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We reconsider a universal mass matrix model which has a seesaw-invariant structure with four-zero
texture common to all quarks and leptons. The Cabibbo-Kobayashi-Maskawa (CKM) quark and Maki-
Nakagawa-Sakata (MNS) lepton mixing matrices of the model are analyzed analytically. We show that the
model can be consistent with all the experimental data of neutrino oscillation and quark mixings by tuning
free parameters of the model. It is also shown that the model predicts a relatively large value for the (1, 3)
element of the MNS lepton mixing matrix, j�UMNS�13j

2 ’ �0:041–9:6� � 10�2. Using the seesaw mecha-
nism, we also discuss the conditions for the components of the Dirac and the right-handed Majorana
neutrino mass matrices which lead to the neutrino mass matrix consistent with the experimental data.
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I. INTRODUCTION

The discovery of neutrino oscillation [1] indicates that
neutrinos have finite masses and mix one another with near
bimaximal lepton mixings in contrast to small quark mix-
ings. In order to explain the large lepton mixings and small
quark mixings, mass matrix models with various structures
such as zero texture [2–12], flavor 2$ 3 symmetry [13–
31], etc. have been investigated in the literature. We think
that quarks and leptons should be unified. Therefore, it is
an interesting approach to investigate a possibility that all
the mass matrices of the quarks and leptons have the same
form which can lead to the large lepton mixings and the
small quark mixings simultaneously. Since the mass matrix
model is intended to be embedded into a grand unified
theory (GUT), it is desirable for the model to have the
following features: (i) The structure is common to all the
mass matrices, Mu,Md,Me, and M� for up quarks (u, c, t),
down quarks (d, s, b), charged leptons (e, �, �), and
neutrinos (�e, ��, ��), respectively. (ii) Since we assume
the seesaw mechanism [32] for neutrino masses, the struc-
ture should conserve its form through the relation M� ’
�MDM�1

R MT
D. We shall call this structure a seesaw-

invariant form. Here MD and MR are, respectively, the
Dirac and the right-handed Majorana type neutrino mass
matrices, which are also assumed to have the same
structure.

In this paper, as typical mass matrices which have the
features mentioned above, we reconsider Hermitian mass
matrices Mf for f � u, d, e, and D and symmetric mass
matrices Mf for f � � and R with a universal form given
by

 Mf � PyfM̂fPf; for f � u; d; e; and D; (1.1)

 Mf � Pyf M̂fP�f; for f � � and R: (1.2)

Here Pf is a diagonal phase matrix given by

 Pf � diag�ei�f1 ; ei�f2 ; ei�f3�; (1.3)

and the matrix M̂f is defined by

 M̂ f �
0 af 0
af bf cf
0 cf df

0
@

1
A; (1.4)

for f � u; d; e; �;D, and R. In this seesaw-invariant type of
four-zero-texture model, we have four real component
parameters af, bf, cf, and df in M̂f and phase parameters
�fi (i � 1, 2, 3) in Pf. If we fix three eigenvalues mfi (i �
1, 2, and 3) of M̂f by the observed fermion masses, one free
parameter is left in M̂f. So we shall choose df as the free
parameter in this paper. Then we shall present analytical
expressions for the Cabibbo-Kobayashi-Maskawa (CKM)
quark mixing matrix [33] and the Maki-Nakagawa-Sakata
(MNS) lepton mixing matrix [34] of the model in terms of
mf1, mf2, mf3, df and �fi.

By taking a special value for this free parameter as df �
mf3 �mf1, the model with the same structure has been
discussed in Ref. [35]. However, in this special choice, the
model predicts a rather smaller value for the (1, 3) element
of the CKM quark mixing matrix than the corresponding
observed experimental data. In order to overcome this
defect in the quark sector, we treat df as a free parameter
in the present paper and show that the observed small CKM
quark mixings as well as large MNS lepton mixings can be
well derived by fine tuning of the free parameters.

It has been claimed [36–38] that four-zero-texture mod-
els for quarks are ruled out at the three � level from the
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experimental data for sin2�. However, we shall show from
an analysis with the use of the free parameter df that the
quark mixing angles and CP violating phase �q in our
model are consistent with the data at one � level, so that
the sin2� is also consistent at the same level.

This article is organized as follows. In Sec. II, we discuss
the diagonalization of the mass matrix of our model. In
Sec. III, approximations we use are presented. The ana-
lytical expressions of the quark mixing matrix of the model
are given in Sec. IV. In Sec. V, the lepton mixing matrix of
the model is given. Section VI is devoted to a summary.

II. DIAGONALIZATION OF THE MASS MATRIX

We now discuss a diagonalization of the mass matrix
Mf. First we argue a diagonalization of M̂f given by

 M̂ f �
0 af 0
af bf cf
0 cf df

0
@

1
A: (2.1)

This is diagonalized by an orthogonal matrix Of as

 OT
fM̂fOf � diag�mf1; mf2; mf3�; (2.2)

where mf1, mf2, and mf3 are eigenvalues of Mf. Here we
have four component parameters in M̂f, namely, af, bf, cf,
and df. If we fix the mfi by the observed quark and/or
lepton mass, we have one free parameter left. Therefore we
choose df as the free parameter. Then, we derive explicit
expressions of the orthogonal matrix Of in terms of mf1,
mf2, mf3, and df as

 Of �

��������������������������
�df�mf1�mf2mf3

Rf1df

r ��������������������������
�df�mf2�mf3mf1

Rf2df

r ��������������������������
�df�mf3�mf1mf2

Rf3df

r

�

��������������������������
�
�df�mf1�mf1

Rf1

r ��������������������������
�
�df�mf2�mf2

Rf2

r ��������������������������
�
�df�mf3�mf3

Rf3

r
�����������������������������������
mf1�df�mf2��df�mf3�

Rf1df

r
�

�����������������������������������
mf2�df�mf3��df�mf1�

Rf2df

r �����������������������������������
mf3�df�mf1��df�mf2�

Rf3df

r

0
BBBBBBBB@

1
CCCCCCCCA
; (2.3)

where Rfi (i � 1, 2, and 3) are defined by

 Rf1 � �mf1 �mf2��mf1 �mf3�; (2.4)

 Rf2 � �mf2 �mf3��mf2 �mf1�; (2.5)

 Rf3 � �mf3 �mf1��mf3 �mf2�: (2.6)

The expressions of the components af, bf, and cf in terms
of mf1, mf2, mf3, and df are presented as

 af �

�����������������������������
�
mf1mf2mf3

df

s
; (2.7)

 bf � mf1 �mf2 �mf3 � df; (2.8)

 cf �

��������������������������������������������������������������������������
�
�df �mf1��df �mf2��df �mf3�

df

vuut : (2.9)

From the condition that af, bf, and cf are real, we have the
allowed region of df given by

 jmf1j< df < jmf3j: (2.10)

The cases in which 0< df < jmf1j or jmf3j< df are not
allowed. We also have the following sign assignments for
the eigenmass mfi:

 0<mf1 <�mf2 <mf3 for jmf1j< df < jmf2j;

(2.11)

 0<�mf1 <mf2 <mf3 for jmf2j< df < jmf3j:

(2.12)

Namely mf2 should be taken negative while mf1 and mf3

are positive for the case in which jmf1j< df < jmf2j. On
the other hand,mf1 should be taken negative whilemf2 and
mf3 are positive for jmf2j< df < jmf3j.

III. APPROXIMATIONS

We present approximated expressions of the orthogonal
matrix Of for the normal hierarchy, inverse hierarchy, and
quasidegenerate cases for the masses mfi. Here we intro-
duce a xf parameter, instead of using df, defined by

 xf �
df
mf3

: (3.1)

The approximated expressions are obtained as follows:
Case (a): For jmf1j 	 mf2 	 df < mf3 (normal hier-

archy 1), we have

 Of ’

1

��������
jmf1j

mf2

r ������������������������
jmf1jmf2

m2
f3

1�xf
xf

r

�

��������������
jmf1j

mf2
xf

r �����xfp ��������������
1� xf

p
��������������������������
jmf1j

mf2
�1� xf�

r
�

��������������
1� xf

p �����xfp

0
BBBBBBBB@

1
CCCCCCCCA
:

(3.2)

Case (b): For jmf1j<mf2 	 df < mf3 (normal hier-
archy 2), we have
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 Of ’

�����������������
jmf2j

jmf1j�mf2

r �����������������
jmf1j

jmf1j�mf2

r ������������������������
jmf1jmf2

m2
f3

1�xf
xf

r

�

����������������������
jmf1j

jmf1j�mf2
xf

r ����������������������mf2

jmf1j�mf2
xf

q ��������������
1� xf

p
�����������������������������������
jmf1j

jmf1j�mf2
�1� xf�

r
�

�����������������������������������mf2

jmf1j�mf2
�1� xf�

q �����xfp

0
BBBBBBBB@

1
CCCCCCCCA
: (3.3)

Case (c): For mf1 	 df < jmf2j ’ mf3 (inverse hierarchy), we have

 Of ’

1

�����������������������������
mf3mf1�df�jmf2j�

jm2j�jmf2j�mf3�df

r ������������������������������
mf1jmf2j�df�jmf2j�

jm3j�jmf2j�mf3�df

r

�

��������������
mf1df
jmf2jmf3

r �����������������
df�jmf2j

jmf2j�mf3

r �����������������
mf3�df
jmf2j�mf3

r
�������������������������������������
mf1�df�jmf2j��mf3�df�

jm2jmf3df

r
�

�����������������
mf3�df
jmf2j�mf3

r �����������������
df�jmf2j

jmf2j�mf3

r

0
BBBBBBBB@

1
CCCCCCCCA
: (3.4)

Case (d): For mf � jmf1j<mf2 < df < mf3 (quaside-
generate 1), we have

 Of ’

��
1
2

q ������������������
1
2
df�mf2

mf3�mf2

r ������������������
1
2
mf3�df
mf3�mf2

r

�
��
1
2

q ������������������
1
2
df�mf2

mf3�mf2

r ������������������
1
2
mf3�df
mf3�mf2

r
���������������������������������
1
4
�df�mf2��mf3�df�

m2
f

r
�

���������������
mf2�df
mf3�mf2

r ���������������
df�mf2

mf3�mf2

r

0
BBBBBBBB@

1
CCCCCCCCA
:

(3.5)

Case (e): For mf � mf1 < df < jmf2j<mf3 (quaside-
generate 2), we have

 Of ’

������������������
1
2
df�mf1

mf3�mf1

r ��
1
2

q ������������������
1
2
mf3�df
mf3�mf1

r

�

������������������
1
2
df�mf1

mf3�mf1

r ��
1
2

q ������������������
1
2
mf3�df
mf3�mf1

r
���������������
mf3�df
mf3�mf1

r
�

���������������������������������
1
4
�mf3�df��df�mf1�

m2
f

r ���������������
df�mf1

mf3�mf1

r

0
BBBBBBBB@

1
CCCCCCCCA
:

(3.6)

The inverse hierarchy and the quasidegenerate scenarios
are unfavorable in our model.

IV. CKM QUARK MIXING MATRIX

Let us discuss the quark sector. The mass matrices Mu
and Md for the u- and d-quarks are, respectively, given by

 Mu � PyuM̂uPu; (4.1)

 Md � PydM̂dPd; (4.2)

where Pu and Pd are diagonal phase matrices and M̂u and
M̂d are given by Eq. (1.4). The mass matrix Mf (f � u and
d) is diagonalized as

 UyLfMfULf � diag��jmf1j; mf2; mf3�: (4.3)

The unitary matrix ULf is described as

 ULf � PyfOf: (4.4)

Therefore the CKM quark mixing matrix UCKM of the
model is given by

 UCKM � UyLuULd � OT
uPOd; (4.5)

where P � PuP
y
d is a diagonal phase matrix given by

 P � diag�ei��u1��d1�; ei��u2��d2�; ei��u3��d3��

� diag�1; ei�2 ; ei�3�: (4.6)

Here we take �d1 � �u1 � 0 without any loss of
generality.

By using the expressions of Od and Ou in Eq. (2.3), the
explicit (i, j) elements of UCKM are obtained as

 �UCKM�12 �

���������������������������������
mcmt�du �mu�

Ru1du

s ���������������������������������
mbmd�dd �ms�

Rd2dd

s
� ei�2

���������������������������������
�
mu�du �mu�

Ru1

s ��������������������������������
�
ms�dd �ms�

Rd2

s

� ei�3

�����������������������������������������������
mu�du �mc��du �mt�

Ru1du

s ������������������������������������������������
ms�dd �mb��dd �md�

Rd2dd

s
; (4.7)
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 �UCKM�13 �

���������������������������������
mcmt�du �mu�

Ru1du

s ���������������������������������
mdms�dd �mb�

Rd3dd

s
� ei�2

���������������������������������
�
mu�du �mu�

Ru1

s ���������������������������������
�
mb�dd �mb�

Rd3

s

� ei�3

�����������������������������������������������
mu�du �mc��du �mt�

Ru1du

s ������������������������������������������������
mb�dd �md��dd �ms�

Rd3dd

s
; (4.8)

 �UCKM�23 �

���������������������������������
mtmu�du �mc�

Ru2du

s ���������������������������������
mdms�dd �mb�

Rd3dd

s
� ei�2

��������������������������������
�
mc�du �mc�

Ru2

s ���������������������������������
�
mb�dd �mb�

Rd3

s

� ei�3

�����������������������������������������������
mc�du �mt��du �mu�

Ru2du

s ������������������������������������������������
mb�dd �md��dd �ms�

Rd3dd

s
; (4.9)

where Rui and Rdi (i � 1, 2, and 3) are given by

 Ru1 � �mu �mc��mu �mt�; (4.10)

 Ru2 � �mc �mt��mc �mu�; (4.11)

 Ru3 � �mt �mu��mt �mc�: (4.12)

 Rd1 � �md �ms��md �mb�; (4.13)

 Rd2 � �ms �mb��ms �md�; (4.14)

 Rd3 � �mb �md��mb �ms�: (4.15)

Here, we denoted mui and mdi (i � 1, 2, 3) as (mu, mc, mt)
and (md, ms, mb) which are the masses of up and down
quarks, respectively.

If we fix the quark masses (mu,mc,mt) and (md,ms,mb)
by the observed masses, two component parameters du and
dd and two phase parameters �2 and �3 are left as free
parameters in the above expressions of �UCKM�ij. Using
this feature of the model, we can reproduce the observed
data for �UCKM�ij as will be shown later. This model can be
used for the improvement of the previous model [35] in
which a rather small value for j�UCKM�13j is predicted.

In the discussions of the CKM quark mixing matrix, we
concentrate our attention on the case in which jmf1j 	

mf2 	 df < mf3 (normal hierarchy 1). In this case, using
two free parameters xu � du=mt and xd � dd=mb instead
of using du and dd, we have

 �UCKM�12 ’

����������
jmdj

ms

s
� ei�2

��������������������
jmuj

mc
xuxd

s

� ei�3

��������������������������������������������
jmuj

mc
�1� xu��1� xd�

s
; (4.16)

 

�UCKM�13 ’

�������������������������������
jmdjms

m2
b

1� xd
xd

s
� ei�2

��������������������������������
jmuj

mc
xu�1� xd�

s

� ei�3

��������������������������������
jmuj

mc
�1� xu�xd

s
; (4.17)

 

�UCKM�23 ’

�����������������������������������������
jmuj

mc

jmdjms

m2
b

1� xd
xd

s
� ei�2

����������������������
xu�1� xd�

q

� ei�3

����������������������
�1� xu�xd

q
: (4.18)

By using the rephasing of the up and down quarks,
Eq. (4.5) is changed to the standard representation of the
CKM quark mixing matrix,

 Ustd
CKM � diag�ei�

u
1 ; ei�

u
2 ; ei�

u
2 �UCKMdiag�ei�

d
1 ; ei�

d
2 ; ei�

d
2 �

�
cq13c

q
12 cq13s

q
12 sq13e

�i�q

�cq23s
q
12 � s

q
23c

q
12s

q
13e

i�q cq23c
q
12 � s

q
23s

q
12s

q
13e

i�q sq23c
q
13

sq23s
q
12 � c

q
23c

q
12s

q
13e

i�q �sq23c
q
12 � c

q
23s

q
12s

q
13e

i�q cq23c
q
13

0
B@

1
CA: (4.19)

Here �qi comes from the rephasing in the quark fields to make the choice of phase convention. By using the expressions of
UCKM in Eqs. (4.16), (4.17), and (4.18), the CP-violating phase �q in the quark mixing matrix is given by

 �q � arg
��
�UCKM�12�UCKM�

�
22

�UCKM�13�UCKM�
�
23

�
�

j�UCKM�12j
2

1� j�UCKM�13j
2

�
(4.20)

 ’ arg
�

�ei�3
�����������������������������������
�1� xu��1� xd�

p
� ei�2

����������
xuxd
p

��

�ei�3
����������������������
�1� xu�xd

p
� ei�2

����������������������
xu�1� xd�

p
��ei�2

����������������������
xu�1� xd�

p
� ei�3

����������������������
�1� xu�xd

p
��

�
: (4.21)

KOICHI MATSUDA AND HIROYUKI NISHIURA PHYSICAL REVIEW D 74, 033014 (2006)

033014-4



Thus we have obtained the analytical expressions for j�UCKM�12j, j�UCKM�23j, j�UCKM�13j, and �q of the model which are
given by Eqs. (4.16), (4.17), (4.18), and (4.21), respectively. They are functions of the four parameters xu, xd, �2, and �3.
From the expressions of j�UCKM�13j and j�UCKM�23j in Eqs. (4.17) and (4.18), we obtain the following constraints in the
parameters xu and xd, which hold irrespectively of the free phase parameters �2 and �3,

 

1

1�

������
jmu j
mc

q
j�UCKM�23j�j�UCKM�13j

jmd jms

m2
b

& xd &
1

1�

������
jmu j
mc

q
j�UCKM�23j�j�UCKM�13j

jmd jms

m2
b

;
(4.22)

 

��������
����������������������
xu�xd � 1�

q
�

����������������������
xd�xu � 1�

q ��������& j�UCKM�23j &

��������
����������������������
xu�xd � 1�

q
�

����������������������
xd�xu � 1�

q ��������: (4.23)

On the other hand, the numerical values of j�UCKM�12j,
j�UCKM�23j, j�UCKM�13j, and �q at the unification scale
� � MX are estimated from the experimental data ob-
served at the electroweak scale � � MZ by using the
renormalization group equation as [30]:

 j�UCKM�12j � 0:2226–0:2259; (4.24)

 j�UCKM�23j � 0:0295–0:0387; (4.25)

 j�UCKM�13j � 0:0024–0:0038; (4.26)

 �q � 46
–74
: (4.27)

By using the above experimental constraints as inputs,
we obtain the consistent solution for the parameter xu, xd,
�2, and �3 of our model from our exact CKM matrix
elements given by Eqs. (4.7), (4.8), (4.9), and (4.20). By

doing parameter fitting, we find that the consistent CKM
elements are realized only if (i) the parameter �2 takes a
value as �2 ’ 	=2 and (ii) the other three parameters �3,
xu, and xd take values in the allowed regions shown in
Figs. 1–3. The best fit is realized for the following values of
the parameters:

 �2 � 	=2; (4.28)

 �3 � 1:450; (4.29)

 xu � 0:9560; (4.30)

 xd � 0:9477: (4.31)

For these best-fit-parameters of the model, we obtain

 j�UCKM�12j � 0:2251; (4.32)

 j�UCKM�23j � 0:0340; (4.33)

1 1.2 1.4 1.6 1.8 2
α3

0.8

0.85

0.9

0.95

1

x u

FIG. 2. The allowed region in the �3-xu parameter plane.

1 1.2 1.4 1.6 1.8 2
α3

0.8

0.85

0.9

0.95

1

x d

FIG. 1. The allowed region in the �3-xd parameter plane.
Dotted regions are allowed from the experimental data for the
CKM quark mixing matrix elements.
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 j�UCKM�13j � 0:0032; (4.34)

 �q � 58:86
: (4.35)

Here we have used the best fit values of the following quark
masses estimated [39] at the unification scale � � MX,
 

jmu�MX�j � 1:04�0:19
�0:20 MeV;

mc�MX� � 302�25
�27 MeV;

mt�MX� � 129�196
�40 GeV;

jmd�MX�j � 1:33�0:17
�0:19 MeV;

ms�MX� � 26:5�3:3
�3:7 MeV;

mb�MX� � 1:00� 0:04 GeV:

(4.36)

Finally let us mention the model in Ref. [35]. It corre-
sponds to our present model with the parameter df fixed as
df � mf3 �mf1, namely xf � 1� jmf1j=mf3 ’ 1 and
1� xf � jmf1j=mf3. In this case, the following CKM
mixing matrix elements are derived as seen from
Eqs. (4.16), (4.17), (4.18), and (4.21),

 �UCKM�12 ’

����������
jmdj

ms

s
� ei�2

����������
jmuj

mc

s
� ei�3

����������������������
m2
u

mcmt

jmdj

mb

s
;

(4.37)

 �UCKM�13 ’

������������
m2
dms

m3
b

vuut � ei�2

��������������������
jmuj

mc

jmdj

mb

s
� ei�3

������������
m2
u

mcmt

s
;

(4.38)

 �UCKM�23 ’

�����������������������
jmuj

mc

m2
dms

m3
b

vuut � ei�2

����������
jmdj

mb

s
� ei�3

����������
jmuj

mt

s
;

(4.39)

 

�q ’ arg
� �ei�3

���������������
jmuj
mt

jmdj
mb

q
� ei�2��

�ei�3

�������
jmuj
mt

q
� ei�2

�������
jmdj
mb

q
��ei�2

�������
jmdj
mb

q
� ei�3

�������
jmuj
mt

q
��

�

’ 	� �2: (4.40)

This model is more predictable for the CKM matrix ele-
ments than ours. However, this model predicts a rather
smaller value for j�UCKM�13j than the experimental data.
This is seen from the fact that the values of the parameters
xd � 1� jmdj=mb � 0:998 437 and xu � 1� jmuj=mt �
0:999 987 of this model are outside of the allowed regions
shown in Figs. 1–3.

V. MNS LEPTON MIXING MATRIX

Let us discuss the lepton sector. The mass matrices M�
andMe for the Majorana neutrinos and the charged leptons
are, respectively, given by

 Me � Pye M̂ePe; (5.1)

 M� � Py�M̂�P��: (5.2)

Here P� and Pe are diagonal phase matrices and M̂� and
M̂e are given by Eq. (2.1). The charged-lepton mass matrix
Me is diagonalized as

 UyLeMeULe � diag��jmej; m�;m��; (5.3)

where the unitary matrix Ue is described as

 ULe � PyeOe: (5.4)

Since the mass matrix for the Majorana neutrinos is sym-
metric, M� is diagonalized as

 Uy�M�U
�
� � diag�jm1j; m2; m3�; (5.5)

where jm1j, m2, and m3 are real positive neutrino masses
and the unitary matrix U� is described as

 U� � Py�O�Q�: (5.6)

Here, in order to make the neutrino masses for the first
generation real positive, we introduce an additional diago-
nal phase matrix Q� defined by

 Q� � diag�i; 1; 1�: (5.7)

In the following discussions, we consider the normal
hierarchy 2 for the neutrino masses mi, i.e. jm1j<m2 	
d� < m3, and the normal hierarchy 1 for the charged-
lepton masses, i.e. jmej 	 m� 	 de < m�. In this case,
the orthogonal matrices Oe and O� are obtained from
Eqs. (3.2) and (3.3) with f � e and � by replacing jmf1j,
mf2, and mf3 with jmej, m�, and m�, and with jm1j, m2,
and m3, respectively. Therefore we have

0.8 0.85 0.9 0.95 1
xu

0.8

0.85

0.9

0.95

1

x d

FIG. 3. The allowed region in the xu-xd parameter plane.
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 O� ’

��������������
m2

jm1j�m2

q ��������������
jm1j

jm1j�m2

q ���������������������
jm1jm2

m2
3

1�x�
x�

r
�

��������������������
jm1j

jm1j�m2
x�

q ��������������������
m2

jm1j�m2
x�

q ��������������
1� x�
p

��������������������������������
jm1j

jm1j�m2
�1� x��

q
�

��������������������������������
m2

jm1j�m2
�1� x��

q �����
x�
p

0
BBBBBB@

1
CCCCCCA; (5.8)

 Oe ’

1
�������
jmej
m�

r ���������������������
jmejm�

m2
�

1�xe
xe

r

�

������������
jmej
m�
xe

r �����
xe
p ��������������

1� xe
p

������������������������
jmej
m�
�1� xe�

r
�

��������������
1� xe
p �����

xe
p

0
BBBBBBBB@

1
CCCCCCCCA
: (5.9)

We now discuss the MNS lepton mixing matrix UMNS of the model, which is given by

 UMNS � UyLeU� � OT
eP‘O�Q�; (5.10)

where P‘ � PeP
y
� is a diagonal phase matrix and we take

 P‘ � diag�1; ei�2 ; ei�3�; (5.11)

without any loss of generality. Thus we obtain

 UMNS ’

i
��������������
m2

jm1j�m2

q ��������������
jm1j

jm1j�m2

q ���������������������
jm1jm2

m2
3

1�x�
x�

r
� 
5

�������
jmej
m�

r
�i
1

��������������
jm1j

jm1j�m2

q

1

��������������
m2

jm1j�m2

q

2

i
3

��������������
jm1j

jm1j�m2

q
�
3

��������������
m2

jm1j�m2

q

4

0
BBBBBB@

1
CCCCCCA; (5.12)

where 
i are complex quantities defined by

 
1 �
����������
x�xe
p

ei�2 �
����������������������������������
�1� x���1� xe�

q
ei�3 ; (5.13)

 
2 �
����������������������
�1� x��xe

q
ei�2 �

����������������������
x��1� xe�

q
ei�3 ; (5.14)

 
3 � �
����������������������
x��1� xe�

q
ei�2 �

����������������������
�1� x��xe

q
ei�3 ; (5.15)

 
4 �
����������������������������������
�1� x���1� xe�

q
ei�2 �

����������
x�xe
p

ei�3 ; (5.16)

 
5 �
����������������������
�1� x��xe

q
ei�2 �

����������������������
x��1� xe�

q
ei�3 : (5.17)

Equation (5.12) is changed to the standard representation
of the MNS lepton mixing matrix as well as the CKM
quark mixing matrix,

 Ustd
MNS � diag�ei�

e
1 ; ei�

e
2 ; ei�

e
2 �UMNS �

cl13c
l
12 cl13s

l
12 sl13e

�i�l

�cl23s
l
12 � s

l
23c

l
12s

l
13e

i�l cl23c
l
12 � s

l
23s

l
12s

l
13e

i�l sl23c
l
13

sl23s
l
12 � c

l
23c

l
12s

l
13e

i�l �sl23c
l
12 � c

l
23s

l
12s

l
13e

i�l cl23c
l
13

0
B@

1
CAdiag�1; ei�2 ; ei�3�:

(5.18)

Here �ei comes from the rephasing in the charged-lepton
fields, �� is the Dirac phase, and �i is the Majorana phase
in the MNS lepton mixing matrix.

In order to realize the maximal lepton mixing angle
between the second and third generations, we must choose
the free parameters x�, xe, �2, and �3 to satisfy the
following condition:

 j
1j � j
2j � j
3j � j
4j �
��
1
2

q
: (5.19)

In the present paper, we take the following choice:

 x� � 1=2 and xe ’ 1; (5.20)

which satisfies the above condition irrespectively of the
phases �2 and �3. Then, the explicit magnitudes of the
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components of j�UMNS�ijj are obtained as
 

j�UMNS�11j ’

����������������������
m2

m2 � jm1j

s
;

j�UMNS�12j ’

����������������������
jm1j

m2 � jm1j

s
;

j�UMNS�13j ’

��������
���������������
jm1jm2

m2
3

s
� ei�2

����������
jmej

2m�

s ��������;
j�UMNS�21j ’

1���
2
p

����������������������
jm1j

m2 � jm1j

s
;

j�UMNS�22j ’
1���
2
p

����������������������
m2

m2 � jm1j

s
;

j�UMNS�23j ’
1���
2
p ;

j�UMNS�31j ’
1���
2
p

����������������������
jm1j

m2 � jm1j

s
;

j�UMNS�32j ’
1���
2
p

����������������������
m2

m2 � jm1j

s
;

j�UMNS�33j ’
1���
2
p :

(5.21)

From Eqs. (5.18) and (5.21), the neutrino oscillation
angles and phases of the model are related to the lepton
masses as follows:

 tan 2�solar �
j�UMNS�12j

2

j�UMNS�11j
2 ’
jm1j

m2
; (5.22)

 sin 22�atm � 4j�UMNS�23j
2j�UMNS�33j

2 ’ 1; (5.23)

 j�UMNS�13j
2 ’

��������
���������������
jm1jm2

m2
3

s
� ei�2

����������
jmej

2m�

s ��������
2
; (5.24)

 �� ’ � arg
� ���������������
jm1jm2

m2
3

s
� ei�2

����������
jmej

2m�

s �
; (5.25)

 �2 ’ �3 ’ �
	
2
: (5.26)

It should be noted that the present model leads to the same
results for �solar and �atm as the model in Ref. [27], while a
different feature for j�UMNS�13j

2 is derived.
On the other hand, we have [40] an experimental bound

for j�UMNS�13j
2
exp from the CHOOZ [41], solar [42], and

atmospheric neutrino experiments [1]. From the global
analysis of the SNO solar neutrino experiment [40,42],
we have �m2

12 and tan2�12 for the large mixing angle
(LMA) Mikheyev-Smirnov-Wolfenstein (MSW) solution
[43]. From the atmospheric neutrino experiment [1,40], we
also have �m2

23 and tan2�23. These experimental data with

3� range are given by

 jU13j
2
exp < 0:054; (5.27)

 �m2
12 � m2

2 �m
2
1 � �m2

sol � �5:2–9:8� � 10�5 eV2;

(5.28)

 tan 2�12 � tan2�sol � 0:29–0:64; (5.29)

 �m2
23 � m2

3 �m
2
2 ’ �m2

atm � �1:4–3:4� � 10�3 eV2;

(5.30)

 tan 2�23 ’ tan2�atm � 0:49–2:2: (5.31)

Hereafter, for simplicity, we take tan2�atm ’ 1. Thus, by
combining the present model with the mixing angle �sol,
we have

 

m1

m2
’ tan2�sol � 0:29–0:64: (5.32)

Therefore we predict the neutrino masses as follows.

 m2
1 � �0:48–6:8� � 10�5 eV2;

m2
2 � �5:7–16:6� � 10�5 eV2;

m2
3 � �1:5–3:6� � 10�3 eV2:

(5.33)

Let us mention a specific feature of the model. Our
model predicts a rather large value for j�UMNS�13j as
 

j�UMNS�13j
2 ’

��������
���������������
jm1jm2

m2
3

s
� ei�2

����������
jmej

2m�

s ��������
2
’
jm1jm2

m2
3

� �0:041–9:6� � 10�2: (5.34)

The predicted value for j�UMNS�13j in Eq. (5.34) is close to
the present experimental constraints Eq. (5.27) in contrast
to the previously proposed model [25,27]. Therefore our
model will be checked in neutrino factories in the near
future.

In the preset model, the neutrino mass matrix M� is
given by

 M� ’ P
y
�

0
������������������
2jm1jm2

p
0������������������

2jm1jm2

p
m3=2 m3=2

0 m3=2 m3=2

0
B@

1
CAP��: (5.35)

Now we discuss the requirements for the mass matrix
elements of MD and MR to realize the above structure for
M�. In our model we have assumed the seesaw mechanism
M� � �MDM�1

R MT
D and the following structure for MD

and MR,
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 MD � PyD

0 aD 0
aD bD cD
0 cD dD

0
@

1
APD;

MR �

0 aR 0
aR bR cR
0 cR dR

0
@

1
A;

(5.36)

where PD � diag�ei�D1 ; ei�D2 ; ei�D3�. Here we assume a
real symmetric MR for simplicity. In this case, we have

 M� � �MDM
�1
R MT

D (5.37)

 ’ �Py�

0
a2
D
aR

0
a2
D
aR

c2
D
dR

cDdD
dR

0 cDdD
dR

d2
D
dR

0
BBBB@

1
CCCCAP�� �for aD 	 cD; dD�;

(5.38)

where P� � diag�ei��D3��D2�; e�i��D3��D2�; 1�. Therefore,
the following conditions should be satisfied in order to
realize our M� in Eq. (5.35),

 

a2
D

aR
	

c2
D

dR
’
cDdD
dR

’
d2
D

dR
: (5.39)

Namely, it turns out that the large lepton mixing angle is
realized through the seesaw mechanism by using the fol-
lowing MD and MR,

 MD � PyD

0 aD 0
aD � dD
0 dD dD

0
@

1
APD;

MR �

0 aR 0
aR � �

0 � dR

0
@

1
A;

(5.40)

with cD � dD and a hierarchy condition

 

�
aD
dD

�
2
	

aR
dR
: (5.41)

It should be noted that the components bD in MD, bR, and
cR in MR which are denoted as asterisks are not important
for reproducing the large lepton mixing angle at all.

VI. CONCLUSION

We have reconsidered the mass matrix model with a
universal and seesaw-invariant form of four-zero structure
given by

 Mf � Pyf

0 af 0
af bf cf
0 cf df

0
B@

1
CAPf; for f � u; d; and e;

(6.1)

 Mf � Pyf

0 af 0
af bf cf
0 cf df

0
B@

1
CAP�f; for f � �: (6.2)

The analytical expressions for the CKM quark mixing
matrix are derived as functions of the four parameters xu,
xd, �2, and �3. We do fine tuning of the parameters so as to
reproduce the experimental data. It turns out that the CKM
quark mixing matrix can be consistent with the data at the
special value of the parameter given by �2 ’ 	=2 and in
the allowed regions among �3, xu, and xd as shown in
Figs. 1–3.

We have also analyzed the MNS lepton mixing matrix
analytically and shown that it is consistent with the ob-
served large lepton mixings. The model predicts a rela-
tively large (1, 3) element for the MNS lepton mixing
matrix element:

 j�UMNS�13j
2 ’
jm1jm2

m2
3

’ �0:041–9:6� � 10�2; (6.3)

which is close to the experimental upper bound at present.
Therefore a determination of the finite value for
j�UMNS�13j

2 in the near future experiment will be expect-
able in our model.

We have assumed the seesaw mechanism M� �
�MDM

�1
R MT

D and the same four-zero structure for MD
and MR. Within this framework, we have derived the
conditions given by Eqs. (5.40) and (5.41) for the compo-
nents of MD and MR to realize our structure for M�.
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