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We calculate the fraction of 8B solar neutrinos that arrive at the Earth as a �2 mass eigenstate as a
function of the neutrino energy. Weighting this fraction with the 8B neutrino energy spectrum and the
energy dependence of the cross section for the charged current interaction on deuteron with a threshold on
the kinetic energy of the recoil electrons of 5.5 MeV, we find the integrated weighted fraction of �2 ’s to be
�91� 2�% at the 95% CL. This energy weighting procedure corresponds to the charged current response
of the Sudbury Neutrino Observatory (SNO). We have used SNO’s current best fit values for the solar
mass squared difference and the mixing angle, obtained by combining the data from all solar neutrino
experiments and the reactor data from KamLAND. The uncertainty on the �2 fraction comes primarily
from the uncertainty on the solar �m2 rather than from the uncertainty on the solar mixing angle or the
standard solar model. Similar results for the Super-Kamiokande experiment are also given. We extend this
analysis to three neutrinos and discuss how to extract the modulus of the Maki-Nakagawa-Sakata mixing
matrix element Ue2 as well as place a lower bound on the electron number density in the production region
for 8B solar neutrinos.
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I. INTRODUCTION

Recently the KamLAND [1] and Sudbury Neutrino
Observatory (SNO) [2] experiments have given a precise
determination of the neutrino solar mass squared differ-
ence and mixing angle responsible for the solar neutrino
deficit first observed in the Davis [3] experiment when
compared to the theoretical calculations by Bahcall [4].
Subsequently this deficit has been observed by many other
experiments [5,6], while the theoretical calculations of the
neutrino flux based on the standard solar model (SSM)
have been significantly improved [7]. When all of these
results are combined in a two neutrino fit as reported by
SNO [2], the allowed values for the solar mass squared
difference, �m2

�, and the mixing angle, ��, are individually
(for 1 degree of freedom) restricted to the following range,1

 �m2
� � 8:0�0:4

�0:3 � 10�5 eV2;

sin2�� � 0:310� 0:026;
(1)

at the 68% confidence level. Maximal mixing, sin2�� �
0:5, has been ruled out at greater than 5�. The solar
neutrino data is consistent with �e ! �� and/or �� con-
version. The precision on �m2

� comes primarily from the
KamLAND experiment [1] whereas the precision on
sin2�� comes primarily from the SNO experiment [2].

The physics responsible for the reduction in the solar 8B
electron neutrino flux is the Wolfenstein matter effect [9]

with the electron neutrinos produced above the Mikheyev-
Smirnov (MS) resonance [10]. The combination of these
two effects in the Mikheyev-Smirnov-Wolfenstein (MSW)
large mixing angle (LMA) region, given by Eq. (1), implies
that the 8B solar neutrinos are produced and propagate
adiabatically to the solar surface, and hence to the Earth,
as almost a pure �2 mass eigenstate.2 Since approximately
one-third of the �2 mass eigenstate is �e, this explains the
solar neutrino deficit first reported by Davis. If the 8B solar
neutrinos arriving at the Earth were 100% �2, then the
daytime charged current (CC) to neutral current (NC) ratio,
CC/NC, measured by SNO would be exactly sin2��, the
fraction of �e in �2 in the two neutrino analysis.

Of course, the �2 mass eigenstate purity of the solar 8B
neutrinos is not 100%. In fact, in the MSW-LMA region,
defined using only solar data [11], the range in the �2

fraction varies from 77% at high �m2
� �	14� 10�5 eV2�

to 99% at low �m2
� �	3� 10�5 eV2�, i.e. the �1 fraction

can be as large as 23% or as small as 1%. It is only because
of the recent precision measurement of �m2

� from
KamLAND [1] that a precise (� few %) determination
of the �2 fraction can be made. The departure of the �2

fraction from 100% is related to the difference between
SNO’s daytime CC/NC ratio and their best fit value of
sin2��. If the electron neutrino has a nonzero component in
�3 (i.e. nonzero sin2�13) then there will be a small fraction
arriving as �3’s.

A precise determination of the mass eigenstate purity of
the 8B solar neutrinos is the main subject of this paper.
These mass eigenstates can be considered to be incoherent,
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1We use the notation of [8] with the subscript ‘‘�’’ reserved for

the two neutrino analysis whereas the subscript ‘‘12’’ is reserved
for the three neutrino analysis.

2Without the matter effect, the fraction of �2’s would be
simply sin2��, i.e. about 31%, and energy independent.
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for all practical solar neutrino experiments, since the kine-
matic phase, �m2

�L=4E, is greater than 106; for further
discussion of this topic see [12]. In the next section we will
summarize the important physics of the MSW-LMA solar
neutrino solution outlined above and calculate the mass
eigenstate purity of 8B neutrinos as a function of the
neutrino energy in a two neutrino analysis for both the
SNO and Super-Kamiokande (SK) experiments. In Sec. III
we will discuss what happens in a full three neutrino
analysis. In Sec. IV, as an application of the previous
sections, we will discuss the possibility of extracting in-
formation about the solar interior independently from the
standard solar model. Finally, in Sec. V, we present our
summary and conclusions.

II. TWO NEUTRINO ANALYSIS

A. 8B �2 fraction

In the two neutrino analysis, let f1�E�� and f2�E�� be the
fraction of 8B solar neutrinos of energy E� which exit the
sun and thus arrive at the Earth’s surface as either a �1 or a
�2 mass eigenstate, respectively. Following the analytical
studies of Ref. [13], these fractions are given by

 f1�E�� � hcos2�N� � Px cos2�N�i8B; (2)

 f2�E�� � hsin2�N� � Px cos2�N�i8B; (3)

where �N� is the mixing angle defined at the �e production
point, Px is the probability of the neutrino to jump from
one mass eigenstate to the other during the MS-resonance
crossing, and the sum is constrained to be 1, f1 � f2 � 1.
The average h
 
 
i8B is over the electron density of the 8B
�e production region in the center of the sun predicted by
the standard solar model [14]. The mixing angle, �N� , and
the mass difference squared, �m2

N , at the production point
are

 sin 2�N� �
1

2

�
1�

�A��m2
� cos2�����������������������������������������������������������������������������

��m2
� cos2���A�2���m2

� sin2���2
p

�
;

(4)

 �m2
N �

�����������������������������������������������������������������������������
��m2

� cos2�� � A�2 � ��m2
� sin2���2

q
(5)

where

 A � 2
���
2
p
GF�Ye�=Mn�E�

� 1:53� 10�4 eV2

�
Ye�E�

kg:cm�3 MeV

�
(6)

is the matter potential, E� is the neutrino energy, GF is the
Fermi constant, Ye is the electron fraction (the number of
electrons per nucleon),Mn is the nucleon mass, and � is the
matter density. The combination Ye�=Mn is just the num-
ber density of electrons.

Figure 1 shows, for a wide range of �m2
� and sin2��, the

isocontours of

 f2 � hf2�E��iE; (7)

where h
 
 
iE is the average over the 8B neutrino energy
spectrum [15] convoluted with the energy dependence of
the CC interaction �e � d! p� p� e� cross section
[16] at SNO with the threshold on the recoil electron’s
kinetic energy of 5.5 MeV. Here we use sin2�� as the
metric for the mixing angle as it is the fraction of �e’s in
the vacuum �2 mass eigenstate. In this work, we mainly
focus on SNO rather than SK since the former is the unique
solar neutrino experiment which can measure the total
active 8B neutrino flux as well as 8B electron neutrino
flux, independently from the SSM prediction and other
experiments. However, we give a brief discussion on SK
later in this section.

In the LMA region the propagation of the neutrino inside
the sun is highly adiabatic [10,13,17], i.e. Px � 0, there-
fore,

 f2�E�� � 1� f1�E�� � hsin2�N�i8B: (8)

Because of the fact that 8B neutrinos are produced in a
region where the density is significantly higher (about a

FIG. 1 (color online). The solid and dashed (blue) lines are the
90%, 65%, 35%, and 10% isocontours of the fraction of the solar
8B neutrinos that are �2’s in the �m2

� and sin2�� plane. The
current best fit value, indicated by the open circle with the cross,
is close to the 90% contour. The isocontour for an electron
neutrino survival probability, Pee, equal to 35% is the dot-dashed
(red) ‘‘triangle’’ formed by the 65% �2 purity contour for small
sin2�� and a vertical line in the pure �2 region at sin2�� � 0:35.
Except at the top and bottom right hand corners of this triangle
the �2 purity is either 65% or 100%.
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factor of 4) than that of the MS-resonance value, the
average hf2�E��iE is close to 90% for the current solar
best fit values of the mixing parameters from the recent
KamLAND plus SNO analysis [2]. Since sin2�N� ! 1
when A=�m2

� ! 1 [see Eq. (4)], we can see that at the
high energy end of the 8B neutrinos hsin2�N�i8B must be
close to 1.

We can check our result using the analysis of SNO with a
simple back-of-the-envelope calculation. In terms of the
fraction of �1 and �2 the daytime CC/NC of SNO, which is
equal to the daytime average �e survival probability, hPeei,
is given by

 

CC

NC

��������day
� hPeei � f1cos2�� � f2sin2��; (9)

where f1 and f2 are understood to be the �1 and �2

fractions, respectively, averaged over the 8B neutrino en-
ergy weighted with the CC cross section, as mentioned
before. Using the central values reported by SNO,3

 

CC

NC

��������day
� 0:347� 0:038; (10)

which was obtained from Table XXVI of Ref. [2], and the
current best fit value of the mixing angle, we find f2 �
�1� f1� � 90%, as expected. Because of the correlations
in the uncertainties between the CC/NC ratio and sin2��
we are unable to estimate the uncertainty on f2 here. Note
that if the fraction of �2 were 100%, then CC

NC � sin2��.
Alternatively, we can rewrite Eq. (9) as4

 sin 2�� �
1

1� 2f1

�
CC

NC
� f1

�
: (11)

Thus, how much CC/NC differs from sin2�� is determined
by how much f2 differs from 100%, i.e. the size of f1. In
Fig. 2 we have plotted the contours of the daytime CC/NC
ratio in the sin2�� versus �m2

� plane for the LMA region.
Clearly, at smaller values of �m2

� the daytime CC/NC
tracks sin2�� whereas at larger values an appreciable dif-
ference appears. This difference is caused by a decrease
(increase) in the fraction that is �2 (�1) as �m2

� gets larger.

Hence, if we know the �1 fraction we can easily calculate
sin2�� from Eq. (11) and the measured value of the day-
time CC/NC ratio. In fact, all we need to know is CC

NC . Using
sin2�� ’

CC
NC , which is valid at zeroth order in �m2

�=A, one
can determine the �1 fraction from Eq. (4) with sufficient
accuracy to make this work, given the current uncertainties
on CC

NC and �m2
�. Also, this procedure can be iterated for

better precision on the �1 fraction as well as sin2�� when
necessary. Of course this is not a substitute for a full global
analysis but provides a simple determination of sin2��
from SNO’s CC

NC measurement.
A similar analysis can also be performed using the event

rate of the elastic scattering (ES) at SK and/or at SNO. In
fact, ES is related to the �1 and �2 fractions, as follows,

 

ES

NC
� f1�cos2�� � rsin2��� � f2�sin2�� � rcos2���

(12)

where r � h���;�ei=h��eei � 0:155 is the ratio of the ES
cross sections for ��;� and �e [19], averaged over the
observed neutrino spectrum. Here, f2 � 1� f1 �
hf2�E��iE, where h
 
 
iE is the average over the 8B neutrino
energy spectrum [15] convoluted with the energy depen-
dence of the ES interaction �� e! �� e cross section
[19] using the SK threshold. Note that we are normalizing
the ES event rate to that of SNO NC such that Eq. (12) is
valid, independent of the SSM prediction of the 8B neu-
trino flux. Equation (12) can be used to give a rough
estimate of the f2 fraction for SK, using the ES flux
measured by SK [5] and SNO’s result for NC flux and
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FIG. 2 (color online). SNO’s daytime CC/NC ratio in the �m2
�

versus sin2�� plane. At small values of �m2
�, the daytime CC/

NC ratio equals sin2��. The current allowed regions at 68% and
95% CL from the combined fit of KamLAND and solar neutrino
data [2] are also shown by the shaded areas with the best fit
indicated by the star.

3For the sake of simplicity and transparentness of the discus-
sion, we have avoided the Earth matter effect which causes the
so-called regeneration of �e during the night, by simply restrict-
ing our analysis to the daytime neutrino flux throughout this
paper. We note that, due to the large error, the observed night-
day asymmetry at SNO is consistent with any value from �8%
to 5% [2] whereas the expected night-day asymmetry, 2�N �
D�=�N �D�, is about 2.2%–3.5% for the current allowed solar
mixing parameters [18]. Thus the difference between the day and
the day plus night average CC/NC is less than 2% and much
smaller than SNO’s 10% measurement uncertainty on CC/NC.
See the Appendix for further discussion on the day-night effect.

4The relationship between daytime CC
NC and �� �� arcsin������������������������������������������

�CC
NC� f1�=�1� 2f1�

q
� or tan2�� �� �

CC
NC� f1�=�1� f1 �

CC
NC��

is not as transparent as sin2��.
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the best fit value for sin2��. Numerically, we find f2 �
82% with errors of the order of 10% which are difficult to
estimate due to correlations between the various factors.5

In general, in the presence of neutrino flavor transitions,
the fraction of �1 and �2 are not the same for ES and CC
because the energy dependence of the cross sections are
different. However, in Ref. [20], it was suggested that if we
set analysis threshold energies for SK and SNO appropri-
ately as TSNO � 0:995TSK � 1:71 �MeV�, where TSNO and
TSK are the kinetic energy threshold of the resulting elec-
tron, the energy responses of these detectors become prac-
tically identical [20]. Thus, using such a set of thresholds,
even if there is a spectral distortion in the recoil electron
energy spectrum, to a good approximation, SK/SNO ES
and SNO CC are related as follows,

 

ES

NC
�

CC

NC
� r

�
1�

CC

NC

�
; (13)

and all the results we obtained for SNO in this paper are
equally valid for ES at SK and/or at SNO provided the
energy thresholds are set appropriately.6

In Fig. 3(a) we show the �2 fraction, f2�E��, versus E�.
The rapid decrease in the �2 fraction below E� 	 8 MeV is

responsible for the expected spectral distortion at energies
near threshold in both SNO (see Fig. 36 of Ref. [2]) and SK
(see Fig. 51 of the last reference in [5]). For a neutrino
energy near 10 MeV, the SNO sweet spot, the 90% CL
variation in �m2

� changes f2�E�� more than the 90% CL
variation in sin2��, whereas in Fig. 3(b) we give the
fraction of �2’s above a given energy both unweighted
and weighted by the energy dependence of the CC inter-
action and ES cross sections. Note that above a neutrino
energy of 7.5 MeV there is little difference between the
weighted and unweighted integrated �2 fraction.
Furthermore, in Fig. 3(c), we show the fraction of �2’s
above a given kinetic energy for the recoil electron for both
CC (SNO) and ES (SK or SNO) reactions. We observe that,
for the same threshold, f2 for ES is always smaller than
that for CC. This is expected since unweighted f2 is an
increasing function of E� and the CC cross section in-
creases more rapidly with energy than that of ES cross
section. Hereafter, unless otherwise stated, we focus on the
SNO CC reaction, as the results for ES reaction are quali-
tatively similar and the thresholds can be adjusted to give
identical results for all practical purposes.7

In Fig. 4 we give the breakdown into �1 and �2 for the
raw 8B spectrum as well as the spectrum weighted by the

8B: ν2 fraction
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FIG. 3 (color online). (a) The fraction of �2, f2�E��, as a function of the neutrino energy. The solid (black) curve is obtained using
the central values for �m2

� � 8:0� 10�5 eV2 and sin2�� � 0:31 whereas the blue dashed (red dotted) lines are the 90% CL range
varying �m2

� (sin2��) but holding sin2�� (�m2
�) fixed at the central value, Eq. (1). (b) The integrated fraction of 8B neutrinos which are

�2’s above an energy, E� [dashed (red) curve], whereas the solid upper black and middle blue curves are weighted by the energy
dependence of the CC cross section [16] and the ES cross section [19], respectively. (c) The integrated fraction of 8B neutrinos as a
function of the threshold kinetic energy of the recoil electrons for CC (SNO) and ES (SK or SNO) reactions.

5This implies that the non-�e component of SK’s ES event rate
comes primarily from the �2 component with a very small
contribution (less than 10%) from the �1 component.

6In fact this suggests an alternative to looking for a spectral
distortion to test MSW; compare ES to �1-r�CC� rNC for a
variety of kinetic energy thresholds.

7Since the average �e survival probability, hPeei, can be
equated for SNO and SK with appropriate thresholds [20] and
the average �2 fraction is related to hPeei by f2 � �cos2�� �
hPeei�= cos2��, then for these thresholds the �2 fractions are
equal.
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energy dependence of the CC interaction using a threshold
of 5.5 MeV for the kinetic energy of the recoil electrons.
Here we have used the current best fit values for �m2

� and
sin2��.

How does the fraction of �2 vary if we allow �m2
� and

sin2�� to deviate from their best fit values? In Fig. 5(a) we

show the contours of the fraction of �2 in the �m2
� versus

sin2�� plane where we have weighted the spectrum by the
energy dependence of the CC interaction cross section, and
we have used a threshold on the kinetic energy of the recoil
electrons of 5.5 MeV. This energy dependence mimics the
energy dependence of the SNO detector. Because of the
strong correlation between sin2�� and the daytime CC/NC
ratio we also give the contours of the fraction of �2 in the
�m2

� versus the daytime CC/NC plane in Fig. 5(b). Thus
the 8B energy weighted average fraction of �2’s observed
by SNO is

 f2 � 91� 2% at the 95%CL: (14)

This is the two neutrino answer to the question posed in the
title of this paper. We note, however, that as we showed in
Fig. 3(c) the value of f2 is a function of the threshold
energy and also depends on the experiment. We estimate
that, for SK with the current 4.5 MeV threshold for the
kinetic energy of the recoil electrons,

 f2 � 88� 2% at the 95%CL: (15)

The uncertainty is dominated by the uncertainty in �m2
�=A.

However, the uncertainty on �m2
� is approximately 5%

from the KamLAND data whereas the uncertainty on the
matter potential, A, in the region of 8B production of the
standard solar model is 1%–2%; see [21]. Hence, the
uncertainty on �m2

� dominates.
For the current allowed values for �m2

� and sin2��, the
ratio
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FIG. 5 (color online). (a) The �2 fraction (%) in the �m2
� versus sin2�� plane. As in Fig. 2, the current allowed region is also shown.

(b) The �2 fraction (%) in the �m2
� versus the daytime CC/NC ratio of the SNO plane. We have excluded a region in the top left hand

corner of this plot which corresponds to sin2�� < 0:1. The current allowed range is indicated by the cross.
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�m2
� sin2��

A�8B� � �m2
� cos2��

�
3

4
; (16)

where A�8B� is obtained using a typical number density of
electrons at 8B neutrino production (Ye� � 90 g:cm�3)
and the typical energy of the observed 8B neutrinos ( �
10 MeV).

For the best fit central values of �m2
� and sin2��, given

by Eq. (1), let us define an effective matter potential for the
8B neutrinos, A

8B
eff , such that the left-hand side of Eq. (4)

equals our best fit value for the fraction that is �2. Thus,

 A
8B
eff � �m2

� sin2��

�
cot2�� �

2f2 � 1

2
����������������������
f2�1� f2�

p
�

� 1:36� 10�4 eV2; (17)

for f2 � 0:910. This A
8B
eff corresponds to a Ye�E� �

0:892 kg cm�3 MeV, the effective mixing angle, �N�jeff , is
73 and the effective �m2

Njeff � 12:9� 10�5 eV2.

We can then use this A
8B
eff to perform a Taylor series

expansion about the best fit point as follows,
 

f2 � hsin2�N�i8B �
9

10
�

24

125
��O��2�

with � �
3

4
�

�m2
� sin2��

�A
8B
eff � �m

2
� cos2���

: (18)

This simple expression reproduces the values of f2 to high
precision throughout the 95% allowed region of the
KamLAND and the solar neutrino experiments given in

Fig. 5(a). In this sense our A
8B
eff is the effective matter

potential for the 8B neutrinos. An expansion in �m2
�=A

around its typical value of 0.6 could also be used but the
coefficients are ever more complex trigonometric functions
of ��, whereas with our � expansion the coefficients are
small rational numbers.

B. 7Be and pp neutrinos

For 7Be and pp neutrinos the fractions of �1 and �2 are
much closer to the vacuum values of cos2�� and sin2��,
respectively, as they are produced well below (more than a
factor of 2) the MS resonance in the sun, and an expansion
in A=�m2

� is the natural one. In the third reference in [17],
the electron neutrino survival probability was obtained by a
similar expansion around the average of the matter poten-
tial. Using this expansion, we find that

 f2 � 1� f1 � sin2�N�

� sin2�� �
1

2
sin22��

�
A

�m2
�

�
�O

�
A

�m2
�

�
2

(19)

 with A
7Be
eff � 1:1� 10�5 eV2 and

App
eff � 0:31� 10�5 eV2;

(20)

where the averaged value of the energy (weighted by the
cross section) as well as the electron densities used are,
respectively, hE�ipp � 0:33 MeV and hYe�ipp � 62 g=cm3

for pp, and hE�i7Be � 0:86 MeV and hYe�i7Be � 81 g=cm3

for 7Be. Thus f2�
7Be� � 37� 4�7�% and f2�pp� � 33�

4�7�% at 68% (95%) CL where the uncertainty here is
dominated by our knowledge of sin2��.

C. Two neutrino summary

In Fig. 6 we give the neutrino mass spectrum, the value
of the fraction of �2’s (sin2�N�) and the fractional flux as a
function of the electron number density times neutrino
energy, Ye�E�, which is proportional to the matter poten-
tial, for the 8B, 7Be, and pp neutrinos using the best fit
values of �m2

� and sin2�� in Eq. (1). The 8B energy
spectrum has been weighted by the energy dependence of
the CC interaction of SNO with a 5.5 MeV threshold on the
kinetic energy of the recoil electrons whereas the pp energy
spectrum has been weighted by the energy dependence of
the charged current interaction on gallium with a 0.24 MeV
threshold. The vertical dashed lines give the value of
Ye�E� which reproduces the average �2 fraction using
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FIG. 6 (color online). The mass spectrum (top panel), the
fraction of �2 ’s produced, sin2�N� (middle panel), and the frac-
tional flux (bottom panel) versus the product of the electron
fraction (Ye), the matter density (�), and the neutrino energy
(E�) for the best fit values �m2

� � 8:0� 10�5 eV2 and sin2�� �
0:310. The vertical dashed lines give the value of Ye�E� which
reproduces the average �2 fractions: 91%, 37%, and 33% for 8B,
7Be, and pp, respectively. This value of Ye�E� �
0:89 kg cm�3 MeV, for the 8B neutrinos, gives a production
mixing angle equal to 73 and a production �m2

N �
13� 10�5 eV2. Ye�E� � 1 kg cm�3 MeV corresponds, in
terms of the matter potential, to 15:3� 10�5 eV2; see Eq. (6).
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the simple expression in Eq. (4) and are useful for the
approximations given in Eqs. (18) and (19).

The energy weighted �2 fractions for 8B, 7Be, and pp
neutrinos using a two neutrino analysis, at the 95% CL, are

 f2�
8B� � 91� 2%; (21)

 f2�
7Be� � 37� 4%; (22)

 f2�pp� � 33� 4%; (23)

where the uncertainties for 7Be and pp are dominated by
the uncertainty on sin2�� whereas for 8B the uncertainty is
dominated by the uncertainty on �m2

�. The �1 fractions, f1,
are simply 1� f2.

III. THREE NEUTRINO ANALYSIS

For the three neutrino analysis we first must discuss the
size of the component of �3 which is �e, i.e. the size of
sin2�13. This mixing angle determines the size of the
effects on �e associated with the atmospheric mass squared
difference. The CHOOZ reactor experiment [22] gives a
limit of 0 � sin2�13 < 0:04 at the 90% CL for �m2

31 �
2:5� 10�3 eV2. This constraint depends on the precise
value of �m2

31 with a stronger (weaker) constraint at higher
(lower) allowed values of �m2

31. The best constraint on
sin2�13 comes from global analyses (see Ref. [18]) which
give

 0 � sin2�13 < 0:025 (24)

at the 90% CL when marginalized over �m2
31.

So far the inclusion of genuine three flavor effects has
not been important because these effects are controlled by
the two small parameters

 

�m2
21

�m2
32

� 0:03 and=or sin2�13 � 0:025: (25)

However as the accuracy of the neutrino data improves it
will become inevitable to take into account genuine three
flavor effects. See [18,23] for recent studies on the impact
of �13 on solar neutrinos.

Suppose that Double CHOOZ [24], T2K [25], No�A
[26], or some other experiment measures a nonzero value
for sin2�13. What effect does this have on the previous
analysis? How does this change our knowledge of the solar
parameters and the relationship between the solar mixing
angle and the fraction of �2?

Our knowledge of the solar �m2 comes primarily from
the KamLAND experiment where the effects of the atmos-
pheric �m2 are averaged over many oscillations, thus to
high accuracy

 �m2
21 � �m2

�; (26)

i.e. the solar �m2 remains unaffected. Remember, we are
using the notation �m2

21 and sin2�12 for the three neutrino

analysis to distinguish it from �m2
� and sin2�� used in the

two neutrino analysis.

A. 8B three neutrino analysis

For the mixing angle sin2�12 the situation is more com-
plicated in the three neutrino analysis. The 8B electron
neutrino survival probability measured by SNO’s daytime
CC/NC ratio can be written as

 

CC

NC
� F 1cos2�13cos2�12 �F 2cos2�13sin2�12

�F 3sin2�13; (27)

where F 1, F 2, and F 3 are the fraction of �1, �2, and �3,
respectively, satisfying F 1 �F 2 �F 3 � 1. The �3 frac-
tion is given by

 F 3 �

�
1�

2A

j�m2
31j

�
sin2�13 � sin2�13; (28)

where the ���� sign refers to the normal �m2
31 > 0 (in-

verted �m2
31 < 0) mass hierarchy. The small correction

factor �2A=j�m2
31j� 	 10% comes from matter effects as-

sociated with atmospheric �m2 in the center of the sun. We
will ignore this correction since it is small and currently the
sign is unknown. Hence, F 1 �F 2 � 1�F 3 � cos2�13.

With this approximation the �1 and �2 fractions can be
written as
 

F 1 � cos2�13hcos2�N12i8B

and F 2 � cos2�13hsin2�N12i8B; (29)

where the average h
 
 
i8B is over the solar production
region and the energy of the observed neutrinos. sin2�N12
is given by Eq. (4) with the replacements sin2�� ! sin2�12

and A! Acos2�13 [27].
In going from the two neutrino analysis to the three

neutrino analysis the quantity that must remain unchanged
is the value of the electron neutrino survival probability, i.e.
the CC/NC ratio. This implies that we must adjust the value
of sin2�12 and hence the fractions of �1 and �2 so that the
CC/NC ratio remains constant. We have performed this
procedure numerically and report the result as a Taylor
series expansion in the fraction of �1’s about sin2�13 � 0.
If we write

 F 1�sin2�13� � F 1�0� � 	sin2�13 �O�sin4�13�; (30)

 then F 1�0� � f1; and 	 �
dF 1

dsin2�13

��������sin2�13�0
: (31)

In Fig. 7(a) we have plotted the contours of 	 �
�dF 1=dsin2�13�j0 in the �m2

� versus sin2�� plane. Near
the best values this total derivative is close to zero, i.e.

 

dF 1

dsin2�13

��������sin2�13�0
� 0:00�0:02

�0:04 (32)
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at the 68% CL. As sin2�13 grows above zero, the size of F 1

is influenced by a number of effects; the first is the factor of
cos2�13 in Eq. (29) which reduces F 1, the second is the
matter potential A which is reduced to Acos2�13 raising the
fraction F 1, and the third is the value of sin2�12 which
changes to hold the CC/NC ratio fixed. By coincidence the
sum of these effects approximately cancels at the current
best fit values and the fraction of �1 remains approximately
unchanged as sin2�13 gets larger. This implies that the
fraction of �2 is reduced by 	sin2�13 since the sum of
F 1 �F 2 is simply cos2�13, thus

 F 1 � f1 � 0:09� 0:02; (33)

 F 2 � f2 � sin2�13 � 0:91� 0:02� sin2�13; (34)

 F 3 � sin2�13: (35)

Remember fi and F i are the fractions of the ith mass
eigenstate in the two and three neutrino analyses, respec-
tively. The uncertainty comes primarily from the uncer-
tainty in �m2

� measured by KamLAND.
As a use of these fractions one can, for example, evalu-

ate the Maki-Nakagawa-Sakata (MNS) matrix element,
jUe2j

2 � cos2�13sin2�12, by rewriting Eq. (27) as

 jUe2j
2 � cos2�13sin2�12 �

�CC
NC� cos2�13F 1�

�cos2�13 � 2F 1�
; (36)

where terms of O�sin4�13� have been dropped. Performing
a Taylor series expansion about sin2�13 � 0, we find

 jUe2j
2 � sin2�8B

� � 
sin2�13 �O�sin4�13�; (37)

 with 
 �
djUe2j

2

dsin2�13

��������0
�
�f1 � 	� � �1� 2	�sin2��

�1� 2f1�
:

(38)

For the current allowed region of the solar parameters, this
implies that

 jUe2j
2 � sin2�

8B
� � �0:53�0:06

�0:04�sin2�13 (39)

at the 68% CL, i.e. the three neutrino jUe2j
2 is approxi-

mately equal to the sin2�
8B
� using a two neutrino analysis of

only the 8B electron neutrino survival probability using
KamLAND’s �m2

� constraint plus 53% of jUe3j
2 deter-

mined, say, by a CHOOZ-like reactor experiment; see
Fig. 7(b). Again, this is not a substitute for a full global
analysis but provides an approximate expression for the
change in jUe2j

2 for nonzero values of sin2�13. Even the
sign is opposite from naive expectation.

If a similar analysis is performed for the three neutrino
sine squared solar mixing angle sin2�12, the total derivative
with respect to sin2�13 is simply �
� sin2���. For tan2�12

the total derivative is �
� sin2���=cos4��. Alternatively
we can turn this discussion inside out and write the 8B
effective two component sin2�� in terms of three compo-
nent quantities as

 sin 2�
8B
� � sin2�12 � �
� sin2�12�sin2�13: (40)

For KamLAND, the equivalent relationship is

 sin 2�
8Kam
� � sin2�12 �

�
sin22�12

2 cos2�12

�
sin2�13: (41)

For the current best fit values �
� sin2�12� � 0:90 is close
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FIG. 7 (color online). Isocontours of the derivatives of F 1 (a) and jUe2j
2 (b) with respect to sin2�13 evaluated at sin2�13 � 0 in the

�m2
� versus sin2�� plane. The contours are labeled as percentages. The 68% and 95% CL allowed regions are also indicated.
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to sin22�12=2 cos2�12 � 1:1, i.e. in a two component
analysis the difference between the solar 8B and
KamLAND sin2��’s is approximately 0:2sin2�13.

B. 7Be and pp three neutrino analysis

Performing a similar three neutrino analysis for the pp
(or 7Be) neutrinos we find that the fraction of neutrino
mass eigenstates is
 

F 1 � cos2�� �
1

2
sin22��

�
A

�m2
�

�
�

sin2��
cos2��

sin2�13

� f1 � 0:82sin2�13; (42)

 

F 2 � sin2�� �
1

2
sin22��

�
A

�m2
�

�
�

cos2��
cos2��

sin2�13

� f2 � 1:8sin2�13; (43)

 F 3 � sin2�13; (44)

where the sin2�� here is determined from the pp (or 7Be)
neutrinos. Terms of order O�A=�m2

��
2, O�sin4�13�, and

O�sin2�13A=�m
2
�� have been dropped here. The two neu-

trino fractions f1 and f2 are given in Eq. (19).
Again we can use these fractions to determine the jUe2j

2

element of the MNS matrix,

 jUe2j
2 � sin2�� �

�
cos2��
cos2��

�
sin2�13

� sin2�� � 1:8sin2�13: (45)

This equation appears to be in contradiction with Eq. (39)
but this is not so since if sin2�13 � 0 then the two compo-
nent analysis of the 8B and pp (or 7Be) neutrinos will lead
to different values of sin2��; in fact,

 sin 2�pp
� � sin2�

8B
� � 2:3sin2�13: (46)

This difference has been extensively exploited in Ref. [23]
to determine sin2�13 using only solar neutrino experiments.
Their sin2�12 versus sin2�13 figures, e.g. Fig. 6, demon-
strates this point in a clear and useful fashion. Also, the
numerical values of our derivatives of jUe2j

2 are consistent
with the inverse of the slopes of their Fig. 6.

Equations (39) and (45) also imply that the uncertainty
in the determination of jUe2j

2 from the current unknown
value of sin2�13 is smaller for the analysis of 8B neutrinos
than pp or 7Be neutrinos. Of course the current uncertainty
on the two neutrino sin2�� dominates.

IV. PROBING THE SOLAR INTERIOR BY 8B
NEUTRINOS

In this section, as an application of our analysis, we will
invert the discussions found in Ref. [28] where the validity
of the MSW physics has been tested assuming the SSM
prediction of the electron number density as well as the 8B

neutrino production region. Here, we will discuss what can
be said about these quantities, assuming the validity of the
MSW effect in the LMA region. While there is no strong
reason to doubt the correctness of the SSM, which is in
good agreement also with the helioseismological data [29],
it is nevertheless interesting if we can test it independently.

Since the propagation of 8B neutrinos, in the sun, is
highly adiabatic in the LMA region, the fraction of �2

and, consequently, the SNO CC/NC ratio are determined

only by the effective value of the matter potential, A
8B
eff ,

defined in Sec. II A. This implies that, if we can measure
sin2�� using an experiment independent of the 8B solar
neutrinos, then from the measured value of SNO’s CC/NC

ratio we can determine the value of A
8B
eff . Note that we

cannot extract information on the electron number density
distribution or the 8B neutrino production distribution,

separately, but only on A
8B
eff which is a single characteristic

of the convolution of these two distributions.
For the two flavor neutrino analysis, if we rewrite the

definition of the effective matter potential A
8B
eff given by

Eq. (17) using the relationship between f2 and SNO’s CC/
NC ratio, Eq. (9), we obtain

 A
8B
eff � �m2

� sin2��

�
cot2��

�
1� 2 CC

NC

2
����������������������������������������������������������
�cos2�� �

CC
NC��

CC
NC� sin2���

q
�
: (47)

This expression can be used to obtain a value of A
8B
eff from

the global fit of �sin2��; �m
2
�� and SNO’s CC/NC ratio.

Alternatively, suppose �sin2��; �m2
�� were measured inde-

pendent of the 8B solar neutrinos. Then, when combined
with SNO’s 8B neutrino CC/NC ratio, we would have a

solar model independent determination of A
8B
eff . We can

convert this into an effective value of the electron number

density, Ye�j
8B
eff , in the solar 8B production region, as

follows,

 Ye�j
8B
eff �

Mn

2
���
2
p
GF

A
8B
eff

hE�i8B

; (48)

where hE�i8B � 10:5 MeV is the CC cross-section
weighted average energy of neutrinos observed by SNO.

For a given solar model, the value of Ye�j
8B
eff can be

calculated for any value of sin2�� and �m2
�. The SSM

prediction is that Ye�j
8B
eff � 85 g cm�3 at the current best fit

point.8 As a comparison, the mean value of Ye� over the 8B

production region is 90 g cm�3. The reason that Ye�j
8B
eff is

below the mean value is because values of Ye� below the

8Because of the way we have defined A
8B
eff , our Ye�j

8B
eff has a

weak dependence on sin2�� and �m2
� but this variation is less

than 2% over the 95% CL allowed region.
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mean pull down the �2 fraction more than values above the
mean raise the �2 fraction.

We show in Fig. 8, the isocontours of Ye�j
8B
eff in the

sin2�� � CC=NCjday plane, for the current best fit value
of �m2

�. The observed range of SNO’s CC/NC are shown
by the horizontal lines.9 From this plot, we can derive a

solar model independent lower bound on Ye�j
8B
eff which is

40 g=cm3 for any value of �� at 95% CL. Future reactor
neutrino oscillation experiments [30] can perform a 2%–
3% measurement of sin2��. The 68% range of sin2�� is
indicated by vertical lines in this figure. However, such
precision on sin2�� will not reduce the allowed values for

Ye�j
8B
eff unless the error on the measured value of CC/NC is

reduced.
A three neutrino analysis is needed if Ue3 � 0 and this

can be performed using Eq. (47) with the following re-
placements,
 

�� ! �12;

�m2
� ! �m2

21=cos2�13 and
CC

NC
!

CC

NC

1

cos4�13

:

(49)

A weak upper bound could be derived using a precision
measurement of the 7Be and/or pp electron neutrino sur-
vival probability in a similar fashion. As Aeff gets larger,
the fraction of �2 gets larger [see Eq. (19)] and hence the
electron neutrino survival probability gets smaller for fixed
values of the mixing parameters. The upper bound arises
when this survival probability is below the measured sur-
vival probability at some confidence level, assuming that
the mixing parameters have been determined independent
of these solar neutrinos.

V. SUMMARY AND CONCLUSIONS

We have performed an extensive analysis of the mass
eigenstate fractions of 8B solar neutrinos using only two
mass eigenstates (sin2�13 � 0) and with three mass eigen-
states (sin2�13 � 0). In the two neutrino analyses the �2

fraction is �91� 2�%. The remaining �9� 2�% is, of
course, in the �1 mass eigenstate. With these fractions in
hand, which are primarily determined by the solar �m2

measured by the KamLAND experiment, the sine squared
of the solar mixing angle is simply related to the CC/NC
ratio measured by the SNO experiment. For completeness
the mass eigenstate fractions for 7Be and pp are also given.

Allowing for small but nonzero sin2�13, in a full three
neutrino analysis, we found very little change in the frac-
tion of �1’s. This implies, since the �3 fraction is sin2�13,
that the �2 fraction is reduced by sin2�13. That is, the �2

fraction is

 91� 2� 100sin2�13% at the 95%CL: (50)

Since the CHOOZ experiment constrains the value of
sin2�13 < 0:04 at the 90% CL this places a lower bound
on the �2 fraction of 8B solar neutrinos in the mid-eighty
percent range making the 8B solar neutrinos the purest
mass eigenstate neutrino beam known so far, and it is a
�2 beam.

As an example of the use of these mass eigenstate
fractions, we have shown that, for the 8B neutrinos ob-
served by the SNO experiment, the Ue2 element of the
MNS matrix is given by

 jUe2j
2 � sin2�

8B
� � �0:53�0:06

�0:04�sin2�13; (51)

where sin2�
8B
� is the sine squared of the solar mixing angle

determined by using a two neutrino analysis of the 8B

neutrinos plus KamLAND. An analysis for this sin2�
8B
�

obtained from the SK, SNO, and KamLAND data [31]

gives sin2�
8B
� � 0:30�0:11

�0:08 at the 95% CL. With the data
currently available this is our best estimate of jUe2j

2 and it
is the most accurately known MNS matrix element.

Finally, we have also demonstrated the possibility of
probing the solar interior by 8B neutrinos. We have derived
a lower bound on the average electron number density over
the region where the solar 8B neutrinos are produced,
which is 50% of the standard solar model value.
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FIG. 8 (color online). The isocontours of Ye�j
8B
eff in the

sin2�� � CC=NCjday plane using �m2
� � 8� 10�5 eV2. The

line labeled SSM is the standard solar model prediction for
Ye�j

8B
eff ( � 85 g=cm3) at the best fit point. The range of observed

values of CC/NC is indicated by the shaded horizontal bands.
The KamLAND experiment places a lower bound on sin2��
independent of solar neutrinos at 0.17; see [1]. The vertical band
indicates the uncertainty which could be expected by future
reactor experiments [30].

9Another horizontal band could be included by combining the
Super-Kamiokande electron scattering measurement with the
SNO neutral current measurement. However, since the uncer-
tainty on the NC measurement dominates, this would produce a
similar sized band.
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Pesquisa do Estado de São Paulo (FAPESP) and Conselho
Nacional de Ciência e Tecnologia (CNPq). Fermilab is
operated under DOE Contract No. DE-AC02-
76CH03000. Two of us (H. N. and R. Z. F.) are grateful
for the hospitality of the Theoretical Physics Group of the
Fermi National Accelerator Laboratory during numerous
visits. R. Z. F. is also grateful to the Abdus Salam
International Center for Theoretical Physics where the final
part of this work was performed. We thank Marc
Pinsonneault, Hisakazu Minakata, and Alexei Smirnov
for discussions. We would like to thank John Bahcall for
many enlightening discussions and encouragement.

APPENDIX: DAY-NIGHT EFFECT

In this appendix we give a sketch of how to use the mass
eigenstate fractions to understand the day-night effect
caused by the neutrinos traveling through the Earth. For
simplicity we will make the approximation that the Earth is
constant density with Ye� � 2 g:cm�3. The nighttime CC/
NC ratio as measured by SNO can be written as

 

CC

NC

��������night
� f�1 cos2�N� � f

�
2 sin2�N� ; (A1)

where f�i ’s are the mass eigenstate fractions in the Earth
and �N� is the effective mixing angle in the Earth. This
expression assumes that all oscillations have been averaged
out, which is reasonable, since the oscillation length of a
10 MeV neutrino is 300 km and the neutrinos travel many
1000’s of km in the earth. From Eq. (19),

 sin 2�N� � sin2�� �
1

2
sin22��

�
A�
�m2

�

�
(A2)

where A� is the matter potential in the Earth which is about
2% of that at the center of the sun. Also, as we shall show
later, the fraction of �1 and �2 in the Earth are unchanged
to leading order in �A�=�m2

��, i.e.

 f�2 � 1� f�1 � f2 �O

�
A�
�m2

�

�
2
: (A3)

Therefore

 

CC

NC

��������night
�

CC

NC

��������day
� �f2 � f1��sin2�N� � sin2���

� �f2 � f1�
1

2
sin22��

�
A�
�m2

�

�
: (A4)

Using the numerical values for the parameters in this

expression gives a 1% difference, hence the asymmetry,
2�N �D�=�N �D�, is approximately 3%. This is consis-
tent with other calculations; see for example [18].

If we include the coherence of the mass eigenstate
neutrinos after they have entered the Earth then (see [32])

 

CC

NC

��������night
� f1j

������������
1� �
p

cos�N�e
�im2

1L�=2E

�
���
�
p

sin�N�e
�im2

2L�=2Ej2

� f2j
������������
1� �
p

sin�N�e
�im2

2L�=2E

�
���
�
p

cos�N�e
�im2

1L�=2Ej2; (A5)

where L� is the distance the neutrino travels in the Earth.
When L� � 0, this expression must match the daytime CC/
NC. This matching determines �, the fraction of �2 which
becomes ��1 as the neutrino enters the Earth, and is given
by

 

���
�
p
�

sin2�N� � sin2��
sin2��

�
1

2
sin2��

�
A�
�m2

�

�
: (A6)

Note that the fraction that is converted goes as �A�=�m2
��

2

as assumed earlier.
Hence, the nighttime CC/NC is simply

 

CC

NC

��������night
� f1cos2�� � f2sin2�� � 2�f2 � f1�

�
���
�
p ������������

1� �
p

sin2�N�sin2

�
�m2

�L�
4E

�
; (A7)

and, therefore, the difference is
 

CC

NC

��������night
�

CC

NC

��������day
� 2�f2 � f1��sin2�N� � sin2���

�

	
sin2

�
�m2

�L�
4E

�


� �f2 � f1�sin22��

�
A�
�m2

�

�

�

	
sin2

�
�m2

�L�
4E

�

: (A8)

This is identical to our previous result, Eq. (A4), when
sin2��m2

�L�=4E� is averaged to 1
2 . In this analysis it is clear

that to leading order the day-night asymmetry comes from
the change in the effective mixing angle in the Earth once
the oscillations are averaged out and that the mass eigen-
state fractions are nearly identical for both the day and
night solar neutrino fluxes.
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