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We analyze fall-apart decays of polyquark (tetra, penta and molecule type) hadrons within the
constituent quark picture. For processes in which a polyquark hadron goes to final states containing a
light pseudoscalar meson the constraints given by chiral symmetry are implemented. As an application of
the approach developed, fall-apart decays of a(980) and X(3872) are studied, assuming these mesons are
polyquark hadrons. Two extreme options—confined diquark-diquark states and molecular states—are
considered. For a°(980), the observed width can be obtained assuming that this meson is a diquark-
diquark composite with a relatively large size of around 1 + 1.5 fm. The pure KK molecular-type state,
however, can be excluded. For the X(3872), a sufficiently small width can be obtained if it is a dominantly
isospin-0 diquark-diquark composite with a very large size of = 2.5 fm. The pure molecular option

appears possible if the binding energy is tiny, £, < 0.2 MeV, corresponding to a huge size.
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I. INTRODUCTION

We define polyquark hadrons to be tetra, penta and
molecule type hadrons which can be viewed as composites
of massive constituent quarks together with antiquarks. If
occurring at all, such states can only exist at low excita-
tions and with masses close to the sum of the masses of
their constituents. The question of the possible existence of
such states have recently received much attention. In spite
of the great activity in this sector [1-3] many experimental
and theoretical issues still remain open. Let us recall some
of them. The theoretical understanding of the light scalar
mesons a®(980) and f°(980) is still contradictory: Fol-
lowing earlier suggestions [4] the authors of Ref. [5] give
arguments in favor of the diquark-antidiquark picture of
these states. However, the authors of Ref. [6], find agree-
ment with the data by using the ordinary gg composition of
these scalar mesons if taken together with only a small
four-quark admixture in form of a loosely bound KK
component. The newly discovered heavy meson X(3872)
[1] has properties which make it unlikely to be an exited
charmonium c¢c state. Instead, it could be a diquark-
antidiquark system or may have an important four-quark
component in the form of a DD* molecule [7]. Also,
several newly found states with open charm [3] may find
their explanation as admixtures of usual hadronic states
with four-quark composites [8]. On the other hand, the
existence of a five-quark exotic composite at 1530 MeV,
the pentaquark ©, appears now less probable according to
the negative results of new high statistic experiments [9].

Polyquark hadrons with a composition of four or more
constituent quarks are worthwhile to study even if they
appear only as components of otherwise conventional had-
ron resonances: These states or component of states have
an interesting structure and their hadronic decays proceed
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by a fall-apart mechanism. A characteristic feature of fall-
apart processes is that the number of constituent quarks
contained in the initial hadron is equal to the total number
of constituents in the final hadrons. The decay proceeds by
a rearrangement of the quarks in the initial state. For
instance, a quark and an antiquark from different clusters
composing the initial polyquark state can combine to form
a meson which then leaves the interaction region. This is
quite different from the decays of usual hadrons, in which
at least one new pair of light quarks is generated. One can
expect that the amplitude of fall-apart processes depend
strongly on structural details of the polyquark hadron, in
particular, on the spatial distribution of the constituent
quarks.

In this article we will set up the formulas for the fall-
apart decay amplitudes. These are approximate equations
because of the approximate nature of the concept of con-
stituent quarks. The approximation allows a convenient
Fock-space representation of the hadrons involved where
all soft gluon effects and the effects of virtual meson
exchanges can be viewed as being incorporated into the
masses and wave functions of the constituent quarks. We
discuss decays of polyquarks to light pseudoscalar and
vector mesons. Chiral symmetry and the connection of
vector currents with the vector mesons allow to reduce
the decay amplitudes to current matrix elements between
the polyquark particle and the final hadron which has two
quarks less than the polyquark. The dependence of the
decay widths on the form and size of the quark distribu-
tions inside the polyquarks provides useful insights.
Following our previous work [10], we first assume that
diquarks play an essential role for the structure of poly-
quark states [11,12]. They are known to be important for
low energy processes [13]. According to the results of [13],
the size of the diquarks made of light quarks is taken to be
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close to the pion size. As in our previous analysis of the
hypothetical pentaquark [10], we show that the decay
widths of polyquark states are generally quite large.
However, the widths can be suppressed by assuming a
large spatial separation between the diquarks, which then
corresponds to an almost molecular-type structure. Al-
ternatively, we consider another extreme, namely, poly-
quark hadrons as bound systems of conventional hadrons,
i.e. truly molecule-like states. Also, in this case it is found
that a small decay width can only be obtained for a rela-
tively large separation of the constituents equivalent to a
small binding energy.

II. THE EMISSION OF PSEUDOSCALAR MESONS
AND THE AXTAL CURRENT

For processes containing a light pseudoscalar meson in
the final state one can take advantage of chiral symmetry
by using the divergence of the almost conserved axial-
vector current as an interpolating field for this meson.
The problem of calculating decay amplitudes then reduces
to the calculation of matrix elements of this current be-
tween an initial and a final hadron.

A. The axial current for constituent quarks

In QCD hadrons consist of a multitude of almost mass-
less quarks and gluons. However, in the region of low
energy, hadrons can be described as consisting of only
few but massive constituent quarks. Hypothetically, we
take this simplified picture, with sea quarks and soft gluons
considered to be integrated out, also for the polyquark
hadrons. Because of chiral symmetry, the light mesons—
the Goldstone particles of this symmetry—play a dual
role: Since they have small masses they are tightly bound
states of constituent quarks but can, just because of this
strong binding, be counted as additional degrees of free-
dom [14]. The axial-vector current obtained from the
corresponding Lagrangian for consituent quarks and light
mesons is well known (see e.g. Eqgs. (12), (13) of
Refs. [15]). To perform actual calculations of matrix ele-
ments of this current using the constituent-quark picture
for initial and final states one still has to go one step
further: For the hadron matrix elements we are consider-
ing, the effects of virtual meson exchanges should be
incorporated into the wave functions of the constituent
quarks. The mesonic part of this axial current must then
be replaced by the constituent-quark field operators with
the help of the equation of motion of the meson fields. In
doing this, we will stick to a bilinear form in the
constituent-quark fields only. The axial-vector current in
terms of constituent fields is easily seen to be a nonlocal
one. We write it in form of an operator equation with the
understanding that it is to be sandwiched between hadron
states formed of constituent quarks only. For the example
of a strangeness-changing transition u — s, the axial-
vector current operator reads
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Ja = &a <Svﬂ U— (mg+ mU)mSysU) (2.1

Here S and U are constituent-quark fields with constituent
masses mg and my,, respectively. gg =~ (.7 + 1 [16] is the
axial coupling relevant for constituent quarks. The diver-
gence equation for the first part of this axial current obeys
3, (Sy*ysU) = (mg + my)SiysU. (2.2)
It holds in the subspace of hadrons formed from constituent
quarks, because the effective interaction part of the
Lagrangian for these quarks should still be chirally sym-
metric. In the chiral limit (mgx — 0) the axial-vector cur-
rent (2.1) is conserved by virtue of (2.2).
The divergence of j4 provides an expression for the
interpolating field of the pseudoscalar meson:

mU+mS 1
(I)Kzgg

5 SiysU. (2.3)

fx O+ my
The amplitude for a decay with the emission of a K meson

is therefore obtained by sandwiching the constituent-quark
field operator

+ _
T =gV "S5 U 2.4)
fx
between initial and final Fock states formed by constituent

quarks.

In usual form factor calculations (e.g. for quasi elastic
transitions) the current operator annihilates a quark and
creates another. In fall-apart transitions, however, the same
current annihilates a quark and an antiquark. For the latter
process it is therefore convenient to re-express one quark
field by its charge conjugate field. In our example with
constituent up and strange quarks we obtain

SysU = iSTy0y2ysU.
2.5)

SyrysU = iSTy y2yrysU,

Here $ denotes the charge conjugate field § = €8T with
C = iy?yO.

Constituent quarks do not move fast inside hadrons.
Since we will always work in the rest system of the poly-
quark and since the transition operator acts exclusively on
the polyquark hadron one can use nonrelativistic expres-
sions to rewrite (2.5) provided the velocity of the final
hadron in the current matrix element is also not large.
For simplicity we take for the nonrelativistic two-
component fields the same particle name as in the relativ-
istic version and denote by o the two by two Pauli
matrices. The current components for conventional and
fall-apart processes are now different. We denote them
by J4 and J%, respectively. For the conventional case
one has
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1 1
Jg = — STO'kakU — akSTU'kU,
imy img
> R 1
Jy=StaU, Js=—Sto,0,U +—0,SToU.
img 2img
(2.6)

For the fall-apart processes the following structures are
relevant:

J§ = —iS"o,U,

2 1 4 1 A
JA= _—STo'z&UkakU_—akSTO'QO'k&U,
2mU ZmS
Js = iSTo,U. 2.7

In the expressions for J° and Js the products of the lower
components of Dirac spinors of order 92/ m2Q are neglected
in this nonrelativistic approach for the transition operator.
To this accuracy we have fg = —Js. With the help of these
formulas we can now express all current matrix elements
and thus all axial form factors in terms of matrix elements
calculable in nonrelativistic constituent-quark models. We
note that the matrix elements of J,, J% and Js5 do not
involve small Dirac components. In the Fock-space repre-
sentation of the hadron states they are obtained from the
overlap of the wave functions with no derivatives.

It is seen that the fall-apart transition amplitudes for the
emission of pseudoscalar mesons can simply be calculated
from (2.4) using Js. Nevertheless, because the calculation
involves the constituent-quark masses and model hadron
wave functions, also other form factors should be calcu-
lated in a given model. They can provide a consistency
check for the analysis. As an immediate consequence of
the divergence Eq. (2.2) and (2.7) one finds a constraint on
the masses of the constituent quarks: The effective quark
masses have to match the difference beween the mass of
the initial polyquark hadron and the mass of the final
J

(M (pHsy ysulM(p)) = g3(M (p"ISy* ysUIMi(p)) — (ms + my) —
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hadron

Mi_Mfsz+ms. (28)

This follows by observing that in the center-of-mass sys-
tem one has for the energy transfer ¢° ~ M; — My, and the
spatial divergence for slowly moving constituent quarks is
small in comparison.

B. Fall-apart amplitudes for scalar polyquark mesons

Let us consider the M;(0%) — M(0~) transitions with
the emission of a K™ meson induced by the strangeness-
changing axial-vector current §y*ysu. A possible applica-
tion could be the decay of the a™(980) to K™ K° and to nw
in case the dominant part of the a™ is a (us)(d5) state
formed of two scalar diquarks or a molecule or cusp type
(u5)(ds) state formed of two K mesons.

We start by defining the form factors of the axial-vector
current

(M (p)5yrysulMi(p)y = g1(¢®)(p + p)* + g2(g*)g",
2.9)

g = p — p'. Since the K meson pole occurs in the form
factor g, we define the residuum function r(g?) by setting

r(q?)

—. 2.10

8(q%) =
The M; — MK * decay amplitude can then be expressed
in terms of r(m%) [17]

AM; — M;K) = —i rlmi).
fx

By rewriting now the strangeness-changing axial-vector
current 5y, ysu, by virtue of Eq. (2.1), in terms of the
constituent-quark field operators S and U, we obtain

@2.11)

The matrix elements on the right-hand side can be expressed in terms of invariant functions:

(M (p)ISy*ysUIM(p)) = G1(g*)(p + p)* + Ga(gH)g*,

q* o Nl <
W§A<Mf(ﬁ WSysUIM;(p)).  (2.12)
(M (p"ISysUIM(p)) = Gs(g?). (2.13)

In the g*-region of interest these form factors G; are now regular functions without poles. The connections between g’s and

G's are
2
»n_ 0 2 g
21(q°) = g2G1(q%), Sy .
At the pole one finds
r(m%) = —gg(ms + mU)GS(m%(). (2.15)

The divergence equation for the first part of the axial-
vector current for constituent quarks (2.2) gives

= g§<Gz(q2) -

mg+ m
. 112 Gs(qz)

[
G (P M} = M?) + ¢*Ga(q?) = —(mg + my)Gs(q?).
(2.16)

At ¢*> = m% we have
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rimy) = ¢3(G(¢»)(M? — M3) + miGy(m})).

G4, G, and G5 can be calculated from specific components
of the left-hand side of (2.13):

= <Mf(_§)|§7075U|M'>

(2.17)

B, = F |<Mf( DISY’ ysUIM)), (2.18)
Bs = <Mf(_6?)|§')’5U|Mi>-
One finds
1 q°
G B _B >
1 2M < " M L)
: oM 0) (2.19)
i~ 4
G2 ZM <BO TBL>, G5 = Bs.
For the decay amplitude one gets
+
A=g? ms +my) (2.20)
fx

in accordance with (2.11). Alternatively, the decay ampli-
tude can also be obtained taking r(m%) from (2.17) and
calculating G, and G, from (2.19). As long as the diver-
gence Eq. (2.16) is respected in our model, the equivalence
of Egs. (2.15) and (2.17) is evident by taking ¢°G, from
(2.16). The divergence equation itself expressed in terms of
G, G, and Gs requires for its validity m% = (my +
mg)* = (M; — M f)z together with the nonrelativistic rela-
tion By = —Bj5 (in the rest system of the tetraquark).

C. Fall-apart decay of the scalar tetraquark a(980)

As an application of the above formalism, we discuss the
decays a(980) — 7rm and a(980) — K K. We consider only
two extreme options for the composition of this particle.

(A) a(980) is a confined composite system of two spin-

zero diquarks in an S-state. Then the a* meson has
the structure

at = (8Tio,U)STio,D). (2.21)

(B) a(980) is a weakly-bound S-state of two K-mesons:
= $Tio,U)(STio,D). (2.22)

The transition amplitude is obtained by calculating the
form factor G5 defined in (2.13) using the expression for
the pseudoscalar current as given in (2.7). Changing now to
a nonrelativistic normalization of the state vectors, we
introduce the dimensionless form factor g,+_,p(G>):

8at—p(3?) = g5(P(=G1Q"ia,Ula* (p = 0)),

whereQZ
0=3S§ P

(2.23)

15 = 7, for the a™(980) — 7+ 7 decay, and
= K° for the a*(980) — K"K decay. This
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form factor determines the at decay amplitudes and the
corresponding decay rates. The Fock-space representations
for the tetraquark and the final meson states, as well as the
formulas for the corresponding transition amplitudes and
decay rates, are given in Appendix A. Since we work
within a nonrelativistic approach, we set g3 =

For numerical estimates we parametrize the radial wave
functions of K, n, m, and the diquarks by a simple
Gaussian ¢(r) ~ exp(—r?/2a?) with the size parameters
a,=ap=09fm [13], ax/a, =09, a, /a, =08
[18]. These parameters lead to a good description of the
elastic form factors of pseudoscalar mesons at small mo-
mentum transfers. Because the nonrelativistic approach is
used, these wave functions do not provide correct values
for the decay constants of pseudoscalar mesons. For the
decay constants which appear in the interpolating currents
(2.3), we therefore use their empirical values. We believe
this is the right way to proceed since the key quantity
calculated in our approach is the form factor g(g2)."

For the case A in which the a(980) meson is a diquark
composite we use a Gaussian form also for the motion of
the two diquarks:

ta(r) ~ exp(=

The corresponding size parameter «, determines the mean
distance between the center-of-mass positions of diquark
and antidiquark. In the option B in which the a(980) is a
KK molecule a Gaussian form for the motion of these
particles is not appropriate. In this case we take

r*/2a2). (2.24)

)~ ep-pn, =B (229)
where E,, stands for the “binding energy” of the system.”
This radial wave function is valid at large distances where
the interaction between the two mesons can be neglected.
To take it also for small distances is certainly an over-
simplification. It will nevertheless give us a qualitatively
correct picture since at small distances of the center of
masses of the mesons the constituent quarks are still dis-

tributed over the range of = 1 fm.

1. a— nmw

By using Gaussian wave functions to describe the inter-
nal structure of the clusters inside the a-meson (i.e. di-

"We notice that relativistic quark models do not face such a
problem. They provide a good description simultaneously of
form factors and decay constants [18].

’The b1nd1ng energy of a bound state built up of several
constituents is the difference between its mass and the sum of
the constituent masses. For a bound state in a two-channel
problem (e.g. the K°K° and K* K~ channels) one cannot define
a binding energy since the constituent masses are different in
different channels. Nevertheless, we can speak also in this case
about “binding energy” through the relation with the fall-off of
the wave function at large values of r.
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quarks in the genuine tetraquark option and kaons in the
molecular option) we find explicitly the form factor
84—, (G%) by integrating Eq. (A12)

8a—n,(G%) = gexp(—g*a}/4), (2.26)
where g is a g’-independent constant and a, is the di-
quark/kaon size parameter. Thus, the §>-dependence of the
form factor g(g?) is fully determined by a single parame-
ter—the diquark/kaon size. The quantity g = g(g> = 0),
on the other hand, is a function of all the size parameters
a,, ap, and a,.

Strictly speaking, for the decay a(980) — 77 a relativ-
istic treatment is necessary because the velocity of the
outgoing 7 meson is not small. Thus, our nonrelativistic
calculation for the a(980) — 7rn decay is not precise, but
still qualitatively acceptable.

Numerically, we find for the amplitude of the isovector
I =1 a-meson

mU+mD

Alat — nmt) = 3g sin0< ) MeV, (2.27)

a My
where 6 is the n-meson mixing angle, see Appendix A for

details. Respectively, the partial width reads
I'(a®— na°) =T(a" — nat)

+ 2
= 54<w> ¢> MeV.  (2.28)
M, —m,

In [5], the value I'(a® — n#°) = 60 + 13 MeV was ob-
tained making use of the measurements of the full a-width
[19] and the branching ratio quoted by Particle Data Group
[20].

Our result for the partial width now depends on the
values of the constituent-quark masses: If we make use
of the relation (2.8), my + mp = M, — m,, which gives
my = mp = 220 MeV, then g = 1 is needed to be com-
patible with =~ 60 MeV for the width. For the values of the
constituent-quark mass my = mp = 330 MeV, some-
times used in nonrelativistic quark models, one would
need g = 0.65. Figure 1 exhibits the form factor g for the
two scenarios as functions of the tetraquark size parameter
d—the root mean square distance between the centers of
mass of the diquarks/K-mesons in the tetraquark. For the
Gaussian wave function with the parameter «, one obtains
d= Ma; for the molecular wave function (2.25) one
finds d = 1/(~2u). We note that the form factor g does
not depend on the quark masses.

In scenario A, the magnitude of the form factor depends
strongly on the average separation of the diquarks. Since a
full overlap of the diquarks would require an unphysically
large binding energy we need only to consider the behavior
of the amplitude to the right of the maximum. To have g =
0.65 + 1 requires therefore a relatively large distance be-
tween the diquarks of about =1 + 1.5 fm. Since the di-
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FIG. 1 (color online). The a — mar transition: The form factor
g defined by (2.26) for P = 7, vs the size d of the a(980) for the
two scenarios: genuine tetraquark (solid line) and molecular
(dashed line).

quarks are extented objects themself this implies that only
a tetraquark of a large size can explain the width.

For the K K-molecule scenario the dashed curve in Fig. 1
applies. Constituent quarks satisfying (2.8) lead to a width
below 30 MeV for any value of the molecule size. The
value for the a® — n#° decay rate of 60 MeV can only be
obtained for constituent-quark masses around 330 MeV,
and requires a molecule with a size of about 0.5 = 1 fm.
This corresponds to an equivalent “binding energy” E,
(d = 1/2E,mg) in the range 40 < E, = 150 MeV. The
mass values M, =985.1 = 1.3 MeV [20], Mg+g- =
987.4 MeV, and Mgogo = 995.2 MeV show that an inter-
pretation of the a as a K°K° molecule of mixed isospin
has the largest but still too small binding energy. In this
case, however, the I" given by (2.28) has to be reduced by a
factor 2, leading to the values incompatible with the ob-
served width of = 60 MeV. This makes the molecular
interpretation of the a° unlikely. A measurement of the
decay of the a™ is needed to shed more light on this
question. On the other hand, on the basis of our results,
we cannot exclude an a(980) structure, in which the K
mesons form a molecule at the surface region only, while
the interior has a different, perhaps, two-quark, composi-
tion [21].

2.a— KK

For this reaction we consider the decay of the a° particle
within the diquark option only. It proceeds via rearrange-
ments of the constituent quarks. The decay of a
KK-molecule into two kaons would require knowledge
about the formation process of this particle and will not
be treated here.

Within the genuine tetraquark scenario, it turns out to a
good accuracy that

ga+_,K(52) = 0'9ga+—>m (52) (229)

However, different values of §* have to be applied in the
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different reactions. For the a — KK amplitude, we set the
momentum transfer equal to zero and find

my + mg

Alat — K°K™) = 3.9g< ) MeV. (2.30)

M a Mg
For the ratio of the amplitudes, this gives

Alat — nmt)

my + mp
A(a™ — K°K™)

~ (.9 sin6’< ) =~ ().72 sind,

my + mg
(2.31)

since the ratio of the quark masses (my + mp)/(my +
mg) = 1/1.25 is weakly sensitive to their specific values.

The a-meson is below the KK threshold, and the decay
a — KK proceeds through the finite a-width. Therefore,
the determination of the branching ratio a — KK is in-
volved: one must fit the data making use of the coupled-
channel formula [6].

III. THE EMISSION OF VECTOR MESONS AND
THE VECTOR CURRENT

A. The vector current for constituent quarks

A proper vector current can interpolate vector meson
fields. In the example of an isovector current one has for
the p meson field operator &), = ﬁ iiy*d. Asin the case

0

of the pseudoscalar current, the current for constituent
quarks should no more contain the p-meson pole which
occurs in the current formed by the current quarks of QCD.
In the ¢ region around and below the p meson resonance
one can write

2
m _
L Uy*D.

— 3.1
D-i—m%, 3.1y

uytd =

The normalization of the right-hand side is simpler than in
the pseudoscalar meson case since it must be fixed to be
one at momentum transfer g> = 0. Thus, the interpolating
p-meson field becomes

m, 1 _
——— Uvy*D.

or ="
P f‘vl:""n’l%7

(3.2)
The amplitude for a decay proceeding by the emission of a

p~ meson can thus be obtained by sandwiching the
constituent-quark operator

m, . -
=—Le(qUy*D (3.3)

v
between hadrons formed by constituent quarks.

Considering now the vector analogue of (2.5)
Uy*D = iUTy 92y~ D, UD = iU"y°yD, (3.4)

one gets for conventional transitions in nonrelativistic
approximation
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- 1
J) =UtD, Jy = 2in(UT&akakD — 9, Uto,aD).
(3.5)
For the fall-apart operators one finds on the other hand
- 1 A 2 ~
JY = —%ak(UTaza'kD), Jy = —i(U'o,6D).
(3.6)

It is seen, that the current operators for fall-apart transitions
are particularly simple. The corresponding matrix elements
can be expressed by overlap integrals without derivatives.
The divergence of J* has to vanish and gives immediately
the constraint for the effective quark masses

M; — My =2m,. 3.7

B. Fall-apart amplitude for spin-1 polyquark mesons

We consider the fall-apart process X(11) — V(1) with
the emission of a vector meson. The case in point here are
the decays X°(3872)— J/¢mm and X°(3872) —
J /7, mediated by the p° and w meson, respectively.
Clearly, the isovector component of X° contributes to the
first reaction, while the isoscalar component contributes to
the second one.

Let us briefly outline the procedure for the isovector X°
transition. We start with the meson transition amplitude

induced by the conserved vector current j;, = % (@y*u —

dy*d), and write its decomposition as follows

V(PjnX(p)) = €,qe0f1(4?)
+ (P 4* = qu - aP)€ppeef2(q°)
+ (ep))euppef3(q7)
+ (&'P)€pppefaldd).

The main contribution to the decay rate of the reaction
X°(3872) — J/¢parar comes from the region where the
intermediate p’-meson is nearly on-shell. In the X-rest
frame, the intermediate p0 is almost at rest. Therefore,
we can neglect the form factors f,, f3, and f4 in
Eq. (3.8) and keep only the form factor f,. The form factor
f1 contains the p°-pole so we may write

(3.8)

2
filg®) = %Fﬂqz)-

2+mp

(3.9

The amplitude of the X® — J/p° transition then takes the
form

AXO — J/ip?) = ’;Z— ()P er(p) gy € A (m2).

(3.10)

Making use of the relation (3.1), the form factor F; may be
obtained from the amplitude of the constituent-quark vec-
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tor current
1 - _
<V(p’) 7507,V = Dy,D) |X(p>>

= """ e (pex(p)g Fi(g?) + -+ -, (3.11)

|

1 1

Fi=={(v(p' = -G %) |—

1 qo<v<p i >\ﬁ<

The = signs in the state vectors refer to the particle polar-
izations. In the X-rest frame, the J/¢ is moving slow, and a
nonrelativistic approach may be used for the calculation of
the form factor. Further details of the calculation are given
in Appendix A.

C. Fall-apart decay of the axial-vector polyquark
X(3872)

The recently observed charmoniumlike X(3872) particle
[1] is likely a JP€ = 17+ state. Its mass My = 3871.3 +
0.7 = 0.4 [7], its small width I'(X) = 2.3 MeV and its
decay properties make it a good candidate for a polyquark
hadron. Like in the case of the a” particle we consider two
options for this state:

A: X is a confined tetraquark consisting of two color-
triplet diquarks in a relative S-state, one diquark (antidi-
quark) with spin 0 and the antidiquark (diquark) with spin
1.

X, = (QTid,C)(Q io,6 €) + (QTio,5C)(QTicr,0).
(3.13)

B: X is a four-quark molecular state: a weakly-bound
S-state of a pseudoscalar D meson and a vector D* meson

X, = (CTic,0)(CTioy50) + (CTioy G O)(CTio, Q).
(3.14)

For the transition X°(3872) — J/¢/p° mainly the isovector
|

Sxspo@) = <J/¢f=1vf<-='(—a> %((0%0—3 U) — (Dicy05D)

NGl

It turns out that the result for gx_.;/,, expressed in terms of
the radial wave functions of the composites, for the
diquark-antidiquark option is +/3 times larger than the
analogue result for the molecular option. In other words,
if the spatial distributions would be the same in the two
options, the widths would differ by the color factor 3.

For numerical estimates we use the following inputs:
The UC scalar and vector diquarks, as well as the D and D*
mesons are described by Gaussian wave functions with the
same size parameter ap = 0.6 fm. For J/i¢ we take
ay/y = 0.5 fm and set My = 3872 MeV and M,,, =
3097 MeV. The values of other relevant parameters, as

Uvy*U — Dy*D) |x(13 =0, :)>.
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where - - - denote small terms containing higher powers of
the small momentum ¢g. The z-component of this equation
is sufficient for calculating F,(g?):

(3.12)

{
component X/=! = %(Xu — X,) contributes, whereas for

the tranition X°(3872) — J/4w it is the isoscalar compo-
nent X/=0 = % (X, + X,). The physical X will in general
be a combination of X/=! and X/=°. The Fock state repre-
sentations of the X and of the J/i are given in Appendix A.
For the wave function of the confined diquark-antidiquark
system we take a Gaussian form

Oy (r) ~ exp(—r?/2a%), (3.15)

with r the distance between the center of masses of the
diquarks.

In case B, we have a bound state of two colorless objects.
Since the properties of a weakly-bound state are largely
determined by its binding energy E,, we take for the
relative motion of the two constituents the wave function

1
Dy (r) ~ — exp(—ur),
r (3.16)
= \2E,MpMp: [(Mp + M),

The X meson mass is close to the D°D*0 threshold at
3871.6 MeV, and around 7 MeV below the D' D*~ thresh-
old at 3879.4 MeV). Thus, the X binding energy is re-
stricted to the range E, = 7.5 MeV.

It is convenient to express the decay rates via the tran-

sition form factor (using nonrelativistic normalization of
My—E

the states) gx_;/y, = F) —~—2L:

) 8x—1/y V JaE, My

(3.17)

X/=10=1 (0)>.

[
well as the equations related to the finite widths of the p

and w, are given in Appendix A.

With Gaussian wave functions for the structure of the
U C-diquarks/D-mesons forming the polyquark X, the tran-
sition form factor has the form

8x—1/(7%) = gexp(—Gap/4), (3.18)

where ap is the UC-diquarks/D-mesons size parameter.
Then the rates obtained are
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0.2
8
0.2

TX'= = J /o m™) = 5.2<i>2 MeV,
) (3.19)
rxX=—J/ymtm =% = 1.4< ) MeV.

Taking into account that the branching ratios of the two
decay modes seem to be close to each other [22]

Br(X — J/ymtm a°)

=1.0x04 *=0.3,
Br(X — J/ym77)

(3.20)

we conclude that X(3872) should be dominantly an iso-
singlet particle

X = cosOyX'=0 + sinfy X'=1, sinfy =~ 0.46 + 0.3.

(3.21)
For the central value of the mixing angle fx we find
IFX—J/yatm)=T(X— J/ym 7 7°)

2
1. 1<i> MeV.

02 (3.22)

The dependence of the coupling g on the X-size parameter
d—the root mean square distance between the center of
masses of the two clusters inside X—is plotted in Fig. 2.
We only need to consider the regions for d to the right of
the maximum. Lower values are very unlikely: they would
correspond to a strong overlapping of the diquarks/D me-
sons and consequently to an unobserved large binding
energy. Thus, only a large separation can reasonably well
explain the small width, which must be below the total
width of = 2.3 MeV. In the diquark-antidiquark scenario
the necessary small width can be obtained for an average
distance of the two clusters equal or larger than d =
2.5 fm.

A pure molecular picture would require an even much
larger size corresponding to an extremely small effective
binding energy E;, < 0.2 MeV (related to d according to
d = 1/\/2MpE},). Such a state is not likely, but still con-

g

0.8
0.6
0.4

0.2

d, fm

0.5 1 15 2 25 3

FIG. 2 (color online). The X — J/i transition: The form
factor g defined in (3.18) vs the X size parameter d for the
genuine tetraquark (solid line) and the molecule (dashed line).

PHYSICAL REVIEW D 74, 034022 (2006)

ceivable in principle, since the sum of the masses of D° and
D* coincides with the mass of the X within error limits.
We can exclude X mesons composed purely of charged D
mesons (D*D*~ + D~ D**). The corresponding binding
energy obtained from the mass values is = 5 MeV which
would lead to a much too large width I" = 10 MeV.

We therefore conclude that the diquark picture is pre-
ferred. In any case, a polyquark hadron must possess an
unusually large spatial extension in order to have a small
decay width.

IV. FALL-APART DECAYS OF POLYQUARK
BARYONS

The observation of a pentaquark at 1530 MeV could not
be confirmed. However, exotic baryons of higher mass and
pentaquarks containing heavy quarks could still exist. For a
decay into a conventional baryon under the emission of a
pseudoscalar or a vector meson a treatment analogous to
the one given in Secs. II and III can be performed. The
calculations for the pentaquark ©(1530) given in
Refs. [10,23,24] are not repeated here. It was found, that
a small width of the order of 1 MeV requires a large spatial
extension (molecule-like) of the pentaquark, similar to
what we found here for polyquark mesons. We collect in
Appendix B formulas for pentaquark decay amplitudes
which are more detailed than the ones contained in the
mentioned references. These equations may become appli-
cable in the future.

V. CONCLUSION

We studied fall-apart decays of polyquark (tetra, penta)
hadrons within the constituent-quark picture. By making
use of chiral symmetry the axial current for constituent
quarks is shown to contain a local part QyMySQ and a
nonlocal contribution proportional to the pseudoscalar
density QysQ. Using also the close connection between
vector currents and vector mesons it turns out that fall-
apart processes with the emission of pseudoscalar mesons
and vector mesons can be calculated from simple overlap
matrix elements. The transition amplitudes depend little on
the relative velocities of the constituent quarks, but rather
decisively on the size of their spatial distribution. These
facts can help to study the states suspected to be poly-
quarks and the problem of the clusters from which they are
made.

We applied the developed formalism to the analysis
of the decays a’— nm, KK and X— J/ym 7,
J/gat ™ 7, assuming that a° and X have a polyquark
structure. We tested two extreme scenarios, namely: (A) a°
and X are confined diquark-antidiquark states (genuine
tetraquarks) and (B) these states are bound states of two
K-mesons and two D-mesons, respectively, i.e. molecule-
like particles. We calculated the decay rate for both sce-
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narios as a function of the average distance between the
center of masses of the two clusters.
(I) For the a°(980) we found:

(i) Within the scenario (A) one can reproduce
the transition rates correctly, if the average
distance between the two diquarks is taken to
be relatively large, around 1 + 1.5 fm. Since
both diquarks are extended objects them-
selves, the a will be a relatively large-size
tetraquark object.

(ii) The situation for the a°, if described as a KK
molecule, is more complex: If the two
K-mesons essentially keep their identity in
the bound state, the a® would have to be of
the isospin mixed form K°K°. The calculated
width for the process a® — mar then dis-
agrees with the observed decay rate making
this picture for the a° unlikely. On the other
hand, if the KK structure refers only to the
outer part of the particle, and the molecule
description is not valid for the inner region,
the experimental transition rate can be ac-
commodated for the average distance be-
tween the clusters around 0.5 = 1 fm. The
behavior of the wave function in the outer
region would then correspond to a (fictitious)
“binding energy”’ larger than 40 MeV.

(1) For the X°(3872) meson we found:

(i) Within the scenario (A) (X consisting of two
charmed diquarks) we managed to obtain the
desired small decay widths which are com-
patible with the experimental limits.
Necessarily, the X(3872) must be mainly an
isoscalar / = 0 particle:

X = cosOyX'=0 + sinfy X'~ 1,

5.1
sinfy = 0.46 = 0.3. 1)

This conclusion is based on our estimate for
the X'=!' — J/ymm and X'=° — J/ymmm
decay rates and the measured ratio of the
I''X — J/y7m)/T(X — J/ymma), which
has so far a rather large error. To obtain
sufficiently small widths the X° must be a
large-size particle. The distance parameter d
has to be around or larger than 2.5 fm.

(ii) For the DD*-molecule scenario our finding
is again somewhat involved. In case the D
mesons keep essentially their identity in the
bound state, this X meson would be a particle
of mixed isospin (i.e. made of zero charged
D mesons only). Then, the binding energy
would have to be very small, smaller than
about 0.2 MeV corresponding to a huge ra-
dius. This makes this case unlikely, but still
conceivable in principle, since the sum of the
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masses of DY and D*O coincides with the
mass of the X within error limits.
Evidently, if polyquark hadrons exist, these
particles should be rather large-size objects.
A similar result was obtained in the earlier
discussion of the exotic baryon where we
also found that a small width for fall-apart
processes is correlated with a large particle
size.
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APPENDIX A: NONRELATIVISTIC FOCK STATES
AND TRANSITION AMPLITUDES

Note: In this appendix A all quark fields refer to con-
stituent quarks. For a convenient and lucid presentation we
will use here small letters to denote them (in contrast to our
notation in the main part of the paper where we had to
distinguish between current and constituent quarks).

1. Decay of scalar tetraquarks to two pseudoscalars
a. The light mesons

The 7 and 1’ mesons are mixtures of strange and non-
strange components [25]

|n) = cosb|n,) — sind|n,),

. (A1)
|1’y = sinf|n,) + cosb|n,),

where 7, = (iu + dd)/~/2, 7, = s and sind = —0.65.
For the amplitude (n|d’ ioyula™) only the strange compo-
nent of the 7-meson contributes. Thus one has
(nld"icoula™) = = sin6(n,|(d" icru)la™).

The 7, component has the structure (summation over
color is implied)

R 1 . Lm P T myF
(n,(P)I :% /drdrwxp(—zp#miz)

X D, (7 — RXOIST (7))iops (7). (A2)

The radial wave function ®, (7) is normalized according
to

f di®, (A2 = 1. (A3)
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We shall use the Gaussian parametrization ®(7) ~

;2

exp(— 52). For the 7, state one has to take m; = m, =

my.

The wave function of the K°-meson has the same form.
Here one has to put m; = m, and m, = m, and to replace
a, by ag. For the pion one should set m| = m, = m, and
a

2
20,

—
7, .

|

m571 + m72 + m573 + I’I’Z?4

PHYSICAL REVIEW D 74, 034022 (2006)

b. The scalar tetraquark a*

We consider at first the scalar tetraquark meson a* as
consisting of a spin-zero diquark s and an antidiquark § d
in a relative L = 0 angular momentum state. This tetra-
quark Fock state has then the following form

|Cl+(5)> = \/é‘jd;ld?Zd;3d?4 exp<lﬁ

D denotes the bilocal diquark annihilation operator

1
D%(Fy, Fy) = ——= €1 (s T(F))ioaq™ (F,)),

V12

2(mg + m)

>q,a+(71, 7ylFs, 74) X D (Fy, 1) D] (73, 4)|0).  (A4)

(A5)

and D, the corresponding antidiquark operator. The diquark picture requires the coordinate wave function of the tetraquark

to have the factorized form

W+ (7, ;275 7y) = Op(F12)Pp(F30) Dy, (5), (A6)
where
. .. e mgF, + myr, . I S mgFs + myry . = >
Fip ="F — Iy, R =——"—""—, F3g = F3 — Iy, Ry = — , P =Ry — Ry, (AT
mg + my mg + my
and
] (NP7 = 1, / @, (p)Pdp = 1. (A8)

Again a Gaussian parametrization for the wave functions is used: ®p(7) ~ exp(—7*/2a3,) and @+ (p) ~ exp(—p*/2a2.).
As an alternative, we take at to be a KK molecule. In this case, (A4) has to be replaced by

ms?)l + ml_)"z + m373 + m74

la* (5)) = f dF, dFydFsdF, exp(iﬁ e,

with

K*(F, ) = $T(F)ioyu(y)),

1
%(

0/ = [P . (A10)
K°(75, 74) = _6(d (F3)icrys(7,)).

c. The a* — ot and a* — K* K decays

We introduce the dimensionless form factor g,+_p (in
nonrelativistic normalization for hadron states) where P
stands for n, or K°:

8ar—p(@) = gXP(=PI(GTioyu)la* (p = 0)). (All)

Simple algebra leads to the relation

>\Pa+(7‘1, FalFs, Fa) X KTH(F), KO (F5, 7)10),  (A9)

[

5 . My myi,
)= s a0

mp + my
X @ p(F) — 7o) Pp(7)Pp(72)
X q)a<m1F1_m2F2>_ (A12)
my + my

The indices 1 and 2 correspond to the constituents of the

final meson. For 7 in the final state these are s and §, for the

K° meson s and d. The value of « is % in case the @™ is a

diquark composite while one has k = % if it is a KK

molecule.
The transition amlitude for the process at — n7™ is
then given by

+ +) — o N Lo\ My T+ Mmp
Ala ') = sinfg,_, (G”) 7 \AME,,.
(A13)

For the a — 7 transition, the equal quark masses drop out
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from the form factor g Eq. (A12). So the only place where
the quark masses come into the game is the factor m; +
mp in the amplitude.

Neglecting the a* width, the decay rate a* — n@*
takes the standard form

T(at — nmt) = @(mU + mD>2 MG+ my — m3

dar [ Mﬁ
X | 5infg, ey, (@)1 (Al14)

In the above formulas E, and —g are the energy and the
spatial momentum of 7 in the a* rest frame; m,, and m
denote the masses of 5 and 7, respectively. In this process
the 7r field is used as an interpolating field.

PHYSICAL REVIEW D 74, 034022 (2006)

Similarly, the amplitude of the a — KK decay reads
_ +
Ala™ = K*RO) = g,(§) 0 AV B (A15)
K

According to our findings, to a good accuracy g,+_x(G%) =
0.9+, (@%).

2. Decay of the axial-vector tetraquark to two vector
mesons

a. The “genuine” tetraquark X,

For the tetraquark state, we take the following nonrela-
tivistic representation:

—1J=1,4 V3 o e e L m.F + miy + m sy + mr , ,
IX; L. l(p)}=ﬁfdr1dr2dr3dr4exp<lp ! 2(’:! +m)3 4>(Dx(R12_R34)

X (Dﬁ(’"l, Vz)Dng(r& re)®p, (F12)®p, (F34) + DST(FI’ rz)bﬂ(’”& re)@p, (712)Pp, (734)]0)

(Al6)

where the bilocal diquark annihilation operators are defined as follows:

1
Di(ry, ry) = ——=€“192(q T (F))ioyc(Fy)),

Ji2

1 I | . .
Df (r3, r4) = %6’1“3“4(6]“3T(’”3)l(72§(01 —ioy)c™ (7). (AlT)

Dy, D, denote the corresponding antidiquark annihilation operators. According to the diquark picture of the tetraquark
given in (A16), the factorized tetraquark wave function contains ®,, and ®, , the radial wave functions of the spin-0 and
spin-1 diquarks. ®y stands for the wave function of the confined bound state composed of the two diquarks.

b. The DD* molecular state X,

For the molecular state of the X, the following nonrelativistic representation is taken

mc71 + m72 + mc73 + m74

—1J.=1,2 1 . . = 3
X, p)y = Np fdrlerdmdm eXP(W 2m. + m) )q)x(Rlz — Ryy)
X (DT,Jrl(rlr r2)DT(rs, r)®p, (F12)Pp, (F3a) + D (ry, rZ)DT,t(r3, r)®p, (F)Pp, (734))10)  (A1B)
where
1 1 1
D(ry, ry) = —=84%(cT(7)io»,§% (7)), D (13, ry) = —=8%%(cBT(Fy)ioy = (0] — i0)q%(74)), Al19
(r1, 1) NG (c"T(7))io,q™ (7)) 11(r3, 14) 7 (c®"(73) 22( 1 2)§%(74)) (A19)

®), and @), are the radial wave functions of the spin-0 and spin-1 mesons and ®y is the molecular wave function of the
bound state composed of the two mesons.

¢. The J /i state

— =1/> aaa’ T -—>; + 7 - > Aa,T(2 \: 1 . a (=
= ) = 2 [ didyexp( i T Yy~ )OI Ry ()~ io)et ) (A20)

3 2
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d. The X — J /i transition amplitude and the
X — J/mm and X — J/yamwa decay rates

Let us consider the fall-apart process M(1*) — M(17)
with the emission of a vector meson. A case in point is the
decay X°(3872) — J/yp° — J /w7~ and X°(3872) —
J/pw — J/ypat o 7O,

To obtain the transition amplitude of the isovector com-
ponent of X°(3872), which we denote X'=!, we start with
X'=!' — J /4 transition induced by the conserved isovector
vector current

= —(uy"u — dy*d). (A21)

75

The form factor decomposition reads

VPNJLIX(p) = €400 f1(q%)
+ (p,u, : q2 “qu qp)epp’aa’fZ(qz)
+ (Spl)eﬂpp's’f3(q2)

+ (Slp)ep.pp'sf4(q2)- (A22)

The main contribution to the decay rate of the reaction
X°(3872) — J/¢rrt m~ comes from the region where the
intermediate p’-meson is nearly on-shell. In the X-rest
frame, the on-shell p° meson is produced almost at rest.
Therefore, we can neglect the form factors f5,, f3, and f, in
Eq. (A22) and keep only the form factor f,. The form
factor f, contains the p°-pole so we may write

2

(@) = Fl(q2) (A23)

+

The amplitude of the X'=! — J/ a,bp transition then takes
the form

AX=N = J/yp®) = L€ (q)€,(p)er(p)g et

PHYSICAL REVIEW D 74, 034022 (2006)
with fy defined by

©ljr1p® =&, fym,  fy =216 MeV. (A25)

Treating the p° as a stable particle, one finds for the X* —
J/p® decay rate

1 m4|F1(mp)|2

DI = g /i) = o PR L (a0
XJV

where g is the momentum of the p meson in the X-rest
frame, g* < m?. However, the p° is unstable leading to
the final state 77" 77~. Taking into account the finite width
of the p®-meson, we obtain for the X'=! — J/ymr* 7~
amplitude

AXT = J/ymtaT) = AX'T = J/yp)

I
Xoi—s—g A=,
m, — s Bpp

(A27)

where B, ,(s) is the p-meson self-energy function, explicit
expression for which is given in [26].
The p° — 7" 77~ amplitude may be parametrized as
1
Alp — mm) = gpm(k k') e, (A28)
e is the p-meson polarization vector. The corresponding
decay rate for the virtual p-meson with the mass /s reads

2 2
_ 8pmm _ 4m77 3/2
Ly(s) = 1272 ﬁ(l - ) : (A29)
and
ImB,,(s) = +/sT,(s). (A30)

f ) The decay rate of the reaction X° — J/ym™ 7~ takes the
X F(my), (A24)  form
|
DX = JJgmta) 1 SR ) AV (MR, M3, ) 5T, (s)
) 2 12 2 2 2(¢)’ (A3D)
ds 4 Myfy 2My (my; —s — ReB,,(s))” + sI',(s)
where ReB,, (s) can be found in [26]. Let us notice that if Lonstituent—quark vector current
we take the limit I'(s) — 0 (ie. g ma — 0), the decay
rates satisfy the s1mple relation N'(X'=! - J/ym* ™) = <V(p’) L((_]fy#U — Dy, D) ‘X(p)>
[(X"=! — J/yp°). For numerical estimates we use the V2
values m, = 773.8 MeV and g,,, = 11.4 from the re- = el ¢ (p e (p)g, Fr(g?) + -+ -, (A32)

cent analysis [26].
We now calculate the form factor F| within the
constituent-quark picture. Making use of the relation

(3.1), the form factor F; can be obtained from the
|

F) = io<v<ﬁ - _>\ (0y’U — Dy*D) |x<p =0.2))

q

where - - - denote small terms containing higher powers of
the small momentum ¢g. The z-component of this equation
is sufficient for calculating F,(g?):

(A33)
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The = signs in the state vectors refer to the particle polarizations. In the X-rest frame, the J/¢ is moving slow, and a
nonrelativistic approach may be used for the calculation of the form factor.
Isolating the kinematical factor related to the normalization of hadron states, we can express F; by gx_.; /l/,(éz)

,/4EJ/,/]MX

Fi(q?) = gx—yu(q? , A34
1(g%) = gx J/il/(q )MX —E;y ( )
with
. IR DR I EPPPN AT -

Gucol@) = (/7 H1=0) | 5 (0 i) = (B i D) [ X2 14710)) (A35)

Here the standard nonrelativistic normalization of states is used. Explicit calculations lead to the expression

8x—i/p(@?) = T /YT =PUQ (F = 0)or1 Q(F = 0)IX/=171(0))
o Lt . . m, L ..

= _K[drldr2 exp(ig — 2 Z)q)Dl(r%)q)Do(r%)q)X(m(rl — )@,y (7 — 72), (A36)

where k = 1if X is a diquark composite, and k = L if X is
a molecule formed by D and D* mesons. Here ¢ is the
momentum of the outgoing J/¢ in the X-rest frame. The
form factor gy_.;/,(¢*) determines I'(X"~! — J/yar* 77)
decay.

A similar treatment is applied to calculate the three-pion
decay X°(3872) — J/ymmrr via the @ meson. In this case
the isoscalar component X/~ determines the amplitude.
The corresponding width T'(X’=" — J /¢szrmrr) is obtained
using the same form factor gy_.; /¢(§2) by a formula simi-
lar to (A31) with ', (s) — I, (s) and m, — m,,, and multi-
plying by the Br(w — 37) = 0.89. Because of the small
width of the w-meson, the s-dependence of I',(s) makes
little difference, mainly the value I',(m2,) = 8.5 MeV is
essential.

APPENDIX B: FALL-APART AMPLITUDES FOR
SPIN-1/2 POLYQUARK BARYONS

In this section we discuss the baryon to baryon transition
matrix elements induced by the axial-vector current and
the corresponding decay amplitudes for the emission of a
light pseudoscalar meson.

As an example, we consider the ® — N transition am-
plitude induced by the strangeness-changing axial current
57y ,Ysu, where O is an exotic polyquark hadron and N
denotes a conventional spin 1/2 baryon. The correspond-
ing hadronic decay is ® — NK, The amplitude of interest
has the following general decomposition in terms of in-
variant form factors

NP5y, vsul®(p))y = galgDin(p) v, vsue(p)
+ gp(qH)qiin(p") ysue(p)

+ gr(gMiiy(p') o ,q" vsue(p)
(B1)

{
with ¢ = p — p’. Since the K pole of interest occurs in the
form factor gp(g%) we can define a residuum function r(g?)
by setting

r(q?)

—_—. B2

813((12) =

Taking the divergence of the axial-vector current as an
interpolating field for the K-meson, the decay amlitude is
then given by

T(® — NK) = gonk * in(p')iysue(p), (B3)

with

Conk — r(my)
ONK =
fx

(B4)

In the chiral limit with mgx — 0 the axial-vector current is
conserved leading to a relation between g4(g?) and r(g%)

(Mo + My)ga(q®) = r(g?). (B5)

One expects that g4 and r do not change significantly by
going to the chiral symmetry limit. Therefore, we have two
possibilities to calculate ggygx in a model for hadrons,
namely, from r(m%) and from g,(m%) [10].

By expressing the axial current by virtue of Eq. (2.1) in
terms of the constituent-quark field operators one gets

034022-13



DMITRI MELIKHOV AND BERTHOLD STECH
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q:u’

TM&’%N(P/)BYSU@(P»- (B6)
K

The matrix elements on the right-hand side can be expressed in terms of invariants in the same way as done above.
(N(POISY*ysUIB(p)) = GalgPin(p") v ysue(p) + Gplg*)g*iin(p)ysue(p)
+ Gr(g?in(p) ot q,ysue(p), (N(p)ISysUIO(p))

= Gs(q?)in(p")ysue(p).

Now, however, all form factors G; are regular functions and
have no poles in g in the g>-region of interest.

By comparing (B7) with (B1) we find that the form
factors are related to each other as follows

galq?) = gGa(aD),  grlg®) = g5Gr(gD),

r(q) o o mg+my o (BY)
— s = 886 — 5 Gs(g).
i~ G = T Gelg?)
At the pole one has
r(m) = g8 (mg + my)Gs(mp). (BY)

The divergence equation for the first part of the axial-
vector current of constituent quarks (2.2) leads to the
following relation between the form factors

(Mg + My)GA(G%) — ¢*Gp(q®) = (mg + my)Gs(g?).
(B10)

This relation is automatically satisfied in the relativistic
dispersion approach of Ref. [27]. In general however,
calculated with trial wave functions for initial and final
hadrons, (B10) is not automatically satisfied.

At g*> = m% we have

r(m%) = g9((Mg + My)Ga(m¥k) — mikGp(m})). (B11)

The form factors G; can be calculated from different
components of the left-hand side of (B7) for different
polarizations of the initial ®. We work in the O rest frame
p = (Mg, 0) and choose ¢ = (g, 0, 0, |Gl). It is convenient
to use now the nonrelativistic normalization of the state
vectors. Then the form factors are given by the equations

My —Mg)(Ey +My) , My + Mg
GA = > AL
2Ml4l 2M¢
M2 + M3 — 2MgE
T (AL~ Ar),
(Ey — My)2Mg
Ey+M Mg + M
IMeGp=-M _TNA0 L 4, + 29~ N4, —4,)),
|q| Ey — My
Ey+M Mg — M
DMeGp=——N N0 4, + 28 N4, — A,
|4l Ey — My
Ey+M
Gs =MA5, (B12)
gl
with

(B7)
{
A" = (N1(p")|Sy ysU|@T),
A, = (N'(p"ISy ysuloD),
Ar = KNI ISyys U1, 19
As = (N'(p"|SysU|0O),
p'=—¢ lies in the negative z-direction, |G| =

WEY — M%, Ey = ﬁ(M%) + M3 — ¢%) with ¢> = m%
for the decay process. The relation A; = Ay for ¢ =0
guarantees that the form factors G; are finite at ¢ = 0.
For a transition in which the final baryon moves non-
relativistically we start by writing the form factor decom-
position appropriate for nonrelativistic motion in the ® rest

frame:

(N(=@)IT°1©) = Fo(£},5 G éo).

(N(=QIT10) = F(Elaiée) + Fa(élq'd G o),
(B14)

where ¢y are two-component nonrelativistic baryon
spinors. This parametrization gives for the amplitudes in
(B13)

AY = |GIFy(g?), Ap = Fi(¢%) + 141> F2(4?),

(B15)
Ar =F, ((]2)-

Taking into account the structure of the quark currents for a
fall-apart process ((2.7)), the amplitudes A° and As are
related to 1/mg, accuracy

A0 = —As. (B16)

The amplitudes A; and A7 involve derivatives of the wave
functions and may thus be sensitive to subtle details of
these wave functions. The amplitude A° = —As, on the
other hand, is a simple overlap matrix element.

To the accuracy of our nonrelativistic approximation, the
solution (B12) takes the form

034022-14
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Mg — M Mg+ M
G, = —M2MNF0 +29 T Np
2Me Mg
Mg — My)?
+ Mo — My) OMyF,
Mg
2M 1 Mg+ M
Gp = NFO + Fl + o N2MNF2,
2Me 2Me 2Me
2M 1 Mg — M
GT:_ NFO_ F1+ o NZMNFz,
2Me 2Me 2Me
Gs = —2MyF,. (B17)

(1]
(2]

(3]

(4]
(5]
(6]

PHYSICAL REVIEW D 74, 034022 (2006)

Now we can apply the divergence Eq. (B10). Setting ¢> =

(Mg

- My)? — %—i g%, and neglecting again terms of order

G*/M?, we see that the terms proportional to F, drop out
from this equation. As in the meson case considered above,
this equation reduces to a constraint for the constituent-
quark masses, namely, to

— L= mg + my,. (B18)
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