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Vacuum polarization induced by a cylindrical boundary in the cosmic string spacetime
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In this paper we investigate the Wightman function, the renormalized vacuum expectation values of the
field square, and the energy-momentum tensor for a massive scalar field with general curvature coupling
inside and outside of a cylindrical shell in the generalized spacetime of straight cosmic string. For the
general case of Robin boundary condition, by using the generalized Abel-Plana formula, the vacuum
expectation values are presented in the form of the sum of boundary-free and boundary-induced parts. The
asymptotic behavior of the vacuum expectation values of the field square, energy density, and stresses are
investigated in various limiting cases. The generalization of the results to the exterior region is given for a
general cylindrically symmetric static model of the string core with finite support.
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I. INTRODUCTION

Cosmic strings generically arise within the framework
of grand unified theories and could be produced in the
early universe as a result of symmetry breaking phase
transitions [1,2]. Although the recent observational data
on the cosmic microwave background radiation have ruled
out cosmic strings as the primary source for primordial
density perturbations, they are still candidates for the
generation of a number of interesting physical effects
such as the generation of gravitational waves, high energy
cosmic strings, and gamma ray bursts. Recently, the cos-
mic strings attract a renewed interest partly because a
variant of their formation mechanism is proposed in the
framework of brane inflation [3—5]. In the simplest theo-
retical model describing the infinite straight cosmic string,
the spacetime is locally flat except on the string where
it has a delta shaped curvature tensor. In quantum field
theory the corresponding nontrivial topology leads to
nonzero vacuum expectation values for physical observ-
ables. Explicit calculations have been done for various
fields [6-28]. The case of quantum fields at nonzero
temperature was also investigated [20,29-31]. Vacuum
polarization effects by the cosmic string carrying a mag-
netic flux are considered in Refs. [32—34]. Another type
of vacuum polarization arises when boundaries are pre-
sent. The imposed boundary conditions on quantum fields
alter the zero-point fluctuations spectrum and result in
additional shifts in the vacuum expectation values of physi-
cal quantities, such as the energy density and stresses.
In particular, vacuum forces arise acting on constraining
boundaries. This is the well-known Casimir effect (for
a review, see [35]). In this paper we will study the con-
figuration with both types of sources for the vacuum po-
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larization, namely, a cylindrical boundary coaxial with
a cosmic string assuming that on the bounding surface
the field obeys the Robin boundary condition. For a mas-
sive scalar field with an arbitrary curvature coupling pa-
rameter, we evaluate the Wightman function and the
vacuum expectation values of the field square and the
energy-momentum tensor in both interior and exterior
regions. In addition to describing the physical struc-
ture of a quantum field at a given point, the energy-
momentum tensor acts as the source in the Einstein
equations and therefore plays an important role in model-
ing a self-consistent dynamics involving the gravitational
field. The vacuum densities for a Robin cylindrical bound-
ary in the Minkowski background are investigated in
[36] (see also [37] for the case of two coaxial cylindrical
surfaces). In Ref. [26] a cylindrical boundary with
Dirichlet boundary condition is introduced in the bulk of
the cosmic string as an intermediate stage for the calcu-
lation of the ground state energy of a massive scalar field in
(2 + 1)-dimensions.

We have organized the paper as follows. The next sec-
tion is devoted to the evaluation of the Wightman func-
tion for a massive scalar field in a generalized cosmic
string spacetime in both interior and exterior regions of a
coaxial cylindrical boundary. In Sec. III we present simple
formulas for the vacuum expectation values of the field
square and the energy-momentum tensor in the corre-
sponding boundary-free geometry. By using the formula
for the Wightman function, in Sec. IV we evaluate the
vacuum expectation values of the field square and the
energy-momentum tensor inside a cylindrical boundary.
Various limiting cases are investigated. In Sec. V we con-
sider the corresponding quantities for the outside region.
The generalization of the results for the exterior region in
the case of a general cylindrically symmetric static model
of the string core with finite support is given in Sec. VL.
Finally, the results are summarized and discussed in
Sec. VIL

© 2006 The American Physical Society


http://dx.doi.org/10.1103/PhysRevD.74.025017

BEZERRA DE MELLO et al.
II. WIGHTMAN FUNCTION

A. Bulk and boundary geometries

In this paper we consider a scalar field ¢ propagating on
the (D + 1)-dimensional background spacetime with a
conical-type singularity described by the line element

N
ds®> = gudx'dx* = dt* — dr* — r*d¢* — Zdziz, 2.1
=

with the cylindrical coordinates (x',x% ..., xP) =
(r,,21,...,2y), where N=D—=2, r=0, 0=<¢ =
¢y, —0<z;<+oo and the spatial points
(r,d,21,...,zy)and (r, ¢ + ¢y, 74, - .., zy) are to be iden-

tified. In the standard D = 3 cosmic string case, the planar
angle deficit is related to the mass per unit length of the
string u by 27 — ¢ = 87wGu, where G is the Newton
gravitational constant. It is interesting to note that the
effective metric produced in superfluid *He — A by a radial
disgyration is described by the D = 3 line element (2.1)
with the negative angle deficit, that is ¢y > 277, which
corresponds to the negative mass of the topological object
[38].

For a free massive field with curvature coupling parame-
ter £, the field equation has the form

(ViIV; + m> + éR)p(x) = 0, (2.2)

where V; is the covariant derivative operator and R is the
scalar curvature for the background spacetime. The values
of the curvature coupling parameter ¢ = 0 and & = & =
(D —1)/4D correspond to the most important special
cases of minimally and conformally coupled scalars, re-
spectively. We assume that the field obeys the Robin
boundary condition on the cylindrical surface with radius
a, coaxial with the string:

<A + Bi>go =0, r=a. 2.3)
ar

Of course, all results in what follows will depend on the
ratio of the coefficients in this boundary condition.
However, to keep the transition to Dirichlet and
Neumann cases transparent, we use the form (2.3). In this
section we are interested in the corresponding positive
frequency Wightman function in the regions inside and
outside of the cylindrical surface due to the fact that the
vacuum expectation values (VEVs) of the field square and
the energy-momentum tensor are expressed in terms of this
function. In addition, the response of a particle detector in
an arbitrary state of motion is determined by this function
(see, for instance, [39]). By expanding the field operator in
terms of a complete set of eigenfunctions {¢,(x), ¢4 (x)}
satisfying the boundary condition and using the standard
commutation relations, the Wightman function is pre-
sented as the mode-sum
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Ole(x)e(NI0) = > ¢ ()@ (x), (2.4)

where « is a collective notation for the quantum numbers
specifying the solution and |0) is the amplitude for the
corresponding vacuum state. The form of the eigenfunc-
tions is different for the regions inside and outside the
cylindrical shell and we will consider these regions
separately.

B. Wightman function in the region inside the shell

In the region inside the cylindrical surface, the eigen-
functions satisfying the periodicity condition on ¢ = ¢,
are specified by the set of quantum numbers o = (n, y, k),
n=0*1,%2,...,k=(k,..., ky), —00 <k; <oo, and
have the form

©,x) = ,BQJqW(yr) expigng + ikr) — iwt), (2.5)
w =y + k> + m?, q = 27/ o, (2.6)

where 1 = (z;, ..., zy) and J)(z) is the Bessel function.
The eigenvalues for the quantum number 7y are quantized
by the boundary condition (2.3) on the cylindrical surface
r = a. From this condition it follows that for a given n the
possible values of y are determined by the relation

'y=)t,w~/a, j=12 ..., 2.7)
where A, ; are the positive zeros of the function J,(2),
J4inl(A,, ;) = 0, arranged in ascending order, A, ; < A, 41,
n=20,1,2.... Here and in what follows, for a given

function f(z), we use the notation

f(z) = Af(z) + (B/a)zf'(2).

It is well known that for real A and B all zeros of the
function jq|n|(z) are simple and real, except the case
Aa/B < —q|n| when there are two purely imaginary zeros.
In the following, we will assume the values of Aa/B for
which all zeros are real.

The coefficient B, in (2.5) is determined from the
normalization condition based on the standard Klein-
Gordon scalar product with the integration over the region
inside the cylindrical surface and is equal to

2 )‘n,qun(/\n,j)

(2.8)

= 2.9
“~ amNwdod @

where we have introduced the notation
Tp(2) = A = ¢?n)J7 () + 205, (29]7!. (2.10)

Substituting the eigenfunctions (2.5) into the mode-sum
formula (2.4) with a set of quantum numbers « = (njk),
for the positive frequency Wightman function one finds

025017-2



VACUUM POLARIZATION INDUCED BY A ...

Olp()e(x)I0) = 2 j kMY coslgn(g — ]
n=0

XD Badgn(y I gu(yr)e™ 02y e,
=

@2.11)

where the prime means that the summand with n =0
should be taken with the weight 1/2. As we do not know
the explicit expressions for the eigenvalues A, ; as func-
tions on n and j, and the summands in the series over j are
strongly oscillating functions for large values of j, this
formula is not convenient for the further evaluation of the
VEVs of the field square and the energy-momentum tensor.
In addition, the expression on the right of (2.11) is diver-
gent in the coincidence limit and some renormalization
procedure is needed to extract the finite result for the VEVs
of the field square and the energy-momentum tensor. To
obtain an alternative form for the Wightman function, we
will apply to the sum over j a variant of the generalized
Abel-Plana summation formula [40]

o D B L )
j_:zqunun,»fun,;) =3 ]0 @) =5~ fo “7.0
% [efqnm'f(ze(ﬂi)/z)
+ eqrm’if(ze_[(7”')/2])]y (212)

where I;(z) and K;(z) are the modified Bessel functions.
This formula is valid for functions f(z) analytic in the right
half-plane of the complex variable z = x + iy and satisfy-
ing the condition |f(z)| < e(x)eP!, ¢; <2, for |z] — o
and the condition f(z) = o(z24"=1) for z— 0, where
€(x) — 0 for x — co. By taking in formula (2.12) gn =

N . )
() e())y = —#3)0 @Vetk<r|—rl>

X Z COS[C]"(d’ - ¢l)]1qn(zr)1qn(zr/)7
n=0

In the limit a — oo for fixed r, /, the term (@(x)@(x)),
vanishes and, hence, the term (0,|¢(x)@(x')|0,) is the
Wightman function for the geometry of a cosmic string
without a cylindrical boundary with the corresponding
vacuum state |0,). Consequently, the term (¢ (x)@(x')), is
induced by the presence of the cylindrical boundary.
Hence, the application of the generalized Abel-Plana for-
mula allows us to extract from the Wightman function the
part due to the string without a cylindrical boundary. For
points away from the cylindrical surface, the additional
part induced by this surface, formula (2.16), is finite in the
coincidence limit and the renormalization is needed only
for the part coming from (2.15).

J
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1/2 and B = 0, as a special case, we obtain the Abel-Plana
formula.

To evaluate the sum over j in (2.11) as a function f(z),
we choose

_ gular/a)]y,(zr'/a)

f Vi2+m? + 2/a?

X eXP[—i\/k2 +m? + 2/a*(t — )] (2.13)

Using the asymptotic formulas of the Bessel functions for
large values of the argument when n is fixed (see, e.g.,
[41]), we can see that, for the function f(z) given in (2.13),
the condition to formula (2.12) to be satisfied is r + ' +
|t — | <2a. In particular, this is the case in the coinci-
dence limit ¢ = ¢ for the region under consideration, r,
r' < a.Formula (2.12) allows one to present the Wightman
function in the form

Ole(x)e(x)|0) = (0,l@(x)(x)]0;) + (@(x)o(x)),,
(2.14)

where

L[ d"K kmr
(05l p(x)p(x)]0,) =— We x|

bo
00 Ze,i(t,t/)\/m
dz
0 2+ + m?
0o /
X > coslgn(d = ¢V gu(zr)d gn(zr),
n=0

X

(2.15)
and
o0 d zcosh[(t — t')\Z2 — kK2 — m?]
Z
K, (za)
_an . 2.16
R (10

[

C. Wightman function in the exterior region

Now we turn to the region outside the cylindrical shell,
r > a. In general, the coefficients in the Robin boundary
condition (2.3) for this region can be different from those
for the interior region. However, in order to not complicate
the formulas we use the same notations. The corresponding
eigenfunctions satisfying boundary conditions (2.3) are
obtained from (2.5) by the replacement
Jan(yr) = ggu(yr, ya)
= Jou(ynY g (ya) = J ()Y, (yr),  (2.17)

where Y, (z) is the Neumann function. Now the spectrum

025017-3



BEZERRA DE MELLO et al.

for the quantum number 7 is continuous. To determine the
corresponding normalization coefficient 3,, we note that
as the normalization integral diverges in the limit y = 7/,
the main contribution into the integral over radial coordi-
nate comes from the large values of r when the Bessel
functions can be replaced by their asymptotics for large
arguments. The resulting integral is elementary and for the
normalization coefficient in the region r > a one finds

g — Q2m)* Py
“ 2¢g0[J%,(va) + Vi, (va)]
Substituting the corresponding eigenfunctions into the

mode-sum formula (2.4), the positive frequency
Wightman function can be written in the form

1 [ d'k
2 (2)N

XS coslgn(g — ¢
n=0

(2.18)

lk(l‘” —l‘l/l)

(0l(x) @ (x)[0) =

y [w gy Y8an YT Y8 (vT', ya)

72 72
Jon(ya) + Y5, (ya)

v expli(t' — D/y? + k*]

N
To find the part in the Wightman function induced by the
presence of the cylindrical shell, we subtract from (2.19)
the corresponding function for the geometry of a cosmic

string without a cylindrical shell, given by (2.15). In order
to evaluate the corresponding difference we use the relation

(2.19)

gan(yr, ya)g (yr', ya)
Jén(ya) + Y2, (ya)
L& Tplya) )
= an( r)HS(yr/),
2 5B (ya)

- an(yr)an(yrl)
(2.20)

where H(qs,a(z), s =1, 2 are the Hankel functions. This
allows one to present the Wightman function in the form
(2.14) with the cylindrical shell induced part given by

1 d"k
20, (27T)N

x Z coslgn( — )]

lk(l‘” —l‘l/l)

(), = —

f Hi,%r)H“)(w’) T n(ya)
Y2+ HS)(ya)

X expli(t' — t)/y*> + k%] (2.21)

On the complex plane vy, we rotate the integration contour
on the right of this formula by the angle /2 for s = 1 and
by the angle —7/2 for s = 2. The integrals over the seg-
ments (0, ik) and (0, —ik) cancel out and after introducing
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the modified Bessel functions we obtain

2 de ik(l‘”*l‘
- ——v €
mho j(ZW)N

« /00 dzzcosh[(t — )2 — K]
k /Z2 _ k2

X Z cos[gn(¢ — ¢")IK,,(zr)
n=0

(e(x) (X)), =

qn (Z(l)

K, (za)’

As we see, the boundary-induced part of the Wightman
function for the exterior region is obtained from the cor-
responding part in the interior region by the replacements
I=K. Note that in formulas (2.15), (2.16), and (2.22) the
integration over the directions of the vector k can be done
using the formula

X K (2r') = (2.22)

d"k ikx _ [~ dk  \ Inja—1(klx])
Lk F(k) ]O 7(277)N/2k F(k)i(klxl)N/z‘l’
(2.23)

for a given function F(k).

ITI. VACUUM EXPECTATION VALUES FOR A
STRING WITHOUT A CYLINDRICAL BOUNDARY

In this section we consider the geometry of a string
without a cylindrical boundary. The one-loop quantum
effects of the scalar field in this geometry have been
considered in a large number of papers. The VEV of the
energy-momentum tensor for a conformally coupled D =
3 massless scalar field was evaluated in Ref. [6]. The case
of an arbitrary curvature coupling is considered in
Refs. [9,10,12]. The integral representation for the
Green’s function for a massive scalar field is considered
in Refs. [8,17,21,22]. The corresponding local zeta func-
tions are discussed in Refs. [20,25]. However, to our
knowledge, no closed formulas have been given in the
literature for the VEVs of the field square and the
energy-momentum tensor in the case of a massive field
and in an arbitrary number of dimensions. The mass cor-
rections in the limit mr <<'1 have been considered in
Refs. [22,25]. Below we will derive simple exact formulas
for the VEVs of both field square and the energy-
momentum tensor assuming that the parameter ¢ is an
integer. These formulas will also shed light on the quali-
tative behavior of the VEVs in the case of noninteger g.
The Wightman function for the geometry of a string with-
out cylindrical boundary is given by formula (2.15). For a
field with the mass m and in the case of N parallel dimen-
sions along the string, we denote this function as

(N)(x x', m). The following recurrence relation is a sim-

ple consequence of formula (2.15):
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1 0
G(J;V)(x, x/, m) = ; /(; de COS[kN(ZN - Z;V)]

X G(J;\,fl)(x, X, A[k% + m?). 3.1

Of course, this formula takes place for any other two-point
function (see Ref. [21] for the case of Green function).
After the integration over the angular part of the wave
vector k using formula (2.23), the integral over k is eval-
uated on the base of formulas given in Ref. [42]. Assuming
that | — rfll > |t — |, one obtains the following expres-
sion:
vl

Osle®)p(NI0s) = 55— fo dzz(z? + m?) =D/
2Y 7TV¢() 0

0
X K, (vW? + mz)z
n=0

X cos[gn(¢p — ¢") I, (zr)d g (21"),
(3.2)

where we have introduced the notations
D—-1
v=—,

2

The corresponding formula in the case |r) — r|’|| <|t—"7|

v =0y — x> — (=PI (33)

is obtained from (3.2) by the replacement K,_; —
(W/Z)ei”(”_l/z)H(Vl,) - In special cases, formula (3.2) agrees
with the results from Refs. [12,17]. The analog formula for
the Green’s function in the case of the more general
background of the spinning cone and for a twisted scalar
field is given in [22]. For integer values of the parameter g,
the expression for the Wightman function can be further
simplified by using the formula [42] (see also Ref. [11])

[oe]

g—1
S coslan(d = $NV (P yu(er) = 5 S Jolau)
9 1=

n=0
3.4

where

u? = r? +r? = 2rr' cos(lpy + ¢ — ¢'). 3-5)

By using (3.4) in Eq. (3.2) and evaluating the integral over z
with the help of a formula from [42], we arrive at the
following expression:

m®@=0/2 42V K, (myfu? + v?)
(277)(D+1)/2 & (ulz + v2)v/2
(3.6)

where v and v are defined by formulas (3.3). The [ =0
term in formula (3.6) coincides with the Wightman func-
tion of the Minkowski space without boundaries, and the
Wightman function for the geometry of the string is a sum
of g images of the Minkowski spacetime functions. We

(0l (x)@(x)]0,) =

PHYSICAL REVIEW D 74, 025017 (2006)

could obtain this result directly by using the method of
images (see also [12,16] for D = 3 and D = 2 massless
cases).

The VEV of the field square is formally given by taking
the coincidence limit x’ — x of the Wightman function.
However, this procedure leads to a divergent result. In
order to obtain a finite and well-defined result, we apply
the renormalization procedure which corresponds to the
subtraction from the Wightman function in the geometry of
the cosmic string the corresponding function in the back-
ground Minkowski spacetime. So the renormalized VEV of
the field square reads

(@ = (0,19210,) — (0419210,
mP=t A K, (2mry))

= P 3.7
(27)PFD/2 ,:ZI (2mry,)
where we used the notation
y; = sin(wl/q). (3.8)

From (3.7) it follows that the renormalized VEV of the field
square is positive everywhere. In the limit mr >
1/ sin(7r/q), the main contribution to the VEV (3.7) comes
from the terms with / = 1 and [ = ¢ — 1 and to the leading
order one finds

mD/Z—l e—2mr sin(7r/q)

(47rr)P/2 sinP/2(1r/q)’
with exponentially suppressed VEV.

In the case of a massless scalar field we obtain from (3.7)
the following result:

r(p-1/2) ‘< .
2\(s) _ 1-D
<§D >ren (477)(D+1)/2}’D_1 ; yr .

(p)hen =

(3.9

(3.10)

For the case D = 2, this agrees with the result in Ref. [16].
From (3.7) it follows that in the case of a massive field the
expression on the right of this formula determines the
leading term in the asymptotic expansion of the VEV of
the field square near the string. For odd values of D, the
summation on the right of formula (3.10) can be done by
making use of the formulas

I'(x) + nT,(x)

In = )
#2(0) n(n + 1) G.11)
I,(x) = g*sin"?(gx) — sin2x,
for the sum
q—1
I,(x)= Z sin"(x + l7/q). (3.12)
=i

In particular, one has 7,(0) = (¢*> — 1)/3 and in the case
D = 3 we obtain the well-known result for the VEV of the
field square in the massless case [8,12]. For D =5, by
using recurrence relation (3.11) for the evaluation of J,(x),

025017-5



BEZERRA DE MELLO et al.
we find J,(0) = (¢*> — 1)(¢g*> + 11)/45 and

<¢2>(s) _ (612 - 1)(612 + 11)
2880734

D =5. (3.13)
It is worth calling attention to the fact that the resulting
expressions are analytic functions of g and by analytic
continuation they are valid for all values of q.

Now we turn to the VEVs of the energy-momentum
tensor in the cosmic string spacetime without boundaries.
These VEVs can be evaluated by making use of the for-
mula

(OI7x(010) = lim V; V{0l (x) ¢(x)|0)

1

+ [(f - Z)gikvlvl - fvivk:|<0|¢2(x)|o>’

(3.14)
and the expressions for the Wightman function (3.6) and

for VEV of the field square. For the nonzero components,
one obtains

D+l g-1 K, ,(2mry))
T9R% = e (1= 40—t T
(TPHre Q2m) P+ ; ( i (2mry,)”
K, 12mry;)
+[2(4€ — 1)y — I]W}’ (3.15)
D+1 g1 K,.1(2mry;)
I = S ey - 1y K@),
(Tre 2m) DD/ IZZ]( &i =D (2mry)"*!
(3.16)
D+l g1 K, 1(2mry))
TR = e > e - D R
(T3) Q2m) D+ /:21( &vi =1 2mry)"*!
K,,+2(2mr)’l)
 K,2mry) 3.17
(2mry,)” } o

and for the components in the directions parallel to the
string we have (no summation over i)

0.002

0.001

-0.001

-0.002

1 1.5 2 2.5 3 35
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(Thian = (T i=3,....D. (3.18)

It can be explicitly checked that for a conformally coupled
massless scalar field this tensor is traceless. Of course, as
the background spacetime is locally flat, we could expect
that the trace anomaly is absent. From the continuity
equation V,T* = 0 for the energy-momentum tensor, one
has the following relation for the radial and azimuthal
components:

3,(rT!) = T2. (3.19)

It can be easily checked that the VEVs given by (3.16) and
(3.17) satisfy this equation. For ¢ = 1/4 the radial stress is
negative and one has the relation <T%>§;L > — (T} EQL In
particular, this is the case for minimally and conformally
coupled scalar fields. In the limit mr > 1/ sin(7r/q) to the
leading order, we have the following relations:

(TOW = (1 — 4&)m2sin(7/q) @), (3.20)

U

(TH = m[1 — 4gsin’(m/q) e?idh,

where the asymptotic expression for the VEV of the field
square is given by formula (3.9). For the radial stress, one
has (T} )~ —(T%)Eéfl/[Zmr sin(7r/g)]. In the same limit
the energy density is positive for both minimally and
conformally coupled fields. In Fig. 1 the vacuum energy
density is plotted for massive D = 3 minimally and con-
formally coupled scalar fields, as a function of mr for
various values of the parameter g. As mentioned above,
for large values mr the energy density tends to zero, being
positive for both minimal and conformal couplings. For the
latter case, the energy density is negative near the string for
g > 1 and, hence, it has a maximum for some intermediate
value of mr. For a minimally coupled scalar the energy
density near the string is negative for g> > 19 and positive
for 1 < ¢*><19.

The formulas for the components of the vacuum energy-
momentum tensor in the case of a massless scalar field are
obtained in the limit m — 0 (no summation over i):

(3.21)

0.0001

0.00005

-0.00005 3 4 5

1 2 3 4

FIG. 1. Vacuum energy density divided by mP*!, (Tg}ﬁi?1 /mP*1, for minimally (left panel) and conformally (right panel) coupled
D = 3 scalar fields as a function on mr for various values of the parameter ¢ (the numbers near the curves).

025017-6



VACUUM POLARIZATION INDUCED BY A ...

N? (D + 1)/2) Oy
<T,>£e21 = 2(47T)(D+1)/2]"D+1 & le+11 ’ (322)
where
fO0) =0 —-48(D — 1)y} — 1,
(3.23)

O = 4éy? — 1,
(s)

and the vacuum stresses obey the relation (T%)ren =
—D(T} }Eé; In particular, for the case D = 3, by using the
expressions for J,(0) and 7,(0) given before, we obtain the
result derived in [9,10,12]. In the case of a massive scalar
field, the expression on the right of Eq. (3.22) determines
the leading term in the asymptotic expansion of the vac-
uum energy-momentum tensor near the string.

IV. FIELD SQUARE AND THE ENERGY-
MOMENTUM TENSOR INSIDE A
CYLINDRICAL SHELL
A. VEV of the field square

We now turn to the geometry of a string with additional
cylindrical boundary of radius a. Taking the coincidence
limit x’ — x in formula (2.14) for the Wightman function
and integrating over k with the help of the formula

dek f kSg(z)dz

_ 7/ N+s 1\ [ 2 N\(N+s—1)/2
= I‘(T/2) <T’§> fm dz(z m?) g(Z),
“4.1)

where B(x, y) is the Euler beta function, the VEV of the
field square is presented as a sum of two terms

(01¢%10) = (0,1¢%10) + (@*)q-

The second term on the right of this formula is induced by
the cylindrical boundary and is given by the formula

4.2)

an(za)
T [yn(za) lanlzr), @

where we have introduced the notation

23—D7T(1—D)/2
)

For the points away from the cylindrical surface, r < a, the
integral in (4.3) is exponentially convergent in the upper
limit and the boundary-induced part in the VEV of the field
square is finite. In particular, this part is negative for
Dirichlet scalar and is positive for Neumann scalar. Near
the string, r << a, the main contribution to {¢?), comes

Ap = (4.4)
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from the summand with » = 0 and one has

2 __4p _ 2y(p-3)/2 Bo\2) Ko(2)
(p?), = a0 T, f dzz(z* — m*a?) 7ER
(4.5)

As the boundary-free renormalized VEV diverges on the
string, we conclude from here that near the string the main
contribution to the VEV of the field square comes from this
part. In particular, on the base of the results from the
previous section we see that for integer values g the
VEV of the field square is positive near the string.

The part (¢?), diverges on the cylindrical surface r = a.
Near this surface the main contribution into (4.3) comes
from large values of n. Introducing a new integration
variable z — ngqz, replacing the modified Bessel functions
by their uniform asymptotic expansions for large values of
the order (see, for instance, [41]), and expanding over a —
r, up to the leading order, one finds

(q/2a)D 1 2530 - 1)
77.(D+1)/21’*(D 1)

2 =
(©*)a m

(o]
X Z nD—Ze—an(l—r/a)\/ 1422

1
_ (285 — DI
T @mP (g — i)D*l : (4.6)

This leading behavior is the same as that for a cylindrical
surface of radius a in the Minkowski spacetime. As the
boundary-free part is finite at r = a, near the boundary the
total renormalized VEV of the field square is dominated by
the boundary-induced part and is negative for Dirichlet
scalar. Combining this with the estimation for the region
near the string, we come to the conclusion that in this case
the VEV of the field square vanishes for some intermediate
value of r.

Now we turn to the investigation of the boundary-
induced VEV given by (4.3), in the limiting cases of the
parameter g. First, consider the limit when the parameter ¢
is large which corresponds to small values of ¢, and,
hence, to a large planar angle deficit. In this limit the order
of the modified Bessel functions for the terms with n # 0
in (4.3) is large and we can replace these functions by their
uniform asymptotic expansions. On the base of these ex-
pansions, it can be seen that to the leading order the
contribution of the terms with n # 0 is suppressed by the
factor ¢®~V/2(r/a)?? and the main contribution to the
VEV of the field square comes from the n = 0 term:

ali f dzz(z2 — m?)P~ a)/zKo(za)Iz( 5,

2y~
=g, To(za) 0

g>1, 4.7)

with the linear dependence on ¢g. In the same limit the
boundary-free part in the VEV of the field square behaves
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as g~ ! and, hence, its contribution dominates in compari-
son with the boundary-induced part. In the opposite limit
when g — 0, the series over n in Eq. (4.3) diverges and,
hence, for small values of ¢ the main contribution comes
from large values n. In this case, to the leading order, we
can replace the summation by the integration:
Soio'flgn) — (1/q) [ dxf(x). As a consequence, we
obtain that in the limit ¢ — O the boundary-induced VEV
in the field square tends to a finite limiting value:

A 00 )
(¢, = ——Df dxf dzz(z2 — m?)(P=3/2

K(za)
1( a)

Now we consider the limiting case obtained when ¢y —
0, r, a — o0, assuming that a — r and a¢py = a are fixed.
This corresponds to the geometry of a single boundary in
the spacetime with topology R~V X §' and with a,
being the length for the compactified dimension. We in-
troduce rectangular coordinates (x'!, x?, ..., x'P) =
(x, v, 21, - .., zy) with the relations x =a — r, y = a¢ in
the limit under consideration. In this limit, from the quan-
tities corresponding to the geometry of a string without a
cylindrical surface we obtain the vacuum densities in the
spacetime R®?~11 X §'. These quantities are well inves-
tigated in literature, and in what follows we will consider
the additional part induced by the presence of the boundary
at x = 0. The corresponding vacuum expectation values
are obtained from the expectation values (- - -),. For this we
note that in the limit under consideration one has g =
271/ ¢y — o0, and the order of the modified Bessel func-
tions in formula (4.3) for n # 0 tends to infinity.
Introducing a new integration variable z — gnz, we can
replace these functions by their uniform asymptotic ex-
pansions for large values of the order. In the term with n =
0 the arguments of the modified Bessel functions are large
and we replace these functions by the corresponding
asymptotic expressions. After straightforward calculations,
the vacuum expectation value of the field square is pre-
sented in the form

019210y = (HO + (%)),

where (¢*)© is the vacuum expectation value for the
topology R1"P~1 X S! without boundaries, and the term

I3(zr).

(4.8)

4.9)

(g0 = — 2 il
0=

A — Bz

A+ Bz

with m, = \/m*> + (2mn/a,)?, is induced by the presence
of the plate at x = 0. In (4.10) the terms with n # 0
correspond to the contribution of Kaluza-Klein modes
related to the compactification of the y direction. The

]w dz(2 — m2)P-3/2
my

o2, (4.10)
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boundary-induced VEV for the field square in the spaces
with topology R®°~1"1) X 3 with an arbitrary internal space
3, is obtained in [43] as a limiting case of the corresponding
braneworld geometry. It can be checked that formula (4.10)
is a special case of this formula for 3 = S'.

B. VEV of the energy-momentum tensor

The VEV of the energy-momentum tensor for the situ-
ation when the cylindrical boundary is present is written in
the form

OIT 10y = (04|T3105) + (Tt (4.11)

where (T;;), is induced by the cylindrical boundary. This
term is obtained from the corresponding part in the
Wightman function, {¢(x)¢(x')),, acting by the appropri-
ate differential operator and taking the coincidence limit
[see formula (3.14)]. For the points away from the cylin-
drical surface, this limit gives a finite result. For the cor-
responding components of the energy-momentum tensor,
one obtains (no summation over i)

(TH, === Z f dz73(z2 — m?)(P=3/2

K
X I_ ((Za) F((I,Z[an(z Ml

4.12
) (4.12)

with the notations

FOL()] = (25 - l)[f%) T (1 + %)ﬁ(y)}

y —mr

D=1y s 2(y), (4.13)
RO = 3770) + 2y—ff<y>f'<y>
1 252
(P @
2n2
P = (26 =3)[ 10+ (1+ L) |
2.2
T p2(y) - %ff(y)f’(y), (4.15)
and

FOlfro)l = FOlf»)]  i=3,....D.  (4.16)

It can be checked that the expectation values (4.12) satisfy
Eq. (3.19) and, hence, the continuity equation for the
energy-momentum tensor. The boundary-induced part in
the VEV of the energy-momentum tensor given by
Eq. (4.12) is finite everywhere except at the points on the
boundary and at the points on the string in the case ¢ < 1.

025017-8



VACUUM POLARIZATION INDUCED BY A ...

As we will see below, unlike the surface divergences, the
divergences on the string are integrable.

In the case ¢ > 1, near the string, r — 0, the main
contribution to the boundary part (4.12) comes from the
summand with » = 0 and one has

Ap
2¢OaD+1
Ko(Z)
I_O(Z)

with the notations

(Tiy, = j 4z — mPa?)P-
ma

X

F9(2) 4.17)

1_m2a2 2
L Loma/

FO(z) =2¢ - o1

(4.18)

= N —

Fi(z) = ¢ - i=12

2 )
For g <1 the main contribution to the boundary-induced

part for the points near the string comes from the n = 1
term and in the leading order one has

quD r2q*2F(1i) 00

T =~ d 2g+1(,2 _ ,.2\(D—3)/2
< z>a 2q7TF2(q T 1) . ZZ (Z m )

K, (za)

A 4.19

7,a) 19
where

FY =q02e-1/2, FY=g¢
(4.20)

FP = (2q - &

As we see, in this case the VEVs for the energy-momentum
tensor diverge on the string. This divergence is integrable.
In particular, the corresponding contribution to the energy
in the region near the string is finite.

As in the case of the field square, in the limit g >> 1 the
contribution of the terms with n # 0 to the VEV of the
energy-momentum tensor is suppressed by the factor
gP~V/2(r/a)* and the main contribution comes from
the n = 0 term with the linear dependence on g. In the
same limit, the boundary-free part in the VEV of the
energy-momentum tensor behaves as ¢”*! and, hence,
the total energy-momentum tensor is dominated by this
part. In the opposite limit when ¢ < 1, by the way similar
to that used before for the VEV of the field square, it can be
seen that the boundary-induced part in the vacuum energy-
momentum tensor tends to a finite limiting value which is
obtained from (4.12) replacing the summation over n by
the integration. The described behavior of the VEVs as
functions of ¢ is clearly seen in Fig. 2 where the depen-
dence of the boundary-induced vacuum energy density and
stresses on the parameter ¢ is plotted in the case of D = 3
minimally and conformally coupled massless scalar fields
with a Dirichlet boundary condition and for r/a = 0.5.
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FIG. 2. Boundary-induced parts in the components of the
energy-momentum tensor, a?*!(T%),, evaluated at r/a = 0.5
as functions of the parameter ¢ for minimally (full curves) and
conformally (dashed curves) coupled D = 3 massless scalar
fields with a Dirichlet boundary condition. The numbers near
the curves correspond to the value of the index i. The azimuthal
stress for the case of the conformally coupled field is obtained
from the zero-trace condition.

The boundary part (T¥), diverges on the cylindrical
surface » = a. Introducing a new integration variable 7 —
nqz and taking into account that near the surface r = a the
main contribution comes from large values of n, we can
replace the modified Bessel functions by their uniform
asymptotic expansions for large values of the order. To
the leading order this gives

r <D + 1>’
2

This leading divergence does not depend on the parameter
q and coincides with the corresponding one for a cylindri-
cal surface of radius a in the Minkowski bulk. For the
radial component to the leading order, one has (T}), ~
(a — r)~P. In particular, for a minimally coupled scalar
field the corresponding energy density is negative for
Dirichlet boundary condition and is positive for non-
Dirichlet boundary conditions. For a conformally coupled
scalar, the leading term vanishes and it is necessary to keep
the next term in the corresponding asymptotic expansion.
As the boundary-free part in the VEV of the energy-
momentum tensor is finite on the cylindrical surface, for
the points near the boundary the vacuum energy-
momentum tensor is dominated by the boundary-induced
part.

In the limit ¢q — 0, r, a — oo, with fixed values for a —
r and a¢y = ay, proceeding in a similar way to that used
for the field square, the VEV of the energy-momentum

o D(E— £p)2850 — 1)
<Tl'>g = 2D7T(D+1)D/2(a for)D-H

i=02...,D.

“4.21)
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tensor can be written as

©IT}10) = (T +THY, (4.22)
where (T YO is the corresponding quantity for the topology
R(D=D xS without boundaries, and the term (no sum-
mation over i)

. AD X/ reo
(T = 22 / d2(z® — m2)-I"
! 2610 HZ:() m,
A— Bz
g 1@ 4.23)

is induced by the boundary located at x = 0. In (4.23), m,,
is defined by the relation given in the paragraph after
formula (4.10) and we have introduced the notations

2 2
FPQ) = (g - D2 + 50 (424
FOQ) = @€ — )2 + (@)2 4.25)
ao

with F 51)(1) = 0. In particular, in this limit the boundary-
induced vacuum stress in the direction perpendicular to the
plate vanishes. Formula (4.23) is a special case of the more
general result for the spaces with topology R~ X 3
with an arbitrary internal space 2, obtained in [44] as a
limiting case of the corresponding braneworld geometry.

In Fig. 3 we present the graphs for the boundary-induced
parts of the components of the energy-momentum tensor as
functions of r/a. The graphs are plotted for D = 3 mass-
less scalar field with Dirichlet boundary condition on the
cylindrical surface and for the cosmic string bulk with g =
4. In this special case for a minimally coupled scalar field,
the boundary-induced vacuum energy density vanishes on
the cosmic string.
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V. VEVS IN THE REGION OUTSIDE A
CYLINDRICAL SHELL

In this section we consider the VEVs induced by the
cylindrical boundary in the exterior region » > a. Taking
the coincidence limit for the arguments, from the corre-
sponding formula for the Wightman function we obtain the
boundary-induced part in the VEV of the field square:

Ap & (o
()= =525 [ de@ w0
025 In

1,4(za)
K, (za)

with A, defined by Eq. (4.4). As for the interior region, the
expression on the right diverges on the cylindrical surface.
The leading term in the corresponding asymptotic expan-
sion near this surface is obtained from that for the interior
region, formula (4.6), replacing (a — r) by (r — a). For
large distances from the cylindrical surface, r > a, and
for a massless scalar field, we introduce in (5.1) a new
integration variable y = zr/a and expand the integrand
over a/r. The main contribution comes from the n =0
term. By taking into account the value for the standard
integral involving the square of the MacDonald function
[42], to the leading order for A # 0, one finds

77.1—D/2 FZ(DT—I)
2P¢orP'In(r/a) T'(D/2)"

K2,(zr), 5.1)

(@M = — (5.2)
In the case of Neumann boundary condition (A = 0) and
q > 1, the leading contribution again comes from the n =
0 term:

(%), =

a'"P(D - 1) FZ(DTH)<Q>DH (5.3)

boaP 1 T(D/2)\2r
For the Neumann boundary condition and ¢ < 1, at large
distances, the main contribution comes from the n = 1

term and the VEV of the field square behaves as
1/rP*2471 As we see, the boundary-free part in the

0.1

0.05

0.5 1 1.5 2

FIG. 3. Boundary-induced parts of the components of the energy-momentum tensor multiplied by a?*!, a®?*(T%),, as functions of
r/a in both interior and exterior regions of the cylindrical surface. The graphs are plotted for minimally (left panel) and conformally
(right panel) coupled D = 3 massless scalar fields with a Dirichlet boundary condition on the cylindrical surface and for the cosmic
string bulk with ¢ = 4. The numbers near the curves correspond to the value of the index i.
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VEV dominates at large distances from the boundary. For a
massive field, under the condition mr > 1 the main con-
tribution into the integral in (5.1) comes from the lower
limit and one obtains

7Tm(D—3)/2e—2mr 00 I_

2N~
(@7 (4m) D D2 gy DFD/2 Z )’

5.4

with the exponential suppression of the boundary-induced
VEV. Note that here the suppression is stronger compared
with the boundary-free part. For large values g >> 1, the
contribution of the terms with n # 0 to the VEV (5.1) can
be estimated by using the uniform asymptotic expansions
for the modified Bessel functions when the order is large.
This contribution is suppressed by the factor
g'°»~Y/2(a/r)* and the main contribution to the VEV of
the field square comes from the n = 0 term which is a
linear function on ¢. In the opposite limit, ¢ < 1, analo-
gously to the procedure for the interior region, it can be
seen that (¢?), tends to the finite value which is obtained
from (5.1) replacing the summation over n by the
integration.

For the part in the vacuum energy-momentum tensor
induced by the cylindrical surface in the region r > a, from
(2.22), (3.14), and (5.1) one has the following formula:

A& (e
iy, =42 / dz23 (2 — m?)P=3/2
=92 )

1(za)

X =
K, (za)

FRIK u(zr)], (5.5)

with the functions Fj @) 2Lf(y)] defined by formulas (4.13),
(4.14), and (4.15). The VEVs given by formula (5.5) di-
verge at the points on the bounding surface with the leading
divergence obtained from analog formula in the interior
region, Eq. (4.21), by the replacement a — r — r — a. By
the way similar to that used above for the vacuum expec-
tation value of the field square, it can be seen that for a
massless scalar field with A # 0 and at large distances
from the cylindrical surface, r > a, the components of
the vacuum energy-momentum tensor behave as

19, = -0 = 1)}, =2 L,

FZ(D+1) é_» fD
" @mPPIT(D/2) dor® Tin(r/a)

(5.6)

For a conformally coupled scalar field these leading terms
vanish and it is necessary to take into account the next
terms in the asymptotic expansion. In the case of the
Neumann boundary condition, the components of the
energy-momentum tensor behave as 1/r°*3 when g > 1
and as 1/r?*2¢%1 when ¢ < 1. For a massive scalar field
the main contribution comes from the lower limit of the
integral in Eq. (5.5) and we find

PHYSICAL REVIEW D 74, 025017 (2006)
<T8>a = _zmr<T11>a = <T22>a
_(4&- 1)e 2m (m

2D—1,(D-3)/2 =

>(D+W2 5" Lan(ma) (5.7)

n=0 K‘]” (ma) .

As we see in this case, the radial stress is suppressed
compared with the other components by an additional
factor mr. As in the case of the field square, for large
values of the parameter ¢ >> 1 the main contribution to
the VEV of the energy-momentum tensor comes from the
n = 0 term which is a linear function on ¢. For small
values g < 1, in the leading order the summation over n
can be replaced by the integration and the VEV tends to the
finite limiting value. In Fig. 3 we have plotted the depen-
dence of the boundary-induced parts in the components of
the vacuum energy-momentum tensor for the exterior re-
gion as functions on r/a in the case of D = 3 Dirichlet
massless scalar with minimal and conformal couplings.

In the discussion above, we have considered the ideal-
ized geometry of a cosmic string with zero thickness. A
realistic cosmic string has a structure on a length scale
defined by the phase transition at which it is formed. As it
has been shown in Refs. [14,23], for a nonminimally
coupled scalar field the internal structure of the string has
non-negligible effects even at large distances. Note that,
when the cylindrical boundary is present with the boundary
condition (2.3), the VEVs of the physical quantities in the
exterior region are uniquely defined by the boundary con-
ditions and the bulk geometry. This means that, if we
consider a nontrivial core model with finite thickness b <
a and with the line element (2.1) in the region r > b, the
results in the region outside the cylindrical shell will not be
changed. As regards to the interior region, the formulas
given above are the first stage of the evaluation of the
VEVs and other effects could be present in a realistic
cosmic string.

VI. VEVS FOR A COSMIC STRING WITH FINITE
THICKNESS

From the point of view of the physics in the exterior
region, the cylindrical surface with boundary condition
(2.3) can be considered as a simple model of cosmic string
core. In general, the string core is modeled by a cylindri-
cally symmetric potential whose support lies in r = a. In
this section we generalize the results in the exterior region
for the model of core described by the line element [14,23]

N
> az
i=1

where P(x) is a smooth monotonic function satisfying the
conditions

lin(l)P(x) =1/q,

ds* = dt* — P*(r/a)dr* — r*d¢* — 6.1)

P(x)=1 forx>1. (6.2)

The eigenfunctions in the region r << a have the structure
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(2.5) with the radial function f,(r/a, ya) instead of
Bad g1n(yr). The equation for the radial function is ob-
tained from field equation (2.2) with the metric given by
6.1):

1 d x d 22 g*n®> 2& P'(x)
B 22— 257 W
[xP(x) dx P(x) dx Y x? x P3(x)
(6.3)

We will denote by R,(x, ya) the solution of this equation
regular at r = 0. Now the radial part of the eigenfunctions
is written in the form
R,(r/a, ya)

Ayd g (yr) + B, Y (yr)  for r>a.

for r<a
(6.4)

The coefficients A, and B,, are determined from the con-
ditions of the continuity of the radial functions and their
derivatives at r = a:

An = g[YaY;|n|(7a)Rn(1» 761) - Yq|"|(7a)R£l(l’ ya)]’
(6.5)

B, =~ Zlyalyy, (ya)R,(1, ya) = Iy (ya)Ri (1, ya)l
(6.6)

where  R(1, ya) = (d/dx)R,(x, ya)|,—,. Substituting
these expressions into the formula for the radial eigenfunc-
tions in the region r > a, we see that these eigenfunctions
have the form (2.17) where the barred notations are ob-
tained from the expressions given by Eq. (2.8) by the
replacement A/B — —R/,(1, ya)/R,(1, ya). The further
evaluation of the Wightman function in the region r > a
is similar to that described in Sec. II C. Therefore, the part
in the Wightman function induced by the nontrivial struc-
ture of the string core is given by formula (2.22), where in
the expressions for the definition of the barred modified
Bessel functions [see Eq. (2.8)] we should substitute

R’ 1, i/2
A _ _ R zae™") ©67)
B R, (1, zae™/?)

The formulas for the VEVs of the field square and the
energy-momentum tensor are obtained from formulas (5.1)
and (5.5) by the same substitution. The corresponding
results for the Euclidean Green function and the VEV of
the field square in a special case of D = 3 massless scalar
field are given in Ref. [23]. Two specific models of the
string core have been considered in literature. In the ““ball-
point pen” model [45], the region r < a has a constant
curvature, whereas in the “flower pot” model [14] the
curvature of spacetime is concentrated on a ring of radius
a. In these models the Euclidean Green function and the
VEV of the field square for D = 3 massless scalar field are
investigated in Ref. [14]. For the first model, one has

}fn (x, ya) = 0.
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A_ 5 P(1/q) e 22a?
3 \q 14P|,7|(1/q) , viv+1) 2& —q2 7
(6.8)

where P!!!(x) is the associated Legendre function. For the
second model the curvature is a delta function concentrated
on a ring of radius a and the radial parts of the eigenfunc-
tions have a discontinuity in their slope at r = a. The
corresponding jump condition is obtained by integrating
the radial part of the field equation through the point r = a.
This procedure leads to the ratio of the coefficients given
by the formula

B “hGa/q)

For the first model in (2 + 1)-dimensions the ground state
energy of a massive scalar field is investigated in Ref. [26].

A I|ln|(za/CI)
—7a _

2&(g = 1). (6.9)

VII. CONCLUSION

We have investigated the local one-loop quantum effects
for a massive scalar field induced by a cylindrical boundary
in the spacetime of a cosmic string. We have assumed that
on the bounding surface the field obeys the Robin bound-
ary condition. The latter is a generalization of Dirichlet and
Neumann boundary conditions and arises in a variety of
physical situations. As a first step in the evaluation of the
renormalized VEVs of the field square and the energy-
momentum tensor, in Sec. II we have considered the
Wightman function in both interior and exterior regions.
The corresponding mode-sum in the interior region con-
tains the summation over the zeros of a combination of the
Bessel function and its derivative. For the summation of the
corresponding series we have used the generalized Abel-
Plana formula which allows us to extract from the mode-
sum the Wightman function for the cosmic string back-
ground without the cylindrical shell and to present the
boundary-induced part in terms of exponentially conver-
gent integrals in the coincidence limit for the points away
from the boundary. The representation of the Wightman
function where the boundary-free part is explicitly ex-
tracted is given also for the exterior region. The
boundary-induced parts in the interior and exterior
Wightman functions are related by the replacements
1,,=2K,,.

In Sec. IIT we have considered the VEVs induced by the
cosmic string geometry without boundaries. Though this
geometry is well investigated in literature, to our knowl-
edge, no closed formulas were given for the VEVs of the
field square and the energy-momentum tensor for a mas-
sive field with general curvature coupling in an arbitrary
number of dimensions. We show that such formulas can be
derived when the parameter ¢ is an integer. In this case the
corresponding Wightman function is the image sum of the
Minkowskian Wightman functions. Renormalized VEVs
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of the field square and the energy-momentum tensor are
determined by formulas (3.7), (3.15), (3.16), and (3.17) for
a massive field and by formulas (3.10) and (3.22) for a
massless one. In the latter case and for odd values of the
spatial dimension, the summation over / can be done by
using the recurrent formula. In this case the VEVs are
polynomial functions of g and by analytic continuation
the corresponding formulas are valid for all values of this
parameter. By using the formula for the interior Wightman
function, in Sec. IV we have investigated the VEVs of the
field square and the energy-momentum tensor in this re-
gion. The corresponding boundary-induced parts are given
by formulas (4.3) and (4.12). For the points on the string
these parts are finite when ¢ = 1. For ¢ < 1 the boundary-
induced part in the VEV of the field square remains finite
on the string, but the corresponding part in the energy-
momentum tensor has integrable divergences. Near the
string the boundary-free parts behave as 1/r°~! for the
field square and as 1/rP*! for the energy-momentum
tensor and these parts dominate. For the points near the
boundary the situation is opposite and the boundary-
induced parts are dominant. For large values of the pa-
rameter ¢, the boundary-induced VEVs for both field
square and the energy-momentum tensor are linear func-
tions of this parameter, whereas for small values of ¢ they
tend to finite limiting value. We have the similar behavior
for the VEVs in the region outside the cylindrical shell.
These VEVs are investigated in Sec. V and are given by
formulas (5.1) and (5.5). In the case of a massless field with
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non-Neumann boundary condition, at large distances from
the cylindrical surface the boundary-induced parts behave
as 1/[rP 'In(r/a)] for the field square and as
1/[¥P*'In(r/a)] for the energy-momentum tensor. For a
massive field under the assumption mr >> 1, the boundary-
induced VEVs are exponentially suppressed. This suppres-
sion is stronger than that for the boundary-free parts.

The cylindrical surface with boundary condition (2.3)
can be considered as a simple model of the cosmic string
core. In Sec. VI we give the generalization of the corre-
sponding results in the exterior region for a general cylin-
drically symmetric static model of the string core with
finite support. We have shown that the corresponding for-
mulas are obtained from the formulas for the cylindrical
surface with the substitution given by Eq. (6.7), where
R,(r/a, ya) is a regular solution of the radial equation
for the eigenfunctions. For two special models of the string
core, namely, the “‘ballpoint pen”” and ‘“flower pot” mod-
els, the ratio of the coefficients is given by formulas (6.8)
and (6.9), respectively.
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