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Future generation gravitational wave interferometric detectors will require a strong reduction of thermal
noise, and will be limited by quantum fluctuations of laser light, namely, shot noise and radiation pressure
noise. One of the factors which currently constrain the thermal noise performances of this kind of
instruments is the dissipation introduced by the optical coating of the mirrors. In a recent article Braginsky
and Vyatchanin proposed to reduce the contribution of thermoelastic noise in the coating building an
optical cavity with corner reflectors instead of spherical mirrors. In this work we study a solution which,
avoiding completely any kind of coating, allows for injection and extraction of light. We discuss the
proposed optical scheme, evaluating the expected thermal noise performances.
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I. INTRODUCTION AND MOTIVATIONS

In order to obtain the high resolutions needed in the
optical detectors of gravitational waves high reflectivities
of optical elements are required. The use of multilayer
dielectric coating on mirrors allows today to obtain state
of the art values of R ’ 1� 10�6. The price to pay is an
increase of thermal noise induced both by the large thermal
expansion coefficient of the coating’s material and by the
reduction of the mirror’s mechanical Q factor [1]. For a
given elastic mode the quality factor is usually related to
the one of an uncoated mirror by [2–4]

 Q�1 � Q�1
uncoated ��

Ecoat

Etotal
; (1)

where � is the coating’s loss angle and Ecoat, Etotal are the
energies stored in the coating and in the bulk. Values of �
for typical coating’s materials have been experimentally
measured and found to be of the order of few 10�4, to be
compared with bulk’s ones of the order 10�8. Recent
measurements suggest that coating losses does not de-
crease at low temperature [5].

The search of materials with better performances is
currently an active field of research. We think it is worth
to try to investigate alternative solutions, which should be
able to design highly reflecting optical elements without
coatings. The proposal of Braginsky and Vyatchanin ([6],
B&V from now on) is based on the total reflection of light
from an interface between a dielectric and the vacuum,
which is possible when the light impinges from the dielec-
tric’s side at a large enough incidence angle, sin�i > n�1.
In B&V the authors investigate the properties of an optical
cavity with corner reflectors used as mirrors. Optically this
configuration is up to some extent equivalent to a plane
mirror, and in order to obtain a stable cavity the corner
reflectors are supplemented by a lens. As the curvature of
this lens is not matched to the resonating mode inside the

cavity an anti reflective coating is needed in order to avoid
the generation of optical losses.

In this paper we elaborate this proposal to obtain a
solution which does not need in principle any kind of
coating, and we give a specific solution for the injection
of the laser light and its extraction.

In order to avoid anti reflective coatings we propose to
change the shape of the reflectors. In our approach the
optical stabilization of the cavity is obtained giving an
appropriate curvature to the back surface of the reflectors.
We will show that in this case the reflector is optically
equivalent to a curved mirror, so no additional optics is
needed for stabilization.

To avoid spurious reflections from the front surface of
our ‘‘coatingless mirror’’ (CM) we match it to the cavity
mode. The idea is not to avoid the back reflection from the
front surface, which is not possible in a simple interface
without coating, but to couple the reflected light to the
same mode which is resonating. In this way the reflector
can be seen as a single mirror, modulo a phase factor in the
reflected light which depends on its internal geometry.

A problem with this kind of all reflective cavity is that it
is not obvious how to feed the light of the external source
inside. We thought about several possible solutions.

A possibility is to couple the evanescent wave which is
present on the back of the reflector to another dielectric
medium, so that it becomes possible to put light inside the
cavity using tunnel effect. This is an interesting possibility
in our opinion, worth of further investigation. It allows for
example to tune the coupling between the cavity and the
external world, so that the finesse of the cavity can be
changed up to some extent. But it has also some draw-
backs, for example, it seems quite difficult to stabilize with
high accuracy the relative position of the reflector and of
the ausiliary dielectric.

Another idea is to realize with a piece of dielectric
material a coupler between the external input and output
modes and the internal ones. Of course it is very easy to do
that just with a slab of a dielectric material. The problem is
that, in order to obtain high finesse cavities, we need this
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coupling to be small, which means that the transmission
coefficient of the slab must be small. The mimimum trans-
mission coefficient obtainable with a dielectric slab at
normal incidence is given by

 tmin �
2n

1� n2 ; (2)

where n is the refraction index of the material. For reason-

able values of n this is not much smaller than 1, for
example nSi ’ 3:4 which means tmin;Si ’ 0:54.

From these considerations we argue that using a dielec-
tric at normal incidence is not a good option. But in order to
find a solution without a normal incidence angle we need to
solve two kind of problems. First of all we expect a
proliferation of spurious reflected beams inside the dielec-
tric, which must be avoided. The second issue is that, in the
usual setup, the cavity mode should be reflected back in
itself and it seems that this is not possible without normal
incidence.

We found that it is possible to introduce a prism which is
traversed by the resonant beam inside the cavity in such a
way to split a fraction of it externally. A schematic diagram
for this solution is depicted in Fig. 1. In order to avoid
internal and external spurious reflections the geometry of
this prism should be accurately tuned. By lowering the
reflectivity of the prism it is possible to tune the cavity
finesse. But in order to avoid light losses we need to satisfy
additional geometrical constraints. Also, we must keep the
prism well aligned and this makes a practical scheme quite
complicated.

A simpler approach avoids the introduction of the prism
inside the cavity. It consist in changing the shape of one of
the two reflectors, which acts now not only as a mirror but
also as a coupler.

Possibilities of this kind can be derived from the general
scheme shown schematically in Fig. 2 as we will explain in

FIG. 1 (color online). A possibility for coupling a coatingless
cavity with the laser source and the readout. The schematic idea
is shown in the upper diagram. With a naive implementation
spurious modes are generated in the general case. In the lower
figure we show a more careful implementation which avoids
losses.
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FIG. 2 (color online). The basic optical setup for a coatingless resonant cavity. Each triangle is the section of a dielectric prism, and
the path of the beam is indicated. Several solutions can be derived from it, as discussed in the text. In the left bottom of the picture a
graphical representation of the optical properties of the central beam splitter. Each thick arrow is equivalent to a free propagation,
while the thin ones represent a transmission or a reflection through the interface. Filled circles stand for the different representative
values of the input (i1; i2; i3; i4) and output (o1; o2; o3; o4) fields.
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detail. In the following we will study several options,
trying to understand their advantages and their drawbacks.
In Sec. II we describe their optical properties, we introduce
a reference scheme for a Virgo-like, coatingless interfer-
ometer and we discuss resonating modes, polarization
effects and losses.

In Sec. III we evaluate the thermal noise performances
of coatingless solutions. As we said elimitation of coatings
should give us an advantage in terms of the quality factor of
the optical elements. However in our setup the beam’s light
propagates inside the dielectric for a larger than usual
length, and its coupling to thermal fluctuations of the
refraction index n [7] can be large and must be understood.

In Sec. IV we draw some conclusions and we discuss
possible improvements.

II. THE OPTICAL SCHEME

To explain our strategy we start from the basic setup
depicted in Fig. 2. The four external triangles represent
reflectors of the kind discussed in B&V which act simply
as a mirror on the centered beam. The central triangle is the
section of a prism, which acts as a beam splitter. The beam
impinges on the surface S with a non zero incidence angle
�, and is partially reflected and partially transmitted. The
transmitted part exits the prism through the surfaces N or
N 0. Spurious reflected beams can be generated by the
reflection on the N , N 0 surfaces of the prism and on
the frontal surfaces F i of the reflectors. To avoid them the
curvature of these reflecting surfaces must be matched to
the equal phase profiles of incoming beam.

This scheme is not directly usable because there is not an
input or output port. The basic idea is to remove one of the
reflectors Ri, i � 1; 2; 3; 4, and to study the properties of
the obtained one port device to see if it can be used as a
resonant cavity in a gravitational wave detector. As we will
see when we remove one of the reflectors we end with a
device which contain several coupled cavities. All these are
potentially able to resonate. To obtain optical properties
equivalent to the ones of a Fabry-Perot we must tune the
parameters in such a way that only one of these will remain
relevant.

A. Optical transfer function

We suppose that the setup can be designed in such a way
to sustain a resonant mode. Here we are interested in
understanding only the qualitative picture, so we will for-
got the nature of these modes that will be discussed later,
and we threat them simply as plane waves.

We start with a characterization of the simpler triangular
reflector, giving the relation between the incoming and
outgoing fields aout and ain. This is essentially a single
ended cavity, so we have to evaluate the interference
among the multiple reflections from the entry surface and
the total internal reflection in the interior. Summing all the
contributions it is immediate to write

 aout �
�n� 1� � �n� 1�ei�

�n� 1� � �n� 1�ei�
ain � ei�ain; (3)

where � � 2nhik� � is the phase acquired during a
round trip, which include the contribution of the propaga-
tion in the dielectric and the (polarization dependent) phase
shift of the reflection �. It is easy to see that the effect of the
reflector is, as expected, simply a frequency dependent
phase shift of the field. The beam entering the reflector
will contain the carrier field, of frequency !0, and side-
bands at frequencies !0 �� carrying informations about
the modulations at acoustical frequencies �. Taking hi ’
10�1 m we get �hi=c < 10�4, and the finesse of the cavity
is quite low. This means that we can neglect the frequency
dependence of the phase shift factor � . In other words the
reflector is just equivalent to a coatingless mirror (CM).

The crucial object for the solution we propose is the
central beam splitter in Fig. 2. As we said in order to avoid
coupling to spurious modes through internal reflection its
triangular geometry must be designed in such a way that
the beams refracted by the surface S are orthogonal to the
surfaces N and N 0, with a matched curvature. This
means that the angle of incidence of the incoming beam
must be planned in advance.

As a beam splitter the prism is a four port device. In the
left bottom of Fig. 2 we introduced a graphical representa-
tion which describes its optical properties. Thick arrows
are associated to free propagators (phase factors in our
case) and thin ones to appropriate reflection and trans-
mission coefficients for the amplitudes of the fields. The
graphical representation is equivalent to a linear relation
between input and output fields that can be parametrized
with an array of dimension four. Using the conventions
explained in the caption of Fig. 2 we can write

 

o1

o2

o3

o4

0BBB@
1CCCA � ��1�

i1
i2
i3
i4

0BBB@
1CCCA; (4)

where � � 1� e4i�R2r2 is the factor connected to the
resonance inside the beam splitter and ��1� is an array
constrained by the unitarity, the time reversal invariance
and the simmetry of the system. The elements of the array
� can be written explicitly in the form

 �11 � �22 � �e2i�nrT2; (5)

 �12 � �21 � R�1� r2e4i��; (6)

 �33 � �44 � r�1� R2e4i��; (7)

 �34 � �43 � �e2i�nRt2; (8)

 �14 � �23 � �32 � �41 � e3i�nrtRT; (9)
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 �13 � �31 � �42 � �24 � ei�ntT; (10)

where R, T are the reflection and transmission coefficients
on the S surface for a beam incoming from the vacuum
side, r, t the same for the N surface and � � knd. As the
incidence angle of the beam from the two sides of the
surface S is not at the same angle a normalization factor
proportional to the square root of the ratio between the
transverse surfaces of the incident and transmitted beam is
attached to T.

We can transform the beam splitter in the equivalent of a
semitransparent mirror deactivating two of the four input
and output ports. This can be done feeding an input port
with the beam exiting an output one. In Fig. 2 for example
each beam is reflected in itself. We could also reflect, for
instance, o3 in i4 and o4 in i3, but we will not report the
analysis of these possibilities here, which however do not
seem to be particularly interesting.

1. Coatingless semitransparent mirrors.

Given the symmetries of the beam splitter there are four
independent ways of building a coatingless semitranspar-
ent mirror (CSM).

The realizations of all the four schemes we will analyze
are depicted in Fig. 3. The first option, which we call type I,
is given by the connections (o1 ! i1, o4 ! i4). The
types II, III and IV can be obtained similarly with the
connections (o3 ! i3, o4 ! i4), (o1 ! i1, o3 ! i3) and
(o1 ! i1, o2 ! i2).

Note that in Fig. 3 we consider the beam splitter and the
‘‘near’’ reflectors as separate objects. In a real setup it
could be possible to merge one or both the reflectors with
the beam splitter, obtaining a monolithic object which does
not need to be aligned. For example, it is probably conve-
nient to merge one of the reflectors in scheme I, II, III,
while it could be difficult to do that in the scheme IV. Apart
from the technical difficulties, the mechanical properties of
the result will not be good, with elastic modes of low
frequency and high disomogeneities of the mechanical
stress. Of course the alignment of two separate pieces
requires some kind of locking procedure. The scheme I
could be in principle completely monolithic, but in that
case it will not be possible to correct for imperfections in
the manufacture.

We take as an example the case of scheme IV to show
what is the general structure of the problem. First of all we
can rewrite the relation (4) as

 

ou
od

� �
�

�uu �ud

�T
ud �dd

� �
�ou
id

� �
; (11)

where oTu � �o1; o2�, oTd � �o3; o4�, iTd � �i3; i4� and �ab

are the relevant 2� 2 blocks of the array ��1�.
The diagonal array � has elements proportional to the

phase shifts acquired by the beam in a round trip from a
surface of the beam splitter to a reflector:

 �ii � ei�i�2i�‘i � ei�i ; (12)

which is the sum of the contribution �i of a reflector [see
Eq. (3)] and of the free propagation over a length ‘i (�‘i �

k‘i).
Solving we get the desired relations:

 o u � �I ��uu���1�udid; (13)

 o d � ��dd ��T
ud��I ��uu���1�ud	id � �34id: (14)

We are especially interested in Eq. (14), which gives the
transfer functions between the two input id and output od
ports of our CSM. The 2� 2 array �34 must be unitary
and, owing to time reversal invariance, symmetric. So its
structure must be

 �34 � ei�
rei� t
t �re�i�

� �
; (15)

where the real parameters r and t represent the effective
reflectivity and the transmissivity of the ‘‘mirror’’ and r2 �
t2 � 1. Comparing Eq. (14) and (15) we can extract the
reflectivity of this configuration. We can use the same
method to prove that all the schemes represented in
Fig. 3 represent a CSM and to evaluate their reflectivity.
By adding a CM on one of the remaining port, at a large
distance from the beam splitter, we can now build a reso-
nant cavity which can be used to sense the gravitational
strain, and finally a complete interferometer.
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FIG. 3 (color online). The four schemes considered for a coat-
ingless semitransparent mirror equivalent. Two reflectors are
added to the beam splitter and used to reduce the number of
input and output ports to two. Note that in some cases one or
both of the added reflectors could be attached to the beam
splitter, in order to obtain a monolithic object. A dashed line
indicate a particular internal resonant path, see the text for a
discussion.
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The transfer function of the cavity can always be written
as

 out � �ei�����
r� ei�������2k0‘�

1� rei�������2k0‘�
in: (16)

This expression shows clearly that the the phase shifts �,
�, � can be absorbed in a shift of the resonant length of the
cavity, while the finesse is completely determined by the
effective reflectivity r.

From Eq. (15) it follows that r depends on several
factors. First of all there is a dependence from the inci-
dence angle of the input beam on S. This is because the
transmission and reflection coefficients T and R enters
inside the matrix elements of ��1� and are incidence angle
dependent. Another less obvious dependence is from the
phase shifts inside the CSM. These phase shifts are practi-
cally not predictable, because it is not possible to manu-
facture a CSM with a precision in its geometrical param-
eters up to a fraction of the wavelength. In any case
geometrical parameters (and the refraction index) are tem-
perature dependent and will fluctuate. As a consequence in
the general case both a phase noise and a fluctuation of the
cavity’s finesse will be introduced into the system.

It is possible however to tune the system and stabilize its
fluctuations up to some extent. Two obvious possibilities
are to change the temperature or the distance between the
beam splitter and the near reflectors in Fig. 3. The last
approach could be another motivation for keeping a reflec-
tor separated from the beam splitter. As we will see this
gives us in principle a way of tuning the finesse of the
cavity, a possibility which could have several interesting
application.

2. Scheme I

We discuss in detail some peculiarities of the first
scheme, which is the simplest one. The transfer function
between the input and the output of this kind of cavity can
be parametrized as

 T I � ei����2�
r� ei��1�����

1� rei��1�����
; (17)

where the effective reflectivity is given by

 r �
1� R2����������������������������������������

1� R4 � 2R2 cos�
p (18)

and it is limited in the interval

 

1� R2

1� R2

 r 
 1: (19)

Here �i are the phase shifts in the two paths inside the
CSM [see Fig. 3(a)], � � �1 � �2 and � � k0‘� � . The
phase � is defined by

 e�i� �
1� R2ei�����������������������������������������

1� R4 � 2R2 cos�
p : (20)

The transfer function in (17) is of the general form of
Eq. (16) and for a fixed value of the parameters �i is
equivalent to the one of a simple Fabry-Perot cavity. A
�i’s variation induces a shift in the resonant values of �, a
phase shift and a correction to the effective reflectivity r.

The maximum value r � 1 is obtained at � � 0, which
correspond to the resonance of the path inside the CSM
represented in Fig. 3(a) with a dashed line.

The minimum value of r correspond to the antiresonance
� � � and is plotted as a function of R in Fig. 4 (continu-
ous line). Apparently there are two different possibilities of
obtaining a high effective reflectivity, namely, we can tune
the CSM on its internal resonance or we can choose a small
value of R, which is related to the incidence angle �i. The
minimal r is plotted as a function of �i in Fig. 5 and 6,
respectively, for a polarization parallel and perpendicular
to the incidence plane.

The more relevant feature is the clear peak r � 1 at
the Brewster’s angle (polarization parallel to the
incidence plane, R � 0) which for SiO2 is given by �br �
0:305 � rad. Near this value the finesse of the cavity
becomes very high.

To obtain the dependence of the finesse from the tem-
perature we can write

 

1

F

dF
dT
� �

�
n��

dn
dT

�
2�L
	

G�R;F �; (21)

where

 G�R;F � �
1

F

dF
dr

R2�1� R2� sin�

�1� R4 � 2R2 cos�	3=2
; (22)
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FIG. 4 (color online). The effective reflectivity r minimized
over the phase shifts connected to the geometry in the four
schemes analyzed. The reflection coefficient R on the surface
S is on the horizontal axis. The reflectivity 
 is fixed to the value
of SiO2.
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and the phase � can be expressed as a function of R and F
using Eq. (18). Here we used the fact that a variation of
temperature generate both a rescaling of the geometric
lengths proportional to the linear thermal expansion coef-
ficient � and a variation of the refraction index.

The relative temperature variation of the finesse is so
given by a function G�R; ��, which is represented in Fig. 7,
multiplied by a material dependent factor proportional to
the ratio L=	 between the length of the path inside the
CSM and the wavelength of the light in the vacuum.

For fused silica at 300 K this factor is dominated by the
temperature dependence of the refraction index, and as a
typical order of magnitude we get

 

�
n��

@n
@T

�
2�L
	
� 95�

�
L

1m

�
; (23)

while for sapphire at 40 K

 

�
n��

@n
@T

�
2�L
	

< 6�
�
L

1m

�
: (24)

Figure 7 confirms that a given finesse F can be obtained
for every incidence angle with an appropriate tuning of �.
However in order to obtain an acceptable temperature
stability for large values of F we are forced to choose a
low reflectivity R, which means an incidence angle near the
Brewster’s one.

The best solution from the point of view of thermal
stability is to choose as a working point, for a given value
of F , the incidence angle which correspond to the zero of
G. This is the � � � case, because as we saw the finesse
has a miminum there and so does not change with � up to
the linear order [Eq. (18)].

Of course we need a procedure to lock the apparatus
both on this point and on the resonance of the ‘‘long’’
cavity. As we are trying to control two different degrees
of freedom we need two independent error signals. The
first one, which we call "1, can be obtained with the usual
Pound Drever technique applied to the reflected input field.
Introducing a modulation frequency $ we can write

 "1 � arg�2T I�!� �T I�!�$� �T I�!�$�	; (25)

which is zero when the phase at the carrier frequency is
equal to the mean of the phase at the two sidebands. A
typical modulation frequency will be lower than the free
spectral range of the long cavity, $< c=L. On this scale
the variation of the phase shifts �, �i is very small, and we
can neglect the small offset they introduce. The zero of the
error signal "1 obtained will be at �� �1 � � � 0, the
resonance condition for the long cavity.
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FIG. 6 (color online). The same of the Fig. 5 for a beam
polarized perpendicularly to the incidence plane.
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FIG. 5 (color online). On the left plot the effective minimum
reflectivities as a function of the input beam’s incidence angle on
the beam splitter surface are compared among the different
schemes. On the right plot we show the finesse of the corre-
sponding single ended coatingless resonant cavity. Here n �
1:42 (silica) and the polarization is parallel to the incidence
plane.
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We consider now the field amplitude on the reflector R2.
We get the expression

 u2 �
T�1� ei����1��

1� �1� R2�ei����1� � R2ei�
in; (26)

which goes to zero when�� �1 � 0. In this condition the
phase of the light on the output port is unaffected by a
movement of the reflector R2. We define the second error
signal to be "2 � �� �1.

Locking on both "1 and "2 we get � � 0, which corre-
spond to � � �. We want to stress again that choosing this
working point we obtained both a strong stabilization of
the cavity finesse (temperature independent up to the linear
order in the fluctuations) and a decoupling of the system
from position of R2.

An interesting possibility is to add an offset to the error
signal "2. In this way we should be able to lock the system
on the resonance of the long cavity, but at a tunable value
� � �� �, which means a tunable value of the cavity
finesse. Of course in this case a linear coupling between
temperature and finesse is reintroduced, together with
some sensitivity to R2 displacement. To evaluate this in a
more quantitative way we evaluated some derivatives of
the output phase. The first one, expanded to the second
order in �, is

 

d�out

d�
’ �

1

R2

�
1�

1� R2

4�1� R2�
�2

�
(27)

and give us informations about the variation of finesse with
�. The second is

 

d�out

d�2
’ �

1� R2

4�1� R2�2
�2; (28)

which give us a measure of the R2’s fluctuations reintro-
duced. One important point is that R2’s fluctuations are not
amplified by the finesse of the cavity, so that their reintro-
duction is acceptable.

3. Scheme II

This scheme is equivalent to a Michelson interferometer
with a small power recycling induced by the normal re-
flection on the CSM. We write directly the effective reflec-
tivity which is given by

 r �
�������� 
� R2ei�2���1� � �1� R2�ei�2���2�

1� 
R2e�i�2���1� � 
�1� R2�e�i�2���2�

��������; (29)

where 
 � �n� 1�=�n� 1� is the reflection coefficient on
the dielectric at a normal incidence angle and �i, � the
phase shifts defined in Fig. 3(b). In this case r is limited in
the interval

 max
�

0;
1� 
� 2R2

1� 
� 2
R2 ;
2R2 � 1� 


1� 
� 2
R2

�

 r 
 1: (30)

We obtain r � 1 if �1 � �2, which can be understood as
the dark fringe condition for the equivalent Michelson.

Looking at Fig. 4 we see that for lower values of the
reflectivity R the situation is quite analogous to the one of
the previous case. On the contrary at higher values of R the
minimal effective reflectivity start again to increase.
However this range of R values correspond to incidence
angles very near to �=2 (as can be seen looking at Fig. 5
and 6) which are quite unpratical.

4. Scheme III

This case is quite different from the others. The effective
reflectivity can be written as

 r �
�������� 
� 
�1� R2�ei��1��2� � R2ei�2���2�

1� �1� R2�e�i��1��2� � 
R2e�i�2���2�

�������� (31)

with

 max
�
0;
R2 � 
�2� R2�

2� R2 � 
R2

�

 r 
 1: (32)

Total reflection is obtained when �1 � �2 � 0, which is
the resonance condition for the dashed path in Fig. 3(c).

From Fig. 4 we see that the minimal reflectivity is high
only for high values of R, which as we said in the previous
section are not convenient for a practical implementation.

5. Scheme IV

We do not report the explicit formula for the effective
reflectivity, which is bounded in the interval

 max
�
0;
�1� 
�2 � R2�1� 
�2

�1� 
�2 � R2�1� 
�2

�

 r 
 1: (33)

This scheme is quite similar to the first one, with a high
minimal effective reflectivity near the Brewster’s incidence
angle (see Fig. 4).

6. General discussion

A first observation is that in all the cases considered with
an appropriate tuning of the phase shifts �, �i it is always
possible to set the effective reflectivity between 1 and a
minimal value which is determined only by the incidence
angle and the refraction index [Eqs. (19), (30), (32), and
(33)].

The maximal reflectivity (total reflection) correspond to
a resonant path inside the CSM in schemes I, III, IV
(evidenced with a dashed line in Fig. 3) and to a total
destructive interference in the Michelson-like scheme II.
The minimal reflectivity, which is the more stable point, is
analogously connected to an antiresonant path or to a
completely constructive interference.

We want to discuss now the effect of the incidence angle.
The reflectivity R is a function of the polarization, so we
need to deal separately with two different cases. In Fig. 5
we plotted the minimal effective reflectivity (left side) and
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the related finesse of a cavity built with a CSM, for a
polarization parallel to the incidence plane.

The main feature is the evident peak around the
Brewster’s angle. The results for a polarization perpendicu-
lar to the incidence plane are shown in Fig. 6. Note that in
this case there is no a Brewster’s angle and the reflectivity
R never goes near one.

It should be observed that a very large incidence angle is
not convenient. In that case in order to accomodate incom-
ing beams without losses we are forced to increase the size
of CSM. Large incidence angles means also unavoidable
distortion effects.

A small incidence angles is neither convenient. Also in
this case a large CSM is needed, this time to allow a good
separation of the two beams refracted inside the material.

From this point of view schemes I, II, IVare more or less
equivalent. In each of them if high finesses are desired the
incidence angle can be set near the Brewster’s one, choos-
ing the appropriate polarization. Scheme III is the only one
which couples the cavity through a transmission, and ap-
parently is much less convenient.

We see that schemes I, III, IV have a very similar
behavior, with a pronounced maximum of the minimal
reflectivity at an incidence angle � which is the
Brewster’s one. Here R! 0 and the finesse of the cavity
is nominally infinite, and cannot be tuned.

B. A ‘‘real’’ optical scheme

As we saw there are several ways to implement a CSM.
In this section we will discuss in a more detailed way a
complete optical scheme for a ‘‘Virgo-like’’ interferome-
ter. This is depicted in Fig. 8. The interferometer is built
using two equivalent Fabry-Perot like cavities which are
kept in resonance. The light is fed inside through the ‘‘light
port’’ LP, and is split and recombined by the conventional
beam splitter BS.

For definiteness the prisms P1;2 used to build the cavity
are of the type I discussed in Sec. II.

1. Ideal cavity modes

We give now a simple discussion of the Gaussian reso-
nating modes inside the cavity, in the paraxial approxima-
tion. Detailed calculations, which are quite standard, are
omitted.

To describe the Gaussian mode we can introduce the
usual complex parameter q defined by [8]:

 

1

q
�

1



� i

	

�w2 ; (34)

where 
 is the curvature radius of the beam’s phase front
and w its transverse width, both evaluated at a reference
position. To determine the q of the resonant mode we could
represent the possible optical paths of the beam inside the
cavity using a diagram similar to the one in the left bottom
of Fig. 2. The action of an ABCD optical matrixM on the q

parameter is given by

 q0 �
M11q�M12

M21q�M22
� Mq (35)

and that we can write the optical matrix which correspond
to an arbitrary path on the diagram. In this way given q on a
particular point on the graph we can evaluate it in all the
other points simply propagating it with the appropriate
matrix.

If, as in our case, there are closed loops, self consistency
requires propagations along different paths to be equiva-
lent. For a single closed loop represented by a round trip
operator G this is just the constraint which determine the
parameters of the resonant mode:

 q � Gq; (36)

while in the general case an additional number of condi-
tions must be satisfied.

For a systematic study we could exploit all the relations
represented graphically in the diagram. A simpler proce-
dure can be described as follows.

The idea is to change the order of reasoning, matching
the apparatus to a desired Gaussian beam. We can put, for
example, the beam’s waist on the frontal surface of the
CSM, setting

 

1

q�
� �i

	0

�nw2
0

; (37)

where 	0 is the wavelength in the vacuum. This has the
advantage that a matched CSM can be built with flat

R1

DP

LP

P1

R2

FP2

BS

FP1

P2

FIG. 8 (color online). The scheme of a Virgo-like, coatingless
interferometer. The equivalent of the long Fabry-Perot cavities
FP1;2 are obtained here using a reflector Ri and a type I CSM Pi.
The CSM depicted here is not completely monolithic, see the
text for a discussion.
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surfaces. Another advantage is that the CSM can be kept
relatively small without introducing optical losses, which
is important because a large object could have low fre-
quency elastic internal modes, and it is more difficult and
expensive to build. On the other hand, a large beam’s spot
is connected to a reduction of thermal noise. This is par-
ticularly true for thermorefractive noise, which will be
discussed in Sec. III.

Now we can propagate the mode using the appropriate
matrix. When the beam meet an interface, we match its
radius of curvature 
 with the surface’s one. The result is
that the profiles of incoming and reflected beams can be
overimposed. In this way we obtain a standing wave mode
inside the cavity, and we can calculate the beam parameter
in each point.

If we choose to put the waist of the Gaussian mode on
the CSM, we need to match both the front and the back
surfaces of the reflector in order to obtain a stable cavity.
The solution can be constructed starting from the idealized
scheme depicted in Fig. 9. The reflector depicted has a back
surface obtained joining the two rotation paraboloids de-
scribed by the given equations. These paraboloids are used
for convenience, but it is clear that any couple of surfaces
which are matched up to the second order to these near the
origin is equivalent in the paraxial approximation. By
tracing the path of some ray we can derive the optical
ABCD array which describe this system. By symmetry it
is clear that they factorize in a block in the xz plane of the
form

 

1 0
�2=L 1

� �

and in another one in the xy plane which differs only for the

sign of the elements on the diagonal. This correspond to a
spherical mirror of focal length f � L=2.

2. Polarization effects

The optical properties of the proposed setup depends
from the polarization of the beam [9]. This dependence is
originated by two independent effects.

First of all the transmission and reflection coefficients,
for a given non normal incidence, are different for polar-
izations parallel or perpendicular to the incidence plane. A
general polarization is neither left invariant by reflection on
the back surfaces of the reflectors and of the CSMs.

As a consequence a beam with a general polarization
will not give a standing resonant wave inside the cavity. It
is however possible to choose eigenstates of polarization
which are able to resonate in the standard way. These
eigenstates will depend on the relative orientation of the
edges of the reflectors. With the simple setup depicted in
Fig. 2 with parallel edges by symmetry considerations we
can conclude that the eigenstates will correspond simply to
a polarization vector parallel or perpendicular to the page.

We think that these polarization effects could be ex-
ploited to obtain control signals useful for the alignment
of the apparatus. However we will not elaborate further on
this point in this paper.

3. Light losses and misalignments

Several sources of light losses relevant for reflectors was
discussed in B&V. These estimates can be applied also to
the case of a CSM. Here we want only to add a couple of
comments.

Diffraction effects on the edges of the reflectors could be
reduced or eliminated using an intensity profile of the beam
which is zero, together with its first derivative, on the edge.
The simpler possibility is to use a superposition of a TE00

and a TE02 mode. However we have to be sure that the two
modes will resonate inside the cavity at the same time,
which will be the case if the Gouy phases of the two modes
in a round trip differ by a multiple of 2� ( Gouy � �=2).
This can be achieved locating the waist of the beam at one
of the mirrors of the cavity. In this configuration all
Hermite modes TElm with even l�m can resonate, so
special care must be used to couple the cavity to the source.
We expect also an increased sensitivity of the system to
misalignments, though all resonant modes are not coupled
at the lower dipole order.

Losses can arise because of distortions of a Gaussian
beam when it is reflected or refracted by an interface. This
effect could be estimated using a decomposition in plane
waves of the incoming Gaussian beam. As each component
is reflected or refracted it gets a different multiplicative
factor so that the reconstructed beam is different from the
expected Gaussian one. Losses can be evaluated compar-
ing the reflected or refracted Gaussian beam with the one
naively expected. In particular, if the beam is incident near

y = − x 2 + z 2

2L
− x

y = x 2 + z 2

2L + x

x = − L/2x = − L x

y

y = − 2b
L x + L

2

y = b

FIG. 9. Geometrical construction for the curvature of reflec-
tors. Dashed contours are sections of paraboloid (rotation sim-
metry around the y axis). From this geometrical construction we
can see that the reflector is equivalent to a mirror with a given
radius of curvature.
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the total reflection angle some of the plane wave compo-
nents can be transmitted and lost.

A study of the effect of misalignment on a reflector has
also been done in B&V. The effect of the misalignment of a
CSM can be estimated analogously using the well known
techniques of modal expansion and perturbation theory.

We end this section with a comment on the effect of a
wrong expose angle � � �=4 of a CM, also discussed in
B&V. We can see this as a perturbation which introduces
couplings between Gaussian modes. But from another
point of view this we can look at a cavity built with
reflectors with arbitrary values of �. The non Gaussian
modes which appears in this problem were studied in [10].
Here it was shown that resonant modes exists, and that this
kind of cavities are always stable. We think that this is an
interesting possibility to explore, and we are planning to do
that in future.

III. THERMAL NOISE PERFORMANCES

There are several generation mechanism for thermal
noise that have been studied extensively in the literature.
In order to understand the advantages of a coatingless
mirror we can discuss a set of quantities which give a
measure of the importance of noises associated with the
coating. Parameters used for numerical estimates are listed
in Table I

An important parameter is the ratio Rbr between the
power spectrum of the Brownian noise associated with
the coating with the one associated with the bulk. When
Rbr > 1 we expect an improvement in Brownian’s thermal
noise amplitude associated with the elimination of coating.
If the Young’s modulus of the bulk is not too different from
the one of the coating we can write

 Rbr �

�����������������������������������
d

r0�1� �
2�

�coat

�bulk

s
; (38)

where �bulk is the bulk’s loss angle and �coat the one
associated with the coating. From Eq. (38) it follows that
�bulk must be compared with �coat times a diluition factor
which is equal to the ratio between the width of the coating
(typically d� 10n�1	) and the laser spot radius r0 (some
centimeters).

An analogous parameter can be written for the thermo-
elastic contribution,

 Rth �
�eff

�

d
�����
r0
p

r3=2
t

; (39)

where �eff is the effective thermal expansion coefficient
for the coating (for a Ta2O5=SiO2 coating �eff � 1:8�
10�6 K�1, see [11] for explicit expressions) and � the one
of the bulk material. The thermal diffusion length is de-
fined by

 rt �

������������������


2�f
Cv

s
(40)

and sets the scale that must be compared with �d2r0�
1=3. We

see that the effect of coating becomes dominant when rt is
small. For thermorefractive noise, which is the one gen-
erated by the fluctuation of the refraction index, we get a
similar formula

 Rtr �
1����
�
p

�eff

�

	
�����
r0
p

r3=2
t

; (41)

where � is a geometrical scale factor which connect r0

with the length of the optical path of the material inside the
material, r0 � �‘. We expect typically �< 10. In Eq. (41)
� � dn=dT for the bulk material, and �eff is an effective
value of the same quantity for the coating (see Eq. 20 of
[11]).

We can start now to discuss a ‘‘standard’’ scenario for a
coatingless optics. In Fig. 10 we plot the equivalent strain
amplitude for several different thermal noise contributions,
in the case of a fused silica optics with T � 300 K.

The dominant source of thermal noise above 50 Hz is the
Brownian one, and with the choosen parameters Rbr � 2:5
which is consistent with the observed importance of
coating contribution. The thermal diffusion length is
rt � 3:10�4f�1=2 that compared with �d2r0�

1=3 � 10�4

correctly predict the dominance of thermoelastic coating
effects above few hertz. The relevant scale for thermore-
fractive noise is �	2r0=��

1=3 � 4� 10�3=�1=3 which
agrees with dominant coating effects above 102 Hz.

TABLE I. Bulk physical parameters used in the extimations. For the estimation of coating effects we used �c � 10�4, �eff �
2:4� 10�6 K�1 and �eff � 3� 10�5 K�1. Values without reference are extrapolations.

Parameter Notation Unit Fused Silica 300 K Sapphire 300 K Sapphire 10 K

Refraction index temperature coefficient � K�1 �1:5� 10�5 [11] 1:3� 10�5 [12] 
 j9� 10�8j [12]
Absorption coefficient � ppm cm�1 2–20 [12] 40–100 [12] 90 [12]
Thermal conductivity  W=mK 1.4 [11] 40 [11] 4� 103 [12]
Linear expansion coefficient � K�1 5:5� 10�7 [11] 5� 10�6 [11] 5:8� 10�10 [23]
Loss angle � 5� 10�9 [11] 3� 10�9 [11] 3� 10�10

Specific heat C J=KgK 670 [11] 790 [11] 8:9� 10�2 [23]
Young’s modulus E Pa 7:2� 1010 [11] 4� 1011 [11] 4� 1011
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Looking at the absolute values of the various contribu-
tions we see that the introduction of a coatingless solution
produce a modest improvement of the sensitivity above
80 Hz. Below this frequency the thermorefractive noise
becomes dominant and the sensitivity is reduced.

The ratio between bulk thermorefractive and bulk
Brownian noise amplitudes is given by

 

��������������������������������������������
2E�

�2��3=2�1� �2�f

T
�

s �
�


Cvr0

�
; (42)

which must be lowered in order to increase the advantages
of a coatingless solution. One possibility is obviously to
increase r0 as much as possible, which is always a good
practice for thermal noise reduction. When r0 grows Rbr

decreases, which means that the coating noise becomes
less important until there is no more an advantage in
coating elimination. This will happen when r0 �
d�coat=�bulk � 0:3 m which practically is a quite large
value. We think that the final message is that the improve-
ment of a coatingless solution must be evaluated after r0

being fixed to the largest value achievable.
Another option is to find a better material. The more

direct approach is to reduce the optothermal parameter �.
The Lorentz-Lorenz formula

 

n2 � 1

n2 � 2
�

�T��p�
; T�

3�0
(43)

connect the refraction index to the density 
 and the polar-
izability �p of the material. Evaluating the temperature
derivative

 � �
�n2 � 1��n2 � 1�

6n

�
1

�p

@�p
@T
� 3�

�
1�



�p

@�p
@


��
(44)

we see that there is a negative contribution to � connected

to the thermal expansion of the material, and another one
(which usually is positive) due to the intrinsic dependence
of polarizability from the temperature. The linear expan-
sion coefficient of fused silica is quite small (�� 0:5�
10�6 K�1) and � is dominated by the temperature depen-
dence of polarizability.

The situation is different for sapphire. The � value at
T � 300K is similar to the one of fused silica. The noise
budget for this case is plotted in Fig. 11. We see that in this
case we are entirely dominated by thermorefractive noise.
There is 1 order of magnitude increase in the relative
importance of thermorefractive versus Brownian bulk
noise [Eq. (42)] which is due partly to the higher thermal
conductivity and partly to the higher Young’s modulus of
Sapphire.

The ratio between thermorefractive and thermoelastic
contributions of the bulk is given by

 

1

�2��1=4

�
�
�

� ����
�
p

1� �
(45)

and is reduced by 1 order of magnitude, mainly for the
increased linear expansion coefficient of Sapphire.

A very low upper limit for � was found at cryogenic
temperature [12], and good performances for a coatingless
interferometer could be expected in this regime. In Fig. 12
the estimate for different thermal noise amplitudes for
sapphire at T � 10 K is plotted using that upper limit. In
spite of the low � value thermorefractive noise is largely
dominant. The reason is that at cryogenic temperature the
specific heat of Sapphire becomes small (and the thermal
conductivity increases). This largely compensate the im-
proved optothermal coefficient and the explicit tempera-
ture factor.

The general conclusion seems to be that thermorefrac-
tive noise has a bad behavior in the low temperature
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FIG. 11 (color online). Contributions to the thermal noise
amplitude for Sapphire at T � 300 K. On horizontal axis the
frequency, on the vertical one the equivalent strain amplitude of
the noise, in unit Hz�1=2.
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FIG. 10 (color online). Contributions to the thermal noise
amplitude for fused Silica 300 K. On horizontal axis the fre-
quency, on the vertical one the equivalent strain amplitude of the
noise, in unit Hz�1=2.
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regime: under the Debye’s temperature Cv � T3, while
there are no reasons to expect a reduction of � [13–15].

On the other hand we could expect that, at least for
materials with a not too small linear expansion coefficient,
a cancellation between the two terms in the right side of
Eq. (44) could occur for an appropriate temperature. We
have no data to support this hypothesis, except the possible
interpretation in this sense of the low � of Sapphire at
cryogenic temperatures, but we think that it could be an
interesting possibility to explore.

Finite size corrections

In the solution we propose light moves inside the dielec-
tric material for optical lengths much larger than the usual
ones. For this reason we expect that correlation and finite
size effects could be more important that in the usual
situation.

By traversing a dielectric material moving in the z
direction between z0 and z1 a laser beam gets a phase shift
which can be written as

 � � k0

Z z1

z0

dz
Z
dxdyn�x; y; z�I�x; y; z�; (46)

where k0 is the wave vector of the beam, n the refraction
index, which we suppose isotropic, and I the intensity
profile of the beam, normalized in such a way that its
integral over the transverse coordinates x, y is equal to one.

In a concrete scenario the beam will enter in the dielec-
tric traversing an interface, and this will induce other
contributions to the phase fluctuation. As a simplified
case we look at a beam which traverse a dielectric slab
of thickness ‘, perfectly reflective on the other side. As
usual the reflected beam can be written as

 Er � ei�R�i�Ei; (47)

where �R is the phase shift between a reference point and
the first dielectric surface, and � is the cavity phase shift,
which is a function of the round trip phase �RT inside the
slab. Taking the fluctuating part we get

 �� � ��R � ���RT (48)

where the factor

 � �
1� r2

1� r2 � 2r cos�RT
(49)

is connected to the resummations of all the round trips. We
write the first fluctuating term in Eq. (48) as

 ��R � 2k0

Z
I�x; y�uz�0; x; y�dxdy: (50)

This is the usual expression for the phase shift induced by a
moving mirror, which is associated to the well studied
Brownian and thermoelastic noise.

The second term can be written as a sum of two pieces,
��RT � ��n

RT � ��
‘
RT , with

 ��n
RT � 2k0

Z ‘

0
dz
Z
dxdyI�x; y��n�x; y; z� (51)

and

 ��‘
RT � 2k0nj

z�‘
z�0

Z
I�x; y�uz�z; x; y�dxdy: (52)

The term ��n
RT is connected to the intrinsic fluctuations of

the refraction index. This can be seen simply as a phase
shift induced by the fluctuation of the refraction index in
each each volume element averaged with a weight propor-
tional to the beam intensity.

The term ��‘
RT takes into account the variation of the

length of the slab and is of the same form of the mirror
contribution in Eq. (50). The total power spectrum density
of the phase noise can be written at the end as
 

S� � S�R
� �2�S�n

RT
� S�‘

RT
� 2C�n

RT;�
‘
RT
�

� 2��C�R;�n
RT
� C�R;�‘

RT
�; (53)

where C�1;�2
is the cross correlation spectrum between the

fluctuations�1 and�2. We can conclude that a CM will be
affected by all the noise sources of a conventional mirror
without coating effects, and additionally by the noises
induced by the fluctuation of the refraction index (the
thermorefractive contribution).

The Eq. (53) expression shows that it is not legitimate to
neglect the correlations between different kind of fluctua-
tions summing the power spectral densities. This is really
important of course only when the different fluctuations
have the same order of magnitude, as it is expected for�‘

RT
and �R. In these cases we cannot use blindly the expres-
sions for Brownian and thermoelastic noise found in lit-
erature. The appropriate generalization can be obtained
starting from the results of [16]. In this work an approxi-
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FIG. 12 (color online). Contributions to the thermal noise
amplitude for Sapphire at T � 10 K. On horizontal axis the
frequency, on the vertical one the equivalent strain amplitude
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mate but accurate solution for the elastic displacement
induced on a cylinder by a pressure applied on its front
face is determined.

It is easy to extend this to our case, where the pressures
are on both faces. We consider for simplicity a cylinder
with infinite radius and heigth ‘, which admit an exact
solution for the elastic displacements discussed in
Appendix A. From this solution the relevant power spectral
densities of thermal noise can be evaluated.

A more detailed study of the effect of noise correlations
and finite size effects will be published elsewhere [17].

IV. CONCLUSION

In this paper we proposed a way to build high finesse
resonant cavities without reflective coatings, solving the
problem of laser injection and extraction. There are several
different schemes, based on partial or total reflection on
dielectric surfaces. In each case the finesse of the cavity is
limited only by optical losses. Another advantage of our
approach is that it is in principle possible to tune the
cavity’s finesse, which can be important, for example, to
design an easy locking strategy but above all to match the
two Fabry-Perot interferometer’s cavities improving its
sensitivity.

Thermal noise can be reduced owing to the higher
quality factor obtainable in absence of reflective coating.
We study two possible scenarios. In the first we use fused
silica mirrors at ambient temperature, and we find a modest
improvement of the sensitivity above 80 Hz. In the second
we consider sapphire mirrors, bot at ambient and cryogenic
temperature. In each case we found a noise dominated by
the thermorefractive contribution, especially in the cryo-
genic regime, and a worsening of the performances com-
pared with the standard solution with coatings.

The possibility of better results depends mainly on the
reduction of thermorefractive noise, and we suggest the
possibility of finding materials with very low values of the
optothermal coefficient � at appropriate temperatures.
Material with low Debye’s temperature could also give
some improvement in the cryogenic regime.

As the length of the optical path in our solution is much
larger than the usual one there are two other effects which
could reduce the sensitivity. The first is photo-thermal
noise, a fluctuation of the mirror triggered by a direct
absorption of a photon. Low values of � helps also in
reducing this problem, together with low absorption coef-
ficients. The second is thermal lensing, which is also
proportional to absorptions and to the combination
��=. Both effects depends on the power inside the cavity,
and was not analyzed here.

We find a reasonable scenario in which the sensitivity
can be improved, though by a not too large factor. What we
get is a working alternative solution which avoid the use of
coatings, and that could possibly be improved with a care-
ful investigation of materials. Its practical feasibility de-

pends mainly on the possibility of manufacturing dielectric
prisms with material and interfaces of very high quality. An
alternative approach for the reduction of coating’s effects
has been suggested in [18].

APPENDIX A: ELASTIC DISPLACEMENT OF AN
INFINITE SLAB

In order to evaluate thermal noise spectra using the
fluctuation dissipation theorem [19,20] we are interested
to evaluate the elastic displacement of a dielectric slab
(thickness ‘) under the action of a pressure distributed on
both sides. We assume a cylindrical symmetry for the
problem: in this case it can be shown that the displace-
ments can be written as [21]

 ur �
Z 1
�1

�
��

�
kz�

	� 2�
	��

�
�
�
e�kzJ1�kr�kdk; (54)

 uz �
Z 1
�1

�
��

�
kz�

�
	��

�
�
�
e�kzJ0�kr�kdk: (55)

This correspond to the Eqs. 5 and 6 of Ref. [16], with the
integration extended to negative values of k, which can be
allowed owing to the finite thickness of the slab. From this
expression the components of the stress tensor can be
evaluated, obtaining

 �rz � 2�
Z
��� �1� kz��	e�kzJ1�kr�k

2dk; (56)

 �zz � �2�
Z
��� �kz	e�kzJ0�kr�k2dk: (57)

Setting the boundary conditions at z � 0 and z � �‘ we
obtain the coefficients

 � �
~p� � ek‘�1� k‘� k2‘2�~p�

2k‘ coshk‘� 2�1� k2‘2� sinhk‘
(58)

and

 � �
�1� k‘�~p� � e

k‘�k2‘2 cothk‘� 1� k‘�~p�
2k‘ coshk‘� 2�1� k2‘2� sinhk‘

; (59)

where the functions ~p�k� are proportional to the Hankel
transform of the pressure in the z � ‘ (~p�) and z � 0 (~p�)
face,

 ~p�k� � �
1

2�k

Z 1
0
p�r�J0�kr�rdr: (60)

We are interested to a pressure distributed as

 p�r� �
2

�w2
0

exp
�
�

2r2

w2
0

�
; (61)

which gives simply
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 ~p�k� �
1

2�
exp

�
�

1

8
k2w2

0

�
: (62)

The two important quantities requested for the evalu-
ation of the thermal noise using the fluctuation dissipation
theorem are the total elastic energy (for the Brownian
contribution) and the volume integral of the square gra-
dient of the dilatation � � ~r � ~u (for the thermoelastic one
[22]).

The total elastic energy can be valuated as the work done
by the pressure:

 Uel � 2�
Z
�p��r�uz�r;�‘� � p��r�uz�r; 0�	rdr: (63)

while the dilatation is given by

 � � �
	� 3�
	��

Z 1
�1

�e�kzJ0�kr�k2dk: (64)
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