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In this paper we use the deformation procedure introduced in former work on deformed defects to
investigate several new models for real scalar field. We introduce an interesting deformation function,
from which we obtain two distinct families of models, labeled by the parameters that identify the
deformation function. We investigate these models, which identify a broad class of polynomial inter-
actions. We find exact solutions describing global defects, and we study the corresponding stability very

carefully.
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I. INTRODUCTION

The study of defect structures is of great interest to high
energy physics, and have been the subject of many inter-
esting investigations, as we can see for instance in the
books quoted in Ref. [1]. As one knows, defect structures
are also of interest to condensed matter physics, and there
they have been used to model different situations, as they
appear for instance in Ref. [2].

In general, defect structures can be topological or non-
topological, and in models described by a single real scalar
field in (1,1) space-time dimensions they are usually
named kinks or lumps, respectively. They are global de-
fects, and in this work we investigate kinks and lumps in
models described by real scalar field, taking advantage of
former work on deformed defects [3] to build new families
of models, together with their corresponding defect solu-
tions. Our investigation deals with the type-1 family of
deformations, and we focus mainly on the basic properties
of the models and defect structures, including stability,
which is of direct interest to nonlinear science in general.
The new models and solutions which we introduce in this
work bring new interactions into the stage, and we believe
that they are of interest both to condensed matter and high
energy physics.

In condensed matter, scalar fields are important to de-
scribe spontaneous breaking of discrete symmetry, which
may be a mechanism to describe the mass gap for fermi-
onic carriers with Yukawa coupling to the bosonic degrees
of freedom [4]. In high energy physics, scalar fields play
central role in the standard model, controlling the way the
masses of the elementary particles are generated under the
Higgs mechanism [5]. Scalar fields also appear as bosonic
portions of chiral superfields, leading to appropriate tool to
implement supersymmetry in high energy physics [6].
They also play important role in string theory, in particular,
in type IIB superstring theory where the dilaton appears as
a Ramond-Ramond scalar field which may control the
string coupling; also, in string theory we should in general
mention the many associated moduli fields, which are other
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examples of scalar fields playing important role [7].
Furthermore, motivated by string theory, scalar fields
may also be used to generate defect structures in non-
comutative space-time [8] and in models which break
Lorentz and CPT symmetries [9,10]. They can also play
important role in supergravity [11], and in braneworld [12],
braneworld cosmology [13] and cosmology [14]. In brane-
world and in braneworld cosmology, scalar fields may
constitute the driving mechanism to establish the problem,
and in cosmology they may be used to source the dark
energy needed to accelerate the Universe [15]. For recent
investigations of scalar field models in cosmology and in
braneworld see, e.g., Refs. [16,17].

There are other instances where scalar fields play spe-
cific role. Some of them are related to the Peccei-Quinn
(PQ) mechanism [18], which deals with the strong CP
problem, and the Affleck-Dine (AD) mechanism [19],
which deals with baryogenesis—for a review on the
matter-antimatter asymmetry see Ref. [20]. Here we recall
very recent investigations, in which if the scalar field
potential is supposed to admit a tracker solution, the scalar
field present in the PQ mechanism can also account for
dark energy [21], and also in a variant of the AD mecha-
nism, if one properly couples scalar field to neutrinos, one
can induce net baryon number density in the model [22].
Scalar fields may also provide important environments for
semiclassical investigations in quantum field theory [23].
In spite of all the above possibilities, however, neither
condensed matter nor high energy physics suggests how
the scalar fields interact or self-interact, although some-
times we know that they must self-interact to make up the
model.

Scalar field may engender polynomial or nonpolynomial
self-interactions, and in the present work we focus on
polynomial potentials. We use the deformation procedure
of Ref. [3] to introduce new families of models described
by a single real scalar field, engendering different power of
self-interactions, which we solve to find defect structures
with the methodology for deformed defects set forward in
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these works. Other interesting investigations on polyno-
mial potentials have been considered for instance in [24],
but there one hardly finds exact solutions for polynomial
potential of degree higher than six. In the present work we
focus mainly on the basic issues, concerning the models
and their exact solutions, and the corresponding stability.
The main results of this investigation are of immediate
interest to the braneworld scenario set forward in the last
work in Ref. [3]. The specific results concerning the pres-
ence of exact solutions impact directly on the former
understanding, that it is hard to find defect solutions in
models described by scalar field with polynomial interac-
tions of higher and higher power in the field. For this
reason, we believe that the present work is also of interest
to the semiclassical program which computes corrections
to kinks in quantum field theory in (1, 1) dimensions, in the
case of cylinders and strips [23]. In the case of infinity
length, the one-loop correction to the classical energy of
these new deformed kinks might be computed using the
generalized zeta function procedure proposed in Ref. [25].

II. GENERALITIES

We use the deformation procedure introduced in Ref. [3]
for real scalar fields in the standard, infinite volume case.
We consider the two models

1
L= 5 OuX X = V(x) (1a)

L= 50,896~ V() (1)

where y and ¢ are two real scalar fields and V(y) and
V(¢) are given potentials, which specify each one of the
two models. We introduce a function f = f(¢), named
deformation function, from which we link the model of
(1a) with the deformed model of (1b) by relating the two
potentials V() and V(¢) in the very specific form
Vix — f(¢))
(df/d¢)

This allows showing that if the starting model has finite
energy static solution y(x) which obeys the first-order

equations
dx _ o |
4 = 2V 3
I (x) (3)

and the equation of motion
dz/\/ N av
dx dx

then the deformed model has finite energy static solution
given by ¢(x) = f~'(x(x)), which obeys

dp _ |
o +y2V() (5)

V(¢) = 2

“)

and
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¢ _dV

dx? do
The proof was already given in Ref. [3]. We notice that if
the deformation function f(¢) has critical points, the
deformation procedure works smoothly if and only if the
potential V(f(¢)) has zeroes of multiplicity at least two at
those critical points. The critical points of f(¢) are the
branching points of £~ !(), which is consequently a multi-
valued function.

(6)

III. NEW FAMILY OF MODELS

We now proceed to the key point in the present work. To
do this, we start with the standard y* model, and we search
for new analytically solvable models, which support topo-
logical (kinklike) and/or nontopological (lumplike) defect
structures as classical static solutions of the corresponding
equations of motion. The methodology follows Ref. [3]
and especially the case of the type-1 family of deforma-
tions, that is, we search for new functions f = f(y) from
which we can build new families of models. The starting
model is described by the potential

UG = 51 = 3 )

where we are using dimensionless field and coordinates.
We fix the center of the defect at the origin (x, = 0) to get
the kinklike solution

x(x) = = tanh(x) 8)
We now choose a new deformation function

f(&) = cos(a arccos(¢p) — mar) 9)

This function depends on a, which is real constant, and on
m, which can be integer or semi-integer. The procedure
follows [3] and the parameter m leads to two distinct
families of models: for m integer, the deformed potential
can be written in the form

Ve (¢) = %(1 — ¢?)sin’*(a arccos ) (10)

However, for m semi-integer we get

Ve (¢) = %(1 — $cos2(aarccosp) (1)

As we show below, using half-integer and integer values
for the parameter a lead the number of vacua of the new
model to be fixed at will.

The above models identify families of potentials which
present static solutions given by

()

¢(x) = cos (12)

where 6(x) is the principal determination of

arccos(tanh(x)), e.g., 8 € [0, 7).
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An interesting aspect of these potentials is that they can
be written in polynomial form, for a integer or semi-
integer, as follows

Va(®) = (1= (1~ P(#)  (3)
and
Vin(d) = 5 (1= 80+ P (14)

where

_ < _1\k/2 2a\ au—kiq _ 2\k/2
Pg)= 3 (DM )1 = g2 (1)

k=0,2,...

They are very interesting polynomial potentials, for which
we can find all the static solutions explicitly.

We illustrate some of the many possibilities with the
cases a = 1/2,3/2,5/2. Here we have, for the sine family

VI2(g) = (1 - ¢2)(1 - &) (16)
VIPG) =5 (1= 4901 436 49 (7

1
Vi (9) =52 (1= $))(1 = 56 +204° — 16¢°) (18)
and for the cosine family

V() = (1 — ¢)(1 + ¢) (19)
i) =50 = @001 =36 +4¢7)  Q0)
) = 52 (1= $D(1 + 56 = 2047 + 1669 (21)

V oot

—-0.02 -

FIG. 1. The two potentials V4, and V&, plotted for a = 5/2

with solid and dashed lines, respectively.
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The two families are field reflection of one another, and so
they are essentially equal for @ semi-integer. In Fig. 1 we
plot the sine and cosine potentials for a = 5/2, to illustrate
their profile. It is interesting to notice that the potentials
Vsli{f and V2 give rise to the ¢ theory considered in
Ref. [26] to describe vacuum instability in scalar theories
with spontaneous symmetry breaking. These models are of
interest to string theory [27] since they can be used as toy
models to describe tachyonic decay of unstable brane [28].

The case of a integer is very interesting, and we have
decided to show specific investigations for both the sine
and cosine families of models below.

A. The sine family of models for a integer

Here we investigate the family of models given by V&,
for the specific case of a being an integer.

1. zeroes of V,

The zeroes of V& (¢) imply that a arccos¢p = nar, n €
Z. We define k =n + 1, so that k =1,2,.... Thus, the

zeroes of V, are given by

Z, = cos(k ! 77) (22)
a

The count of zeroes runs from k = 1to k = 2a + 1, but
for k = a + 1 we have the equalities Z, = —Z,,,_; and
Zyix = Zyv2—1, which show that the number of different
zeroes is just a + 1. The explicit results are: for a even, the
zeroes are

{Zl = l,Zz, ...,Z%,Z%+1 = 0, _Z%, cees _ZZr _Zl = _1}
(23)

and for a odd, they are

1z, =1, Z2’---rZa+l/2’ _Za+1/2""’ ~Zy, ~Z; = ~1}
(24)

Finally, because V, is a polynomial for which the zeroes
(and multiplicities) are known, we have:

(i) a even:
4a/2 a/2
Vind) =S[00 = ¢%/Z)?  (©25)
j=1
(i1) a odd:
1 a
Vi) =5 []0—¢%/2* (26
‘ 2a? i J

where Z; = cos% . It is a very remarkable fact that
Ve (¢) can be written in terms of the Chebyshev polyno-
mials of second kind:
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Vin(@) = —U2 ()1 = ¢?)?

sm((a + 1) arccos¢)
sin(arccosg)

(27a)

UJ¢) = (27b)

The explicit results of V& (¢), for a =1, 2, 3, 4, 5 are
given by

Vin(@) = —(1 - ¢?) (28)
§11’1(¢) ¢2(1 - d)Z)Z (29)
8 /1 2
Vin(®) = §<Z - ¢2> (1 - ¢?)? (30)
2
sln(d)) = 2¢2<_ - ¢2> (1 - ¢2)2 (31)

2O )
X (1= ¢??

which illustrate this new family of models. We notice that
there are two classes of models: for a odd they are ¢p*—
like potentials—no zero at the origin—and for a even they
are ¢p%—like models—having a zero at the origin. In
Fig. 2 we plot V2 and V%, and in Fig. 3 we plot V2,

and V2 to show how they behave as a function of the scalar

field ¢. As a curiosity, we remark that the zeroes of V2 (¢)
occur at *R/2, =(1 —R)/2, and =1,

Vi.(¢) =
(32)

where R =
(14++/5)/2 and 1 — R are, respectively, the Big and
Small Golden Ratios.

0.06

0.04

“\ 0.02 /
.

-1 T3 0 05 1 4);
FIG. 2. Plots of V2 (¢) and V2 (¢), depicted with solid and
dashed lines, respectively. These potentials belong to the ¢°-like
family of models.
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V 0.06

6

FIG. 3. Plots of V2 (¢) and V> _(¢), depicted with solid and

s s

dashed lines, respectively. These potentials belong to the ¢*-like
family of models.

2. Solutions and zeroes of Vg,

The static solutions of V,(¢) are given by
0(x)+ (k— Dm
¢i(x) = cos

a
with k = 1,2, ... and 6(x) the principal determination of
arccostanh(x), i.e. 6 € [0, 7].

Different values of k produce different solutions only if
1 = k = 2a. Moreover, if 1 = k < qa, then ¢, 4 1_(x) =
—¢(x), and this leads to the set of solutions

{d)l(x), ¢2(X), ce ¢a(x)J _¢a(x)7 cee T ¢2(x)’

(33)

—¢1(0)}
(34)

We notice that for —c0o =x =00 we have —1 =
tanhx = 1 and so 7 = 6§ = 0. Thus, x — —oo implies § —
7 and x — oo implies § — 0. We use these results to see
that from k = 1 to k = a, the solution ¢(x) interpolates
between the zero Z;,; and the zero Z,;, all the double
zeroes are reached, and these are topological defects. The
solutions ¢, ;(x) travel in the opposite direction, and they
are the associated antidefects.

B. The cosine family of models for a integer

Here we investigate the family of models given by V¢
for the specific case of a being an integer.

1. The zeroes of V

The zeroes of V¢, (¢) imply that a arccos¢p = 5 + nr,
n € Z. Like before, we define k =n + 1, so that k=
1,2,.... Thus, apart from *1, the zeroes of V, are

2k — 1
2a 77)

Z, = cos( (35)
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The count of zeroes runs from k£ = 1 to k = 2a, but for
k = a the equalities Z, = —Z, ;1 and Z,; = Z,_1+1
show that the number of different zeroes is just a (plus the
two simple zeroes *1). For a even, the zeroes are

{1, Z],Zz,...,Z%, _Z%,..., _ZQ, _Zl’ _1} (36)

and for a odd, they are
{I)ZDZZ’""Zafl/Z’ZaJrl/Z O Za 1/2,..., Z,_Zl,
(37

Finally, because V. is a polynomial for which the
zeroes (and multiplicities) are known, we have:
(i) a even:

411 1 a/2
vézos(d)) (1 - ¢2) l_[(¢2 Zz)2 (38)
(i1) a odd:
a—1/2
Ve () = #) [ @~ 72 69

where Z; = coszf2 7. As for the sine potentials, the

Ve (d) potent1als are also given by Chebyshev polyno-
mials, in this case of the first kind:

Vinld) = 55 THS = ¢2)
T,(¢) = cos(a arccos¢)

(40a)
(40b)

Note the relationship between T,(¢) and the deformation
function introduced in Eq. (9).

The explicit forms of potentials V& (¢) for a = 1, 2, 3,
4,5 are given by
1
Vios(¢) = §¢2(1 - ¢?) (41)
Vau(®) = (— @)1= ) “2)
3 _8 53 2\? 2
Via@) =g (- 41— 0 @

Vi) =222 - (B2 Y- 0
@)

_¢2

X (1—¢%

which illustrate this new family of models. We notice that

VS () = 128 (10 +62J‘ ¢2>2 <10 —162J§ B 4)2)2

(45)

-1}
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A

V 0.141

—-0.04 -

FIG. 4. Plots of V2,,(¢) and V2 (), depicted with solid and
dashed lines, respectively. These potentials belong to the in-
verted ¢°-like family of models.

there are two classes of models: for a odd they are inverted
¢*—like models, and for a even they are inverted ¢®—
like models. In Fig. 4 we plot V2, and V2, and in Fig. 5 we
plot V2 and V2, to show how they behave as a function of
the scalar field ¢.

2. Solutions and zeroes of V.

The static solutions of V.(¢) are given by

6(x) + 21t

¢i(x) = cos (46)
with £k = 1,2, ..., and 0(x) the principal determination of
arccostanh(x — x), i.e. 8 € [0, 7].

A

\/ 00451

0.025

;' y :
/1 05 0 05 1\¢
-0.01-

FIG. 5. Plots of V3,(¢) and V2..(¢), depicted with solid and
dashed lines, respectively. These potentials belong to the in-
verted ¢*-like family of models.
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Different values of k produce different solutions only if
1 < k = 2a. Moreover, if 1 <k <a, then ¢,, ;(x) =
—¢i(x) and we get the set of solutions ¢,(x),
¢2(X), R d)u—l(x)’ ¢a(x)’ _d)u—l(x)’ ceer T ¢2(X),
_(]51()(), d)Za(x)-

We see that for —00 = x = oo we have —1 = tanhx = 1
and so 7 = 6 = (. Thus, x — —o© gives § — 7 and x —
o gives § — 0. From k =1 to k = a — 1, the solution
¢ (x) interpolates between the zero Z;, and the zero Z,
all the double zeroes are reached, and these are topological
defects. The solutions ¢, ;(x) travel in the opposite direc-
tion, and they are the associated antidefects. Moreover, ¢,
and ¢,, are nontopological defects. ¢,(x) starts at x =
—oo from the zero Z,;; = —Z;, at x = 0 (more generally
at x = x) reaches ¢,(xy) = —1, and finally at x = oo the
solution arrives to Z,. But Z, = —Z; again. Identical
behavior appears for ¢,,(x) on the zeroes Z,, = Z,, and
Zyy+1 = Zy.

IV. SUPERPOTENTIALS

It is sometimes possible to introduce superpotentials.
They are functions of the scalar field, W = W(¢), and
allow writing

aw
Vo) =5(%) (47)

d¢
Since for the sine family of potentials, V& (¢), all
members with a integer are non-negative, we can introduce
the corresponding superpotentials. They are obtained with

_ 1 dWsin(¢) 2
V) = 5(Fa ™) (48)
They have the form, for a®> # 4
Wiin(¢) = ﬁ[(uz(l — ¢?) — 2) cos(a arccos )
— 2a¢py|1 — ¢?sin(a arccose)] (49)
or
sm(¢) 2( 2 _ )[(a (1 - ) - 2)Ta(¢)
—2a¢(1 — MU, 1(9)] (50)
and for a*> = 4 we have
Wan(9) = = 1420 — ) (51)

The presence of superpotentials in general eases calcu-
lation;, in particular, this is the case for the energy asso-
ciated with the corresponding static solutions. For the kink
solutions of the sine family of models, the energies can be
calculated with

Esin(d)k) = |Wsin(Zk) -

Wsin(zk+l)| (52)
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for 1 = k = 2a. The presence of superpotentials shows
that these models are in fact bosonic portions of more
general, globally supersymmetric theories, which can be
written in the usual way [6,29]. We recall that global
supersymmetries can be made local, as it happens in su-
pergravity theories, which can also support defect struc-
tures—see, for instance, Ref. [11].

V. STABILITY AND ZERO MODES

To investigate linear stability of the scalar field solutions
Eq. (12), we consider

P(x, 1) = ¢(x) + > n(x) cos(w,1) (53)

We substitute this into the time-dependent equation of
motion
2 02 dv
2y Vo AV_, (54)
92 ox* d¢
and consider the case of small fluctuations 7,,(x) about the
classical field ¢(x) to obtain

d2
(‘ 2 U(x)>77n(x) = win,(x) (55)
X
where the potential of this Schodingerlike equation is
a’v
Ux) =— (56)
do™ | p=g

The Eq. (55) has at least one bound state, the bosonic zero
mode that is present due to translational invariance. It is
given by

d
70(x) = ¢ix) (57)
From Eq. (12) we obtain
1no(x) = 1 sech(x) sin<w> (58)
a a

where 0(x) is the principal determination of
arccos(tanh(x)). For the above solutions, zero modes
have nodes only for semi-integer m = -1, =a
and k = 2a. Yet, from Eq. (56) for the solutions (12), after

a highly non trivial calculation, we have the potentials

U(gy(x)) =1 — (2 + %)sechz(x) + %
(20 + Moy

X cot tanh(x)sech(x) (59)
where N(k) = k — 1, for the solutions ¢;(x) of Vj,, and
N(k) = (2k — 1)/2 for the solutions of V.

The explicit forms of the potentials V(¢) and quantum-
mechanical potentials U(x) for a = 1, 2 are shown below.
For a = 1 we have

105008-6
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1

Vin =51 = ¢?? (60)
Ula($1) = UL () = 4 — 6sech®(x)  (61)

and
Vc}os = %9{)2(1 - 9{)2) (62)

Uclzos(qsl) = Ucl:os(d)Z) =1- 6sech2(x) (63)

For a = 2 we have

¢2(1 - ¢2)2 (64)

Uz, (¢1) = U, (¢h3) = %(10 + 6sech(x) — 15sech?(x))
(65)

UZ (¢y) = U2, (¢by) = %(10 — 6sech(x) — 15sech?(x))
(66)

and

2
Vcos -

(=35~ o) (67

N =

UBa() = Ul(hs) = 3 (4 + Gsech() = 15sech’()
(63)

V() = U2o() = § (4 = Gsech(x) = 15sech’(0)
(69)

We notice that the zero modes for topological defects are
zero energy eigenfunctions of the Hessian for both V;, and
V.os and have no nodes. The Hessian is a one-dimensional
second-order Schrodinger operator, and by a general theo-
rem, the ground state of such operator has no nodes.
Therefore, all the other eigenfunctions have positive en-
ergy and topological defects are stable. The zero modes for
nontopological defects are also zero energy eigenfunctions

PHYSICAL REVIEW D 73, 105008 (2006)

of the Hessian for V., but they have a node. Therefore, the
ground state in this case is a negative energy eigenfunction,
indicating that nontopological defects are unstable.

The above study of stability shows the presence of new
quantum-mechanical potentials, which is of direct interest
to supersymmetric quantum mechanics and can be ex-
plored standardly, with the usual procedure of factorization

[30].

VI. FINAL COMMENTS

In this work we have built two distinct families of scalar
field models, described by the potentials V¢ (¢) and
Vi (¢p), given by the general expressions in (10) and
(11). For these models, we have found all the static solu-
tions, and we have studied their stabilities carefully. As we
have shown, the V& (¢) models are generalizations of the
¢* and ¢° models, for a odd and even, respectively, and
the V%(¢) generalizes the inverted ¢* and inverted ¢
models, for a odd and even, respectively. These models are
new, of increasing power in the scalar field, and they are all
solved with explicit static solutions obtained very directly
from the procedure for deformed defect set forward in
Ref. [3].

The present investigation offers a systematic way to find
defect solutions in models described by real scalar field
with general polynomial interactions. The simplicity of the
procedure poses several issues of interest to high energy
physics and condensed matter. In high energy physics, in
particular, we are now focusing on applications to tachyons
and branes, and on extensions to models described by two
real scalar fields [31], or by a single complex field [32]. In
connection with the semiclassical program of Ref. [23], we
are now examining the possibility of extending the present
work to models defined in finite volume.

ACKNOWLEDGMENTS

The authors would like to thank the Brazilian and
Spanish agencies and projects, respectively, CAPES,
CNPq, PADCT/CNPq and PRONEX/CNPg/FAPESQ,
and DGICYT and JCyL for partial financial support.
J.M.G. is grateful to the Departamento de Fisica,
Universidade Federal da Paraiba, Jodao Pessoa, for warm
hospitality.

[1] R. Rajaraman, Solitons and Instantons (North-Holland,
Amsterdam, 1982); A. Vilenkim and E.P.S. Shellard,
Cosmic Strings and Other Topological Defects
(Cambridge University Press, Cambridge, England,
1994); N. Manton and P. Sutcliffe, Topological Solitons
(Cambridge University Press, Cambridge, England, 2004).

[2] P.M. Chaikin and T.C. Lubensky, Principles of
Condensed Matter Physics (Cambridge University Press,
Cambridge, England, 1995); D. Walgraef, Spatio-
Temporal Pattern Formation (Springer-Berlag, New
York, 1997); G. Bertotti, Hysteresis in Magnetism
(Academic, San Diego, CA, 1998).

105008-7



BAZEIA, GONZALEZ LEON, LOSANO, AND MATEOS GUILARTE

(3]

(4]

(5]

(6]

(8]

[11]

[12]

(13]

[14]

[15]

D. Bazeia, L. Losano, and J. M. C. Malbouisson, Phys.
Rev. D 66, 101701(R) (2002); C. A. Almeida, D. Bazeia,
L. Losano, and J. M. C. Malbouisson, Phys. Rev. D 69,
067702 (2004); D. Bazeia and L. Losano, Phys. Rev. D 73,
025016 (2006).

R. Jackiw and C. Rebbi, Phys. Rev. D 13, 3398 (1976);
W.P. Su, J.R. Schrieffer, and A.J. Heeger, Phys. Rev. Lett.
42, 1698 (1979); R. Jackiw and J.R. Schrieffer, Nucl.
Phys. B190, 253 (1981); J. Goldstone and F. Wilczek,
Phys. Rev. Lett. 47, 986 (1981); F. Wilczek, cond-mat/
0206122.

C. Quigg, Gauge Theories of the Strong, Weak and
Electromagnetic Interactions (Benjamin, New York,
1983); M.K. Gaillard, P.D. Grannis, and F.J. Sciulli,
Rev. Mod. Phys. 71, S96 (1999).

J. Wess and J. Bagger, Supersymmetry and Supergravity
(Princeton  University, Princeton, NJ, 1992); R.N.
Mohapatra, Unification and Supersymmetry (Springer,
Berlin, 1995).

J. Polchinski, String Theory (Cambridge University Press,
Cambridge, England, 1998); B. Zwiebach, A First Course
in  String Theory (Cambridge University Press,
Cambridge, England, 2004).

R. Gopakumar, S. Minwalla, and A. Strominger, J. High
Energy Phys. 05 (2000) 020; D.J. Gross and N. Nebrasov,
J. High Energy Phys. 07 (2000) 034; U. Lindstrom, M.
Rocek, and R. von Unge, J. High Energy Phys. 12 (2000)
004; J. A. Harvey, P. Kraus, and F. Larsen, J. High Energy
Phys. 12 (2000) 024.

D. Colladay and V. A. Kostelecky, Phys. Rev. D 55, 6760
(1997); Phys. Rev. D 58, 116002 (1998).

M. Lubo, Phys. Rev. D 71, 047701 (2005); M. N. Barreto,
D. Bazeia, and R. Menezes, Phys. Rev. D 73, 065015
(20006).

M. Cvetic and H. H. Soleng, Phys. Rep. 282, 159 (1997).
L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370
(1999); Phys. Rev. Lett. 83, 4690 (1999); W.D.
Goldberger and M.B. Wise, Phys. Rev. Lett. 83, 4922
(1999); J. Garriga and T. Tanaka, Phys. Rev. Lett. 84, 2778
(2000); R. Greogory, V. A. Rubakov, and S. M. Sibiryakov,
Phys. Rev. Lett. 84, 5928 (2000); O. DeWolfe, D.Z.
Freedman, S.S. Gubser, and A. Karch, Phys. Rev. D 62,
046008 (2000); C. Csaki, J. Erlich, T.J. Hollowood, and Y.
Shirman, Nucl. Phys. B581, 309 (2000); C. Csaki, J.
Erlich, C. Grojean, and T.J. Hollowood, Nucl. Phys.
B584, 359 (2000).

G. Dvali, G. Gabadadze, and M. Porrati, Phys. Lett. B 485,
208 (2000); G. Dvali and G. Gabadadze, Phys. Rev. D 63,
065007 (2001); C. Deffayet, Phys. Rev. D 66, 103504
(2002); P. Brax and C. van de Bruck, Class. Quant. Grav.
20, R201 (2003); P. Brax, C. van de Bruck, and A.-C.
Davis, Rep. Prog. Phys. 67, 2183 (2004).

P.J.E. Peebles and B. Ratra, Rev. Mod. Phys. 75, 559
(2003); T. Padmanabham, Phys. Rep. 380, 235 (2003); M.
Trodden and S. M. Carroll, astro-ph/0401547; A. Linde, J.
Phys.: Conf. Ser. 24, 151 (2005).

A. Riess et al, Astron. J. 116, 1009 (1998); S.J.
Perlmutter et al., Astrophys. J. 517, 565 (1999); N.A.

[16]

(17]

[18]

[19]
(20]
(21]

(22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]
(30]

(31]

(32]

105008-8

PHYSICAL REVIEW D 73, 105008 (2006)

Bachall, J. P. Ostriker, S.J. Perlmutter, and P. J. Steinhardt,
Science 284, 1481 (1999).

D. Bazeia, C.B. Gomes, L. Losano, and R. Menezes,
Phys. Lett. B 633, 415 (2006); K. Skenderis and P.K.
Townsend, hep-th/0602260.

D.Z. Freedman, C. Nuiiez, M. Schnabl, and K. Skenderis,
Phys. Rev. D 69, 104027 (2004); A. Celi et al., Phys. Rev.
D 71, 045009 (2005); V.I. Afonso, D. Bazeia, and L.
Losano, Phys. Lett. B 634, 526 (2006).

R.D. Peccei and H.R. Quinn, Phys. Rev. Lett. 38, 1440
(1977); S Weinberg, Phys. Rev. Lett. 40, 223 (1978); F.
Wilczek, Phys. Rev. Lett. 40, 279 (1978).

I. Affleck and M. Dine, Nucl. Phys. B249, 361 (1985).
M. Dine and A. Kusenko, Rev. Mod. Phys. 76, 1 (2004).
R. Mainini and S.A. Bonometto, Phys. Rev. Lett. 93,
121301 (2004).

K.R.S. Balaji and R. H. Brandenberger, Phys. Rev. Lett.
94, 031301 (2005).

G. Mussardo, V. Riva, G. Sotkov, Nucl. Phys. B687, 189
(2004); Nucl. Phys. B699, 545 (2004); Z. Bajnok, L. Palla,
G. Takacs, Nucl. Phys. B702, 448 (2004); G. Mussardo, V.
Riva, G. Sotkov, Nucl. Phys. B705, 548 (2005); G.
Mussardo, V. Riva, G. Sotkov, and G. Delfino, Nucl.
Phys. B736, 259 (2006).

M. A. Lohe, Phys. Rev. D 20, 3120 (1979); L.J. Boya and
J. Casahorran, Ann. Phys. 266, 63 (1998).

A. Alonso Izquierdo, W. Garcia Fuertes, M. A. Gonzalez
Leon, and J. Mateos Guilarte, Nucl. Phys. B635, 525
(2002).

M. Veltman, “Reflections on the Higgs System,” CERN
Yellow Report No. 97-05 (unpublished).

A. Sen, Int. J. Mod. Phys. A 14, 4061 (1999); J. High
Energy Phys. 12 (1999) 027; Int. J. Mod. Phys. A 20, 5513
(2005).

B. Zwiebach, J. High Energy Phys. 09 (2000) 028; J. A.
Minahan and B. Zwiebach, J. High Energy Phys. 09
(2000) 029.

J.R. Morris and D. Bazeia, Phys. Rev. D 54, 5217 (1996).
L. Infeld and T. D. Hull, Rev. Mod. Phys. 23, 21 (1951); F.
Cooper, A. Khare, and U. Sukhatme, Phys. Rep. 251, 267
(1995); G. Junker, Supersymmetric Methods in Quantum
and Statistical Physics (Springer, Berlin, 1996).

D. Bazeia, M. J. dos Santos, and R. F. Ribeiro, Phys. Lett.
A 208, 84 (1995); D. Bazeia, J.R. Nascimento, R.F.
Ribeiro, and D. Toledo, J. Phys. A 30, 8157 (1997); A.
Alonso Izquierdo, M. A. Gonzalez Leon, and J. Mateos
Guilarte, Phys. Rev. D 65, 085012 (2002).

G. W. Gibbons and P.K. Townsend, Phys. Rev. Lett. 83,
1727 (1999); P.M. Saffin, Phys. Rev. Lett. 83, 4249
(1999); D. Bazeia and F. A. Brito, Phys. Rev. Lett. 84,
1094 (2000); S. M. Carroll, S. Hellerman, and M. Trodden,
Phys. Rev. D 61, 065001 (2000); H. Oda, K. Naganuma,
and N. Sakay, Phys. Lett. B 471, 140 (1999); A. Alonso
Izquierdo, M. A Gonzalez Leon, and J. Mateos Guilarte,
Phys. Lett. B 480, 373 (2000); D. Bazeia, J. Menezes, and
M. M. Santos, Phys. Lett. B 521, 418 (2001); Nucl. Phys.
B 636, 132 (2002); M. Eto et al., Phys. Rev. D 72, 085004
(2005).



