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Physics beyond the standard model: Focusing on the muon anomaly
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We present a model based on the implication of an exceptional E¢-GUT symmetry for the anomalous
magnetic moment of the muon. We follow a particular chain of breakings with Higgses in the 78 and 351
representations. We analyze the radiative correction contributions to the muon mass and the effects of the
breaking of the so-called Weinberg symmetry. We also estimate the range of values of the parameters of

our model.
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L. INTRODUCTION

Among the known leptons, the muon is potentially
interesting for several reasons. First, its relatively long
lifetime of 2.2 us (c7 = 658.65 m) makes it possible to
perform precision measurements. Second, it is sensitive to
new sectors of heavy particles and new interactions. In this
sense, the muon anomaly has provided a stringent test for
new theories of particle physics, since any new field or
particle which couples to the muon must contribute to a,.

The most recent results reported by the Muon (g — 2)
Collaboration [1] have triggered a renewal of interest on
the theoretical prediction of the anomalous magnetic mo-
ment of the muon (commonly referred to as the muon
anomaly), a, = %, in the standard model (SM). This
experimental value is claimed to show that there remains a
discrepancy with the SM theoretical calculations at the
confidence level of 2.30" to 3.30 [1,2], if the hadronic
light-by-light  contribution, ~ af#°(LBL) = 80(40) X
107" [3], is used instead of affC(LBL) = 136(25) X
107! [4], as a consequence that e e~ annihilation data
are used to evaluate this contribution against hadronic 7
decays data [5]. Among all contributions that yield correc-
tions to the muon anomaly, the hadronic contributions are
less accurate, due to the hadronic vacuum polarization
effects in the diagrams which use data inputs coming
from the e* e~ annihilation cross section and the hadronic
7— decays. Also it is not clear, at present, whether the
value from 7— decay data can be improved much further,
due to the difficulty in evaluating more precisely the effect
of isospin breaking [5].
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In fact, these measurements have provided the highest
accuracy of the validity of the different theories for strong,
weak, and electromagnetic interactions because they have
reached a fabulous relative precision of 0.5 parts per mil-
lion (ppm) in the determination of a,. However, if this
confidence level for the muon anomaly remains, it is
possible that we are under a window open for a new
physics at a high energy scale, A. The study of the muon
anomaly becomes relevant because it is more sensitive to
interactions that are not predicted in the SM but will be
possibly reached at the CERN Large Hadron Collider
(LHC), with /s = 14 TeV.

On the theoretical side, if we take into account the
effects of virtual massive particles in the diagrams contrib-
uting to the lepton anomaly, the ratios between the correc-
tions to the anomalies are of the order (2—’:)2 ~ 4 X 10* for

the muon and electron, and of the order (%2)* ~ 1.2 X 107

for the tau and electron. The same huge enhancement
factor would also affect the contributions coming from
degrees of freedom beyond the SM, so that the measure-
ment of the 7— anomaly would represent the best oppor-
tunity to detect new physics. Unfortunately, the very short
lifetime of the 7- lepton which, precisely because of its
high mass, can also decay into hadronic states, makes such
a measurement impossible at present; this is the reason
why there is an emphasis on the muon anomaly.

In this case, it becomes interesting to estimate the order
of the correction of a, in the context of theories beyond the
SM. This is done in terms of powers of % This is related
[6] to the validity or the breaking of the chiral symmetry
for leptons together with the change of sign for m,,. If this
symmetry, which is referred to as Weinberg Symmetry
(WS), is respected, then Aa, ~ (m,/ A)?; on the other
hand, if it is broken, Aa, ~ mu/A' This is important
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because in the latter case the explanation of the muon
anomaly may be given by a new physics at a relatively
high energy, whereas in the former it should appear at a
scale close to the electroweak (EW) one.

We consider the 78 and 351 Higgs representations of the
E¢ grand-unified theory (GUT). The representations be-
tween square brackets refer to the E¢-group, those between
brackets refer to SO(10) ® U(1), and the ones between
parentheses correspond to the SU(5) ® U(1) group. The
symmetry breaking pattern [7-10] is depicted below.

Eg
[78]{1, 0}
l
SO(10) ® U(1)
[351}{1, —8}
|
SO(10)
[78]{45, 0}(1, 0)
|
SU5) ® U(1) 0
[351{16, —5}(1, —5)
|
SU(5)
[351]{54, 4}(24, 0),
[351]{144, 1}(24, 5)
|
SU@B3)- ® SU2), ® U(1)
[351]{10, —2}
|
SUB)¢c ® U(1)em.

The order of magnitude of the contribution is Aa, ~
m, /my, where my, is the mass of the exotic fermion.
This fermion is analogous to the ordinary muon contained
in the [27] representation of fermions in {10, —2} under
SO(10) X U(1). This connection makes sense if the
radiative correction to the muon mass is small and if
there occurs breaking of WS. On the other hand, if the
muon mass is only due to radiative corrections, the right
mixing angle between leptons is zero and WS is not
broken.

Our paper is organized as follows. In the Sec. II, we
discuss the WS in the SM in connection with the order of
magnitude of the muon anomaly. In Sec. III, we present our
model, considering the sequences of breakings of symme-
tries (1). In Sec. IV, we analyze the question of the radiative
mass of the muon due to the mixings with the massive
fermion that occur in the breaking chain SU(5) —
SUB)¢ ® SU(2); ® U(1) with {144, 1} Higgs; in Sec. V,
we analyze WS in the context of our model and, finally, in
Sec. VI, we present our general conclusions.
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II. WS AND THE ANOMALOUS MAGNETIC
MOMENT IN THE SM

The WS is a well-known property [6] of the SM of
particle physics. In this section, we briefly review its
main points, since this result is connected with the order
of magnitude of the Aa,, contribution in the Eg model. The
mass term m,, i p breaks chiral symmetry; the field rede-
finition below changes the sign of the mass term:

M= Y5 my, — —my, (2)

where u is the field variable associated to the muon.
If the WS Eg. (2) is valid, the corrections to a, must be
of even powers of the ratio of m, to a larger scale A:

m,, \0 m.. \2
aﬂzc(,<T“> +c2(T“> T 3)

The effective interaction that gives a nonzero contribution
to the muon anomalous magnetic moment is
. - ) o .

Ay T PO ap wF%P; for the SM version, it may be written

as

e (Gap, J0¢
L eff — aum<q”(f ﬁ/.LR ’(;/l 4 + H.C.)FQB, (4)
n %

with a Higgs field doublet

T, =(" (9 v
\I}L (M)L, Py <%>, f()\/i mp,- (5)

Now, to have the WS invariance (2) in the SM, one must
perform the transformations

v, —ysV, =V, = —¢.

(6)

We can prove that the neutral current Lagrangian density
reads as

MR V5MR = MR

_ g _
L —_ @A — a _ 5 7 :
Ne = TeRY A 5 Y (v, = a.y)uZ,
(7
the charged current Lagrangian density is written as
_ 8 - a (+)
Loe=—"=[p 1= y)uW,
CcC 2\/—2-[ nY ( Y )1“ a
+ 2y (1= Y, ws'] (8)
and the Yukawa sector
Ly = —folare pr + freoug)
1
= ——=folvy + h)au, ©))
ﬁfo 1 M
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where m,, = fo% is the muon mass and the interactions

are invariant under the transformations of Eq. (6).
Therefore, the corrections to a,, are of the type of Eq. (3)
with the EW scale, A. The first term is the electromagnetic
contribution ¢y =5~ + -+, computed recently up to
(a/m)° [11]; the second term, c,("%)? ~ ag™> X 1, 7 X
107 =2 X 107?, corresponds to the weak contribution.

III. AN ALTERNATIVE E¢-MODEL FOR THE
MUON ANOMALY

The exceptional group Eg [12] was proposed as an
alternative to SU(5) and SO(10) models, and it is actually,
in many aspects, the preferred gauge group for grand
unification. In this section, let us discuss the pattern of
breakings (1) based on the [78] and [351] representations.
The ordinary fermions of the SM are contained in the
{16, 1} C 27-dimensional representation:

[27] = {16, 1} ® {10, —2} & {1, 4}. (10)

There are 11 additional fermions with respect to the SM
fermions. For the first generation, these particles are

¥, ® (D NE), (D NC E°),. (11)
HK_J < ~ J N ~ V)
{1,4} (5,-2) (52)

{10?12}

The gauge bosons are contained in the adjoint
78-dimensional representation, that, with respect to
SO(10) ® U(1), is decomposed as below:

[78] = {450} ® {16, -3} ® {1,0} ® {16,3}.  (12)

For the first generation, the exotic fermions of the 10
representation of SO(10) can acquire mass from the Higgs
{54, 4} of the [351] representation of E4, because {10} ®
{10} = {54} ® {45} @ {1}. The mass terms are of the type
[13]

0,(54, 24)<D°'D —3EE - %N"N). (13)

In this same representation, {144, 1}, let us mix these
fermions with the ordinary ones, because both components
contain a 24 of SU(5), which has one invariant component
under SUB)¢ ® SU2); ® U(1)y: {16} ® {10} =
{144} ® {16}. This mixing term is given by

©5(144, 24)<d”D —3E°e —3N¢ v>. (14)

Observe that in both Higgs, ¢,(54,24) and ¢5(144, 24),
being singlets (1,1,0) under SU3), ® SU(2); ® U(1)y,
we shall assume, take different values of expectation
around his quantum fields %, and h5:

1
©y(54,24) = E(Uz + hy) (15)
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1
©3(144, 24) = %(W + hy), (16)
where the vacuum expectation values v; and v, we will
assume satisfy the relation vy = v,.

On the other hand, the ordinary fermions of the SM get
masses from the Higgs {10, —2}, because the Yukawa term
that conserves the U(1) charge is

{16} ® {16} = {10} ® {126} ® {120}, 17)
and this Higgs is in the [351]. This mass term is
H(10,5)(dd + ¢€e + NCL). (18)

In order to explain the notation, here ¢'(a, 24) stands for
the component of the Higgs representation, ¢’, where the
label a indicates the transformation under SO(10) and the
label 24-component refers to SU(5); similarly, for H(10, 5)
In fact, this Higgs H(10, 5) is indeed that one of the SM
¢;(1,2,1/2) under SU(3)- ® SU(2), ® U(1), which is, as
we already said before, written as

€
V2

Now, let us extend this for the second generation of
fermions, and call M the supermassive fermion in analogy
to the ordinary muon of the SM.

If the breakings of symmetry are due to a [351], when
the GUT symmetry is broken, the mass eigenstates w, and
M are determined by the expectation values of the
(SO(10), SU(5)) multiplets ¢,(54,24) and ¢5(144, 24),
through the mixture of left and right components [13,14]:

< MLR > _ ( cosp g sinfp g )( lf%,R ) (20)
My g —sinf; g cosf g My g ’

where 0; p are the left and right mixing angles, respec-
tively. It is possible that the mixing angle 6 is small, of the
order ~m,, /m), where m,, is the mass of the heavy muon,
M, however, due to the weak universality, the angle 6,
between w; and M; is expected to be the same mixing
angle for »* and the neutral exotic lepton N; but §; can
still be large [15].

The fermion-Higgs interaction Lagrangian is given by

@1(1, 2! 1/2) = (Ul + hl) (19)

L= &ﬁLMR(hl +vy) + QMLMR(hZ + vy)

V2 V2
+ %ﬂLMR(}% +vy) + %MLMR(h] +v)) +He,

2

where some of the fis could be vanishing. The previous
expression can be written as below:

L=(a w) (e fr(e) e

The mass matrix reads as
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:i fovi  favs
M \/§<f3v1 f1U2>' 23)

As usual, the previous matrix mass is diagonalized by a
biunitary transformation [14,16] U LMU r = Myiae, Where

Uy g is given in (20). From UJrMMJr U, = Mdlag, it is
possible to find
2fof3vi + f1f2U2U3)
tan(26,) = (24
DT Rl el - a0l
on the other hand, from Uy IMTMU, = Mdlag, we obtain
2 vivs + vv,)
tan(20) = 2(§0f2 1V3 f12f3 122 . (25)
A 2+f2U3 (f3 + f3)vy

In the limit for which all the couplings f; are equal and
v3 = v, > v, we have to tan(260;) — oo,

2
tan(20y) =~ 12 (26)
L]
or to the angles 6, and 6 the values 6, = T, 0 ~ Z—; As

it can be seen, in this case 0 is small.
The part of the interaction Lagrangian for the quantum
fluctuations can be written as

fo - f1 - fr -
L= h —M;Mph, + —=ji; Mph
\/EML:U“R 1 \/i LMRNY \/E,U«L R3
f3 -
+ =M h; + He.; 27
NG LMrhy (27)

after the mixing equations (20), we obtain the changing-
flavor Lagrangian:

¥ o .
LFCh:\/—%(CLSRM(L)MR_‘_CRSLML:“(I)?)hl
Ji o =

+ (=5 cpaOMp—cpspMpud)h

\/5 LCRM MR LSRM [ MLR)1y

+&(CRCL/12MR_SLSRA_;[L/-L(I)?)I73
2

f . -
+_3(_SLSR/*L(11MR+CLCRMLIU“%)hI+H'C'r (28)

2 _ 3\ 4 omy 2
(x x)+m—’;’x 1
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where ¢, g = cosfl, p and s; zx = sinf; x. We label the
neutral mass eigenstates of the Higgses by H,, H,, H;
whose masses are M, M,, M5, respectively. Then, suitable
rotations between fields 4, h,, h; must diagonalize the
mass matrix in the potential V (A, h,, h3). We suppose
(from now on) that M| << M3 = M,, assuming conserva-
tion of CP, the matrix of rotations will be real. In the limit
v K v3 = v,, the state h; — H; is weak and any appre-
ciable mixing between scalars will only appear between £,

and h5:
hy\ _ (cosd —sind\/ H,
(h3> N < sindt  cost ><H3 ) (29

with ¥ being the angle of rotation that allows the diago-
nalization of the matrix. With these mixings of neutral
scalars fields, the flavor-changing Lagrangian (28) now
takes the form:

3
L%f(gh = Z O[ﬂl +a;, — 5(,81 &,)]MHI + H.c,,
(30)
where
ay =focrsg — f35L8g B1 = focgsL + ficicr,
&, = — f1crsy cosY + frcrep sind
Bz = —f1cLSpcosT — fr5; 5g sind,

. €Y
a3 = ficgsy sind + frcpcpcostd,

B3 = ficLsgsin — fys7 55 cosV.

The generic diagram with Higgs interchange contribut-
ing to the anomaly of the muon is shown in Fig. 1. In fact,
the explicit calculation [17] of the one-loop contribution
yielded by Eq. (29) gives the results (in the limit
my/m,, > 1)

\/z |
Aafch = ! m2 Z & ldx
Fooo128at M & Jo T mia?
denoting z; = M7/mj;, where ¢} = o — 87 with «;
B; + a;, B; = B; — a;, the function G(z )=1[(1-z )2

27;(1 — z;) — 222 Inz;]/[2(1 — z;)]is plotted in Fig. 2. Let
us see two cases of interest:

(a) my =M, =~ Mz > M,. If we consider the rough
case in that f; = f,, we have & = & with the
reasonable value G(z53) = 0.3 and G(z;) = 0.5. In
this case the total contribution is

+ (m, — mi)x + M?(1 — x)

Z £1G(z), (32)

12872 my,

FIG. 1 (color online). Contributions with Higgs interchange to
the muon anomalous magnetic moment.
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G( Z ) 0.48
0.46
0.444
0.424
0.4
0.384
0.36
0.3
0 02 04 06 08 1
Zj
FIG. 2 (color online). Plot of G(z;) as a function of z;, where
= M?/m3,.
Aabth = 12; 5 My (05 X €+ 0.6 X £), (33)

then, to complete the anomaly value [2] Aa, =
25.2 X 1077, we have

74X103 =8 +12X & =064, (34

where we consider 115 GeV = m,; = 10 TeV.
(b) M, = M5 > M, =~ m,,. The principal contribution
comes from H;

1

AFChH ~
a ( 1) 1287 2

I

P sz(Zl) (35)

and in this case G(z;3) — 0. We can find the limits
of &% over the range masses indicated 7 X 1073 =
£3 = 0.61, as illustrated in Fig. 3.

d*q my(la;* -
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FIG. 3 (color online).
masses 115 GeV = my; = 10 TeV,
700 GeV to explain the anomaly value, where y =

Space of values of &7 in the range of
115 GeV = M, =

mM

IV. RADIATIVE CORRECTIONS TO THE MUON
MASS

Another interesting possibility is to suppose a situation
in which the muon mass comes only from radiative cor-
rections. There are models of this type [18,19] in the
literature. In Ref. [19], the authors, working out an SU(3) ®
SU(3) ® U(1) model, introduce some symmetries to avoid
the light fermions from acquiring their masses at tree level
through their couplings to the SM Higgs boson with non-
zero vacuum expectation value; as a consequence, the
muon gets its mass from the radiative corrections induced
by other particles.

The one-loop correction to the muon mass is obtained by
removing the photon line from the diagram Fig. 1. The
amplitude for this diagram is

S (p) = —ix [

(2m)*

% (CY1,3;r + Bla;r)qu'yMYS + my (o, BT

18:1%) + (lay* + |,31|2)61y')’” n d*q

(¢* — m3)((p — q)* — M})

where k = N and I =1, 2, 3. Let us suppose that M, is
the max1ma% energy scale for our model, then, as m, <
my;, M,, we obtain the following expression for the rad1-
atively induced muon mass:

1-loop __ (a2 B%)

um 3(4 )2 myF(z), (37)

F(Zz)zl_

Inz,, (38)
i — 1
where z, = M3/m3,. Notice that, for M, =~ M3 >> my;, M,
(or zy3 > 1), the function F(z,) takes its asymptotic value
equal to 1, then

(q* — m3)((p — q)* — M?) @m)*
- 31“?)75 } (36)
{
loo, %
m,* (H,, Hy) = Tog 2 " (39)

and for the case M, =~ Mz = my > M, the function
F(z) = 1 — m3,;/M3. To assure small radiative mass for
the muon, for example, of 0.1-10 MeV with 115 GeV =
my = 10 TeV, it is necessary that 1.0 X 1073 = & =
1.3 X 1073

There is another diagram that can contribute to the
radiative mass of the muon, as shown in Fig. 4. The result
was estimated [19,20] as
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M M
L M R
*H —@—H ->

o [+
LR 2 3 B
FIG. 4 (color online). Diagram of radiative correction to muon
mass with mixing between heavy scalars.

_ MZ 2
167 my — M5 \M;
M2 2
- 21n<m—1‘§>} (40)
my — M5 \M;3

where ¢ is a parameter function of Yukawa couplings [that
can read from (29) and (30)] and of the mixing angle .
However, the contribution of M, H,, and H, given by Fig. 4
for the limit natural m,, < M, = My, mj, °
Zero.

In our model, the ordinary fermions are massless at the

tree level in the GUT scale (i.e. no bare my, is possible due

is essentially

to symmetry), but it couples to the heavy fermion M
through the mixing with scalars, according to the breaking
SU(5) ® U(1) — SU(5). If we suppose this, then the only
diagrams that contribute to the anomaly are those with the
interchange of H, and H; in Fig. 1. To simplify, let us
suppose the case M, =~ M3 and f, = f, from which & =
£3; then, the contribution with the H,-interchange is

3 my
FCh __ 2 .
a =3 ——G(zy); 41

but, from (36) and (37), we can write for M, > m,,

1-1 &
mM 00p ~ 2 2
1287

my F(z,); (42)

P@E) 5]

0.25
0.21
0.157
0.17

0.054

0 0.z 0.4 0.6 (IR 1
a
Z, 10

FIG. 5 (color online). Plot of P(z,). Note that P(z,) is roughly
O(1) on the values range considered.
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combining these equations, we obtain
m2 5l(1 = 2)* = 255(1 = 2) — 223 Inzy)]

2(1 - 12)3 '
(43)

AClFCh ~
1% 2
M2

where the function P(z,) = z,[(1 — 25)? — 22,(1 — 25) —
2751nz,]/2(1 — z,)? is plotted in Fig. 5. In this way, if the
mass of the muon is of radiative origin we obtain AafLCh ~
mi /M3. An analogous result was obtained by Marciano
using a toy model [21].

V. WEINBERG SYMMETRY INVARIANCE

In terms of the mixing angles 6; g, from the biunitary
diagonalization UZMU r = My, We find for the masses

1 [(crfo — sLf3)vicg — (cpfrovs — spfiva)sel,

(44)

m, =

=l

2

1
my = —2[(SLf0 + e f3)visg + (spfovs + cpfiva)egl

(45)

where 0,  are given in (24) and (25), respectively. Under
the WS in (6): ¢ — —¢ (equivalently v — —v,), 6, is
invariant, but 6 — —60, then m, — —m, and my, is
invariant m,; — m,,;. Now, let us remember that u and
M are in the same fundamental representation [27] of Eg.
This entails that under WS invariance, we will have M; —
—M;, Mp — Mp. Then, the mass eigenstates transform as

0 — _ — 0
mp =cppp — StMp— —py,

0 — _ 0
Mg = CRMR — SRMR — Mg,

(46)

My =sppp + e My — —My,

A

MR = SRMR +CRMR_)MR‘

Thus, the WS invariance is ensured only when 6 — 0 or
when v, > v;. Consequently, the last transformations
imply m, — —m,, but not my; — —m,, and then one
may expect a linear correction to the muon magnetic mo-
ment as (31). This analysis do not apply if the muon gets its
mass by radiative corrections from other particles.

VI. GENERAL CONCLUSIONS

To conclude, it is possible to explain the muon anomaly
in our model based on Eg through the breaking chain (1),
using only Higgses in [78] and [351] representations with a
minimal set of Higgses to be singlets and doublet under the
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SM symmetry. We find a linear relation between masses for
the muon anomaly, if the radiative correction to muon
mass, due to mixing with heavy fermion, is small and
WS is broken. On the other hand, we find a quadratic
relation between masses whenever we suppose that the
muon has its mass generated only by radiative corrections
in the GUT scale, since, in this case, WS is conserved.
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