the universe is represented by the energy-
momentum tensor appearing on the right-hand side (RHS)
of these equations. The left-hand side (LHS) represents
pure geometry given by the curvature of space-time. Gravi-
tational equations in their original form with the energy-
momentum tensor of normal matter cannot lead to accel-
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eration. There are then two ways to obtain accelerated
expansion, either by supplementing the energy-momentum
tensor with the dark energy component or by modifying the
geometry itself.

The dark energy problem is one of the most important
problems of modern cosmology and, despite the number of
efforts (for a recent review, see [3,4]), there is no consistent
theory which may successfully describe the late-time ac-
celeration of the universe. General relativity with the cos-
mological constant does not solve the problem because
such theory is in conflict with radiation/matter domination
eras. An alternative approach to dark energy is related to
the modified theory of gravity (for a review, see [9]) in
which dark energy emerges from the modification of the
geometry of our universe. In this approach, there appears
quite an interesting possibility to mimic dark energy cos-
mology from string theory. It was suggested in Refs. [10—
12] that dark energy cosmology may result from string-
inspired gravity. In fact, scalar-Gauss-Bonnet gravity from
bosonic or type II strings was studied in the late universe
[10,11] (for a review of the applications of such theory in
the early universe, see [13]). It is also interesting that such
theories may solve the initial singularity problem of the
standard big-bang model (see [14] and references therein).
Moreover, the easy account of next order (third order,
Lovelock term) is also possible in this approach (for a
recent discussion of such gravity, see [15]).

In this paper we examine string-inspired gravity with
third order curvature corrections (the scalar-Gauss-Bonnet
term and the scalar-Euler term) and explore the cosmo-
logical dynamics of the system attributing special attention
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to dark energy (nonphantom/phantom) solutions. We con-
front our result with the recent observations. We also out-
line the general program of reconstruction of scalar-Gauss-
Bonnet gravity for any a priori given cosmology following
the method [16] developed in the scalar-tensor theory.

The paper is organized as follows. In Sec. II, we consider
the cosmological dynamics in the presence of string cur-
vature corrections to the Einstein-Hilbert action. We ana-
lyze cosmological solutions in the Friedmann-Robertson-
Walker (FRW) background; special attention is paid to
dark energy which naturally arises in the model thanks to
higher-order curvature terms induced by string corrections.
A brief discussion on the comparison of theoretical results
with recent observations is included. The stability of the
dark energy solution is investigated in detail.

Section III is devoted to the study of late-time cosmol-
ogy for scalar-Gauss-Bonnet gravity motivated by string
theory but with the arbitrary scalar potentials. We explic-
itly show how such theory (actually, its potentials) may be
reconstructed for any given cosmology. Several explicit
examples of dark energy cosmology with a transition
from deceleration to acceleration and (or) a cosmic
speedup (quintessence, phantom, or de-Sitter) phase or
with oscillating (currently accelerating) behavior of the
scale factor are given. The corresponding scalar potentials
are reconstructed. We show how such theory may be trans-
formed to modified Gauss-Bonnet gravity which turns out
to be just a specific parametrization of scalar-Gauss-
Bonnet gravity at the classical level. Finally, we show
how to include third order curvature terms in the above
construction. A summary and outlook are given in the last
section.

II. DARK ENERGY FROM HIGHER-ORDER
STRING CURVATURE CORRECTIONS

In this section we shall consider higher-order curvature
corrections to the Einstein-Hilbert action. To avoid tech-
nical complications we restrict the discussion up to third
order Riemann invariants coupled to a dynamical field ¢.
The cosmological dynamics of the system will be devel-
oped in detail and general features of the solutions will be
discussed. It is really interesting that the model can account
for recent observations of dark energy.

A. General action

We begin with the following action,
S = [atsy=a] 55 3 0@ 3,00, ~ V(®)
+ L+ L} (1)
where ¢ is a scalar field which, in a particular case, could

be a dilaton. L,, is the Lagrangian of perfect fluid with
energy density p,, and pressure p,,. Note that the scalar
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potential coupled to the curvature (nonminimal coupling)
[17] does not appear in string-inspired gravity in the frame
under consideration.

The quantum corrections are encoded in the term

L.=&() LD + £,(p) L? )

where &,(¢) and &,(¢) are the couplings of the field ¢
with higher curvature invariants. £ E.l) and ng) are given by

LY =Rop,, R — 4R, R™ + R2,  (3)
L& = E; + REGRI R 4)

The third order Euler density Ej is proportional to

E3OC€'U'I/DO—T77€I/////R

/V/ /0_/ T/ !
u'viplo't'y /LVM Rp(rp RTn . (5)

Since there does not exist e*”??77 if the space-time di-
mension D is less than 6, E; should vanish when D < 6,
especially in four dimensions. By using

EMPTTNE 1y gty = 0,7 8,7 8,0 8,7 8,78,
*+ (permutations), (6)
we can rewrite the expression (5) as
E; = 8(R® — 12RR,,,R*" + 3RR ,, s
+ 16R,"R,’R,* + 24R "R, R, ;'*
—24R,"R,,""R;:*? + 2R, ,’7R ;TR ., *”
—8R,,""R,,""R.,"). @)

RMVPO

We should note in the RHS of (6), there are 6! = 720
terms, which correspond to the sum of the absolute values
of the coefficients in each term in the RHS of (7),

81+ 12+3+16+24+24+2+8)=720. (8)

In what follows we shall be interested in the cosmological
applications of modified equations of motion and thus
assume a flat FRW metric

d
ds? = —N2(t)dt* + a*(1) Z(dxf)2, 9)
i=1

where N(z) is the lapse function. With the metric (9), the
Riemann invariants read

H+H*> N
LY =24~ - —H)
NN 10)
24 72N
LY = e H® + ) =~ HP

where I = H + H?> and H = a/a. It is straightforward
though cumbersome to verify explicitly that third order
Euler density E; is identically zero in the FRW back-
ground. The nonvanishing contribution in Eq. (10) comes
from the second term in (4). To enforce the check in a
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particular case, we consider D dimensional de-Sitter space,
where the Riemann curvature is given by

Ru,P” = Ho(8,78,7 — 8,78,°).

1D

Here H is a constant corresponding to the Hubble rate. In
the de-Sitter background we have

E; <« DD —1)(D —2)(D —=3)(D—4)(D —5), (12)

which is obviously zero in the case of D < 6. For simplic-
ity we shall limit the discussion to a homogeneous scalar
field (). Then the spatial volume can be integrated out
from the measure in Eq. (1), which we rewrite as

R
S = fdzmﬂ[ﬁ + L+ Lyt Lm} (13)
K
where L, = —w(¢)(V$)* — V(). Varying the action
(13) with respect to the lapse function N, we obtain [11]
3H?

— = Pm T Py TP
K

(14)

where

Py =twd? + V().

In Eq. (14), the energy density p, is induced by quantum
corrections and is given by the following expression:

5)

Pe ™ <3H aaf\'lc - % aa{/\?; B 8;\; - LC) ooy 19
It would be convenient to rewrite p,. as
pe=E(PIp + Ex(B)pl, (17)
Using Eqgs. (10) we obtain the expressions of pgl) and p(cz)’
O = —24m3%E,, (18)
p? = —T2HIPE, — T2(HI? + 21HI) — 216H*I?
+ 120(H® + D), (19)

where 2, = £,/£, and B, = &,/&,. It is interesting to
note that the contribution of the Gauss-Bonnet term [de-
scribed by Eq. (10)] cancels in equations of motion for
fixed ¢, as it should be; it contributes for the dynamically
evolving scalar field only. In the case of the third order
curvature corrections, the Euler density is identically zero
and hence it does not contribute to the equation of motion,

in general. Second, E(CZ) contributes for a fixed field as well
as for dynamically evolving ¢. It contains corrections of
third order in curvature beyond the Euler density.

We should note that such higher-derivative terms in
string-inspired gravity may lead to ghosts and related in-
stabilities (for a recent discussion on scalar-Gauss-Bonnet
gravity, see [18]). However, the ghost spectrum of such
(quantum) gravity (for a review, see [19]) is more relevant
in the early universe where the curvature is strong, but less
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relevant in the late universe. Moreover, in accordance with
the modified gravity approach, the emerging theory is
purely classical, effective theory which comes from some
unknown gravity which has different faces at different
epochs. (Actually, it could be that our universe currently
enters the instable phase). For instance, in the near future
the currently subleading terms may dominate in the modi-
fied gravity action which then has a totally different form.
Hence, it is that (unknown) gravity, and not its classical
limit given by Eq. (1) relevant during a specific epoch,
whose spectrum should be studied. The point is best illus-
trated by the example of Fermi theory of weak interactions
whose quantization runs into well-known problems.
Finally, on phenomenological grounds, it is really interest-
ing to include higher-order terms. At present the situation
is remarkably tolerant in cosmology; many exotic con-
structions attract attention provided they can lead to a
viable model of dark energy.

The equation of motion for the field ¢ reads from (13) as
o($+3HE) +V = { L) —{ L) + o d—w' =0,

(20)

In addition we have the standard continuity equation for
the barotropic background fluid with energy density p,,
and pressure p,,,

pm+3H(p, + py,) =0. (21

Equations (14), (20), and (21) are the basic equations for
our system under consideration.

Let us note that in the string theory context with the
dilaton field ¢ we have

V((ZS) = O, érl = Cla/€2¢/¢0, 52 = czalze‘w’/d’n

(22)

where (¢, ¢;) = (0,0, 1/8), (1/8, 0, 1/8) for type II, heter-
otic, and bosonic strings, respectively.

B. Fixed field case: General features of solutions

We now look for de-Sitter solutions in the case of ¢ =
constant and p,, = 0. In this case the modified Hubble
equations (14) gives rise to the de-Sitter solution

1 \1/4
3=24&H or H= (—) (23)
8>

where &, = ¢ exp(—4¢/¢p,) for type II and bosonic
strings. Normalizing &, to 1, we find that H = 0.6 (we
have set k> = 1 for convenience). Below we shall discuss
the stability of the solution. There is no de-Sitter solution
for the heterotic case. Actually, de-Sitter solutions were
investigated in a similar background in Ref. [11] where
higher-order curvature corrections up to 4th order were
included. Since here we confine ourselves up to the third
order and the fourth order terms are excluded from the
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expression of p., these terms come with different signs.
Thus it becomes necessary to check whether or not the
stability property of de-Sitter solutions is preserved order
by order.

We further note that the modified Hubble equations (14)
admit the following solution in the high curvature regime
in the presence of the barotropic fluid with the equation of
state (EoS) parameter w,

a(t) = agt™, or a(t) = ay(t, — 1) (24)
where
2
hy = , 25
O 1+ w (25)

—[1/G1+w)]
. (26)

— 120(h§ + 13))}
We have used p,, = poa~>'**) for the background matter
density and I = hy(hg — 1), Iy = —2ho(hy — 1). For the
effective equation of state dictated by the modified Hubble

equations (14) we have |

2
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2 H 1+
weﬁ:—1—§ﬁ=—1+Tw. 7)
It is interesting to note that the effective EoS parameter
(27) may correspond to the inflationary solution in the
presence of background fluid (radiation/matter). In the
low curvature regime or at late times, woy = w. In the
presence of phantom matter, the effective EoS being less
than —1 is typical for the big rip singularity. It is really not
surprising that we have an inflationary solution at early
epochs in the presence of a higher-order curvature correc-
tion to the Einstein-Hilbert action; an early example of this
phenomenon is provided by R? gravity.

C. Autonomous form of equations of motion

Let us now cast the equations of motion in the autono-
mous form. Introducing the following notation (x> = 1),

u=d¢,

2= P

y=~H,
v =g,

we shall assume w(¢) = v = const. We obtain the system
of equations

x=H,
(28)

Lvv? =246 8,383 + &[-T2xIPE, — T2(yI? + 4Iyx?) — 216x°1* + 120(x° + )] — 3x? Lz

1441(x, y)éxx
Bt & LY + 6,00

u=v, v
v

1441&,x’

2= =3x(1 +w)z. (29)

We shall first be interested in the case of a fixed field for which we have (assuming v = 1)

o [F72001(x, y)? + 41(x, y)yx?) + 216x21%(x, y) + 120(x° + P(x, y)) — 3x> + 7]
y = b

2= =3x(1+w)z

1441(x, y)x
(30)
{
where Sx = by,
. 21 10 1 2 5 1
Sy = (=xz+ +—)bx + (sx, + — +—= |6y
(1) 3 3x.  48x; 3 6x2  48x]
I(x,y) =x*+y, L) =24x(y + x?), 1) :
+ 6z,
LY = 24(: + P, y)). 1443 °°
6x = —3x.(1 + w)éz (33)

In the presence of a perfect fluid, the de-Sitter fixed point is
characterized by

x, =071, y,=0 z,=0. (32)

Perturbing the system around the critical point and keeping
the linear terms, we obtain

The stability of the fixed points depends upon the nature of
eigenvalues of the perturbation matrix

1
Ay = 5(022 * yJ4ay + a3,),
(34)
)l3 = da3z3 = _3XC(1 + W)

For the fixed point given by (32), A, is positive where as A,
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is negative, making the de-Sitter solution an unstable node.
In fact, A; remains positive for any x. > 0, thereby makmg
the conclusion independent of the choice of fz (see
Fig. 1).

D. The dynamically evolving field ¢ and dark energy
solutions

In what follows we shall be interested in looking for an
exact solution of the equations of motion (14) and (20)
which are of interest to us from the point of view of dark
energy in the absence of the background fluid. In this case
let us look for the following solution:

140 T T T T

120-‘ 4
100 H 4
80 | 4

60 | B

FIG. 1 (color online). Plot of the first eigenvalue A; versus the
critical point x,.. The eigenvalue remains positive if the critical
point is varied from zero to larger values.
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-0.08

FIG. 2 (color online). Plot of Y = (48501)/z2) X 10° (black
line) and Y = (96502)/1‘4) (gray line) versus X = ¢>0, corre-
sponding to hg = 40 or wpg = —0.95 (v is assumed to be 1).
The common region corresponding to positive values of the
couplings gives possible models of dark energy induced by
higher-order curvature corrections.
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b = o 1nti (when hg > 0),
(35)
(when hy < 0).

¢ = ¢oln

Substituting (35) in evolution equations (14) and (20)
yields (we again set k> = 1)

v(1 — 3ho) b2 + 485(0) By — 1) + 965(20) S+ 13) = 0,
1 1
—312 + %qﬁ% 48f(0) h} + 5(210) J(ho) =0
(36)
where
J = A(—288RoI2 — T2(—hyl2 + 2Ughyly) — 216k 12

+ 120(hS + 13)),
Iy = ho(hy — 1),

Using Eqgs. (36), we express the couplings through 4, and
¢0’

486" [ 3m— "+ vBh — D3
[J(ho)(ho — 1) + hj(hy + (ho —

N [ (3h3 —

298 4 v(3hy — 1)$3)J (ho) H
T(ho)(ho — '

1) + hi(hi + (kg — 1)%)
(39)

0.1 :

0.09

0.08 /

0.07
0.06 /
0.05

0.04 /-

0.03

0.02

0.01

-0.01

0 5 10 15 20 25 30
X

FIG. 3 (color onllne) Plot of ¥ = (48£\/2) X 10° (gray
line) and Y = (96§0 /14) (black line) versus X = ¢3, corre-
sponding to iy = —33.33 or wpg = —1.06. The region bounded
by 6 < X < 31.5 corresponds to possible phantom dark energy
models.
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Let us note that the string couplings (£,(¢) = §(10)e"(¢/¢0),

&(p) = EVemd/90) with m = n? = 4) are generic to the
solution described by (35); for other couplings, such a
solution does not exist. We also note that Eqgs. (38) and
(39) reduce to the earlier results obtained in Ref. [10] (see
Refs. [13,20,21] on the related theme) where similar in-
vestigations were carried out confining to only second
order curvature invariants in the action (1).

There are several free parameters in the problem. In
order to extract important information from Egs. (38) and
(39), we proceed in the following manner. We fix A
corresponding to the observed value of the dark energy
equation of state parameter wpg and impose the positivity

condition on the couplings f(lo) and .f(zo), leading to allowed
values of the parameter ¢3. In the absence of the coupling
&,(), it was shown in Ref. [10] that, for a given value of
ho from the allowed interval, the parameter ¢, takes a
fixed value. Our model incorporates higher-order curvature
corrections allowing a one parameter flexibility in the
values of ¢y. This gives rise to a comfortable choice of
the equation of state consistent with observations.

The three-year WMAP data are analyzed in Ref. [22],
which shows that the combined analysis of WMAP with
the supernova Legacy survey (SNLS) constrains the dark
energy equation of state wpg pushing it towards the cos-
mological constant (see Table I). The marginalized best fit
values of the equation of state parameter at 68 % confidence
level are given by —1.14 = wpg = —0.93. In case of a
prior that universe is flat, the combined data give —1.06 =
wpg = —0.90. Our model can easily accommodate these
values of wpg. For instance, in the case of nonphantom
dark energy (standard dark energy), we find a one parame-
ter family of dark energy models with hy =40 (wpg =
—0.98) corresponding to ¢3 > 41. Likewise, in the case of
phantom dark energy, we find that, for 7y = —33 (wpg =
—1.02), the viable range of the parameter ¢3 is given by
6 < ¢3 <31.5 (see Figs. 2 and 3). These values are con-
sistent with the recent WMAP release and SNLS findings.

We should mention that the observations quoted above
do not incorporate the dark energy perturbations which
might severely constrain the phantom dark energy cosmol-
ogies. The combined data (CMB + LSS + SNLS) then
force the dark energy equation of state to vary as —1.001 <
wpg < —0.875 [22]. Our model can easily incorporate
these numerical values of wpg by constraining hy and ¢}
similar to the case of nonclustering dark energy. A word of

TABLE I.
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caution: the evolution of dark energy perturbation across
the phantom divide needs additional assumptions; a com-
plete analysis should take into account the nonadiabatic
perturbations which make dark energy gravitationally sta-
ble [4].

E. Stability of the dark energy solution

In what follows we shall examine the stability of the
dark energy solution (35) induced by purely stringy cor-
rections. In general, the analytical treatment becomes in-
tractable; simplification, however, occurs in the limit of
large hq corresponding to weg = —1.

Let us consider the following situation of interest to us:

m =0, w=v=1,
&(p) = §<10>ez¢/¢o, &(p) = 5(20)64125/%.

In order to investigate the stability around the dark energy
solution defined by (35), we need a convenient set of
variables to cast the evolution equations into an autono-
mous form. We now define the variables which are suited
to our problem.

(40)

x=2  y=w+mram
d _14d @b
Z=H*¢(9), WEEE

With this choice, the evolution equations acquire the au-
tonomous form

ax of X 48\ Y\1/2 96 5(0)
av - Xt ( z+%)<g<°>> N7 e
96" Y [ Y \1/2
t g0z <g;°>> ’
ay 1 X2 2 2§<°)y VA
AN a1 aggtX T <g;°>>
5§(0)
3(520’)2 ’
dZ 2 Y12
2+ 2 X\Z +2£0 : 42
dN ( "% ) 28 <§<°)> @

We have used the field equation (20) and Eq. (29) for H —
v in deriving the above autonomous form of equations. For

Observational constraints on the (nonclustering) dark energy equation of state wpg dictated by the combined analysis of

WMAP + SNLS data [22] and the numerical values of model parameters consistent with the observations.

Observational Constraint on wpg
Dark energy ho b3 WDE constraint on wpg with flatness prior
Nonphantom 40 $3 > 41 -0.98 —1.0613.43 —0.97+307
Phantom —33.33 6 < 3 <315 —1.02
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our solution given by (35), we have

2 £(0)
X=X =P z-z =Mt
0 1
(—hy + W)Y -
V=VYo=————
1

It can be checked that (X, Y,, Z;) is a fixed point of (42).
We then consider small perturbations around (43) or equiv-
alently around the original solution (35),

X =Xy t6X, Y=Y,+d8Y,

(44)
Z=2,+8Z

Substituting (44) in (42) and retaining the linear terms in
perturbations, we find

d oX oX
L sy |=m sy ). (45)
dN(sz> <5Z>

Here M is a 3 X 3 perturbation matrix whose components
are given by

My = -2+ LM
ho
7 24£072 144(—1 + h
Ml2:_¢031+ 0 f] 1 5 + ( O)
2hy PP (—ho + B3) boho
p, = SR ) | 19267HG  96(—1 + ho)'eY
hééﬁo) 5(10)¢of% ¢0h0§§0)f%
2 £(0)
M, = i - 2h0§1 ,
72 3ot}
—1+h
My = —2 - CLEM) (46)
0
Mo = 221 ho) O 10m3EY
23— T 57 ’
3ho 3,807 3802
e
31 — 2
Dot
0) 2
M, = %,
‘_’::2 (_ho + ho)
2
My = =2+ —.
33 hO

Stability of the fixed point(s) depends upon the nature of
the eigenvalues of the perturbation matrix M. If there is an
eigenvalue whose real part is positive, the system becomes
unstable. Here, for simplicity, we only consider the case of
ho — =00, which corresponds to the limit of w,;; ~ —1. In
this case, we find
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b - Fomn @
1 40h; I 32hg
and the eigenvalue equation is given by
h} Th}
0=FQ)=-A-62-—2 -0 @48
(1) 206, 204, (48)

The values of A satisfying F(A) = 0 give eigenvalues of M.
The solutions of (48) are given by

A=A = iLOl o + O(|hol),
bo\/40 (49)
A=Ay = =7+ O(lho|'/?).

When hy <0, the mode corresponding to A,y (A_) be-
comes stable (unstable). Since A. are pure imaginary
when hq > 0, the corresponding modes become stable in
this case. On the other hand, the mode corresponding to A,
is always stable. Thus, the nonphantom dark energy solu-
tion (35) induced by string corrections to Einstein gravity
is stable. Such a solution exists in the presence of a
dynamically evolving field ¢ with V(¢) = 0 coupled to
Riemann invariants with couplings dictated by string the-
ory. Dark energy can be realized in a variety of scalar field
models by appropriately choosing the field potential. It is
really interesting that we can obtain dark energy solutions
in the string model without recourse to a scalar field
potential.

Let us compare the results with those obtained in [10],
where &, = 0 but V(¢) # 0. The dark energy solution
studied in Ref. [10] was shown to be stable when /g > 0
but unstable for 4y > 0. The present investigations include
&, and V =0 which makes our model different from
Ref. [10]; it is therefore not surprising that our results
differ from Ref. [10]. Since Ay > 0 corresponds to the
quintessence phase and 4 < 0 to the phantom, the solution
in the model (with &, and V = 0) is stable in the quintes-
sence phase but unstable in the phantom phase. We should
notice that the approximation we used to check the stability
works fine for any generic value of k. For instance, 5 <
hg < —667 which corresponds to the variation of wpg in
the case where the dark energy perturbations are taken into
account. We also carried out numerical verification of our
results.

III. THE LATE-TIME COSMOLOGY IN
SCALAR-GAUSS-BONNET GRAVITY

A number of scalar field models have recently been
investigated in connection with dark energy (see Ref. [4]
for details). The cosmological viability of these constructs
depends upon how well the Hubble parameter predicted by
them compares with observations. One could also follow
the reverse route and construct the Lagrangian using the
observational input; such a scheme might help in the search
of best fit models of dark energy [4]. In what follows we
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shall describe how the reconstruction program is imple-
mented in the presence of higher-order string curvature
corrections.

A. The reconstruction of scalar-Gauss-Bonnet gravity

In this section we will show how scalar-Gauss-Bonnet
gravity may be reconstructed for any requested cosmology
using the method [16] developed in the scalar-tensor the-
ory. We now include the orders up to the Gauss-Bonnet
term (by technical reasons) but there is no principal prob-
lem to include higher-order terms studied in the previous
section. It is interesting that the principal possibility ap-
pears to reconstruct the scalar-Gauss-Bonnet gravity for
any (quintessence, cosmological constant, or phantom)
dark energy universe. The last possibility seems to be quite
attractive due to the fact [10] that the phantom universe
could be realized in scalar-Gauss-Bonnet gravity without
introducing a ghost scalar field. In this section, we show
that, in scalar-Gauss-Bonnet gravity, any cosmology, in-
cluding phantom cosmology, could be realized by properly
choosing the potential and the coupling to the Gauss-
Bonnet invariant with the canonical scalar.

The starting action is

$= [ de/7E] 5~ 30,090~ Vo)~ £10)G |

(50)

Here G is the Gauss-Bonnet invariant G = LEI) (3) and the
scalar field ¢ is canonical in (50). As in the previous
section, it is natural to assume the FRW universe (9) with
N(r) = 1 and the scalar field ¢ only depending on . The
FRW equations look like

3 1, dé (1)

0=—?H2+§¢2+V(¢)+24H3T’ 51
0= *(ZH + 3H?) + ~ ¢2 V() — 8H2dz§1d(t‘§’(t))
16,7“,1,6161(<1>(t)) 16H3w’ )

and the scalar field equation is

0=¢ +3Ho + V'($) + £(4)G. (53)
Combining (51) and (52), one gets

2 d*¢,(¢(1)
0=—H+ ¢ —8H’ ih‘f

dé (¢(1)
+ g3 eV o (54)

at <H2 dflgf(t))>

e )

SH+ ¢*—8a

Equation (54) can be solved with respect to &;( (7)) as
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o 1 t a(ll) 41 dlz
a0 =3 [(an gl [1 5 () + )
(55)
Combining (51) and (55), the scalar potential V(¢ (7)) is
B dty
V(@) = S H? 5 b7 Sar() [T
X (FH(M) + d)(tl)2>- (56)

We now identify ¢ with f(¢) and H with g’(z) where f and
g are some unknown functions in analogy with Ref. [16]
since we know this leads to the solution of the FRW
equations subject to the existence of such functions.
Then we consider the model where V(¢) and &;(¢) may
be expressed in terms of two functions f and g as

3 1 .
V(#) = 58 (@) = 5 =38 ((g)est?)
X f¢ d¢1f/(¢1)e—g(f(</>1))
2, 1
X (8 @) + )
1 f(h))es @)
&1(9) =§f d(i)lW (57)

% f"" Ao (by)e—eU(#)
2, 1
(8 0@+ )

By choosing V(¢) and &,(¢) as (57), we can easily find the
following solution for Egs. (51) and (52):

b=r"10  (t=f())
a = ages" (H = g'(1)).

We can straightforwardly check that the solution (58)
satisfies the field equation (53).

Hence, any cosmology expressed as H = g(¢) in the
model (50) with (57) can be realized, including the model
exhibiting the transition from the nonphantom phase to the
phantom phase without introducing the scalar field with the
wrong sign kinetic term.

In Einstein gravity, the FRW equations are given by

3
0=—SH+p 0=

(58)

1.
?(ZH +3H?) + p. (59)

Here p and p are total energy density and pressure in the
universe. By comparing (59) with (58) we find that the
effective energy density p and the pressure p are given by
2
—8"(®).  (60)
K

. _ 3 _ 3
PS80 p= g -

Since t = g'~'((x)/p/3), we obtain the following effec-
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tive EoS:

2 [

~ __ = T M o1 ~ 61
p p—a8 <g ("\E)) (61)
which contains all the cases where the EoS is given by p =
w(p)p. Furthermore, since g’~! could not always be a
single-valued function, Eq. (61) contains a more general
EoS given by

0= F(p, p). (62)
This shows the equivalence between scalar-tensor and
ideal fluid descriptions.

Let us come back now to scalar-Gauss-Bonnet gravity. It
is not difficult to extend the above formulation to include
matter with a constant EoS parameter w,, = p,,/p,,. Here
P, and p,, are energy density and pressure of the matter.
Then, instead of (51) and (52) the FRW equations are

3 1. dé (¢(1)
0= = SH + 2§ + V() + p,, + 24H° 1d ,
K t
(63)
|
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0= —(2H +3H%) + 5 ¢2 V() + py
OG0 g 4680)
~ 16H° LIEZ’U)) . (64)
The energy conservation law
P+ 3H(p, + pp) =0 (65)
gives
P = pumoa ), (66)

with a constant p,. Instead of (57), if we consider the
model with

(67)

V) = SR~ 5 7 3¢ (@) [* g )
X (8@ + s+ (1 wp)gge ),
/ o(f(#1))
610 = [ a0 O [P dgar@e 1 (Lo + 5

+ (1 + Wm)goe*3(1+wm)g(f(¢z)) I
2f/(¢ )?

we reobtain the solution (58) even if the matter is included. However, a constant a; is given by

One can consider some explicit examples [16]:

_ f) =2
=)=

which give

) (68)

Po
8(1) = hoIn_ t_ , (69)
_ hOts(ZI B ts) (70)

2ty — 1)

Then the universe is in the nonphantom phase when ¢ < z,/2 and in the phantom phase when ¢ > ¢,/2. There is also a big

rip singularity at t = ¢,. Especially in the case w,,
Bonnet gravity with the following potentials:

= (0 (that is, matter is dust) and sy, = 2, we reconstruct the scalar-Gauss-
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R e R T v [ o R T
2 2 g )
A T o
— 8¢, <5 i —%>+%6>+C15¢5 +c2i|.
[
Here ¢, = dbot, and c;, ¢, are constants of the integration. @t < 2n7r] with integer n. Thus, the oscillating late-time

Another example, without matter (go = 0), is [23]
0
0 sinwt),

Here hy, 0, w, and ¢ are constants. This leads to recon-
struction of scalar-Gauss-Bonnet gravity with

#)

g(n) = ho<t 4 08 170 = dosin?.

(72)

2 cosb

b}

V(¢>——( + cosfly —

% 2 1_¢_2 1/2
8 b5)
73)
wpy (¢ BT\ "1/2 (
= — do. (1 =21
£19) =~ 8 [ aon( ¢%>
2 cosf) -2
X <1 + cosfy — C;;) 0 d)%)
Then, from Eq. (72) we find
H = hy(1 + cosfy coswt) = 0,
(74)

H = —hyw cosf sinwt.

Then the Hubble rate H is oscillating but, since H is
positive, the universe continues to expand and, if
how cosfy > 0, the universe is in the nonphantom (phan-

tom) phase when 2n7m < wt < (2n + )7 [2n — )7 <
|

cosmology in string-inspired gravity may be easily
constructed.
One more example is [23]

H
g(f) = Hyt — — IncoshH,t. (75)
Hy
Here we assume Hy, > H; > 0. Since
H = g/(t) = HO - Hl tanhHOt,
. HyH (76)
H= g”(t) = - 02 ! 4
cosh“Hyt

when ¢t — *oo, the universe becomes asymptotically de-
Sitter space, where H becomes a constant H — H, + H,
and therefore the universe is accelerating. When ¢ = 0, we
find

K i

— =H+H>=—-HHy+H}<0; (77)

a
therefore the universe is decelerating. Then the universe is
accelerating at first, becomes decelerating, and after that
becomes accelerating again. As H is always negative, the

universe is in the nonphantom phase. Furthermore, with the
choice
1 kH 0
w, =0, t= = — tan , 78
. 16) = (5 5ed) 09

we find the corresponding scalar-Gauss-Bonnet gravity:

V(¢) = = (H, — H, tanhp)* — ! - Hy — H,tanhg)(1 + ¢%¢
(¢) K2( 0 1 ?) Lrlcosh’e H, (Ho 1 @) )
5 5 2
X |20 — In(1 + €2¢) + + + , 79
[ oIl et e et e T e+ ew)»*} )
+ e ;
20 [‘quo’ Lre 2[2@’—ln(1+ez‘*’)+ > ~+ > — + 2 , }
2H0 (HO - Hl tanhgo/) 6(1 + €2¢) 6(1 + €2¢ )2 6(1 + ez‘” )3
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Here

= tan(Z\K/gI(-)Il ¢>.

Although it is difficult to give the explicit forms of V()
and &,(¢), we may also consider the following example
[16]:

(80)

A t+t
1) =ho|— — 3+ ),
2(0) 0(12 - - )

Bty >t >1, >0, hy>0).

81)

Here hy, t,, t, are constants. Hence, the Hubble rate is

PHYSICAL REVIEW D 74, 046004 (2006)

Ref. [25]). If we define the effective EoS parameter wg as

_p__1_2H
p

Wetf

we find wey — —1 in the limit ¢+ — +o0. Although it is
difficult to find the explicit forms of V(¢) and &,(¢), one
might give the rough forms by using the numerical calcu-
lations. From the expression of V(¢) and &,(¢) in (57), if
f(p) is properly given, say as 1= f(¢p) = ¢/py with
constant ¢y, there cannot be any singularity in V(¢) and
&,(o) even if t = ¢, or t = t;, which corresponds to the
transition between the phantom and nonphantom phases.
Then, the model (50) could exhibit the smooth transition
between the phantom and nonphantom phases.

H(1) = ho(ﬁ _hthn 2+ t1t2t>, The next example is
302 (82)
- t
H(t) = ho(t — 1;)(t — 1p). g(t) = hy lnt—, t = f(p) = tge?/%.  (84)
0
Since H > 0 when ¢t > 0 and H < 0 when ¢ < 0, the radius Since
of the universe a = aoegf’) has a minimum when ¢ = 0.
From the express@on of H in (82), the universe is in the ho
phantom phase (H > 0) when 7 <1, or 1 > 1, and in the H= T (85)
nonphantom phase (H < 0) when #; <t <1, (for other
string-inspired models with similar cosmology, see for  we have a constant effective EoS parameter:
instance [24]). Then, we may identify that the period 0 <
t < t; could correspond to the inflation and the period t > o — —1 4+ 2 (86)
1, to the present acceleration of the universe (this is similar eff 3hy
in spirit to unification of the inflation with the acceleration
suggested in the other class of modified gravities in  Equations (84) give
|
1 3n2(1 — hy) &} 3ho(1 + w),)g
\% S 0 + X090 — 5h —2¢/d0) 1 0 m/50 —((3(1+Wm)ho¢)/¢o)’
@)=~ 1):5( 2 2 ¢ °)>e @+ 3why —1°
13 2hyg ) 1 _ _ &7
=—-———>2——(-—+ @d/¢0) + —{3(1 + w,,)hg — 4} H(4 + 3w, )hg — 13711 +
R e G ) S0+ ) = 47 HE + 3w,y — 11711+ w,)
X gothe (BU+wh~419)/d),
[
Thus, exponential functions appear, which are typical in 1 3R3(1 — ho) B3
string-inspired gravity Vo=~ 2 2 + 2 (1= 5h) )
. .. . .. (ho + l)to K 2
As is clear from (85), if hy > 1, the universe is in the ) (88)
quintessence phase, which corresponds to —1/3 < we < fo = % _ 2_h0 + 2
—1in (84). If hy < 0, the universe is in the phantom phase O 16R3(hy + 1)\ K2 op

with weg < —1. In the phantom phase, we choose #, to be
negative and our universe corresponds to negative ¢, or if
we shift the time coordinate ¢ as t — ¢ — £, with a constant
t,, t should be less than ¢,.

The model [10] corresponds to go = 0 in (87). In the
notations of Ref. [10], 1, = t;, V(¢p) = Vye 2¢/%0) and
f(p) = foe@?/d) = —& (). Then, from the expression
(87), one gets

which is identical (after replacing ¢, with #;) with (16) in
[10].

Thus, we demonstrated that arbitrary late-time cosmol-
ogy (from specific quintessence or phantom to oscillating
cosmology) may be produced by scalar-Gauss-Bonnet
gravity with scalar potentials defined by such cosmology.
The reconstruction of string-inspired gravity may always
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be done. Moreover, one can extend this formulation to
include the higher-order terms in low-energy string effec-
tive action.

B. The relation with modified Gauss-Bonnet gravity

In this section we show that scalar-Gauss-Bonnet gravity
may be transformed to another form of modified Gauss-
Bonnet gravity where no scalars are present. In addition,
the formulation may be extended to include higher-order
terms too. Starting from (50), one may redefine the scalar
field ¢ by ¢ = e¢@. The action takes the following form:

2
S = ]d“x\/—_g[% ~ S 0ubir g — Vig) - él(so)G}
(39)

Here

Vi) =Viep),  &i(p) = &i(ep). (90)

If a proper limit of € — 0 exists, the action (89) reduces to
R ~ -
s= [ax=g 50 V@) -GG on

Then ¢ is an auxiliary field. By the variation of ¢, we find

0="V'(e) - £(9)G., 92)
which may be solved with respect to ¢ as
¢ = ®(G). (93)

Substituting (94) into the action (91), the F(G) gravity
follows [26]:

R
S=|d*x/—g| =— — F(G) |,
[ [?"2 } O
F(G) = V(®(G)) — &1(P(G))G.

For example, in the case of (84), in the € — 0 limit after
redefining ¢ = e and ¢, = €@y, V() and &,(¢) reduce
to

3h3(ho — 1)
e

Vip) = 00 7 ,—Q2¢/e)
@)= G + DEx?
3ho(LF W80 _ - ((a(1-+w, o)/ o)
(4 + 3Wm)]’l0 —1
2
i 1
=__ 0 20/ + _{3(] + hy — 431

X {(4 + 3""er1)170 - 1}_1(1 + Wm)
X gol‘ge_(({3(1+W'”)h°_4}¢)/¢0). (95)

The solution corresponding to (84) is
t t

g(t) = hyln ¢ = ¢gln (96)

Iy Iy

If we further consider the case gg = 0, Eq. (92) gives
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t4
0 G (97)

e We/p) =____ 0
24h(3)(h0 -1

Equation (97) could have meaning only when hy > 1 or
ho < 0 if G is positive. In this situation

B 1 3(hy — Dhy
Ao == 2 .
2(1 + hy)k 2

(98)

The above model has been discussed in [26]. Actually, in
[26] the following type of action has been considered:

S = f d4x\/—_g<$R + F(G)>. (99)

In the case that F(G) is given by (98), in terms of [26],
Ay = fo. Hence, A, (98) coincides with Eq. (26) of [26].

As a further generalization, we may also consider the
string-inspired theory of the second section where the next
order term is coupled with the scalar field:

S = fd“x\/—_g[;;z - %ama”cﬁ —V(¢) — £&1()G

F(G) = A,G'/?,

+ fz(¢)£§2)}. (100)

As in (89), we may redefine the scalar field ¢ by ¢ = €.
If a proper limit of € — 0 exists, the action (100) reduces to

$= [ /7E] 3~ V)~ E10)G + Eao) L]
(101)
Here
£, = liméy(e). (102)

Then ¢ could be regarded as an auxiliary field and one gets

0=V(e) = &()G + & LY, (103)
which may be solved with respect to ¢ as
¢ = WG, LY. (104)

Substituting (104) into the action (101), we obtain
F(G, E(CZ))—graVity theory:

s | d4x¢——g[2% - r6,£)]

F(G) = V(®(G, L)) — £,(9(G, LP)G Y
+ &G, L) LY.
In the case of the string-inspired gravity,
V = Vye 26/¢0), & = £y b,
(106)

£y = myetd/bo,

Here ¢, V., &y, and 7 are constants. We may consider the
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limit of € — O after redefining ¢ = € and ¢, = €¢.
Thus, Eq. (103) gives

G
ol = 0(G, L) =9+ y(G, £0). (o)
27’0£c
Here
Y(G, ‘E(Cz)) =y, +y_, y+€(2/3)7ﬁ 4 y,€(4/3)m',
er6(4/3)77'1' + yie(Z/S)m' (108)
and
ol ey B ) Rl )
- 4770£(cz) B 4770££2) 6770£(cz) '
(109)

Hence, the action of the corresponding F(G, L @) theory is

S = fd“)u /——g[zi;2 - F(G, £E.2))}
Y
0(G, LY)
+ m00(G, LIV LY.

(110)

F(G, L?) = — £0(G, LP)G

Instead of (50), one may consider the model with one
more scalar field y coupled with the Gauss-Bonnet invari-
ant:

R 1 €
S = fd“x\/—g[ﬁ - §3M¢3“¢ _EGMXG“X — V(¢)

- UG~ (6(6) + 600G | (a1
This kind of action often appears in the models inspired by
string theory [14]. In such models, one scalar ¢ may
correspond to the dilaton and another scalar y to the
modulus. We now consider the case in which the derivative
of x, 9, x,1s small or € is very small. Then we may neglect
the kinetic term of y, and y could be regarded as an
auxiliary field. Repeating the process (92)—(94), we obtain
the F(G) gravity coupled with the scalar field ¢:

S = fd“x\/—_g[% - %%d’a“(i) —V(¢) = &1()G

T F(G)}. (112)

The relation between scalar-Gauss-Bonnet gravity and
modified Gauss-Bonnet gravity (or two parametrizations of
the same theory) is discussed in this section. We show that
cosmological solutions obtained in one of such theories
may be used (with different physical interpretation, com-
pare with [27]) in another theory. It often turns out that it is
easier to work with a specific parametrization of the same
theory. Of course, only comparison with observational data

PHYSICAL REVIEW D 74, 046004 (2006)

may select the truly physical theory in the correct
parametrization.

IV. CONCLUSION

In this paper we have studied several aspects of (dilaton)
gravity in the presence of string corrections up to third
order in curvature. The second order term is Euler density
of 2nd order, called the Gauss-Bonnet term. The next-to-
leading term contains higher-order Euler density (E3) plus
a term of 3rd order in curvature. The expression of Ej is
identically zero in space-time of dimension less than 6; the
term beyond the Euler density contributes to the equation
of motion even for a fixed field ¢». We have verified that the
de-Sitter solution which exists in the case of type Il and
bosonic strings is an unstable node. We show that in the
presence of a barotropic fluid (radiation/matter), an infla-
tionary solution exists in the high curvature regime for a
constant field.

For a dynamically evolving field ¢ canonical in nature,
there exists an interesting dark energy solution (35) char-
acterized by H = hy/t, ¢ = ¢polnt/t; for hy >0 [H =
ho/(t, — 1), ¢ = PpoIn((z, — 1)/t;) when hy < 0]. The
three-year WMAP data taken with the SNL survey [22]
suggest that wpg = —1.067513. We have shown that
choosing a range of the parameter ¢3 (which is amplified
thanks to the third order curvature term contribution) we
can easily obtain the observed values of wpg for phantom
as well as for nonphantom dark energy. We have demon-
strated, in detail, the stability of the dark energy solution.
For nonphantom energy, in the large k limit, we presented
an analytical solution which shows that one of the eigen-
values of the 3 X 3 perturbation matrix is real and negative
where as the other two are purely imaginary, thereby
establishing the stability of the solution (35). We have
verified numerically that stability holds for all smaller
and generic values of kg in this case. The phantom dark
energy solution corresponding to sy <0 turns out to be
unstable. It is remarkable that string curvature corrections
can account for late-time acceleration and dark energy can
be realized without the introduction of a field potential.

We show how scalar-Gauss-Bonnet gravity may be re-
constructed for any given cosmology. The corresponding
scalar potentials for several dark energy cosmologies, in-
cluding quintessence, phantom, cosmological constant,
and oscillatory regimes, are explicitly found. This shows
that, having the realistic scale factor evolution, the princi-
pal possibility appears to present string-inspired gravity
where such evolution is realized. We explain how to trans-
form scalar-Gauss-Bonnet gravity (even with account of
the third order curvature term) to modified Gauss-Bonnet
gravity [26], which seems to pass the solar system tests.

Different forms of modified gravity are attempted re-
cently (for a review, see [9]) to describe the dark energy
universe; these models provide a qualitatively simple reso-
lution of dark energy/coincidence problems and deserve
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further consideration. It is quite likely that the time has
come to reconsider the basics of general relativity in the
late universe in the search for realistic modified gravity/
dark energy theory.

We should also mention that, in the present study, we
have tested the background model against observations.
The study of perturbations in the scenario discussed here is
quite complicated and challenging and in our opinion it
deserves attention; we defer this investigation to our future
work.
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