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We calculate QCD correction to the neutralino annihilation cross section into quark antiquark final state
and discuss its implications to the calculation of neutralino relic density. We see that the QCD correction
enhances the pair-annihilation cross section by O�10%� when final-state quarks are nonrelativistic.
Consequently, when the lightest neutralinos dominantly annihilate into a t�t pair, the relic density of the
lightest neutralino is significantly affected by the QCD correction, in particular, when the lightest-
neutralino mass is close to the top-quark mass.
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I. INTRODUCTION

Low-energy supersymmetry has been regarded as an
attractive candidate of new physics since it can solve
various problems in the standard model of particle physics.
One of the strong motivations of supersymmetry is that it
provides a plausible candidate of cold dark matter. Recent
precise cosmological observations have provided strong
evidence of the existence of dark matter. In particular,
Wilkinson Microwave Anisotropy Probe (WMAP) experi-
ment has determined the present density parameter of the
dark matter, which is given by [1]

 �ch2
100 � 0:105�0:007

�0:013 �68%C:L:�; (1.1)

where h100 is Hubble constant in units of
100 km=sec=Mpc. From the particle-physics point of
view, however, this raises a serious question since there
is no viable candidate of dark matter in the particle content
of the standard model. In supersymmetric models, the
lightest superparticle (LSP) is stable due to R-parity con-
servation and hence it can be a candidate of cold dark
matter. It has been widely recognized that, if the lightest
neutralino �0

1 is the LSP, its thermal relic density can
become consistent with the WMAP value given in
Eq. (1.1) in some parameter region. For a better under-
standing of the evolution of the universe, it is important to
confirm or exclude the idea of neutralino (or LSP) dark
matter.

The first important step of such test is to find low-energy
supersymmetry in future collider experiments. Once super-
particles are found, in addition, it is also important to
quantitatively test the idea of neutralino dark matter.
Quantitative test will be performed by calculating the relic
density of neutralino, using mass and coupling parameters
of superparticles measured in collider experiments [2].
Currently, cosmological observations have determined
the dark matter density with an accuracy ofO�10%�, hence
the density parameter of the neutralino ��0

1
is desired to be

calculated theoretically at the same (or better) accuracy.

As is well known, the relic density of neutralino is
sensitive to the neutralino pair-annihilation cross section,
which strongly depends on mass and mixing parameters of
the superparticles.1 Thus, for a precise calculation of the
relic density, detailed calculation of the pair-annihilation
cross section is necessary. Indeed, in the case where the
lightest neutralino is the LSP, the pair-annihilation cross
section and relic density of the lightest neutralino have
been calculated in detail, in particular, in connection with
the WMAP observation [3].

So far, most of the previous calculations of pair-
annihilation cross section have been based on tree-level
calculation. (See, however, [4].) One may naively estimate
the size of one-loop corrections to be O��2=16�2� with �
being relevant coupling constant, hence it is O�1%� or
smaller as far as � & 1. In such a case, radiative correc-
tions to the pair-annihilation cross section may be unim-
portant for the purpose of calculating ��0

1
with an accuracy

of O�10%�. If we consider QCD correction, however, this
is not always the case. If we consider processes with q �q
final state (with q and �q being quark and antiquark, re-
spectively), QCD correction becomes O�10%� when final-
state quarks are nonrelativistic. In the so-called ‘‘focus-
point’’ model [5], for example, the annihilation process
into a top-quark pair, �0

1�
0
1 ! t�t, becomes one of the

dominant pair-annihilation processes [6,7]. Then, QCD
correction becomes important when the lightest-neutralino
mass is close to the top-quark mass due to threshold
enhancement of the QCD correction. (The threshold en-
hancement is well known e.g. from the analysis of the cross
section for e�e� ! t�t close to t�t threshold [8]).

The main purpose of this paper is to calculate the next-
to-leading order (NLO) QCD correction to the neutralino
annihilation cross section into q �q final state and to discuss
its implications to the calculation of the relic density of the

1In some case, coannihilation process also plays an important
role. In this paper, however, we assume that the mass of the
lightest neutralino is quite far from the second-to-the-lightest
superparticle, and that the coannihilation process is ineffective.
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lightest neutralino. (In fact, we also have to consider real-
gluon emission to take care of infrared divergences. Thus,
we consider processes of the type �0

1�
0
1 ! q �q�g�, with g

being the gluon.) As we will see, QCD correction may
become O�10%�. Since the relic density of the lightest
neutralino is approximately inversely proportional to
pair-annihilation cross section, this has certain significance
for a precise calculation of the dark matter density.

In addition, for scenarios where one of very weakly
interacting superparticles (like gravitino [9], axino [10],
or right-handed sneutrino [11], which are recently called
superWIMPs) is the LSP, study of the QCD correction has
some significance. In such scenario, the lightest neutralino
becomes unstable and decays into a superWIMP (and other
standard-model particles), assuming that it is the lightest
superparticle in the minimal-supersymmetric-standard-
model (MSSM) sector. Then, cosmologically, the
lightest neutralino becomes an important source of the
superWIMP, which is now a candidate of cold dark matter.
The important point is that the lifetime of the lightest
neutralino is very long; in the thermal history of the uni-
verse, the decay occurs after the lightest neutralino freezes
out from the thermal bath. In this case, abundance of the
superWIMP produced by the decay of the lightest neutra-
lino is given by the freeze-out density of the lightest

neutralino. Thus, even if one of the superWIMPs is the
LSP, precise determination of the freeze-out density of the
lightest neutralino is also important.

This paper is organized as follows. In the next section,
we summarize the framework of our study. Then, in
Sec. III, we present formulas for QCD correction to the
process �0

1�
0
1 ! q �q�g�. In Sec. IV, we calculate the relic

density of the lightest neutralino and discuss implications
of the QCD correction to the calculation of the dark matter
density. Section V is devoted to conclusions and
discussion.

II. FRAMEWORK

In our study, we work in the framework of the MSSM. In
addition, we assume that the lightest neutralino �0

1 be-
comes the LSP and hence is stable. In general, the mass
and mixing parameters of superparticles depend on various
MSSM parameters. To make our points clearer, we adopt
several simplifications.

In calculating ��0
1
, we need to fix properties of the

lightest neutralino �0
1, which are determined from the

neutralino mass matrix M�0 . Denoting the U�1�Y and
SU�2�L gaugino mass parameters as M1 and M2 and super-
symmetric Higgs mass as �, M�0 is given by

 M �0 �

�M1 0 �g1v cos� g1v sin�
0 �M2 g2v cos� �g2v sin�

�g1v cos� g2v cos� 0 �
g1v sin� �g2v sin� � 0

0
BBB@

1
CCCA; (2.1)

where g1 and g2 are gauge coupling constants for forU�1�Y
and SU�2�L gauge groups, respectively, v ’ 174 GeV is
the (total) vacuum expectation value of the Higgs boson,
and tan� is the ratio of the vacuum expectation values of
the up- and down-type Higgs bosons. This mass matrix is
diagonalized by a unitary matrix U�0 as

 UT
�0M�0U�0 � diag�m�0

1
; m�0

2
; m�0

3
; m�0

4
�; (2.2)

and the lightest neutralino is given by

 �0
1 � �U�0��11

~B� �U�0��21
~W0 � �U�0��31

~H0
d � �U�0��41

~H0
u;

(2.3)

where ~B, ~W0, ~H0
u, and ~H0

d are Bino, (neutral) Wino, up-type
Higgsino, and down-type Higgsino, respectively.

In our study, we adopt the grand-unified-theory (GUT)
relation among gaugino masses. In this case we obtain the
relation between U�1�Y and SU�2�L gaugino masses, M1

and M2, as

 

M2

g2
2

�
3

5

M1

g2
1

: (2.4)

Then, since M2 >M1, the lightest neutralino is approxi-

mately given by a linear combination of Bino and
Higgsinos. We will see that the QCD correction to the
process �0

1�
0
1 ! t�t�g� becomes most significant when the

lightest neutralino is mostly Bino-like but is with a sizable
Higgsino contamination. Notice that the formulas for the
QCD correction which will be given in the next section are
independent of the relation among the gauginos.

With the unitary matrix U�0 , the Z-�0
1-�0

1 vertex, which
is relevant for the process �0

1�
0
1 ! q �q�g�, is given in the

form

 L Z�0�0 �
1

2
A� ��0

1���5�
0
1Z�; (2.5)

where

 A� �
1

2
gZ��U�0��31�U�0�31 � �U�0��41�U�0�41�; (2.6)

with gZ 	
�����������������
g2

1 � g
2
2

q
. When M1 
 �, �U�0�11 ’ 1 while

�U�0�i1 (i � 2; 3; 4) become close to 0. In this case, the
lightest neutralino is almost Bino and its interactions with
gauge and Higgs bosons are suppressed. Consequently,
dominant annihilation processes are into lepton pairs (as
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far as the sleptons are lighter than the squarks) and hence
are p-wave processes. When � is relatively small, on the
contrary, Higgsino component in the lightest neutralino
becomes enhanced and �U�0�31 and �U�0�41 become siz-
able. In this case, the lightest-neutralino pair dominantly
annihilates into t�t, W�W�, and ZZ final states since they
are s-wave processes.

We also present the interaction of the neutralino with the
lightest (standard-model-like) Higgs boson h. The interac-
tion term is given in the form

 L h�0�0 �
1

2
Y� ��0

1�
0
1h: (2.7)

In our following study, we consider the so-called decou-
pling limit where all the physical Higgs bosons except the
standard-model-like Higgs h are very heavy. In this case,
we can neglect effects of heavier Higgses on the annihila-
tion processes of the lightest neutralino. In addition, in the
decoupling limit, Y� is well approximated by2

 

Y� � ��g2�U�0�21 � g1�U�0�11���U�0�31 cos�

� �U�0�41 sin��: (2.8)

(Here and hereafter, we work in the bases where the matrix
U�0 is real.)

In the calculation of ��0
1
, sfermions may also contribute.

In the following, we pay particular attention to the case
where the annihilation process of �0

1 is dominated by
s-wave processes. In such a case, sfermion-exchange dia-
grams are mostly subdominant since they induce p-wave
processes. One exception may be t-channel exchange of
stops. We assume that the stops are heavy and their con-
tribution to the pair annihilation of �0

1 is negligible. In
addition, we also assume that heavier Higgs bosons are
heavy enough so that they do not significantly affect ��0

1
.

Such a mass spectrum with heavy scalars is realized in, for
example, focus-point models [5].

III. QCD CORRECTION TO ��0
1�

0
1!q �q�g�

We calculate the NLO QCD correction to the cross
section for neutralino pair annihilation into q �q�g� final
state. In this paper, we consider the case where the squarks
(in particular, stops) are much heavier than the Z-boson.
This is the case in a large class of supersymmetric models,
partially due to renormalization group effects via gluino
mass. In such models, the decays �0

1�
0
1 ! q �q�g� are in-

duced dominantly via Z and h-boson exchange diagrams.
When the initial-state neutralinos are nonrelativistic,
Z-boson exchange diagram turns out to be most important.
Z and h-boson exchange contributions do not interfere,

since the P (parity) properties of Z and h are different;
hence we may discuss their contributions separately.

A. O��s� correction

We first consider O��s� contributions from the one-loop
and real-gluon emission processes. As will be discussed
below, QCD corrections are enhanced when the final-state
quarks are nonrelativistic due to boundstate effects. In such
a case, it is necessary to take account of (some part of)
higher-order corrections in order to obtain reliable predic-
tions. This will be treated in the next subsection.

We start with the contribution of the Z-boson exchange
diagrams. The relevant interaction of the Z-boson with
quarks can be parameterized as

 L Zq �q �
X
q

�q���Vq � Aq�5�qZ�: (3.1)

As we will see, in the calculation of the relic density of �0
1,

t�t�g� final state is of particular interest. For the top quark,

 Vt �
1

2gZ

�
1

2
g2

2 �
5

6
g2

1

�
; At � �

1

4
gZ: (3.2)

We should consider two contributions simultaneously;
one is the virtual correction to Z-q- �q vertex and the other is
the real gluon emission process �0

1�
0
1 ! Z� ! q �qg. Both

of them, individually, are infrared divergent, but these
divergences cancel when both contributions are summed.
Let us denote the Feynman amplitude for the process
�0

1�
0
1 ! Z� ! q �q�g� as

 M �0
1�

0
1!Z

�!q �q�g� � ����� D�Z�����q�� : (3.3)

Here, D�Z��� � 1
Q2�m2

Z
�g�� �

Q�Q�

m2
Z
� is the propagator of

Z-boson (with Q� being the total four-momentum of the

system), while ����� and ��q�� are bi-spinors (including
coupling constants) consisting of the wave functions of
the neutralino and quark, respectively. It is convenient to
define the following quantity:

 ��q�
�� �

X
spin

Z
d�q �q��

�q�
� ��q��� ��0

1�
0
1!Z

�!q �q

�
X
spin

Z
d�q �qg��

�q�
� ��q��� ��0

1�
0
1!Z

�!q �qg; (3.4)

where the first and second terms represent contributions
from the processes �0

1�
0
1 ! Z� ! q �q (i.e., leading order�

virtual correction) and �0
1�

0
1 ! Z� ! q �qg (i.e., real emis-

sion), respectively. In the above formula, the integralsR
d� are carried out over the final-state phase space, and

the spin sums of the final-state particles are taken. The first
and second terms in Eq. (3.4) individually contain infrared
divergences, while ��q�

�� is finite. We decompose ��q�
�� into

the vector and scalar parts as

2In the general case, Y� is given by replacing �! �� 1
2�,

where � is the mixing angle in the CP-even Higgs sector. (See,
for example, [12].)
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 ��q�
�� � ��q�

V �Q
2�

�
�g�� �

Q�Q�

Q2

�
���q�

S �Q
2�
Q�Q�

Q2 :

(3.5)

For the purpose of the calculation of the relic density of
neutralino, we define3

 S �0
1�

0
1!Z

�!q �q�g��Q
2� � 2v�0

1
	�0

1�
0
1!Z

�!q �q�g�

�
1

4Q2

�X
spin

Z
d�q �qjM�0

1�
0
1!Z

�!q �qj
2

�
X
spin

Z
d�q �qgjM�0

1�
0
1!Z

�!q �qgj
2

�
;

(3.6)

where v�0
1

is the velocity of the lightest neutralino in the
center-of-mass frame, which is given by

 v�0
1
�

��������������������
1�

4m2
�0

1

Q2

vuut
: (3.7)

In addition, 	�0
1�

0!Z�!q �q�g� is the total cross section for the
process �0

1�
0 ! Z� ! q �q�g�, hence, in the final formula,

the spins of neutralinos are understood to be averaged. As
we will see, the function S�0

1�
0!Z�!q �q�g� plays an important

role in the calculation of ��0
1
. With ��q�

V and ��q�
S ,

S�0
1�

0!Z�!q �q�g� is expressed as

 S �0
1�

0!Z�!q �q�g��Q
2� �

1

Q2

�Q2 � 4m2
�0

1

�Q2 �m2
Z�

2 ��q�
V �Q

2�

�
2m2

�0
1

m4
Z

��q�
S �Q

2�

�
jA�j

2: (3.8)

Importantly, the first term in the parenthesis is proportional
to Q2 � 4m2

�0
1

; as a result, it is suppressed when the initial-

state neutralinos are nonrelativistic. Thus, in such a case,
the contribution of ��q�

V becomes negligible. In addition,
��q�

S is proportional to the mass-squared of the final-state
quark. Since the relic density is determined by the cross
section at Q2 � 4m2

�0
1
, we pay particular attention to the

process �0
1�

0
1 ! Z� ! t�t�g� and neglect other processes

concerning lighter quarks, in calculating the relic density
of �0

1.
In this subsection, we present the formulas for ��q�

V and
��q�

S up to O��s�. Corresponding Feynman diagrams are

shown in Fig. 1. At the tree level, we obtain4

 ���q�
V �Q

2��tree �
m2
q

3��1� v2
q�
vq��3� v2

q�jVqj2

� 2v2
qjAqj

2�; (3.9)

 ���q�
S �Q

2��tree �
m2
q

�
vqjAqj

2; (3.10)

where

 vq �

������������������
1�

4m2
q

Q2

s
: (3.11)

All information on the QCD correction (at O��s�) is
contained in ��q�

V and ��q�
S . In the calculation of the virtual

contribution [Fig. 1(b)], we adopt the on-mass-shell renor-
malization condition to determine the vertex counter term:
we require that the O��s� correction to the vector vertex
(which is proportional to Vq) vanishes when Q2 ! 0.

Then, O��s� correction to ��q�
V is found to be [13]

q q
_

χ0
1 χ0

1

Z

q q
_

χ0
1 χ0

1

Z

q q
_

χ0
1 χ0

1

Z

q q
_

χ0
1 χ0

1

Z

g g

(a) (b)

)d()c(

FIG. 1. Feynman diagrams for the processes �0
1�

0
1 ! Z� ! q �q

((a) and (b)) and �0
1�

0
1 ! Z� ! q �qg ((c) and (d)).

3It is often the case that the quantity S is expressed as vrel	,
where vrel is the relative velocity of the initial-state neutralinos
and 	 is the neutralino pair-annihilation cross section.

4At O��s�, the correction from real gluon emission is also
from tree diagrams. ���q�

V �tree and ���q�
S �tree do not include such

contributions.
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 ���q�
V �Q

2��O��s� �
�sC2m2

q

24�2�1� v2
q�
jVqj

2

�
8�3� v2

q�A�vq� � 6vq�5� 3v2
q� � �33� 22v2

q � 7v4
q� ln

1� vq
1� vq

�

�
�sC2m2

q

48�2�1� v2
q�
jAqj

2

�
32v2

qA�vq� � 6vq��7� 10v2
q � v

4
q� � �21� 59v2

q � 19v4
q � 3v6

q�

� ln
1� vq
1� vq

�
; (3.12)

where C2 �
4
3 is quadratic Casimir operator for the funda-

mental representation of SU�3�,
 

A�vq� � �1� v2
q�

�
4Li2

�
1� vq
1� vq

�
� 2Li2

�
�

1� vq
1� vq

�

� 3 ln
2

1� vq
ln

1� vq
1� vq

� 2 lnvq ln
1� vq
1� vq

�

� 3vq ln
4

1� v2
q
� 4vq lnvq; (3.13)

and Li2�x� is the dilogarithm (Spence) function

 Li 2�x� � �
Z x

0
dt

ln�1� t�
t

: (3.14)

In addition, O��s� correction to ��q�
S is given by

 ���q�
S �Q

2��O��s� �
�sC2m2

q

16�2 jAqj
2

�
16A�vq� � 6vq�7� v

2
q�

� �19� 2v2
q � 3v4

q� ln
1� vq
1� vq

�
:

(3.15)

We have checked that the ratio
���q�

S �Q
2��O��s�=��

�q�
S �Q

2��tree coincides with the correc-
tion factor for the decay rate of the pseudoscalar Higgs
boson given in [14].

We can also calculate the h-exchange contributions.
Although the process �0

1�
0
1 ! h� ! t�t�g� is p-wave sup-

pressed and hence is subdominant, we write down the
formula for the QCD correction to this process to make
this paper self-contained. Let us denote the hq �q vertex as

 L hq �q �
X
q

Yq �qqh; (3.16)

and define

 S �0
1�

0
1!h

�!q �q�g��Q
2� � 2v�0

1
	�0

1�
0
1!h

�!q �q�g�: (3.17)

Adopting on-mass-shell renormalization condition for the
h-q- �q vertex, the coupling constant Yq is related to the (on-
shell) mass of q as

 Yq �
mq���
2
p
v
: (3.18)

Then, S�0
1�

0
1!h

�!q �q�g� is given by

 

S�0
1�

0
1!h

�!q �q�g��Q
2� �

m2
q�Q

2 � 4m2
�0

1
�

8�Q2�Q2 �m2
h�

2

� v3
qjYqY�j

2

�
1�

C2�s
�

�h

�
; (3.19)

where [14]
 

�h �
1

vq
A�vq� �

1

16v3
q
�3� 34v2

q � 13v4
q� ln

1� vq
1� vq

�
3

8v2
q
��1� 7v2

q�: (3.20)

For the calculation of the relic density of neutralino, the
s-wave contribution plays the most significant role. As we
mentioned, for the s-wave process, t�t�g� final state is most
important while the effects of lighter quarks are unimpor-
tant (if we restrict ourselves to the Z-exchange diagrams).
Thus, in order to see the size of the QCD correction to the
s-wave part, we define

 RO��s��Q
2� �

���t�
S �Q

2��O��s�

���t�
S �Q

2��tree

: (3.21)

We can see that the O��s� correction to the s-wave part is
enhanced when vt becomes smaller. Indeed, expanding
RO��s� around vt � 0, we obtain

 RO��s� �
C2�s
�

�
�2

2vt
� 3�O�vt�

�
: (3.22)

This ratio is inversely proportional to vt when vt 
 1. As a
result, the QCD correction largely enhances the neutralino
annihilation cross section especially when the final-state
top and antitop quarks are nonrelativistic. Thus, in the
calculation of the relic density of the lightest neutralino,
QCD correction may become important.

In fact, it is well known that QCD corrections are
enhanced as vt becomes smaller, due to boundstate effects.
Naive perturbative expansion breaks down in the region
vt & �s. In this region, systematic treatment of boundstate
effects are known for heavy quarks, such as top quark. Up
to NLO, this corresponds (formally) to the resummation
of terms of the form ��s=vt�

k and vt��s=vt�
k �

�s��s=vt�k�1 for 0 
 k <1 (where k is an integer). In
the next subsection, we compute the QCD correction reli-
ably by resumming all these corrections.
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B. NLO annihilation cross section close to q �q threshold

We compute the QCD correction to the process �0
1�

0
1 !

q �q�g� close to q �q threshold up to NLO (including bound-
state effects). Our main concern is to calculate the relic
density of the lightest neutralino; for this purpose, the
s-wave part of the cross section is most important. Thus,
in this subsection, we concentrate on the QCD correction
to the s-wave part.

Following the standard framework developed for the
threshold cross sections, for example, for the process
e�e� ! t�t [8], the NLO annihilation cross section (when
the final-state quarks are nonrelativistic) is given as fol-
lows:

 ���q�
S �Q

2��NLO;NR � F�Q2�

�
1�

C2�s
�

��hard�
S

�
����q�

S �Q
2��tree; (3.23)

where ��hard�
S represents the hard-vertex correction given

by

 ��hard�
S � lim

vq!0

��
C2�s
�

�
�1 ���q�

S �Q
2��O��s�

���q�
S �Q

2��tree

�
�2

2vq

�
� �3:

(3.24)

Boundstate effects are included in F�Q2�, which is given in
terms of the Green functions of the nonrelativistic
Schrödinger equation:

 F�Q2� �
Im�G�~0;E��

Im�G0�~0;E��
: (3.25)

G� ~x;E� is defined by

 �
�E� i�q��

�
�
r2

mq
�V�NLO�

QCD �r;�Bohr�

��
G� ~x;E� � 
3� ~x�:

(3.26)

Here, V�NLO�
QCD �r;�Bohr� denotes the static QCD potential up

to NLO [15]; E �
������
Q2

p
� 2mq is the center-of-mass en-

ergy measured from the q �q threshold, and �q is the total
decay width of q. On the other hand, G0� ~x;E� is the non-
relativistic Green function of a free q �q pair, which is
defined via Eq. (3.26) after setting V�NLO�

QCD �r� to 0.
In the case of QED (i.e., when VQCD�r� is replaced by the

Coulomb potential ��QED=r, with �QED being the fine-
structure constant), F�Q2� reduces to the well-known
Sommerfeld factor:

 �F�Q2��QED �
z

1� e�z
; (3.27)

where

 z �
��QED

vq
: (3.28)

In this case, it is easy to see via Eqs. (3.22)5 and (3.27) that
the QED correction including the boundstate effects is

twice as large as the (naive) one-loop correction at
������
Q2

p
�

2mq. One may regard this as a reference for the signifi-
cance of boundstate effects, with respect to the naive one-
loop correction, in the limit where the running of the strong
coupling constant may be neglected (since it corresponds
to the limit where the static QCD potential reduces to the
Coulomb potential); qualitatively it is a reasonable ap-
proximation for final-state quarks as heavy as the top
quark.

With Eq. (3.23), we also define the magnitude of the
QCD correction relative to the LO contribution as

 R�Q2�NLO;NR �
���q�

S �Q
2��NLO;NR

���q�
S �Q

2��tree

� 1: (3.29)

C. QCD-corrected neutralino annihilation cross section

In calculating the relic density of the lightest neutralino,
the annihilation cross section for Q2 � 4m2

�0
1

is important.

This is because the lightest neutralinos decouple from the
thermal bath when the cosmic temperature is much lower
than m�0

1
; at such low temperature, neutralinos are

nonrelativistic.
To see the importance of the QCD correction in such a

case, in Fig. 2, we plot RO��s��Q
2 � 4m2

�0
1
� and

RNLO;NR�Q
2 � 4m2

�0
1
� as functions of m�0

1
. It can be easily

seen that the QCD correction significantly enhances the
cross section. Since the tree-level cross section vanishes as
vt ! 0 while the QCD corrections stay constant,
RO��s��Q

2 � 4m2
�0

1
� and RNLO;NR�Q2 � 4m2

�0
1
� diverge as

m�0
1
! mt. As a result, the size of the QCD correction

becomes comparable to the tree-level contribution when
the final-state top and antitop quarks are nonrelativistic.
This fact has important implications to the calculation of
��0

1
when the lightest neutralino dominantly annihilates

into a t�t pair.
Estimate of the annihilation cross section using the one-

loop QCD correction RO��s� is valid when �s 
 vt and
�s 
 1, since both (naive) higher-order contributions �ns
and higher-order boundstate contributions ��s=vt�n are
suppressed. On the other hand, estimate of the QCD cor-
rection by RNLO;NR is valid when vt; �s 
 1. Thus, in the
overlap region when �s 
 vt 
 1 hold, both RO��s� and
RNLO;NR are reasonable approximations. According to

5One should replace C2�s by �QED.
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Fig. 2, when the lightest-neutralino mass is in the range
200–220 GeV, RO��s��Q

2 � 4m2
�0

1

� is reasonably close to

RNLO;NR�Q2 � 4m2
�0

1

� (with respect to the estimate of the

NNLO correction). On the contrary, with smaller m�0
1
,

boundstate effects become important. Indeed, in such a
case, RO��s��Q

2 � 4m2
�0

1
� and RNLO;NR�Q2 � 4m2

�0
1
� differ

significantly, and the latter prediction is more reliable.
Since the QCD correction enhances the cross section

	�0
1�

0
1!t�t�g�

, it may play an important role in the calculation
of the relic density of �0

1. In the next section, we will
discuss how the relic density changes as we take account
of the QCD correction.

IV. RELIC DENSITY OF THE LIGHTEST
NEUTRALINO

In this section, we calculate the relic density of the
lightest neutralino. We include the QCD correction to the
neutralino annihilation cross section given in the previous
section and see its effects on the calculation of the relic
density of the neutralino.

QCD corrections for the process �0
1�

0
1 ! q �q�g� may be

important for the precise calculation of ��0
1
. When the

MSSM parameters will be precisely measured in future
collider experiments after the discoveries of superparticles,
cross sections of the pair-annihilation processes of �0

1 will
be calculated in detail. Using the formulas given in the
previous section, it is straightforward to include the QCD
correction to the processes �0

1�
0
1 ! q �q�g�. Here, we show

the importance of the QCD correction. To make our point
clearer, here we take into account only the most important
annihilation processes and neglect subdominant ones.

In order to calculate the relic density, we should follow
the evolution of the number density of the lightest neutra-
lino n�0

1
, which is governed by the Boltzmann equation.

Denoting the energy distribution function of the lightest
neutralino as f�0

1
,6 the Boltzmann equation is given by [16]

 

dn�0
1

dt
� 3Hn�0

1
� �

X
processes

Z
d��0

1
d�0

�0
1
d�f jM�0

1�
0
1!f j

2f�0
1
�p�0

1
�f�0

1
�p0

�0
1
� � �production term�; (4.1)

where H is the expansion rate of the universe. In the above
formula,

R
d�f is the integration over the phase space of

final-state particles and we sum over all the relevant pair-
annihilation processes. In addition, the phase space inte-
grations

R
d��0

1
and

R
d�0

�0
1

are for the initial-state neu-
tralinos (whose momenta are p�0

1
and p0

�0
1
, respectively).

Even if the superparticles may not be in chemical equi-
librium, they are expected to be in kinematical equilibrium
since superparticles effectively interact with ordinary
standard-model particles in thermal bath. In addition, since
the freeze-out of the lightest neutralino occurs when T 

m�0

1
, we use the Boltzmann distribution function for neu-

tralinos; at cosmic temperature T,

 f�0
1
�p�0

1
� � 2e

��p�0
1
;0���0

1
�=T
; (4.2)

where the factor of 2 represents the spin multiplicity of
neutralino, p�0

1;0
is the energy of �0

1, and ��0
1

is the chemi-
cal potential.

In order to follow the evolution of n�0
1

for T 
 m�0
1
, it is

convenient to define

 x�T� �
T
m�0

1

: (4.3)

R

170 180 190 200 210 220
0

1

2

3

0
χ1m      (GeV)

FIG. 2 (color online). QCD correction to the cross section
	�0

1�
0
1!q �q�g� when the initial �0

1 are at rest (i.e., Q2 ! 4m2
�0

1
) as

a function of the LSP mass m�0
1
. Three lines correspond to RO��s�

(solid), RNLO;NR with �Bohr � 20 GeV (dashed), and RNLO;NR

with �Bohr � 40 GeV (dotted). The input values are taken as
�s�mt� � 0:1080 (corresponding to �s�mZ� � 0:1187) andmt �
172:5 GeV. �Bohr represents the renormalization scale in
V�NLO�

QCD �r�, where a sensible choice of �Bohr is at the Bohr scale
of t�t resonances. We may regard the difference between the
predictions for �Bohr � 20 GeV and 40 GeV as an estimate of
contributions beyond NLO.

6n�0
1

and f�0
1

are related to each other by n�0
1
�R d3 ~p�0

1

�2��3
f�0

1
�p�0

1
�.
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Once the temperature becomes lower than m�0
1
, x can be

used as an expansion parameter; we expand various quan-
tities using x. For example, the number density of the
lightest neutralino is given by

 n�0
1
� 2e

��m�0
1
���0

1
�=T
�m�0

1
T

2�

�
3=2
�

1�
15

8
x�O�x2�

�
;

(4.4)

where this formula is obtained by expanding the energy as

 p�0
1;0
� m�0

1
�
j ~p�0

1
j2

2m�0
1

�
j ~p�0

1
j4

8m3
�0

1

� � � � ;

with ~p�0
1

being the three-momentum of �0
1. Substituting

Eq. (4.2) into Eq. (4.1), and applying the detailed balance
theorem to determine the production term, the Boltzmann
equation reduces to
 

dn�0
1

dt
� 3Hn�0

1
� �

�
1�

3

2
x
�

� Stot�Q
2 � 4m2

�0
1
� 6xm2

�0
1
�

� �n2
�0

1
� n�eq�2

�0
1

� �O�x2�; (4.5)

where n�eq�
�0

1

is the chemical-equilibrium value of the num-

ber density of �0
1, which is obtained from Eq. (4.4) by

taking ��0
1
! 0. In addition, Stot is given by

 S tot � 2v�	�0
1�

0
1!all; (4.6)

with 	�0
1�

0
1!all being the total pair-annihilation cross sec-

tion of the lightest neutralino.7 Taking account of the
correction of the order of x, Q2 is shifted from 4m2

�0
1

to

4m2
�0

1
� 6xm2

�0
1
. This is due to the fact that, in the thermal

bath, neutralinos have nonvanishing kinetic energy whose
average is 3

2T.
From Eq. (4.5), several important features of n�0

1
are

derived. When the cosmic temperature is high enough,
production and annihilation rates of the lightest neutralino,
which are �Stotn�0

1
, are relatively high. At this epoch,

scattering rate becomes much larger than the cosmic ex-
pansion rateH and, consequently, the number density of�0

1

keeps up with the equilibrium value n�eq�
�0

1

. As the tempera-

ture decreases, however, the situation changes.
Importantly, once the cosmic temperature becomes lower

than m�0
1
, n�eq�

�0
1

is Boltzmann suppressed. When n�0
1

(which

is close to n�eq�
�0

1

at this epoch) becomes so suppressed that

Stotn�0
1

becomes smaller than H, �0
1 freezes out from the

thermal bath. After the freeze-out, the number of �0
1 in

comoving volume is conserved.
The freeze-out of the lightest neutralino occurs when

x�1 � 20 and hence the lightest neutralinos are nonrelativ-
istic in thermal bath at the time of freeze-out. Thus, the
relic density is primarily determined by the behavior of the
total cross section at Q2 ! 4m2

�0
1
, as can be understood

from Eq. (4.5). When A� given in Eq. (2.6) is sizable, pair
annihilation of the lightest neutralino is dominated by
s-wave processes as Q2 ! 4m2

�0
1
. Thus, in such a case,

��0
1

is mostly determined by the s-wave part of the total
cross section. When all the sfermions and heavier Higgses
are relatively heavy, the relevant s-wave processes are
�0

1�
0
1 ! t�t�g�,W�W�, and ZZ. In our analysis, we assume

that this is the case and approximate

 S tot ’ S�0
1�

0
1!Z

�!q �q�g� � S�0
1�

0
1!W

�W� � S�0
1�

0
1!ZZ

:

(4.7)

Here, the second and third terms on the right-hand side
represent the contributions from W�W� and ZZ final
states, respectively:

 S �0
1�

0
1!W

�W�;ZZ � 2v�0
1
	�0

1�
0
1!W

�W�;ZZ; (4.8)

with 	�0
1�

0
1!W

�W�;ZZ being total cross section for the cor-
responding processes. We use the tree-level formulas for
	�0

1�
0
1!W

�W� and 	�0
1�

0
1!ZZ

. In addition, we evaluate these
quantities at the threshold since their Q2 dependences are
weak when x
 1. (For �0

1�
0
1 ! q �q�g�, O�x� terms are

considered unless otherwise mentioned.) Other processes,
like �0

1�
0
1 ! Zh and hh, are p-wave processes and are

neglected in our study. If we include those processes, ��0
1

may decrease by a few % or so [17]; once the MSSM
parameters will be experimentally determined, it will be
straightforward to take account of effects of the p-wave
processes. Furthermore, S�0

1�
0
1!q �q�g� is calculated neglect-

ing the h-exchange diagram since its contribution is
p-wave suppressed.

We have numerically solved the Boltzmann Eq. (4.5) to
determine the present value of n�0

1
. We impose the initial

condition n�0
1
� n�eq�

�0
1

at the cosmic time where Stotn
�eq�
�0

1

�

H and follow the evolution of n�0
1
. Then, we determine the

number density of the lightest neutralino at Stotn
�eq�
�0

1


 H.

In our following argument, it is convenient to define the
yield variable

 Y�0
1
�
n�0

1

s
; (4.9)

7Here, we assume that the effects of coannihilation is negli-
gible. For a precise calculation of the relic density, effects of the
coannihilation should be taken into account [17]. Once the
relevant MSSM parameters are measured at the future collider
experiments, however, effects of the coannihilation can be
theoretically controlled. Thus, in our analysis, we do not include
effects of the coannihilation, which are beyond our scope.

TAKEO MOROI, YUKINARI SUMINO, AND AKIRA YOTSUYANAGI PHYSICAL REVIEW D 74, 015016 (2006)

015016-8



with s being the entropy density. Important property of this
quantity is that Y�0

1
stays constant when Stotn

�eq�
�0

1


 H;

indeed, we have numerically checked that the yield vari-
able becomes a constant of time when the scattering rate is
much smaller than the expansion rate. Using the yield
variable after the freeze-out of �0

1 (which we denote
Y�now�
�0

1

), the density parameter is given by

 ��0
1
� m�0

1
Y�now�
�0

1

�
�crit

s�now�

�
�1
: (4.10)

Here, �crit is the critical density and s�now� is the present
entropy density; numerically,

 

�crit

s�now� ’ 3:6� 10�9h2
100 GeV: (4.11)

In Fig. 3, we plot the density parameter of the lightest
neutralino as a function of m�0

1
. In the figure, we compare

the results with and without the QCD correction to the
process �0

1�
0
1 ! t�t�g�; we evaluate the cross section

	�0
1�

0
1!t�t�g�

with NLO QCD correction with boundstate
effects (solid), O��s� correction (dashed), and tree-level
formula (dotted). In the calculation with the boundstate
effects, we restrict ourselves to the case with m�0

1
&

210 GeV. This is because, when m�0
1

is too large, non-
relativistic approximation used in the calculation becomes
unreliable. Fortunately, however, as the lightest-neutralino
mass becomes larger than �200 GeV, result with the
boundstate effects is in a very good agreement with that
with O��s� contributions. This fact shows that QCD cor-
rection to the process �0

1�
0
1 ! t�t�g� is well approximated

by the one-loop formula when the lightest-neutralino mass
is larger than �200 GeV. On the contrary, when m�0

1
is

smaller, difference between the one-loop result and the
resummed one is quite large; in this case the latter predic-
tion (solid) is more reliable.

We can see that the QCD correction significantly re-
duces the density parameter of the lightest neutralino when
m�0

1
is close to the top-quark mass. Since the t�t final state is

more important than the gauge-boson final states when the
lightest-neutralino mass is relatively close to the top-quark
mass, this fact can be easily understood from Fig. 2. Asm�0

1

becomes larger, on the contrary, 	�0
1�

0
1!W

�W�;ZZ becomes
larger than 	�0

1�
0
1!t�t�g�

and the gauge-boson final state
becomes more important than the t�t final state. In such a
case, even if the QCD correction to the process �0

1�
0
1 !

t�t�g� is sizable, ��0
1

may not be affected so much. Indeed,
we can see such a behavior in the figure. As the lightest-
neutralino mass becomes large enough, tree-level result
becomes almost the same as the one with QCD correction
although the QCD correction to 	�0

1�
0
1!t�t�g�

is still more
than 10%.

In Fig. 3(a), we kept O�x� terms of S�0
1�

0
1!t�t�g�

. For
comparison, we also calculated the density parameter
with neglecting x-dependences (by taking x! 0); the
results are shown in Fig. 3(b). We can see that the resultant
density parameters differ in two figures when the lightest-
neutralino mass becomes close to the top-quark mass. We
have checked that the effects of O�x� terms become larger
as m�0

1
becomes closer to mt.

In Figs. 4 and 5, we also plot the density parameter for
the cases with � � 260 GeV and � � 300 GeV, respec-
tively. As we increase �, the WMAP value is realized with
larger value of m�0

1
due to the change of the mixing matrix

of the neutralinos. These figures show that, with these
values of �, the relic density of the lightest neutralino is
significantly affected when m�0

1
is close to mt. As �

m      (GeV)

200 250225175
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0.05

0

0.10

0.15

0.20

0.05
0 χ

Ω
h 1

002
1

(a)

(b)

0χ1

WMAP

WMAP

0 χ
Ω

h 1
002

1

FIG. 3 (color online). Density parameter of the lightest neu-
tralino as a function of m�0

1
. The cross section 	�0

1�
0
1!t�t�g�

is

evaluated with NLO QCD correction with boundstate effects
(solid), O��s� correction (dashed), and tree-level formula (dot-
ted). Here we take �s�mZ� � 0:1189, mt � 172:5 GeV, and
� � 280 GeV. The dark shaded band shows the dark matter
density measured by the WMAP (see Eq. (1.1)). For (a) and (b),
collision term for t�t�g� final state is evaluated up to O�x� and
O�x0�, respectively.
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increases, however, QCD correction becomes less impor-
tant in the parameter region where ��0

1
agrees with the

WMAP value.

V. CONCLUSIONS AND DISCUSSION

In this paper, we have calculated QCD correction to the
process �0

1�
0
1 ! q �q�g�, and discussed its implications to

the determination of ��0
1
. We have seen that the QCD

correction enhances the cross section 	�0
1�

0
1!q �q�g� by

O�10%� when the final-state quarks are nonrelativistic.
Importantly, the lightest neutralino dominantly annihilates
into a t�t pair (as well as into W�W� and ZZ) when the
lightest neutralino has sizable Higgsino components. In
such a case, QCD correction may become large and sig-
nificantly enhance the total annihilation cross section of the
lightest neutralino. Since the QCD correction is enhanced
close to the threshold by factors ��s=vt�k, the QCD cor-
rection becomes important, in particular, whenm�0

1
is close

to the top-quark mass. Since the relic density of the lightest
neutralino is (approximately) inversely proportional to the
total pair-annihilation cross section, the relic density may
be reduced by O�10%� by the QCD correction. Thus, for a
precise calculation of the relic density of the LSP, QCD
correction should be taken into account when �0

1 domi-
nantly annihilates into the t�t final state.

Since the dark matter density has been determined with
an accuracy of O�10%� by WMAP and other experiments,
this fact has important implications for future studies of
supersymmetric dark matter(s). Once properties of super-
particles are determined in future collider experiments, it
will become possible to theoretically calculate the relic
density of the lightest neutralino (if it is the LSP).
Comparison of the result of such a calculation with the
observed density of the dark matter will be a crucial test of
the scenario of the lightest-neutralino dark matter. In addi-
tion, even if the lightest neutralino is not the LSP, precise
determination of the freeze-out density of the lightest
neutralino may be important for understanding the origin
of the dark matter. In particular, possibilities of very
weakly interacting LSP (like gravitino-, axino-, or right-
handed-sneutrino-LSP), which are called superWIMPs,
have been intensively considered recently. If one of the
superWIMPs is the LSP, the lightest neutralino becomes
unstable. In this case, however, the lifetime of the lightest
neutralino is usually very long and hence, if �0

1 is the
lightest superparticle in the MSSM sector, thermally pro-
duced lightest neutralinos decay after they freeze-out from
the thermal bath. If this is the case, thermally produced
lightest neutralino becomes one of the significant sources
of the superWIMP cold dark matter. Thus, even in the
scenario with superWIMPs, it is important to calculate
the relic density of the lightest neutralino.
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FIG. 4 (color online). Same as Fig. 3(a) except for � �
260 GeV.
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FIG. 5 (color online). Same as Fig. 3(a) except for � �
300 GeV.
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