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Shape-function effects and split matching in B — X, €~
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We derive the triply differential spectrum for the inclusive rare decay B — X, £*€~ in the shape-
function region, in which X; is jetlike with m% =< mj, Aqcp. Experimental cuts make this a relevant region.
The perturbative and nonperturbative parts of the matrix elements can be defined with the soft-collinear
effective theory, which is used to incorporate «, corrections consistently. We prove that, with a suitable
power counting for the dilepton invariant mass, the same universal jet and shape functions appear as in
B — X,y and B — X, {7 decays. Parts of the usual a,(m,) corrections go into the jet function at a lower
scale, and parts go into the nonperturbative shape function. For B — X €' €, the perturbative series in «;
are of a different character above and below u = m,. We introduce a “split matching’’ method that allows

the series in these regions to be treated independently.
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L. INTRODUCTION

The B meson is particularly suitable for probing QCD
and flavor physics in the standard model, since the large
mass of the b quark relative to Agcp provides a useful
expansion parameter, Aqcp/m;, ~ 0.1. The study of inclu-
sive B decays circumvents the need for precision hadronic
form factors, while still allowing model-independent pre-
dictions. Rare inclusive decays, which involve flavor-
changing neutral currents (FCNCs), not only allow mea-
surements of CKM matrix elements, in particular V,; and
V.4, but are also highly sensitive to new physics, since they
do not occur at tree level in the standard model.

Among the inclusive rare B decays, the radiative process
B — X,y has received the most attention, having been
measured first by CLEO [1] and subsequently by other
experiments [2—5]. These measurements have provided
significant constraints on extensions to the standard model.
The decay B — X, €€~ is complementary to, and more
complicated than, B — X;7y. Its potential for revealing
information beyond that supplied by the radiative decay
is due to the presence of two extra operators in the effective
electroweak Hamiltonian and the availability of additional
kinematical variables, such as the dilepton invariant-mass
spectrum and the forward-backward asymmetry. Belle and
BABAR have already made initial measurements of this
dilepton process [6—8].

Provided that one makes suitable phase-space cuts to
avoid c¢¢ resonances, B — X £* ¢~ is dominated by the
quark-level process, which was calculated in Ref. [9].
Owing to the disparate scales, m; << my,, one encounters
large logarithms of the form a” (m)log" (m,,/my,) (leading
log[LL]),  a?"!(m,)log"(m,/my)  (next-to-leading
log[NLL]), ..., which should be summed. The NLL cal-
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culations were completed in Refs. [10,11], and the NNLL
analysis, although technically not fully complete, is at a
level that the scale uncertainties have been substantially
reduced, after the combined efforts of a number of groups
[12-16].

Nonperturbative corrections to the quark-level result can
also be calculated by means of a local operator product
expansion (OPE) [17], with nonperturbative matrix ele-
ments defined with the help of the heavy quark effective
theory (HQET) [18]. As is the case for B— X,y and B —
X, £, there are no O(1/m;,) corrections. The O(1/m3)
corrections and OPE were considered in Ref. [19] and
subsequently corrected in Ref. [20]. The O(1/m3) correc-
tions were computed in Ref. [21]. There are also non-
perturbative contributions arising from the cc inter-
mediate states. The largest cC resonances, i.e. the J/i
and ¢, can be removed by suitable cuts in the dilepton
mass spectrum. It is generally believed that the operator
product expansion holds for the computation of the dilep-
ton invariant mass as long as one avoids the region with the
first two narrow resonances, although no complete proof of
this (for the full operator basis) has been given. A picture
for the structure of resonances can be obtained using the
model of Kriiger and Sehgal [22], which estimates factor-
izable contributions based on a dispersion relation and
experimental data on o(e*e~ — c¢ + hadrons). Nonfac-
torizable effects have been estimated in a model-
independent way by means of an expansion in 1/m, [23],
which is valid only away from the resonances.

Staying away from the resonance regions in the dilepton
mass spectrum leaves two perturbative windows, the low-
and high-g? regions, corresponding to g*> = 6 GeV? and
g*> = 14.4 GeV? respectively. These have complementary
advantages and disadvantages [16]. For example, the latter
has significant 1/m, corrections but negligible scale and
charm-mass dependence, whereas the former has small
1/m, corrections but non-negligible scale and charm-
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mass dependence. The low-g? region has a high rate com-
pared to the high-g? region and so experimental spectra
will become precise for this region first. However, at low g>
an additional cut is required, making measurements less
inclusive. In particular, a hadronic invariant-mass cut is
imposed in order to eliminate the combinatorial back-
ground, which includes the semileptonic decay b —
c(— se"v)e v =b— seTe” + missing energy. The lat-
est analyses from BABAR and Belle impose cuts of my =
1.8 GeV and my = 2.0 GeV respectively [6—8], which in
the B-meson rest frame correspond to ¢° = 2.3 GeV and
put the decay rate in the so-called shape-function region
[24]. This cut dependence has so far been analyzed only in
the Fermi-motion model [25].

Existing calculations for B — X, £* ¢~ are based on a
local operator product expansion in Aqgcp/m,. When
m% < m, A ~ (2 GeV)?, this operator product expansion
breaks down, and, instead of depending on nonperturbative
parameters (A, A,, ...) that are matrix elements of local
operators, the decay rates depend on nonperturbative func-
tions. Furthermore, in this region the standard perturbative
a, corrections to the partonic process b — s€ €~ do not
apply, since some of these corrections become nonpertur-
bative. Thus, even at leading order there does not exist in
the literature a model-independent computation of the B —
X, €€~ decay rate that can be compared directly with the
data at low ¢°.

Here we study B— X, £*€~ (£ = e, ) in the shape-
function region for the first time. The relevant scales are
miy 3> mjy > myAqcp > Ajep. In this paper we derive
the proper theoretical expression for the leading-order
triply differential decay rate, which incorporates nonper-
turbative effects that appear at this order and a correct
treatment of the perturbative corrections at each of the
scales. Using the soft-collinear effective theory (SCET)
[26—29] we prove that the nonperturbative dynamics gov-
erning the measurable low-g? spectra in B — X, £7€" is
determined by the same universal shape function as in
endpoint B — X, {7 and B — X,y decays. We also prove
that the decay rate can be split into a product of scale-
invariant terms, capturing physics at scales above and
below m,;. We show that this procedure, which we call
“split matching”, can be used to deal with a tension
between the perturbative corrections that come from these
two regions. Implications for relating the B — X £ €~
measurements with the my cut to the Wilson coefficients
are presented in a companion publication [30].

In the shape-function region, the set of outgoing had-
ronic states becomes jetlike and the relevant degrees of
freedom are collinear and ultrasoft modes. This is why the
appropriate theoretical method is SCET. The endpoint
region has been the focus of much work in the context of
B — X,y and B — X, {7 (see e.g. Refs. [24,29,31-43]). In
B — X, {7 this is because of the cuts used to eliminate the
dominant b — ¢ background. In B — X, it is known that
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FIG. 1 (color online). The kinematic range for py and py
given the experimental cuts of g> < 6 GeV? and my = 2.0 GeV
for B— X 7€

cuts with ¢ = 2.1 GeV put us in the shape-function
region.

In the small-g> region of B— X {T€¢~ with ¢° =
2.3 GeV, shape-function effects also dominate rather
than the expansion in local operators. To see this, we
note that the my cut causes 2mzgEy = m% + m% — ¢> >
m%. Decomposing 2Ey = py + py withm% = py p5, we
see that the X is jetlike with py; > py, and the restricted
sum over states in the X causes the nonperturbative shape
functions to become important. For the experimental cuts
on ¢* and my, values for py are shown in Fig. 1. It should
be clear from this figure that the measurable spectrum is
dominated by decays for which py > p¥.

To compute B — X £ €~ in the shape-function region
with renormalization-group evolution requires the follow-
ing steps:

(i) matching the standard model at p = my on to Hyy,

(i1) running Hy to p = my,

(iii) matching at u = m,, on to operators in SCET,

(iv) running in SCET to u = \/m,A,

(v) computation of the imaginary part of forward-
scattering time-ordered products in SCET at u =
Jm,A. This leads to a separation of scales in a
factorization theorem, which at LO takes the form?

BTO = H[dkj(o)(k)f(())(k),

with perturbative H and J ©, and the LO non-
perturbative shape function f©,

(vi) evolution of the shape function £ from Aqcp up
to M= 1/mbAQCD.

'In Ref. [44] it was pointed out that even a cut of £, = E; =
1.8 GeV, corresponding to my < 3 GeV, might not guarantee
that a theoretical description in terms of the local OPE is
sufficient, owing to sensitivity to the scale A = m;, — 2E; in
power and perturbative corrections. Using a multiscale OPE with
an expansion in A/A allows the shape-function and local OPE
re%ions to be connected [33,34,44].

Note that the operator product expansion used here occurs at
M =./m,A, rather than at m%, as in the standard local OPE.

014005-2



SHAPE-FUNCTION EFFECTS AND SPLIT MATCHING ...

For the shape-function decay rate, steps (i—ii) are the same
as the local OPE results for B — X,€* €~ . Furthermore,
based on the structure of leading-order SCET operators that
we find for B — X {*€~, we demonstrate that results for
other inclusive endpoint analyses can be used in steps (iv)
and (vi) [26,27,34].> Because of this our computations
focussed on steps (iii) and (v). In step (iii) we show how
to implement the split-matching procedure to formulate the
perturbative corrections, which we elaborate on below. In

step (v) we derive a factorization theorem for B —
|
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X,€*€~. This includes computing the hard coefficient
functions H at NLL order and formulating the structure
of these terms to all orders in a,. It also includes a
derivation of formulas for the decay rate and forward-
backward asymmetry that properly take into account the
effect of the current experimental cuts and the perturbative
and nonperturbative corrections.

At leading order in the power expansion the result of
steps (i)-(vi) takes the schematic form

d*TO = E(uyw) Uy (pw, mo)B(po)Un (o, )T () Us(pis wa) fO(mp),

Mw = myy, Mo = My,

where &, B and J represent matching at various scales,
and Uy, Uy and Uy represent the running between these
scales. Equation (1) shows only the scale dependence
explicitly, not the kinematic dependences or the convolu-
tions between 7, Uy, and f' ©) which we describe later on.

In a standard application of renormalization-group im-
proved perturbation theory (LL, NLL, NNLL, etc.), the
results at each stage of matching and running are tied
together, as depicted in Eq. (1). Usually this would not
be a problem, but for B— X £* €~ the nature of the
perturbative expansion above and below w = m,, is differ-
ent. Above u = m,, the series of (a, In)¥ terms are of the
traditional form, with a basis of ~10 operators (including
four-quark operators), whose mixing is crucial. Below u =
m;, we demonstrate that the evolution is universal (to all
orders in «,) for the leading-order operators, but there are
Sudakov double logarithms of the ratios of scales, which
give a more complicated series. It turns out to be conve-
nient to decouple these two stages of resummation so that
one can consider working to different orders in the o
expansion above and below w = my. There is a simple
reason why this decoupling is important: for uw = m,, the
power counting and running are for currents in the electro-
weak Hamiltonian and dictate treating Cy ~ 1/a, with
C; ~ 1 and Cyy ~ 1. However, at u = m,, the coefficients
Cy and C are numerically comparable. For i = m,, in the
shape-function region we must organize the power count-
ing and running for time-ordered products of currents in
SCET rather than amplitudes, and it would be vexing to
have to include terms o« C3 to O(a?) before including the
C?, and C3 terms at order O(a?). Thus, once we are below
the scale m,,, a counting with Cg ~ Cg ~ C5 ~ 1 is more
appropriate.

*In step (iv) we can run the hard functions down using results
from Refs. [26,27]. In step (vi) we can run the shape function up
to the intermediate scale using the simple result from Ref. [34].
An equally valid option would be to evolve the perturbative parts
of the rate down to a scale u =~ 1 GeV, as considered earlier
[26,33,42,45].

M= (mbA)l/zy

1
,LLAzlGCV, ()

{

To decouple these two regions for B — X £ ¢~ decays
we make use of two facts: (i) for w = m,, the operator O,
involves a conserved current and has no operators mixing
into it, so it does not have an anomalous dimension, and
(i) for u = m,; all LO biquark operators in the soft-
collinear effective theory have the same anomalous dimen-
sion [27]. We shall show that the operators for B —
X, €" € are related to these biquark operators. These prop-
erties ensure that we can separate the perturbative treat-
ments in these two regions at any order in perturbation
theory. This is done by introducing two matching scales,
Mmo=my and u, =~ m,. The two aforementioned facts
allow us to write

Uy (e, o) B(o) U (o, pi)
= Uy (uw, o) B(po, tp) Uiy, w;)
= Uy (w, mo)B1 (o) Ba(pp) U (pp, i), (2)

with well-defined B, and B,. We define B,(u;) by using
the matching for the operator O, and extend this to find B,
matching coefficients for the other operators using prop-
erty (ii) above. The remaining contributions match on to
B,. Diagrams which are related to the anomalous dimen-
sion for u = my, end up being matched at the scale py on
to B, while those related to anomalous dimensions for
M = my are matched at a different scale, w,, on to B,. This
leaves

d*TO = [E(uw) Uy (pw, pmo)B1 (o) 1B (p) Un (i, ;)
X T(u)Us(pi, wa) fO(ua)l 3)

which is the product of two pieces that are separately
p-independent. We refer to this procedure as ““split match-
ing” because formally we match diagrams at two scales
rather than at a single scale. The two matching w’s are
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“split”” because they are parametrically similar in the
power-counting sense.

We organize the remainder of our paper as follows. We
begin by using split matching to determine the hard match-
ing functions, B = B, B,, for B— X, *{~ in SCET; this
is one of the main points of our paper. It is discussed in
Sec. IT A at leading power and one-loop order (including
both bottom-, charm-, and light-quark loops and other
virtual corrections). The extension to higher orders is
also illustrated. Steps (i) and (ii) are summarized in
Sec. IT A, together with Appendix A. In Sec. IIB we
discuss the running for step (iv) and give a brief derivation
of why the anomalous dimension is independent of the
Dirac structure to all orders in «. In Sec. I C, we discuss
the basic ingredients for the triply differential decay rate
and the forward-backward asymmetry in terms of hadronic
tensors. A second main point of our paper is the SCET
matrix-element computation for B — X €€, step (v),
which is performed in Sec. IID. In Sec. IIE we review
the running for the shape function, step (vi). In Sec. III
we present our final results for the differential decay
rates at leading order in the power expansion, including
all the ingredients from Sec. II and incorporating the
relevant experimental cuts. The triply differential spec-
trum and doubly differential spectra are derived in
subsections IIT A, III B, III C, and III D. Readers interested
only in our final results may skip directly to Sec. III. We
compare numerical results for matching coefficients at m,,
with terms in the local OPE in Sec. Il E. In Appendix B we
briefly comment on how our analysis will change if we
assume a parametrically small dilepton invariant mass,
g*> ~ A2, rather than the scaling g> ~ A° used in the body
of the paper. (For the case ¢> ~ A2, the rate for B —
X, €€~ would not be determined by a factorization theo-
rem with the same structure as for B — X, €7.)

I1. ANALYSIS IN THE SHAPE-FUNCTION REGION
A. Matching on to SCET

We begin by reviewing the form of the electroweak
Hamiltonian obtained after evolution down to the scale
M = my, and then perform the leading-order matching of
this Hamiltonian on to operators in SCET. For the treat-
ment of y5 we use the NDR scheme throughout. Below the
scale u = myy, the effective Hamiltonian for b — s€* €~
takes the form [9]

4G

g—[W: \/E

Vi Vi Z Ci(m)O;(), )

where we have used unitarity of the CKM matrix to remove
V., Vi dependence and have neglected the tiny V,, Vi,
terms. The operators O;(w) are
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O = GrLavubrp)Crgy cra)
O, = GraYubra)(Crgy*cLp)

O3 = 510V ubra) Z (Grgy*aLp)
q=u,d,s,c,b

O, = (5pa¥Vubrp) Z (GLgY" L)

q=u,d,s,c,b
Os = (SraVubra) Z (GrpY"qrp)
q=u,d,s,c,b (5)
O¢ = 510V ubrLp) Z (GrpY" qRa)
q=u,d,s,c,b
e _— —_— —
@7 = 1677'2 SO'MVFMV(mbPR + mSPL)b,
8
05 = = ——55T40 u,(MyPg + mPL)bgG*H?,
2
@9 164 2SLa7 bLag’y,ug
ez -
O W&a?’”bmg?’ﬂ%&

where Pr; = (1 = y5)/2. In the following, we shall ne-
glect the mass of the strange quark in O, g. For our analy-
sis, m, is not needed as a regulator for IR divergences,
which are explicitly cut off by nonperturbative scales
~Aqcp- In the shape-function region, the m, dependence
is small and was computed in Ref. [46]. Nonperturbative
sensitivity to m, shows up only at subleading power, while
computable O(m?/m,Agcp) jet-function corrections are
numerically smaller than the Aqcp/m;, power corrections.

At NLL order, one requires the NLL Wilson coefficient
of Oy and the LL coefficients of the other operators. For
059,10 these are given by [10,11]

_ 8 _ _
CYPR () = ry '/ Cy(My) + 30 1423 16123 (M)

8
+ Ztiro (/l,-’
i=1

2
O30 = Py o) + I i o)
+ PE(,M)E(mz/l‘/l2
Cio(p) = Cio(My) = — Y(sn:nz/g‘/,[v w)

where C;(myy), Cg(my ) and the Inami-Lim functions Y, Z,
and E are obtained from matching at w = my, and are
given in Appendix A. The u-dependent factors include
[10,11]
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8
PNPR () = - (7]‘74 )<—O.1875 + Zpirg“f*1> + 1.2468
K w i=1
8 —
+ Z ro “(pNPR + ;g 1),
i=1
8
—a- a,(u)
Pp(p) = 0.1405 + > g;ry " L o= (nf 5 (7
i=1 K w

The numbers #;, a;, pRPR, s;, ¢; that appear here are listed
in Appendix A. Results for the running coefficients of the
four-quark operators, C_g(u), can be found in Ref. [10].
We have modified the standard notation slightly (e.g.
ro(u)) to conform with additional stages of the RG evolu-
tion discussed in Secs. II B and II E. Contributions beyond
NLL will be mentioned below.

At a scale u = m,, we need to match b — s ¢~
matrix elements of { y, on to matrix elements of operators
in SCET with a power expansion in the small parameter A,
where A% = Aqcp/my,. For convenience, we refer to the
resulting four-fermion scalar operators in SCET as “‘cur-
rents”” and use the notation J,,. In SCET we also need the
effective Lagrangians. The heavy quark in the initial state
is matched on to an HQET field 4,,, and the light energetic
strange quark is matched on to a collinear field &,. For the
leading-order analysis in A/m, we need only the lowest-
order terms,

GFCZ

j-[W=_\/§7T

s 0 0 0
(Vo VIS, L= L&+ L,

®)

where J{(g%) is the LO operator and the quark contributions to
the HQET and SCET actions are

‘EEL(I)()'\)ET = Eviv : Dushw (9)

#

1
it - D,

£(SOC)ET = gn|:in : Dc + lEg' l¢%:|

The covariant derivatives D, and D, involve ultrasoft and
collinear gluons, respectively, and we have made a field
redefinition on the collinear fields to decouple the ultrasoft
gluons at LO [29]. For convenience, we define the objects

g-[.U = YTh‘U’ lﬁMS = YTqMS’ DMS = YTDMSY
/Yn = W-i-gll’ DC = W-'-DCW’

X (10)
igBt = b wtlin - D, iDé‘]W}

which contain ultrasoft and collinear Wilson lines,
0
Y(x) = Pexp(igf dsn - A, (x + ns)) (11

and
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0
W(x) = Pexp(ig] dsii - A,(x + sﬁ)), (12)

as well as the label operator P [28].

To simplify the analysis we treat both m, and m,, as hard
scales and integrate out both charm and bottom loops at
= my. At leading order in SCET, the currents that we
match on to are

Jé?‘,’) = Z C9i(S)(X’n,pFEU)MHU)(E)/M@

i=a,b,c

+ Z Cloi(S)()_(n,pFEU)MHu)(éﬂﬁ’s@

i=a,b,c

= S C2mp(x,, TV H )y, 0, (13)

j=a,...d

where the sum is over Dirac structures to be discussed
below. The simple structure of these LO SCET operators
is quite important to our analysis: for example, by power
counting there are no four-quark operators that need to be
included in SCET at this order. In Eq. (13) two auxiliary
four-vectors appear, v* and n*. The B momentum, total
momentum of the leptons, and jet momentum (sum of the
four-momenta of all the hadrons in X;) are
ps = mpv*, g = pl. + pi-,
u i . nH (14)
=N py— At W Py—,
Px Px 3 Px 3

respectively. Here v?> = 1 and n* and 7i* are lightlike
vectors, which satisfy n?> = > =0 and n -7 = 2. The
components of a vector can then be written as
(ptp,p)=@m-pa-p, p’l‘). We use a frame in which
gy =v/ =0 and v*=(n*+7a*)/2. Since py=
mygv — g we have

q-=n-qn-gq (15)
n-px=mg—n-q,
n-px=mg—n-gq

For later convenience we define the hadronic dimension-
less variables

2E- _ i px
Xg = m ’ Y = m ’
B B
16
n- py P (16)
Ug = —, YH = —75-
mp mB

In SCET the total partonic 7 - p momentum of the jet is
a hard momentum ~m, and also appears in the SCET
Wilson coefficients. At LO, 7+ p = (m3 — ¢*)/m,, and
demanding that 7 - p is large means only that ¢ cannot
be too close to m;. For example, neither ¢g> = 0 nor
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q* =~ m3/2 modifies the power counting for 7 - p. Thus,

there is no requirement to impose a scaling that g> be
small. For convenience, in the hard coefficients we write

2
) q
C( - p, my, po, ) = C(s, my, po, php), $= 5
b
(17)

since the partonic variable s is a more natural choice in
b — s€* €~ and is equivalent at LO. For purposes of power
counting in this paper we count s ~ A°. We shall see in
Sec. IIIE that varying s causes a very mild change in the
coefficients. In Appendix B we briefly explore a different
scenario, in which s ~ A2. A distinction between two
matching scales wy and w, is made in C in order to
separate the decay rate into two w-independent pieces, as
displayed in Eq. (3). For power-counting purposes, g ~
My, ~ my and formally pg = w,,. For numerical work one
can take wo = wp.

In Eq. (13) we begin with a complete set of Dirac
structures for the vector and tensor currents in SCET,
namely

o
Fglv*)C = PR{YM) UIL; " })

n-v
(18)

F(afld = PR%{ia"”, y[“v

T] 'y[/-LnT] n[:u’ UT]}'

b
n-v n-v

These come with Wilson coefficients Co, ;. and Cy,p .4
respectively. This basis is over-complete for B — X, €€,
but considering a redundant basis makes it easy to incor-
porate pre-existing perturbative calculations for the cur-
rents into our computations. Only the coefficients C, 9,
appear at tree level, but for heavy-to-light currents it is
known that the other structures become relevant once
perturbative corrections are included. For simplicity of
notation, we treat the 1/¢> photon propagator in I’E-’) as
part of the effective-theory operator.*

To further reduce the basis in Eq. (18) we can use
(i) current conservation, g#€y, € =0, (i) g*€y,yst =
0 for massless leptons, (iii) a reduction of the tensor ')
Dirac structures into vector structures, since they are all
contracted with ¢,. Constraint (ii) allows us to eliminate
Cio.- Taken together, constraints (i) and (iii) allow us to
reduce the seven terms Co; and C5; to two independent
coefficients. For our new basis of operators we take

“If we instead demand that the momentum ¢ be collinear in
the 7 direction, with s ~ A%, then the SCET operator with a
photon field strength should be kept, and will then be contracted
with an operator with collinear leptons within SCET. In this case
there will also be additional four-quark operators needed in the
basis in Eq. (19).
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JO = Co(Xn, Pry* H )@y, 0)
2mBQT

- C77(A_/n,pPRiO-MT:]-[U)(EYM€)
+ ClOa()_(n,pPR’y#g{v)(E')/,uﬂ}%e)
+ Ciop (X p PrV* H ,) Ly, v50), (19)
and find that
C
Cy = Co +79b_ﬂc7b
n-gq
n 2mp(Cy. — Cqg) + n - qCy,
n-q-—i-q '
C7b n- q 1
C=Cp— -2,
1= Cu = T g G (20)
_ 2
X[ G Coc = naCre 1 gCr |
m
Cl()a ClOw
2n - q
Ciop = Crop + —Coc
n-qg—n-q

Our Dirac structures for the Cy and C; terms in Eq. (19)
were deliberately chosen, in order to make results for the
decay rates appear as much as possible like those in the
local OPE. The fact that the basis of SCET operators for
B — X,£* €~ involves only bilinear hadronic currents at
LO means that in the leading-order factorization theorem
we find the exact same nonperturbative shape function as
for B— X,y and B — X, {p. This is immediately evident
from the operator-based proof of factorization in Ref. [29],
for example. While the coefficients Cy;, Cy;, Cjp; in
Eq. (13) are functions only of s = (n - g)(i1 - q)/m3, the
reduction of the basis of operators brings in additional
kinematic dependence on 72 + g and n - ¢ for the C;’s (which
is also the case in analyzing exclusive dilepton decays
[47]). At tree level we have Oy, contributing to Co, and
Cio4» and a contribution from O with the photon produc-
ing an €€~ pair, which give

1, (o)
C; = " 0 CNPR 1)
7 My 7 Mo @1

ClOb = 0.

Co = CFP% (o),

Cioa = Cho,

Beyond tree level there will be C; dependence in Cq, and
Cy dependence in C;. Equation (21) indicates that with our
choice of basis the same short-distance dependence domi-
nates in SCET: Cy = Cy, etc. We explore this further in
Sec. IITE. In Eq. (21) there is no distinction as to whether
this matching is done at & = woor w = . The effective-
theory operator in Eq. (19) was defined with a factor of mpg
pulled out so that the wu-dependent factors 7, CYPR are
contained in the coefficients C;.

At one-loop order, the full-theory diagrams needed for
the matching are shown in Fig. 2 (plus wave-function
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FIG. 3.

Graphs in SCET for the matching computation.

renormalization, which is not shown). At this order the
four-quark operators O, contribute through Fig. 2(a).
The one-loop graphs in SCET with the operators in
Eq. (19) are shown in Fig. 3 (plus wave-function renor-
malization, which is not shown). There are no graphs with
four-quark operators within SCET since we treat g*> ~ A°,
so Fig. 2(a) matches directly on to Cy.

As discussed in the introduction, we perform a split-
matching procedure from the full theory above m, on to
SCET below m,, making use of two matching scales u,
and w,. Contributions from this stage of matching there-
fore take the form

B (o, ) = By(eo)Br(pp). (22)

Since O has no anomalous dimension above m,, and there
is a common universal anomalous dimension for all the

operators in Jé?q) below m,,, there is a well-defined prescrip-
tion for carrying this out. We take all contributions that
cause perturbative corrections to C;q, and Cg, to be at the
scale u,, so for this operator B;(uq) = C,p, and at one-
loop order B, (u,) includes e, (u,)In* (), eg(p) In(uyy),
and a,(u,) terms from matching the vertex diagram
Fig. 2(b) and wave-function diagrams on to SCET. The
analogous contributions from vertex diagrams for Cy and
C; are also matched at u = w,, to determine their B,(u;)’s
(for C; the full-theory tensor current has a Inu that is
matched at u = p(). The universality of the anomalous
dimensions in SCET guarantees that this procedure re-
mains well-defined at any order in perturbation theory
and can be organized into the product structure displayed
in Eq. (22). For Cy and C; there are additional non-vertex-
like contributions that are matched on to B;(u) at a scale
|
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Mo = pp. These include contributions from four-quark
operators O,_g4 in the full theory, which will match on to
Cy and C; in SCET.

The difference between the full-theory diagram in
Fig. 2(b) and the SCET graphs in Fig. 3(b) and 3(c) is IR
finite (where we must use the same IR regulator in both
theories, as is always the case for matching computations).
In the UV the full-theory graph in Fig. 2(b) plus wave-
function renormalization is u-independent since the cur-
rent is conserved. The graphs in SCET induce a © depen-
dence and an anomalous dimension for the effective-theory
currents. These terms are matched at u = u,. We start
with the basis in Eq. (13) and find

a(wp)
Cioa(to, pp) = C10|:1 + %wt‘f(& ,U«b)}

a,(pmp) (23)
Ciop,10¢(t0, #p) = Cio p b wl‘ic(s),

with a constant w(-independent C,q. The perturbative co-
efficients were computed in Ref. [27], and setting 7 -
p/my = (1 — s) we find

1
(UX(S, /,Lb) = - §|:21112(1 - S) + 2L12(S)

1-3 ’
+In(1 — s){——) + =+ 6 + 22 £L
s 12 my

+ 5111(”:/;_2) —4In(1 —s) ln<"§:—z>}
of(9 =35+ im0

V()__|:(2s 1)2(1 ) In(1 —s)—(l ;s)i|

(24)

W |

For the matching on to Cy, ; . in the basis in Eq. (13) we
have the same perturbative coefficients w,, . as for
C10a.p.c» because only the leptonic current differs:

Cou(po ) = C5™ (g )[1 + 2] (Mb) wy (s, ,U«b)}
Cls(;f‘b) a)[\]/’c(s):|

However, for Cy; there are additional contributions,
C§™ (), from the matching at uw = ug, which at one-
loop order and O(a?) includes Fig. 2(a):

(25)

Copoc(teo, pp) = Cénix(ﬂo)[

. 2 1
Cgﬂx(ﬂo) = CgDR(,lLo) + —(3C3 + C4 + 3C5 + CG) - —h(l, S)(4C3 + 4C4 + 3C5 + CG)

+ h<— S>(3C] + C2 + 3C3 + C4 + 3C5 + Cé) - —h(O S)(Cg + 3C4) + —-

my

(MO) mlx(l)( O) (26)

014005-7



KEITH S.M. LEE AND IAIN W. STEWART

where all running coefficients on the RHS are C; =
Ci(uo). We shall discuss the relation of CJ*™* to CST in
the local OPE analysis [10,11] after Eq. (33). In Eq. (26)
the functions h(1, s), h(z, s), and h(0, s) for the b-quark,
c-quark, and light-quark penguin loops are [9,11]

8 8
h(z, s) = 9 ln(%> ~gln Inz
b

|:t9(1 — {)(—177—1—1

8
RN I
1+VT=7
1- 1—{)

1
+0(f — 1)2arctan7}
N
8, 4 4
with ¢ = 4z%/s. Higher-order (O(a ) corrections in
Eq. (26) are denoted by the Cle term. An important

class of these corrections from mixing can be determined
from the NNLL analysis in Refs. [13,14,16]:

CW (o) = CNPRicg_o(s, o) + CiK1—os, o, 1)
+ Cakyg(s, o, 1i1). (28)

To determine these terms one must be careful to separate
out the factors in square brackets in Eq. (25). However we
shall not attempt to include all NNLL terms consistently
here. Contributions to CS"X @ from the penguin coefficients
C5_¢ are unknown but expected to be small (at the ~1%
level).

Lastly, we turn to the results for C;;. From the vertex

graphs we have

Craao ) = € 1+ S22 01 |

mix( ) @s () 29
Copea(o, mp) = C7™ (o) 77_b @} . a($). 29)

The w! perturbative corrections are again determined from
J

&= ot + 2

+ P (g

1
w} (s, up) + 50);‘;(8) +

PHYSICAL REVIEW D 74, 014005 (2006)

the SCET matching in Ref. [27], which (switching to s)
gives

©l(s, y) = — %[21&(1 — §) + 2Liy(s)
+1In(1 — s)<2 :4S> + 717—22 +6+ 21n2<51—z>
+5 1n<"?’;—z> — 4In(1 — s) ln<:’:—z> }
w[(s) = w](s) = 0,
ol (s) = [ 2(1 —s)In(1 — S)}

(30)

Additional contributions from other diagrams are matched
at the scale u into C™*(u,). Note that, unlike the vector
currents, the tensor current for O gets renormalized
for u >m,, and we must include the corresponding

ln(,uo/mb) in C%nix(lbbo), ie.

. n 2 ]
N Mc;mxm(m)}’ (31)
aw

where, much like in the case of Cg“ix, we have

Cé“i"(”(uo) = CI;DRKE(S, Mo) + C Ké(& Ko, 11,

+ CZKZ(Sr M0, rhc)’ (32)

and the results for wg_(s, mg), Ki—7(s, po, M), and
Ky_7(s, o, M) can be found in Ref. [48]. Contributions
to C™*M from the penguin coefficients Cs_g can be found
in Ref. [49].

Using Eq. (20), /i gn - q/m% = yy, and n - q/myz =
1 — uy, we can use the above results to give the final
coefficients for our basis of operators with the minimal
number of Dirac structures, namely

=)

)as(ll«b) [2(1

T
G = anix(//»o){l + @[mg(& Mp) — %wg(s) L Y12qls)

—up)lwl(s) — ol(s)] o)) }
(1- MH)2 ~—YH

miny - @(up) [ ypw) (s)
— O (o) Lﬂjw)

a,
Cioa = Clo{1 + #w:{(& :“b)}:

ClOb - CIO

b

—u)?
(Mb) [a’v(s) + (12_(1uH)2H_)

(I —uy) [
— (1 — up)*wl(s)
(1 —up)* —yu H
yu(l — upg)w/(s) } (33)
2(1 = uy)* — yulJ

Hwnw}
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where the terms have the structure of a sum over products
B (o)B>(pp), as desired.

In using the results in Eq. (33) one can choose to work to
different orders in the w(- and wu,-dependent terms, as
shown in Eq. (3). For the u, dependence, C™*(u,) and
C™M% () include terms from matching at myy, and running
to my, as well as matching contributions at m,, that cancel
the w, dependence from the other pieces. Thus, these
coefficients have only a small residual u, dependence,
which is canceled at higher orders, just as in the local
OPE. The C; coefficients depend on u;, both through
a,(up,) and through explicit u, dependence in w! and
o). The Inu;, dependence in w) and w! is identical, as
expected from the known independence of the anomalous
dimension on the Dirac structure in SCET. The u, depen-
dence in C;(up, o) is universal, and will cancel against the
universal wu; dependence in the jet and shape functions,
which they multiply in the decay rates. We consider the
phenomenological organization of the perturbative series
for pg and w, terms in turn.

First consider the w terms. Because of mixing, the sizes
of contributions to CyPR are comparable at LL and NLL
orders [10,11], so a reasonable first approximation is to
take the NLL result (just as for the local OPE decay rate).
This entails dropping the O(a,) matching corrections
C’Qm"(l) and C™ " and running Cy at NLL order with C,
at LL order. As an improved approximation, we would then
adopt the operationally well-defined NNLL approach [13]
of running both Cy and C; to NLL order and keeping the
O(a,) matching corrections at m,.>

Below m,, there are Sudakov logarithms. For the w,
dependence, the RG evolution in SCET sums these
double-logarithmic series. As a first approximation we
could take the LL and NLL running in Ug(up, @;) and
Us(u;, mp) in Eq. (3), while using tree-level matching for
By(up) and J(w;). This is consistent because the NLL
running is equivalent to LL running in a single-log resum-
mation. As a second approximation we could then take
NNLL running in both terms and include one-loop match-
ing for both B,(u;) and J(w;). However since the scales
m3 3> m, A 3> 1 GeV? are not as well separated as m3, >
m2, we could instead consider the second approximation to
include the one-loop matching for B,(w;,) and 7 (u;) with
NLL running, but without including the full NNLL running
(for which parts remain unknown).

Our procedure for split matching above was based on the
nonrenormalization of O, in QCD. It can also be thought
of as matching in two steps. First one matches at wq on to
the scale-invariant operators

SWe assume that matching at the high scale, my, is always
done at the order appropriate to the running of Uy (i, Ko) in

Eq. 3).

PHYSICAL REVIEW D 74, 014005 (2006)

JO = Crix(5Pgy#b) Ly, €) + Cio(3Pry*b)(€y,v50)

2 _
P91 [(5Prictb)(w=my)|(Ty,€), (34)
q

__ (mix
C7

to determine the coefficients CJ'¢*. These coefficients are
Mo independent at the order in perturbation theory to which
the matching is done. Secondly, the operators in Eq. (34)
are matched on to the SCET currents in Eq. (19) at the scale
. to determine the coefficients C;, Co, Cyq, - In Eq. (34)
the operators for Cg‘i" and C, are conserved, but the tensor
current has an anomalous dimension, and so we take u =
my, as a reference point for matching on to a scale-invariant
operator. This choice corresponds to the Inm; factor in
Eq. (31) for CQ“X. A different choice will affect the division
of a,(uy) or a,(u;) terms. Note that Eq. (34) should be
thought of only as an auxiliary step to facilitate the split
matching; there is no sense in which the running of the
tensor current is relevant by itself. In general the split-
matching procedure could be carried out in a manner that
gives different constant terms at a given order, but any such
ambiguity will cancel order by order in C; and Cqy (and
explicitly if pg = wp).

Finally, note that our w,, differs from the result for w®
identified in Ref. [11] for the partonic semileptonic decay
rate when using the local OPE,

PE

semi

wmﬁ==—%[2hﬂﬂhﬁl—s)+4Lhu)

54+4s\  2s(1+ 5)(1 —2s)
F (= s)<1 + 2s> (=92 +25) "
(5+9s —6s2) 272
_u1—@u+zg+_?} (35)

Here wQPE contains both vertex and bremsstrahlung con-

tributions evaluated in the full theory. Grouping these
contributions with the Wilson coefficient for Oy gives

Chei () = () + PP S o0 (3
which is CT in the notation in Ref. [10]. At LO, the
restricted phase space in the shape-function region causes
bremsstrahlung to contribute only to the jet and shape
functions, and not at the scale p =~ m,,. The shape function
and jet function also modify the contributions from the
vertex graphs. Thus, instead of @OFE the final results in the
shape-function region are given by our w! and w! factors
appearing in Cy; and C;. Consequently, the main differ-
ence is in the terms we match at 4 = u;, while the terms
matched at u = u, that appear in C§™* and CP'* are

identical to terms appearing in the local OPE analysis.

B. RG evolution between u;, and u;

The running of the Wilson coefficients in SCET from the
scale u ~ mj to u? ~ my,Aqcp involves double Sudakov
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logarithms and was derived in Refs. [26,27] at NLL order.
The SCET running is independent of the Dirac structure of
the currents, which is a reflection of the spin symmetry
structure of the current. We briefly outline a short argument
for why this is true to all orders in perturbation theory. The
leading-order currents in SCET have the structure

J = (&W),I(Yth,), (37

and we wish to see that their anomalous dimension is
independent of I'. The anomalous dimensions are com-
puted from the UV structure of SCET loop diagrams, with
the Lagrangians in Eq. (9). Soft gluon loops involve con-
tractions between the Wilson line Y1 and the ,, and do not

change the Dirac structure. Next consider the collinear
J

PHYSICAL REVIEW D 74, 014005 (2006)

loops. The attachment of a gluon from the Wilson line W
to the collinear quark gives a factor of a projection matrix,
which can be pushed through v, ’s to give &,/4#/4 = &,.
Thus it does not modify the Dirac structure, so only
insertions from the ip11/(ifi - D,)ilp} term are of con-

cern. These terms give structures of the form
125,")7”'3/ - ’L”Fuib), where all w; indices are con-

tracted with each other. Using {y/, "} =2¢|" and
y’i 7f; = d — 2 we can reduce this product to terms with
zero vy ’s since all vector indices are contracted. Hence all
diagrams reduce to having the Dirac structure that was
present at tree level, a"Tul?.

Thus, all the LO coefficients obey the same homoge-

neous anomalous dimension equation,

poeCiw) = [ Tag(@) (%) + 7@ Jow)

=P%Mm%jhmwmwm@JWw (38)

This must be integrated together with the beta function 8 = ud/dua,(u) to solve for Uy in

Ci(mi) = \JUn (i, p)Ci( ). (39)

In the second line of Eq. (38) we used the fact that P gives the total partonic /i - p momentum of the jet X, in the B —
X,€* €~ matrix element, and we introduced artificial dependence on the matching scale w, in order to make the 7 - p
dependence appear in a small logarithm. Here 71 - p = m;, — 71 - q. We write

[e e}

) cus n+1
[eusp = Z re 9(477-) ,

n=0 n=0

7= Y

a. \ntl1 had a . \ntl1
N _ _2 S . 4
o B ch%ﬁ%@-) (40)

At NLL order we need By = 11C4/3 — 2n;/3, By = 34C3/3 — 10C,n;/3 — 2Cpn; and

67 2 5
TS = 4C,, T =8CB=8Cs| Cul= — =) —2ns | Fo=—5Ck 1)
18 6 9
[
where C, = 3 and Cr = 4/3 for SU(3). For the number of () a,(w;) 21 43)
= rn\m;) = = ,
active flavors we take n, = 4 since we are running below 1 a,(uy) 27+ Boay(wy) In(i;/my)
my. The cusp anomalous dimension I'{"**? was computed in )
Ref. [50], and the result for I'5"P was recently found in ~ With
Ref. [51]. RG evolution in SCET at NNLL order has been AmCr 1
considered in Refs. [44,52]. For the NNLL result one needs go(r)) = — 5 [r_ — 1 +Inry :|,
5P, ¥, and B,. For ¥, an independent calculation does 0 L
not exist, but a conjecture for its value was give'zn. in g(r - p)=— CF:?I [1 —r + 7 Inry — llnzrl}
Ref. [44] based on the structure of the three-loop splitting 0 2
function [51]. For the sake of clarity we stick to NLL order Cr[5 i p
here. The result is + E [— - 21n< i )} Inry
_ 2CpB
Fh— ~lnr] (44)

Up(pi, pp) = ex p[ g?i:;;

kMﬁm@ 42)

where the independent variable is u; and

This is the form for the universal running of the LO SCET
currents found in Ref. [27]. Switching to a,(w;) as the
independent variable, with r; = a,(u;)/a,(u;), gives
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i+ p\~@4Cp/By)Inr 2g0(r1)
UH(/'Li;Mb)=<—p> ’ leXP[ S0t +2g 1(”1)}
Mp s(u b)

(45)

where gq(r;) is as in Eq. (44) and

5
FB] In 2 ry + i lnrl
230 230

+ B—g (2B,

gi(r) =

- ﬂl)(l At + lnrl). (46)

This form of the evolution with a,(u) as the variable was
used in Ref. [34], and is also the one we adopt here. The
decay rate is computed from a time-ordered product of
currents and so at the intermediate scale u? ~ m;, A will

involve products
|

PHYSICAL REVIEW D 74, 014005 (2006)

Cilmi mo)Cilpis o) = Uiy wp)Cil oy 0)Ci( s, o),
47)

explaining why we used a notation with /Uy in Eq. (39).

C. Hadronic tensor and decay rates

In the last two sections we constructed the required basis
of SCET current operators with matching at ,u% ~ pr~
m? and evolution to u? ~ m,A. At the scale u; we take
time-ordered products of the SCET currents and compute
the decay rates using the optical theorem. In this section we
discuss the tensor decomposition of the time-ordered prod-
ucts and results for differential decay rates.

In order to simplify the computation of decay rates it is
useful to write the sum of hadronic operators as a sum of
left-handed and right-handed terms since for massless
leptons we have only LL or RR contributions [20]. Doing
this for our current, we have

=[Cy — ClOa]()_(n’}’MPL}[u)(EY’LPLf) +[Co + ClOa](inYMPLg'[U)(E)’“PRf) + ClOb(/?nU,LPR}[v)(g)’“Vse)

2
=0, 80 (i, ) )
= (T Lt + g, L), (48)
where
_ _ 2
= IyhPL, = TyhPel, T = XnPR[(cg ¥ Coogy# + & 2T cmbvﬂ}ﬂ b= 0l
q

Thus, the inclusive decay rate for B — X £*€~ is proportional to (W5, L;"" + WX L{"), where the leptonic parts L ?(23

and hadronic parts W#"

L(r) are given by

LL(R) Z[IL(R)(PJr)Y”lL(R)(P )][ZL(R)(p )% lL(R)(P+)]

spin

and

2AAphip? + prph — g py - p_ F ie**Fp,p_gl (50)

1 _ _
Wiid = S Z(zw)364(p3 — g — p)BIEPT XXX B)

= —gu,,WlL(R) +v,v WZL( ) + [€,400pV qBWL< ) + q,uq,,Wj( ) + (vuq, + v,,qM)WL(R) (51

Here, we use relativistic normalization for the |B) states. For convenience, we define projection tensors P#” so that

Wi = PrrwL (52)
They are
wr _ L, @RV + ghgt — v g(vtg” + vPgH) wr 3PP+ g*ghr — qtq”
2 2Ag” = (w-q)] [¢* — (v~ q)°] (53)
P’“”:Lﬁqavﬁ #v:g’LV—UMUV+3P’f“V P#V:gﬂy+4P{LV_P£LV_q2P5V‘
3 2[q2 _ (U . q)2] 4 [q2 _ (U K q)z] 5 g

The optical theorem relates Wff,,m to the forward-scattering amplitude defined as
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wv
sz

with an analogous definition for 7%, giving

WL = — 1 ImT%, WR = — 1 ImTX. (55)
p T

1 1

Contracting the lepton tensor Lj ;) with W, and ne-

glecting the mass of the leptons give the differential decay
rate

T 96
————— =Ty—=[¢*W, + QE_E, — ¢*/2)W.
dq*dE_dE, om%[q Pt ( + =g /2DW,
+ qz(Ef —E)W;3]04E_E, — qz)y
(56)

where E. =v - p., W) = Wk + WK W, = Wt + WX,
W; = W5 — WX and the normalization factor is

_ Gimy a?
* 1927 1677

Vi Vil (57)

|

1 a’r
FO ddedeuH

where W; = W;(ug, yg). For a strict SCET expansion we
want n - py <K i1+ py i.e. uy < yy. However, it is useful
to keep the full dependence on the phase-space prefactors
rather than expanding them, because it is then simpler to
make contact with the total rate in the local OPE, as
emphasized recently in Refs. [53,54], and so we keep these

PHYSICAL REVIEW D 74, 014005 (2006)

e S _ .
TL = _— [d4xe*’q"‘<B|TJILLT(x)J,%(O)lB} = =g, Tt +v,v,T5 + i€,,,5v*qPTs + q,q9, T + (v,q, + v,q,)TE,

(54)

[

The W; are functions of ¢ and v-qg=v - (p; + p_).
Another quantity of interest is the forward-backward
asymmetry in the variable

v p- v py
V- q) — ¢
where 6 is the angle between the B and €* in the CM frame

of the £ €~ pair:

d*A 1 i 0 4T
B j’ d(cosh) sign(cosf)
1

cosf = , (58)

dv-gdg® |- Iy  dv-qdg*dcosd
4847
=—[(vq) — ¢*IW;. (59)
mpg
In terms of the dimensionless variables
2F,- i - .
Xy = 4 ) yH:M, MHZM’ (60)
mpg mpg mpg

the triply differential decay rate is

= 24mg(yy — MH){(I —up)(1 — )W, + %(1 —xy — up)xy + 3y — DW,

+ %(1 —uy)(l — u)Q2xy + uy + yy — 2)W3}’ (61)
[
Fiod)'f;u;, =24mg(Fy — MH)Z{(I —up)(1 —y)W,
+ 1—12()7H - ”H)2W2}»

factors here. We shall also keep the formally subleading
kinematic prefactors in our hard functions rather than
expanding them as we did in Ref. [38]. Other variables
of interest include the dilepton and hadronic invariant
masses,

2 m2
= sy ="K (62)
mp mp
where
SH = UyYn, yu =1 —uy)(l = yy), (63)

so that [y = uy]

1
Fm uny = 5[1 —ygtsp = \/(1 —yu +sp)? — 4syl
(64)

A few interesting doubly differential spectra are

X{12yy Wy +[(1 =y + sp)* — 4sy Wy},
1 d2F sz
J— = 1— 2 _ 2
FO ddeMH (1 — MH)3 [( MH) yH]

2
{12uy (1 — uy)(uy — sp)W,

1 T 2mp(sy —u)
FO dSHdl/tH u%

+ (s — up)* Wl (65)

For doubly differential forward-backward asymmetries we
find
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&2A ] )
Gy~ 00— (= )1 = 5i)Ws

d*A

= = omyyul(1 — yu + sy)* — 4sylWs,
ddeSH (66)
dzAFB = 6m2 yH[(l - MH)2 - yH:P
- mB 4 W3J

ddel/tH (1 — uH)

dZAFB _ 6m2 (SH - ”%—1)3(”H - SH)(l - MH) W
dSHdMH B u?_] 3

D. LO matrix elements in SCET

At lowest order in the A/m, expansion, the only time-
ordered product consists of two lowest-order currents 7 (e%)
as shown in Fig. 4. The factorization of hard contributions
into the SCET Wilson coefficients and the decoupling of
soft and collinear gluons at lowest order are identical to the
steps for B — X,y and B — X,{», and directly give the
factorization theorem for these time-ordered products [29].
The SCET result agrees with the factorization theorem of
Korchemsky and Sterman [31]. However, the structure of
ay(y/m,A) and a,(m,,) corrections differs from the parton-
model rate, as mentioned in Refs. [33,34]. Beyond lowest
order in a,(m;) the kinematic dependences also differ, as
mentioned in Ref. [38]. For B — X,{», the final triply
differential rate with perturbative corrections at O(a;)
can be found in Refs. [33,34].

The factorization and use of the optical theorem is
carried out at the scale u = u;, and we expand W; =
WO + w? + in powers of A = (Agep/myp)'/? (with
no linear term). For B — X, £" ¢~ we have bilinear had-

ronic current operators in SCET in Eq. (19) and so, as is the
case for B — X, €, we find

p+
W = n(p%, px. Mi)fo Akt TO(pT kT, p)
X FOUT + A = ph, ). (67)

This result is important, since it states that the same shape
function f© appears in B — X, €7 €~ as appears in B —
X,y and B — X,€v. This formula relies on the power
counting s ~ yy ~ A° that we adopted (and would not be
true for the counting s ~ A2 discussed in Appendix B). At
tree level the structure of this factorization theorem is
illustrated by Fig. 4. The hard coefficients here are
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\K—p; K—p;/
0 X
_____ +______

e

FIG. 4 (color online). Time-ordered product for the leading-
order factorization theorem.

hi(px, Py, mi) = % T P, TLATL 1P}
+ 3 TP, PRATEIPL,

ha(px, Px» i) = % Tr P, TLATLIPY” )
+ % Tr[ P, TR ATRPL”,

h3(px, Px» i) = % T P, TLATLIPY”
- 4 TPTEATEIPS,

with P, = (1 + #)/2 and T = y°T'T9°. In Eq. (67) we

have the same leading-order shape function as in B —
X,y and B — X,{7, namely

1 T bt 1A _
PO ) =5 [ G BT DI, 018,
— SBJRS(" —in-DRIB)  (©9)

where ¥# = 1 - xn* /2. This function was first discussed in
Ref. [24]. The jet function is defined by 7@ (p~, k*) =
(=1/m) Imjfg):p—(kﬂ X 6(py — kT), where

o)

dkt . -
= 8o~ @))al") [ oo m PTG,

1
TOp~, zp%, wi) = —+{5(Z)|:1 +
Px

+

ay(n;)Cp [ (41nz
4 [(

(70)
and is known at one-loop order [33,34], namely
|
. -+ -+
a,(u;)Cr (21H2P I;X _ 3lnp IZ)X 17— 77.2)}
4 M M
P~ px 1

) + <4ln X _ 3)—}0(2)}0(1 -2, (1)

z J+ M (2)+
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where z = k™ /p%. Despite appearances, only the combi-
nation zpy appears in J© apart from the (1 — z). This
last @ function is induced by the soft function and, when
one takes the imaginary part of the full time-ordered
product, affects the complex structure. Therefore, we in-
clude it in our definition of 7@ (p~, k™).

E. RG evolution between p, and u;

The function f© cannot be computed in perturbation
theory and must therefore be extracted from data. This
same function appears at LO in the B — Xy, B— X, {v
and B — X, "¢~ decay rates. In practice, a model for f©
is written down with a few parameters, which are fitted to
the data. The support of fO(A — r*)is —oo to A since
rt € [0, ). It is often convenient to switch variables to
FOGF*) = fO(A — r*) which has support from 0 to oo,
although we shall keep using f© here. A typical three-
parameter model is [36,53]

f(O)(j_\ - r+y MA) = f(O)(rer IU“A)

_ab(rtbt —ar
T T)L? p( L

+)e(r+), (72)

where a, b are dimensionless and L ~ Agcp. These pa-
rameters can be fitted to the B — Xy photon spectrum and
the function f© can then be used elsewhere. The most
natural scale to fix this model at is uw = u, ~ 1 GeV, at
which it contains no large logarithms. The result of evolv-
ing the shape function to the intermediate scale is then [34]

f(o)(]\ — r+’ Mi) = eVs(lLivl-’«A)

['(n)
rt +/f(0)(/_\ - r-H) lu/A)
X ﬁ dr MX(’"+ e (73)

(The structure of this result also applies at higher orders in
RG-improved perturbation theory [44], and at one-loop
order a similar structure was considered earlier, in
Ref. [55].) At NLL order

e
V(s )=—[—
SULE BT 5 87 | ay ()

rewse Bl 1
()]
<Fo P Bo r ?

cusp

-2 _yolnr, — Yo Inr,, (74)

Bo Bo

cusp
0

0

(7'2 —-1- lnr2) + zﬁ—'Bl()lnzrz

n= Inr,.
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Here, ry = a,(uy)/ag(n;), Iy and I']"P are the same as
in Sec. I[I B and yy = —2Cp. For numerical integration this
can be rewritten in the form

+
FOR = ) = evsm,-,w#(’_)”
(1 + m) \ua

x f LatfOR = (1= 1), ).
0
(75)

III. B — X,¢* ¢~ SPECTRA IN THE SHAPE-
FUNCTION REGION

A. Triply differential spectrum

At lowest order in the power expansion, Egs. (53) and
(67) give the result

WZ(O) = hl(P);’ p}—’ mp, Ml) jpx dk+\7(0)(p_y k+1 /'l’l)
0
X fO&T + A = py, wo) (76)

where RG evolution from the hard scale to the intermediate
scale gives

hi(px, px» i) = Up(s wp)hi(px, x> i), (77)

and the results at u = u,; are determined from the traces in
Eq. (68):

1 2 Re[C,C;
(s P ) = (G + [P+ 122
2
T o
(I =73n)
21 —u
ha(P%, P 1) = ﬁuw £ 1Cuoal?
% |C10b|2
+ Re[C10,Cop)) + 5 (78)
O slep
(1 =35)Gn — uy)’
_ —4Re[C(,C7]
+ _ al7
halpx, P, o) mg(l = 35) Ty — ug)
. 2Re[C0,C5]

mp(Yy — uy)

Here C; = Ci(px, %, tp» Mo, Mp), so these hard coeffi-
cients also depend on m; and have residual u, scale
dependence. Explicit formulas are given in Eq. (33). For
convenience we define
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]7; _ -
FOp3, px) = Un(p,, /Uvb)j;) dk* TOp~ k', w) fOKT + A = pf, wy)
1 _
= pyUn(u;, ,ub)j;) dz7O(p~, zp%, p) fOA = pi(1 = 2), ). (79)

where py = p~ + A. In terms of this function,

W = hi(p¥. px. mo) FO(p3, px)- (80)
We find that to NLL order

_ . ay(u;)C P px P px
FO(ps%, px) = Un(pi, ) fOA = py, i) + Uy(p;, Mb)#{(21n2 MZX —3lIn MZX +7— 772>

"
X fO(R — pi, ) + [0 ‘ %[an”ﬂ# - S}U“’)(/_\ — pi(l =2 w) — FOR - pi., u,-)]}. (81)

Note that, until we include the a; corrections from the jet function, F©) is independent of py, so that all of this dependence
is in the h;(py, py, 1) functions.
Now, the triply differential decay rate in Eq. (61) becomes

1 a*’r

_ _ 1 _
Ty dxyds iy, = 24mp(y — MH){(I —uy)(1 — Jy)hy + 5(1 —xy — uy)xy + g — Dhy

m _ _ _
+ 78(1 —ug)(1 = yu)Qxy + uy + yy — 2)h3}F(0)(mBuH; mgu), (82)

[
ence of products of left- and right-handed currents and so

should not agree in this limit.

with /1, 3 from Eq. (78). As a check on this result, one can
make the substitutions

Coo = —Cioa = 1/2, C;=Cipp =0,
’ (1;0 / 4G7 1o 83) B. d*T'/dg*dm?% spectrum with ¢*> and my cuts
F& " F . . .
— VuVii—= — Vo, Next we discuss doubly differential rates and forward-
\/Z’]T th V. \/z b y

backward asymmetries. For d*I"/dg*dm?% the rate is ob-

after which the i; and A, terms in Eq. (82) agree with terms
in the leading-order shape-function spectrum for B —
X, €v [33,56]. The h; term for B — X, €€ was the differ-
|

tained from Eq. (82) by integrating over xy and changing
variables. In terms of dimensionless variables y; = ¢*/m3
and sy = m%/m% we have

1 4T ! _
F_ ——— = H"(yy, sH)mBF(O)(mBuH(yH: Sp), mpyu (Y, Sp))
0 dyudsy (84)
1 d%A i _
= D = K‘”()’H: SH)mBF(O)(mBuH(yHr SH)’ mByH(yH’ SH)):
FO ddeSH
where
H(yy, sp) = 2\/(1 —yu tsp)* — 4sy{12yphy + [(1 — yy + sp)* — dsylho), (85)

K (yy, sy) = 6yul(1 — yy + sp)* — 4sylhs

and we need to substitute /3 from Eq. (78) and uy(yy, sy) and yy(yy, sg), as given in Eq. (64). When one takes

experimental cuts on ¢ and m%,

max

VI <y < yp=,

0<sy<sY, (86)

the limits on the doubly differential rate and forward-backward asymmetry in Eq. (84) are

D yE" =ym = yp™

2) 0=sy=sY

0 = sy = min{s%, (1 — /yp)*}
Y = yy = min{y§™, (1 — /s5)*}, (87)
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depending on the desired order of integration.
C. d*T'/dm%dp5; spectrum with ¢> and my cuts
The hadronic invariant-mass spectrum and forward-backward asymmetry can be obtained by integrating the doubly

differential spectra
(88)

FO dSHduH

1 d*T
= H*(spy, MH)mBF(0)<mB”Hy mp
u

s 1 d*A s
—_ H FB = KS(SH, uH)mBF(O) MpUy, mB—H
r(] dSHdMH Uy

i
H

over uy. Here

4(sy — u)?
(s — ) {(1 )ty — 1) Gty — 2531 — 12)(Col + 1Caoul?) + 4y Guty — 517 — 222

M) = =Sy
1201 = )ty — ) RECHC51+ (1= )y = 5oy — ) RelCy oy
(i~ 5u)o — 16,
1205y — u2)? (g — sp)(1 — 2
K ) = — 2 Z 0O el 2 el ).

and the limits with g*> and my cuts are

max{sy, u;(sy)} = uy = min{\/sy, ur(sy)},
1+ sy — ypin — \/(1 + sy — yRin)? — 4sy 1+ sy — ymax — \/(1 + sy — yP)? — 4sy

uy(sy) = 3 , uy(sy) = ) .

(90)

D. d*T'/dq¢*dp}; spectrum with ¢ and my cuts
From Egs. (65) and the above results, we can obtain the dilepton invariant-mass spectrum and forward-backward

asymmetry, for example, by integrating the doubly differential spectra

1 4T 1 - -

= o = H (v, up)mpF O mguy, my —y_H t),

FO ddeMH 1 Uy (91)
1 d°A 1 —yy—u

over uy. Here

A1 = uy)? — yu P
1Yy ) = 0 )" = Vi {yHm ) + 251G+ 1Croal?) + 1801 — w)? + dyy]ICH 1
yH(l MH)
1 _ 2 _ 2
+ 12y5(1 = ug) Re[C,C5] + yul(1 — up)?* — yulRe[C10aCiop] + yul( A1 M_HLH)Z vl |C10b|2}, (92)

—12 1—uy)?— 2 2(1 —u
Ky(yH; u]-]) — yH[((l — H)3 yH] {RC[CQCTOu] + ( H) RC[C7 Toa]},
Up) YH

and the limits of integration with cuts are

L+ sY —yy — /(A + 5% —yp)? — 459
H ™~ YH \/ H ™ YH H}‘ 93)

ygi“ <yg <yp*, 0=uy = min{l - D 2
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The opposite order of integration is also useful:

OSMHSI,

min (= uy)uy — 521)

) = ma
Uy

}, Valiugg) = min{y, (1 — )2

PHYSICAL REVIEW D 74, 014005 (2006)

yilug) <y <y(up),
(94)

The doubly differential rate can also be expressed in terms of the coefficients Cgli", C‘7“ix, and Cj. This is one step closer
to the short-distance coefficients Cy, C5, and C( of Hy, which we wish to measure in order to test the standard model
predictions for the corresponding FCNC interactions. Substituting Eq. (33) into Eq. (92) gives

, A1 — uy)? — yy? . 8(1 — upy)?
HY(yy, uy) = L a _H) 3yH] {|C9“x(& M0)|2[4Q%(& Mp) + MQ%(& ,ub)}
Up) YH
+ [1Cx(s, w)l* + Cio2y5 Q3 (s, mp) + (1 — up)* Q3 vy, up, s, )]
- Re[CP(s, 120) O (s, o) T12(1 = ug) (s, m]} ©5)
—12 1 —up)? — yuP . " 2(1 —u . "
Ky(yH, MH) = yH[((l — H)3 yH] {Re[crgmx(s’ /“LO)CIU]Q?A(& [,Lb) + u Re[cgmx(s’ Iu‘O)ClU]
”H) YH
X Qas, 1), W},
where s = g*/m? and
I
Q= 1 S o, 0= 1 B ) o) + S s ) |
T T 2(1 MH)
0c =1+ 0T ) — (s ) — 05 1) 6)

o 1 —uy)*+
= 1+ S 705 ) = 0l a) — I 0l )|

2(1 —

This is the form that turned out to be the most useful for the
analysis in Ref. [30].

E. Numerical analysis of Wilson coefficients

As shown in Fig. 1, for the small-¢g> window (g% <
6 GeV?) we have py < py . Generically, the hard contri-
butions in Cy, C7, and Cjg, 1o, from our split-matching
procedure depend on the variable ¢®. In Fig. 5 we plot
the ¢*> dependence of the real part of the coefficients and
see that there is in fact very little numerical change over the
low-
g* window. Here Re[Cy°d!] varies by +1.5%, Re[CT™*] by
+1%, and the real parts of {Co, C7,Ciow Ciops by
{£1%, +5%, =2%, =3%}. The imaginary parts are either
very small or also change by only a few percent over the
low-g? window. The analytic formulas for the g> depen-
dence mean that there is no problem keeping the exact
dependence, but this does make it necessary to perform
integrals over regions in ¢> numerically. A reasonable first
approximation can actually be obtained by fixing a con-
stant ¢ in the hard coefficients, while keeping the full g>
dependence elsewhere.

5 QEZ(ZQAQD+QBQC)/3

[
Since the coefficients change very little with g*> we

continue our numerical analysis by fixing ¢g*> = 3 GeV?2.
If we then take wo = u, = my, = 4.8 GeV, m,(uy) =
4.17 GeV, m./m, = 0.292 and py =0 we find that
Eq. (33) gives

Cy = 0.826CTX + 0.097 Cix
Cmix Cmix
= 3.448 = — 0.030 —5x»
C3 C3 N
C; = 0.823CT* + 0.001CPx

¢ ¢y

These numbers indicate that, despite the entanglement of
CP% in C79 due to ay(m,) corrections, numerically Cy is
dominated by Cy and C; is dominated by C5 in the standard
model.

For the coefficients at g = 3.0 GeV?, with the other
parameters as above, we have
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Real Parts CJmx
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FIG. 5 (color online). Comparison of the real part of Wilson
coefficients at uy = u, = 4.8 GeV with m./m;, = 0.292,
mp(pg) = 4.17 GeV, and m;, = 4.8 GeV. For Cy, C;, and C,,
we take py =

mix — 4,487 + 0.046i,
Cix = —(.248,
Co(uy = 0) = 3.683 + 0.038i,
Crluy = 0) = —0.198 + 6 X 1075,

Coluy = 0.2) = 3.663 + 0.038i (98)
Coluy = 0.2) = —0.193 + 1074,
Cioa = —3.809,

ClOb(uH = O) = 0214,
ClOb(uH = 02) = (0.237.

The relevant range of py in Fig. 1 gives 0 < uy = 0.2.
From the above numbers it is easy to see that the ugy
dependence of Cy, C7, and Cj,, is very mild over the range
of interest. The perturbative a, corrections due to )"’
reduce both Cy and C; by 17% relative to C3'* and CX
respectively, and C;o, by 15%. This can be seen both in
Fig. 5 and in Eq. (98), when one notes that C;q = —4.480.
Comparing with coefficients in the local OPE, we note that
the wOPE factor, which accounts for the difference between
Cleal and C, is significantly smaller than the combina-
tion of e, corrections in the w) terms that shifts Cy from its
lowest-order value.

In quoting the above numbers, we have not varied the
scales o and w,. The main point was to compare the size
of the hard corrections in the shape-function and local OPE
regions, and to see how much deviation from C‘{‘ig" they
cause. The dependence on . for the C; is similar to that in
the local OPE analysis at NLL [10,11] and will be reduced
by a similar amount when the full NNLL expressions are
included in C‘{‘}j‘. The w, dependence of the C; is fairly

strong because of the appearance of double logarithms, but
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it is canceled by the u, dependence in the function F©,
which contains the NLL jet and shape functions.

IV. CONCLUSION

In this paper we have performed a model-independent
analysis of B — X £*¢~ decays with cuts giving the
small-g*> window and an my cut to remove b — ¢ back-
grounds. These cuts put us in the shape-function region.
We analyzed the rate for the formal counting with g% ~ A°
and m% ~ A? and showed that the same universal shape
function as in B — X, €7 and B — X,y is the only non-
perturbative input needed for these decays. We also devel-
oped a new effective-theory technique of split matching.
Split matching between two effective theories is done not
at a single scale w, but rather at two nearby scales. For B —
X, €€~ this allowed us to decouple the perturbation-
theory analysis above and below m,,, which simplifies the
organization of the a; contributions.

In Sec. III we presented the leading-power triply differ-
ential spectrum and doubly differential forward-backward
asymmetry with renormalization-group evolution and
matching to O(a;,). Above the scale m,, we restricted
our analysis to include the standard NLL terms from the
local OPE, but illustrated how terms from NNLL can be
incorporated. Below m; we considered running to NLL
and matching at one-loop (NNLL evolution will be
straightforward to incorporate if desired). We then com-
puted several phenomenologically relevant doubly differ-
ential spectra with phase-space cuts on ¢ and my (from
which the singly differential spectra can be obtained by
numerical integration). In Sec. II E we discussed the nu-
merical size of our perturbative hard coefficients and com-
pared them to the local OPE results.

Our results for the doubly differential rate in Eqgs. (91)
and (92), together with F©©) from Eq. (81), determine the
shape-function-dependent rate for B — X £* ¢~ . Using as
input a result for the nonperturbative shape function f©
from a fit to the B — X,y spectrum or from B — X, {7
gives a model-independent result for B — X, ¢~ with
phase-space cuts. A full investigation of the my-cut depen-
dence and phenomenology is carried out in a companion
publication [30]. An intriguing universality of the cut
dependence is found, which makes the experimental ex-
traction of short-distance Wilson coefficients in the pres-
ence of cuts much simpler. An extension of the analysis of
this paper to include subleading shape-function effects will
be presented in the near future [57].
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APPENDIX A: WILSON COEFFICIENTS

The coefficients and functions that appear in Eq. (6) are defined as follows [10].

CoM) = = S AE /M),

CuMy) = = 3 /M),

Y&) = Cx) — B(),  Z(x) = Cx) + %D(x),

x(8x2 +5x—7)  x*(2—3x) X X
Alx) = 1 B(x) = + Inx,
O =—a =1 2—1F O =10—n o™
x(x—=6) x(Bx+2) —19x3 + 2522 x*(5x* —2x—6) 4
Clx) = + Inx, D(x) = Inx — = Inx,
O =3a=D "sa-12 ™ ) =56 =1y 18— 1F M og™
x(18 — 11x — x2)  x%2(15 — 16x + 4x?) 2 x(x*> —5x —2) 3x?
E(x) = + Inx — = Inx, F(x) = Inx,
(x) 12(1 — x3 6(1 — x)* S e W= o™
and
3 1
t; = <2.2996, —1.0880, — 7 - 7R —0.6494, —0.0380, —0.0186, _0.0057>,
14 16 6 12
= —,—,—, ——, 0.4086, —0.4230, —0.8994, 0.1456 |,
ai <23 2323 23 99 )
= 0 —& i 0.0433,0.1384, 0.1648, —0.0073
p[ < y Uy 203) 33) . y Yo y U ) . >1

1

NDR = (0, 0,0.8966, —0.1960, —0.2011, 0.1328, —0.0292, —0.1858),

s; = (0,0, —0.2009, —0.3579, 0.0490, —0.3616, —0.3554, 0.0072),
q; = (0,0,0,0,0.0318,0.0918, —0.2700, 0.0059).

APPENDIX B: THE CASE OF COLLINEAR ¢?

In the body of the paper we used g> ~ A°. We were free
to choose this counting since the power counting for the
leptonic variable ¢ does not affect the counting for py in
the shape-function region. (The only restriction was not to
have q2 too close to mi.) However, we are free to consider
other choices. In this appendix we consider how our analy-
sis will change if we instead take >~ A2. With this
scaling, new physical degrees of freedom are needed at
leading order in SCET, making the analysis more compli-
cated. In particular we must consider graphs with quark
fields that are collinear to the collinear photon (or dilepton
pair), since with this power counting we have (¢°)*> > ¢°.

An example of a new nonzero graph is the one generated
by four-quark operators within SCET, as shown in Fig. 6,
which involve these additional degrees of freedom. In this
graph we have a light-quark loop of collinear-7 fields that
are collinear to the virtual photon. The presence of this type
of diagram changes the hard matching at w;, = m,. It also
means that we have a more complicated pattern of operator
mixing within SCET, since divergences in the displayed
diagram will cause an evolution for Cy, etc. Therefore, the
running below m; will no longer be universal. In the
presence of these diagrams the jet function will also no

[

longer be given by a single bilinear operator, since it will
also involve some contributions with a factorized matrix
element of #i-fields, which are also integrated out at
p? ~ my, Aqep. Finally, the appearance of these additional
degrees of freedom might also affect the number of non-
perturbative shape functions that appear in the factoriza-
tion theorem. It would be interesting to carry out a detailed
analysis of this g2 ~ A? case in the future.

In B — X,y at lowest order, the analog of the graph in
Fig. 6 vanishes at one-loop order, and this argument can be
extended to include higher orders in «; [44]. This relies on
the fact that here g> = 0 and does not generate a scale. We
find that the same reasoning does not apply for B — X €€
for parametrically small but finite g?.

e+

FIG. 6. Additional graphs in SCET for the matching compu-
tation for the case where g> ~ A2
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Finally, we comment on the possibility of penguin
charm-loop effects. In our analysis we integrated out the
charm loops at the same time as the bottom loops. This is
reasonable when treating g> ~ A°. One could also consider
the case m2 ~ m, A, which is also reasonable numerically.
This type of power counting was considered for the simpler

case of B — X {7 decays with energetic X, in Ref. [58]

PHYSICAL REVIEW D 74, 014005 (2006)

and it would be interesting to extend this to B — X €. We
remark that the problematic region for B — 7r7r factoriza-
tion theorems [59-62], which is near the charm threshold,
g* ~ 4m?2, is not relevant for our analysis. The experimen-
tal cuts on g2 explicitly remove the known large contribu-
tions from this region.
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