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Calibrations, torsion classes, and wrapped M-branes
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The present work has two goals. The first is to complete the classification of geometries in terms of
torsion classes of M-branes wrapping cycles of a Calabi-Yau manifold. The second goal is to give insight
into the physical meaning of the torsion class constraints. We accomplish both tasks by defining new
energy minimizing calibrations in M-brane backgrounds. When fluxes are turned on, it is these
calibrations that are relevant, rather than those which had previously been defined in the context of

purely geometric backgrounds.
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I. INTRODUCTION

In this paper we give a complete characterization of
the geometry of supersymmetric backgrounds produced
by wrapped branes in low-energy M-theory, aka 11-
dimensional supergravity. By ‘“‘characterizing the geome-
try”” we will mean specifying the torsion classes of these
geometries as defined in [1] and further explored in the
string theory context in [2]. In the following we will study
branes wrapping cycles in Calabi-Yau 3-folds.

We have two distinct goals. On the one hand we would
like to rectify the prevailing incomplete knowledge of
wrapped brane geometries, focusing particularly on spec-
ifying the torsion classes of such geometries completely,
where that knowledge is lacking. The second goal is to gain
areal understanding for the physical meaning of the torsion
class constraints.

Our approach is based on calibrations. Calibrations in
purely geometric backgrounds give a lower bound on the
volume of certain types of cycles. Branes wrapped on these
minimal volume cycles also turn out to have minimal
energy (mass). This latter observation, first used in [3]
helps us to extend the concept of calibrations to more
general supergravity backgrounds, where fields other
than the metric are turned on; we thus define calibrations
in such a way that they give us lower bounds on mass. In
keeping with this logic, we will compute the mass of
supersymmetric configurations in the supergravity back-
ground of wrapped branes. Since we find that the mass is
given by the integral of certain forms, we will then require
that these be calibrating forms and exploit that property
that to arrive at constraints on the underlying supergravity
background. We explain our methods in more detail below.

II. CALIBRATIONS AND TORSION CLASSES

In this section we will explore the geometry produced by
wrapped M-branes in Calabi-Yau 3-folds. We will study
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this geometry at three different levels. At the first level we
consider M-theory compactified on a Calabi-Yau 3-fold.
Space-time is thus given by the product of 5 dimensional
Minkowski space and the Calabi-Yau manifold:

ds® = n,,dx*dx” + 2g,ydzMdz". (1)

The Calabi-Yau manifold has nontrivial 2-cycles, 4-cycles,
and 3-cycles in addition to a 0 and 6-cycle. The 2-, 4- and
6-cycles are holomorphic cycles calibrated by J, J A J, and
J A J A J respectively, where J is the Kihler form on the
CY3, and the 3-cycles are special Lagrangian cycles cali-
brated by the unique (3,0) form.

At the second level we study the geometry produced by
wrapped branes. The constraints on supersymmetric solu-
tions of supergravity describing M2 and M5-branes wrap-
ping different cycles of Calabi-Yau 3-folds have been
studied [4—8]. There are some universal properties shared
by all such solutions, and we now proceed to collect these.
Let us suppose that we have an Mp-brane wrapping a
d-cycle in the Calabi-Yau manifold. Then the geometry
is such that

ds? = H%nwdx#dx” + g, dy'dy’ + H%dxﬁ_, 2)

where the y coordinates are on a manifold we will call M.
Even though this is the part of the space that was originally
a Calabi-Yau manifold, it has now been modified by of the
presence of the wrapped Mp-brane. The x coordinates
originally spanned the 5-dimensional Minkowski space
transverse to the Calabi-Yau manifold. They are further
divided into a warped Minkowski part of dimension p —
d + 1 labeled by x*, and another flat Euclidean part trans-
verse to the brane x; of dimension 4 — p + d. In what
follows, we will take all branes to be located at x| = 0.
There are some important general facts about the mani-
fold M on which the y’ are coordinates. The manifold has
an almost complex structure—i.e. the cotangent space is a
direct sum of globally defined (1,0) and (0,1) forms which
are related to each other by complex conjugation. We
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can take a convenient basis of (1,0) forms to be ™, m = u,
v, w which provide a local frame satisfying g;; =
M€l el + etell). The existence of an almost complex
structure implies that a U(3) structure exists on the mani-
fold. One consequence of this fact is that the (3,0) form
QO =e"Ae” Ae" is not a priori globally well defined
because it could, in principle, pick up a phase under the
U(1) rotations which are now possible. We will see, how-
ever, that it does turn out to be well defined and therefore
we are justified in saying that what in fact exists is a
reduced SU(3) structure.

The geometry of wrapped M-branes can be classified
through torsion classes [1,2]. Briefly the torsion classes are
specified through a (1,1) form J = 1(e" A e" + e” A e” +
e” Ae”) and a (3,0) form ). These forms satisfy the
identities:

QAT=0, QAQ=%HAJAJ 3)

The torsion classes of a particular manifold are specified by
using the almost complex structure to classify the deriva-
tives of the corresponding J and ) as (p, ¢) forms.

The purpose of this paper is to investigate the geometry
(2) for different M-brane configurations. We will work at a
new third level to investigate (2). At this level, we intro-
duce new supersymmetric wrapped branes in the back-
ground (2) and ask what their mass is. For these branes
we do not need to find the “‘backreaction’’ on the geome-
try; they are introduced only as probes whose energy can
be computed. We will always require that the probe
Mg-branes have world volume such that they wrap a d’
cycle in the Calabi-Yau manifold with the remaining di-
rections of the Mg-brane entirely contained inside of the
warped Minkowski space. In other words it will be impor-
tant to us that ¢ — d’ < p — d. With this requirement the
probe wrapped brane is a (g — d’)-brane in the (p — d +
1)-dimensional world-volume theory of the background
Mp-brane. The mass of the (¢ — d')-brane is then an object
whose mass is a meaningful quantity in the world-volume
theory which has x° as its time coordinate.

More concretely, consider an Mg-brane wrapping a
cycle 3, in the Calabi-Yau manifold. The action of the
Mg-brane in the background geometry (2) is

S=r, f H " avol(SI) A dx® A ... Adx'a), (4)

where 7, is the (constant) 11-d tension of the Mg-brane
and dvol(2)) is the volume form on 3., induced by the
metric (2). The Mg-brane appears as a (¢ — d’)-brane in
the warped Minkowski part of the world volume of the
background Mp-brane. The tension of this ¢ — d’ brane is

T(q—d’) = [H]q_d/+ldV01( ii) (5)

In general such a brane configuration is unstable and will
decay to a lower energy configuration. If we require the
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probe Mg-brane to be supersymmetric, however, stability
is guaranteed. It is easy to show that for supersymmetric
probe Mg-brane configurations

dvol(X)) = ¢yl (6)

where ¢ is an appropriate d’-form defined on M —the
6-d part of the space-time which was once the Calabi-Yau
manifold, before the effects of the background M p-brane
were taken into account. This suggests that there is a
calibration associated with the tension of the (g —
d')-dimensional object in the (p — d + 1)-dimensional
theory on the part of the background M p-brane which is
transverse to the Calabi-Yau manifold. This calibration can
be read off from (5) taking into account (6):

by = H?idql(ﬁdh (7

So, i is a calibrating d’-form. Since calibrations give us a
lower bound on the mass, they must only care about the
topological class of what they are integrated over and are
necessarily closed. Thus supersymmetry requires that i,
be closed:

d’

depy = 0. (®)

It is straightforward to find all possible ¢ ;. Since we are
dealing here with Calabi-Yau 3-folds, the only nontrivial
values d’ can take are d’ = 2, 3, 4 corresponding to the
three different nontrivial Hodge numbers of Calabi-Yau 3-
folds. In the background geometry (2) the supersymmetry
preserved by a probe Mg-brane is given by the projection:

0, Yh ... 04, Yl FO_U(qde)FII‘..[d/ n
= HY 2 avol(S ). ©)

It is easy to see that to preserve supersymmetry M5-branes
can intersect other M5-branes along either 2 or 4 space-
time directions, M5-branes can also intersect M2-branes
along 2 space-time dimensions, while, in addition to the
intersections already encountered, M2-branes can intersect
other M2-branes along 1 space-time directions. In all of
these cases one can easily establish that

by =, b3 = Q, b, =JAJ. (10

Our strategy will be to take different background
Mp-branes and introduce all possible probe Mg-branes.
Using the above considerations we derive Egs. (8) to find
constraints on the background geometry of the M p-brane.
The ideas outlined here were first used in [3] to interpret a
new condition on a (2,0) form which arose as an extension
of the results of [9].

II1. TORSION CLASSES FROM CALIBRATIONS

In this section we apply the formalism developed in the
previous section. We consider background geometries of
MS5- and M2-branes wrapping different cycles of Calabi-
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Yau manifolds. We will introduce all possible supersym-
metric probes and derive constraints on the background
geometry from requiring that the mass calibrating form (8)
¢ for the probe is closed. In what follows we use the
convention that for wrapped M5 backgrounds H? = H~'/3
and for wrapped M2-branes H? = H~%/3,

A. M5-brane on a holomorphic 2-cycle

Consider an M5-brane wrapped on a holomorphic 2-
cycle inside a Calabi-Yau 3-fold. According to the super-
symmetric intersection rules outlined in the previous sec-
tion, we can introduce an M5-brane wrapping a 4-cycle or
an M5-brane wrapping a special Lagrangian 3-cycle, while
still preserving supersymmetry since all these probe branes
satisfy the rules outlined in the previous section.

From here onwards, we will lay out the brane configu-
rations in tabular form to make the setup more transparent.
The brane which gives rise to the background will have
world-volume directions denoted by ®, and the probe
branes we introduce will have world-volumes in the X
directions.

If the CY 3-fold spans directions 456789, then an M5-
brane wrapping a holomorphic 2-cycle can schematially be
represented as follows:

01 2 3
M @ ® ®@ ®

4 5 6 78 9|10
® ®

(11)

We first introduce an M5-brane probe which wraps a SpellL
3-cycle in what was once the Calabi-Yau manifold. This
brane will preserve supersymmetry only if it shares 3-
spatial directions with the previous 5-brane, i.e, it should
correspond to something like this:

01 2 3|4 5 6 7 8 910
M ® ® ® ®|® ® . (12)
M5 x x x X X X

Since we have ensured that this probe is supersymmetric,
we know that its mass must correspond to an integral of a
calibrating form in the geometry we are probing. In other
words, the mass density must be a closed form. Hence, we
find that

Yy = H'2Q (13)
is closed with respect to dg the exterior derivative on M:
dg(H™12Q)) = 0. (14)

As far as we are aware this equation has not appeared

previously in the literature and is therefore a new result.
The same background can also be probed by an M5-

brane wrapping a holomorphic 4-cycle. This would corre-
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spond to the following type of setup.

01 2 3|4 5 6 7 8 910
M ® ® ® ®|® ® . (15)
M5 x x X X X X

Applying our formalism from the previous section, we find
that 4, = H~'3J A J and therefore,

de(H Y3IAT) = 0. (16)

This equation was first derived in [4] by solving the Killing
spinor equation for the background. Here we derive it in a
very simple way and give the equation a physical mean-
ing—as arising from calibrating the mass of a probe M5-
brane wrapping a 4-cycle.

B. M5-brane on a SpelL. 3-cycle
We now move on to an M5-brane wrapping a special
Lagrangian 3-cycle in a Calabi-Yau 3-fold, spanning di-
rections 345 678. This problem was studied in [6,10]

0 1 2|3 4 5 6 7 8|9 10
Ms @ ® ®|® ® ®

(17)

An M5-brane probe wrapping a holomorphic 4-cycle can
be introduced into this background, such that the resulting
configuration is still BPS.

01 2|13 4 5 6 7 8(9 10
M @ @ ®|® ® ® . (18)
M5 x x X X X X

The volume along of the 4-cycle is given by J A J and by
the considerations outlined in the previous section the mass
density is given by

Yy =HY3IAJ (19)
and so we find that
0 =dgpy = dg(H 3T A J). (20)

In addition, we can introduce a probe instanton—a
membrane that wraps a SpelLL 3-cycle; since this probe is
a Euclidean brane, it must now share two world-volume
directions with the M5-brane. If we stick with the con-
vention that the M5-brane is wrapping the cycle calibrated
by Re(), then the volume of the special Lagrangian cycle
wrapped by the M2-brane is given by the pullback of Im{).
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0 1 2|3 456 7 8[9 10
M ® ® ®|®@ ® ® . (21)
M2 X X X

Since the M2-brane has no space-time directions along the
0, 1, 2 directions the form

calibrates the action of the M2-brane instanton, hence
dgImQ) = 0. (23)

Finally, we can introduce an M2-brane wrapping a holo-
morphic 2-cycle in the Calabi-Yau manifold:

01 23 4 5 6 7 8|9 10
M @ @ ®|® ® ® . (24)
M2 x X X

In this case the volume of the M2-brane inside the Calabi-
Yau manifold is given by J so that

g =H S, (25)

which is again closed:
deip, = ds(H™'/J) = 0. (26)

All of these equations, i.e. (20), (23), and (26), are known
from [6,10]. We have provided a physical way of under-
standing why these otherwise mysterious conditions arise.

C. M5-brane on a holomorphic 4-cycle

Finally, we turn to the background generated by an M5-
brane on a holomorphic 4-cycle inside a Calabi-Yau 3-fold
spanning directions 234 567

01
M5 ® ®

2 3 4 567
@ ® 8 B

8 9 10 . 27)

In this case we come up against our constraint that the part
of the probe brane transverse to the Calabi-Yau manifold
lie entirely inside of the background brane (our constraint
that p —d > g — d'). This constraint prevents us from
wrapping an M-brane on a holomorphic cycle while pre-
serving supersymmetry. Thus we cannot use our methods
to find constraints on J or J A J. Fortunately we already
know from previous work [5,8] that the constraint satisfied
by J is dg(H'/3J) = 0. We do not, however, know anything
about (). Fortunately we can deduce its properties using
our methods. We introduce for this purpose an M2-brane
instanton wrapping a special Lagrangian 3-cycle in the
Calabi-Yau manifold.
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0 112 3 4 5 6 7|8 9 10
M ® I @ ® ® . (28)
M2 X X X

Once again, since the M2-brane is entirely inside of the
Calabi-Yau manifold there are no factors of H; in our
definition of ¢; = () and we have the constraint:

deQ = 0. (29)

As far as we know this is also a new result.

D. M2-brane on a holomorphic 2-cycle

We turn now to the M2-brane as it wraps a holomorphic
2-cycle,

0|1
M2 ®

2 3 456|789 10

(30)
® ®

Once again we cannot use our methods to constrain J
since there are is no way to wrap M-branes on holomorphic
cycles while preserving both supersymmetry and our con-
straint that p — d > g — d' in the notation of Sec. II. Again
we are fortunate that the constraints are already well
known and can be stated simply as [5]: dg[H'/3J A J] = 0.

We can, however, find constraints on () by wrapping an
M2-brane on a special Lagrangian 3-cycle as follows, say:

01 2 3 4 5 6|7 8 9 10
M2 ® | ® ® - (31)
M2 X X X

This is a supersymmetric configuration and yields ¢; =
Q, or the constraint

dQ = 0. (32)

This is a new constraint which has not previously appeared
in the literature to our knowledge.

IV. SUMMARY AND NEW DIRECTIONS

In this paper we have derived a number of new results as
well as given a physical understanding of some known
results. We argued that it is sensible to define calibrations
¢, in wrapped M-brane backgrounds. These calibrations
measure the tension of supersymmetric objects in the
world-volume theory of the background wrapped M-brane.
We showed that many of the torsion class constraints on the
geometry can be understood as the constraint that our
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calibrations ¢, are closed with respect to the exterior
derivative on M.

In our approach we do not have to satisfy the gravitino
Killing spinor equation explicitly to find constraints on the
metric of the wrapped brane. We make only two assump-
tions: that there is an almost complex structure defined on
the six dimensional manifold M, and that the metric takes
the generic form (2). With these two simple conditions we
introduce all possible M-branes which intersect the back-
ground brane so that the intersection is a supersymmetric
object in the background brane’s world-volume theory. We
then evaluate the action of the probe brane in the putative
background of the wrapped brane and deduce facts about
the metric (2). We are able to deduce already known
results, which gives us confidence in our methods, as
well as new results.

Our new results all involve properties of the (3,0) form
Q) in backgrounds of M-branes wrapping holomorphic
cycles. In all of these cases we find that dg(H*()) =0
for some power «. This tells us that dg{) is a (3,1) form.
The fact that dg{) has no (2,2) component means that the
almost complex structure is integrable. This is our first
important new result because it justifies ex post facto the
assumptions in [4,5,8] that M is a complex manifold.
Moreover, we find that for M5-branes wrapping a 2-cycle
do(H™'2Q)) = 0, while for M5-branes wrapping a 4-cycle
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and M2-branes wrapping 2-cycles dg{) = 0. This new
information combined with results from [4,5,8] completes
their description in terms of torsion classes.

One may wonder if there are other areas where one can
apply the ideas developed here. Clearly there is no need to
have a background M-brane to apply our methods. In fact,
one can rediscover properties of Calabi-Yau manifolds if
one starts out assuming that there exists an almost complex
structure and introducing supersymmetric probe wrapped
branes. One finds that Calabi-Yau manifolds are complex
Kéhler manifolds with a holomorphic (3,0) form. Another
possibility is to apply these ideas to the geometry of branes
wrapping more than one type of cycle. For instance one
could find constraints on the geometry of an M5-brane
wrapping a 2-cycle and another one wrapping a 4-cycle.
These cases have not been studied before and can be
treated in a very elementary way.

The basic ideas developed here can be generalized to
other manifolds and branes as well.
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