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Unitarity cuts are widely used in analytic computation of loop amplitudes in gauge theories such as
QCD. We expand upon the technique introduced in hep-ph/0503132 to carry out any finite unitarity cut
integral. This technique naturally separates the contributions of bubble, triangle and box integrals in one-
loop amplitudes and is not constrained to any particular helicity configurations. Loop momentum
integration is reduced to a sequence of algebraic operations. We discuss the extraction of the residues
at higher-order poles. Additionally, we offer concise algebraic formulas for expressing coefficients of
three-mass triangle integrals. As an application, we compute all remaining coefficients of bubble and
triangle integrals for nonsupersymmetric six-gluon amplitudes.
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I. INTRODUCTION

Within the experimental program of the forthcoming
Large Hadron Collider, and the exigencies of efficient
ways to analyze huge amounts of data, perturbative QCD
will play the role of precision physics. To dig out interest-
ing signals we must be able to distinguish them from
backgrounds, largely dominated by QCD processes. In
order to have enough theoretical accuracy for comparisons
against the experimental counterpart, one-loop (and even
higher) many-leg amplitudes of several QCD processes are
needed [1,2]. However, the calculation of next-to-leading
order (NLO) amplitudes is extremely difficult; within the
current status of the available analytical results, ‘“many
legs‘ means five [3] as regarding QCD corrections and six
[4] as for electroweak. The most recent theoretical efforts
for tackling the one-loop multileg amplitudes have been
using algebraic/seminumerical approaches [5].

For the analysis of jet-events produced at the high en-
ergies of the LHC, it is mandatory to overcome the bottle-
neck of the one-loop six-gluon amplitude.

Although it is very difficult to calculate QCD ampli-
tudes, various methods have been developed to attack this
problem. One efficient approach is the unitarity cut method
with the spinor-helicity formalism [6—8] (a review may be
found in [9]). It is shown in [3,10,11] that one-loop ampli-
tudes with all external gluons and a gluon circulating
around the loop can be decomposed into following three
pieces (the so-called supersymmetry decomposition),

ﬂQCD — szl_’l\f:4 _ 4AN:1 + szlscalar, (11)

where AQCP denotes an amplitude with only a gluon

circulating in the loop, A N=* has the full N" = 4 mul-
tiplet circulating in the loop, A =" has an /N" = 1 chiral
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supermultiplet in the loop, and A" has only a complex
scalar in the loop. This last term is sometimes referred to as
AN=0,

The main advantage of this decomposition is that super-
symmetric amplitudes, AN=* and AN=!, are four-
dimensional cut-constructible [10,11], meaning that they
do not suffer any ambiguity due to the presence of rational
terms; they are completely determined by their finite uni-
tarity cuts.

However, the term A% cannot be completely recon-
structed from its absorptive part, and the presence of
rational functions of the kinematic invariants make its
calculation quite involved, though still simpler than the
full AQCP_ In fact, it is our aim in this paper to complete
the program introduced in [12] to give a systematic way to
evaluate the cut-constructible piece of A% The deter-
mination of the rational terms could perhaps be later
achieved by implementing the recursive technique intro-
duced in [13-15]. An alternative is to apply the unitarity
method in (4 — 2¢€) dimensions, for there the entire ampli-
tude is cut-constructible [16].

Our systematic method to deal with the A" part is
related methods and ideas from the twistor string theory
initiated in [17] and further developed in [18-21]. In
particular, we make heavy use of the new way to write
phase space integrals and perform the integration given in
[18,21]." The algorithm initiated in [12] and developed
here reduces phase space integration to algebraic
manipulations.

With the complete algorithm developed in this paper, we
calculate the (heretofore missing) cut-constructible part of
the NLO six-gluon amplitudes in QCD.

'For a review, see [22] and its citations. See also [23].

© 2006 The American Physical Society


http://dx.doi.org/10.1103/PhysRevD.73.105004

RUTH BRITTO, BO FENG, AND PIERPAOLO MASTROLIA

A. The current status of amplitudes

Under the separation given by (1.1), the unitarity method
established itself as an effective means of computation
[10,11,24-28]. This method has been applied successfully
in several contexts, supersymmetric [10-12,28—30] as
well as nonsupersymmetric [24,25,31,32]. A recent inno-
vation [27,30], making use of leading singularities, allows
a simple determination of coefficients of integrals associ-
ated to box topologies, without any explicit integration.”
Some related methods are the use of MHV diagrams in the
cut calculations [37] and the use [21,38,39] of the holo-
morphic anomaly [20] to determine certain cut integrals
[21,40].

Although supersymmetric multiplets contain more par-
ticles, the reading of the QCD amplitudes in this super-
symmetric fashion introduces a degree of simplicity in
terms of computation.

The simplest term is the contribution of an N° = 4 super
Yang-Mills multiplet. The N° = 4 amplitudes can be ex-
pressed as a combination of scalar box integral functions
with rational coefficients [10]. These coefficients have
been evaluated in a closed form for the case with maximal
helicity violation (MHV), namely, helicity configurations
where two gluons are of negative helicity and the rest are of
positive helicity [10,37], and for the case of next-to-MHV
(NMHYV) amplitudes [11,26—28,38]. The ingredients here
are the Parke-Taylor tree-level MHV amplitudes [33,34].

In the case of an N = 1 chiral multiplet, the all-n one-
loop MHYV and one-loop six-gluon amplitudes are known
[11,12,37,39,41,42].

As we have said, the most difficult part in the decom-
position (1.1) is A part, which is known only in
special cases. All amplitudes with at most one negative-
helicity gluon were computed in [43—45]. The cut parts of
the MHV amplitudes are known [10,11,46] for an arbitrary
number of legs. Very recently an explicit form of the
rational functions has been presented for the all-
multiplicity MHV amplitude in which the negative-helicity
gluons are adjacent [13,15]. All box coefficients of the six-
gluon amplitude are given in [42]. All cut-constructible
coefficients of one-loop amplitudes where the gluons are
ordered in two adjacent bunches of opposite helicity (a
“split helicity” configuration), for N' =0 and N = 1,
have been computed in [47].

To achieve the complete calculation of A for the
six-gluon amplitude, there are two possible paths to follow.
The first is to apply the unitarity method in (4 — 2¢)
dimensions instead of four [16]. Cases with four external
particles, and up to six, in special helicity configurations,

*With the unitarity method, tree-level amplitudes are the
bricks of the cut integral. Off-shell recursion relations [33,34]
are a well-known method to construct trees. As valid alterna-
tives, there are two new efficient techniques, exploiting the on-
shellness of the amplitudes: the MHV diagrammatic rules of [18]
and the on-shell recursion relations of [35,36].
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have been worked out along this way [25,31,32,48,49].
Recent progress in deriving the tree-amplitude ingredients
has appeared in [50-55]. Alternatively, one can split
Asealar into a cut-constructible piece and a remaining
rational function, and tackle these two pieces separately.
The reason is as follows. Because of a better understanding
of the recursive structure of QCD amplitudes, at tree level
[35,36] and at one-loop [56], and exploiting the knowledge
of their collinear and soft- behavior, it has recently been
shown [13—15] that the rational term of one-loop QCD
amplitudes does have, in itself, a recursive character: given
the knowledge of the coefficients of the logarithmic and
polylogarithmic terms of an n-point amplitude, the leftover
rational coefficient has been reconstructed by feeding into
the recursion the rational coefficients of the (n — 1)-point
amplitudes which represent the all-channel collinear limits
of the n-point one. Thus, if we calculate the cut-
constructible part, we can try to obtain the corresponding
rational part by recursion relations. Combining the results,
one might obtain the complete answer for A scalar,

B. The plan of the paper

The plan of this paper is as follows. In Sec. II, we give
the general setting for our paper. We exploit the divergent
behavior of the amplitude to reduce the size of the basis of
known integrals. Then we analyze the structure of our
phase space integration. We show that we can neatly divide
contributions into rational and logarithmic parts. For the
logarithmic parts, we show where the three-mass triangle
and four-mass box functions show up. Furthermore, we
give our general strategy to reduce integration to algebraic
manipulation. Specifically, we show how to read out resi-
dues of higher-order poles, which is one of the most
important steps in this procedure.

Starting from Sec. III, we describe the calculation of the
cut-constructible part of A% of six-gluon scattering
amplitudes. Section III is dedicated to the helicity configu-
ration (17,27,37,4%,5%,6"); Section 1V, to the configu-
ration (17,2%,37,4%,57,6"); and Sec. V, to configuration
(17,27,3%,47,5%,6™).

The results of the rational coefficients of bubble and
triangle functions are expressed, in compact form, in terms
of sums over spinor products.

Concluding remarks are given in Sec. VI.

We supply the paper with three appendices which con-
tain the main technical details of the calculation.
Appendix A gives the NMHV tree-level amplitudes which
enter the cuts. Appendix B contains a detailed analysis of
logarithmic ~ contributions in  cut-integration. In
Appendix C, we show how to read out the coefficients of
three-mass triangles, which require the computation of
one-Feynman-parameter integrals, and we define some
functions we will use throughout the manuscript.

We leave to future work the automatic implementation
of the whole algorithm for providing the numerical coun-
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terpart of our results. That would allow numerical checks
of our results against those already existing in the litera-
ture. The nonuniqueness of the expressions in the frame-
work of the spinor formalism, due to hidden identities
among spinor products, (e.g. Schouten identities and mo-
mentum conservation), can make direct analytic compari-
son quite difficult. Currently, spinor algebra manipulation
is frequently carried out in MATHEMATICA, while the final
integration, employing the Cauchy residue theorem and,
when needed, one-Feynman-parameter representation, has
not been automatized.

II. GENERAL SETTING: PRELIMINARIES

In this paper, we freely use the word ‘“‘amplitude” to
refer to the cut-constructible part of A% for the leading-
color partial amplitude of gluons.

Our purpose is to expand and develop the procedure
introduced in [12], so we shall not repeat all the back-
ground information here. Rather we shall mainly just point
out the new features showing up in this application. We
also make use of the same notation and conventions as in
[12], which follows the spinor-helicity formalism [6—8]
and conventions of [17]. In particular, in the following
calculations we generally omit an overall factor of
—i g;f—; .

By reduction techniques, the cut-constructible portion of
the amplitude may be expanded in a basis of scalar integral
functions known as boxes (1), triangles (/5), and bubbles

(I,) [11,57].

_ rr(p?)e
" (4m)*e

Imylm 2m ey2m e 2m hjy2m h 3m y3m
+c," ;" + " I + " + ;"I

+ ci’”lﬁ’”).

Z(Czlz +cdmim + dmpm + mpm

Q2.1

This defines what we mean by the cut-constructible portion
of the amplitude. Here € = (4 — D)/2 is the dimensional
regularization parameter, w is the renormalization scale,
and rp is defined by

'+ e)I'’2(1 — €)
o=
r (1 — 2¢)
The sum runs over all the cyclic permutations within each
type of integral.

For a gluon amplitude with a complex scalar in the loop,
the infrared and ultraviolet singular behavior is [S8—60]

(2.2)

Ascalarl ineular = T Atree.

n singular 36(477)275 n
Because the divergence has exactly the same e-dependence
as AN :llsingular, we may follow the same argument as in
[12] to express the amplitude in terms of a smaller, modi-

fied basis of scalar integrals with no one-mass or two-mass
triangle functions:

(2.3)
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FIG. 1. Scalar bubble and triangle integrals. (a) One-mass
triangle é'l” (b) Two-mass triangle I%”r' ;- (¢) Three-mass triangle
Ig:”r’:rhi. (d) Bubble I,,,.;. Note that the modified basis in (2.4)

involves only three-mass triangles and bubbles.

re(p?)e
(477.)2—6

2m ey2m e 2m hy2m h 3my3m
SRS by I iy by S oy by

+ ).

scalar — 3m y3m Imylm
A sealar — ey + "B + ey L

(2.4)

This basis differs from the one in (2.1) in that each integral
function (except the bubble functions) has had its diver-
gences stripped away. See Figs. 1 and 2. Precise definitions
appear in Appendix A of [12].

The justification for eliminating one-mass and two-mass
triangles is based on the observation that according to (2.3),
Asedlar diverges as 1/e. Since one-mass and two-mass
triangle integrals are the only ones with larger, 1/€?,
divergences, these leading terms must conspire to cancel.
After observing further that these 1/€> divergences arise
only in the particular combination (—s)€/€?, where s is a
momentum invariant, it follows that the contributions of
one-mass and two-mass triangles may be neglected alto-
gether as per the modified basis in (2.4).

To compute the amplitude, it is sufficient to compute
each of these coefficients separately. The principle of the
unitarity-based method [10,11,31] is to exploit the unitarity
cuts of the scalar integrals to extract the coefficients.

A. Coefficients from unitary cuts

Our goal is to compute the coefficients in (2.4) by
applying unitarity cuts [61]° directly in four dimensions.

On the right-hand side, the scalar integrals are known
functions, so their discontinuities are also known explicitly.
We can read out the coefficients of box integrals from
quadruple cuts, while coefficients of bubbles and three-
mass triangle integrals from double cuts. The procedure of

*This technique is thoroughly discussed in [62]. While these
early works were not intended to apply to massless theories, we
find there is no obstacle in adapting them to our purposes. The
modern interpretation is found in [10,11].
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FIG. 2. Scalar box integrals. (a) The outgoing external mo-
menta at each of the vertices are K, K,, K3, K4, defined to
correspond to sums of the momenta of gluons in the exact
orientation shown. (b) One-mass 1‘{;’?. (c) Two-mass “‘easy”
Ii”r’;f. (d) Two-mass ‘hard” Ii”r‘;,.h. (e) Three-mass Ii”r’:r,;i.
(f) Four-mass 13", ..
[12] can be extended to box integrals as well, but since it is
more efficient to use quadruple cuts, we do not explore that
possibility any further here.

To be able to read out these coefficients of bubbles and
three-mass triangles we need to know their discontinuities

in double cuts. They are given by
AL(Poy) = —1, 2.5)
and

1
“oT (= K

1
AI%’"(KI) = ﬁ
(2.6)

K3
0=K;+—=5K,
K}
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FIG. 3. Representation of the cut integral. Left and right tree-
level amplitudes are on shell. Internal lines represent the legs
coming from the cut propagators.

where K; is the cut momentum (see [12] for detailed
derivations). In fact we could carry out the integration for
AI3"(K,) as in [12]. But to read off the coefficients of
three-mass triangles, we need only compare the expres-
sions on both sides without really doing the z-integration,
so the form (2.6) is more useful.*

On the left-hand side of (2.4), the discontinuity of the
amplitude in the P;; momentum channel is computed by
the integral

Ci,i+1,.“,j*l,j == fd/.LAHce(el, i, l + 1, ,_] - l,j, 62)
XA"((—4y), j+ 1, j+2,...,i—2,
i—1,(=¢)),

where du = d*€,d*€,6(€3)6(€3)6W(€, + €, — P;;)
is the Lorentz invariant phase space measure of two light-
like vectors (€, £,) constrained by momentum conserva-
tion. See Fig. 3.

We need to bring the integral (2.7) into a form conve-
nient to work with. In a nutshell, we begin by expressing
the two tree-level amplitudes in terms of spinor products.
We then use the four-dimensional delta function to inte-
grate one of the propagator momenta. Then, we use the
technique of [18] to rewrite the measure in terms of spin-
ors.

f A5 (€2)(0) = / ®dit / A dV[X dA](e), (2.8)
0

2.7)

where the bullets represent generic arguments, and the
integration contour for the spinors is the diagonal CP!
defined by A = A.

Next, we use the remaining delta function to perform the
t-integral. The fact that A and A are independent homoge-
neous coordinates on two copies of CP! means that the
result must be homogeneous in A and A. In particular, it
may be written as a sum of terms of the form

“The discontinuities of box functions may be found in [21].
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1 [Ta 1Tk 0TI Qkl€]
P €1 TTLe T O TTCE O 1€]
O, # Py, 02 # 0,

2.9)

where P, is the momentum in the channel of the corre-
sponding double cut and the O, are massive.

There are two key features of the form (2.9). The first
key feature is that the degrees of both A and A are —2,
which is consistent with the scaling of the integration
measure [(£d{)[€d(].

The second key feature is that among all kinds of factors
in denominators, namely (€| P, | €], [c€], {(d€) and (€|O| €],
only the factor (€|P.,|€¢] can appear with power greater
than one. The reason is clear: the factor (€|P.,|€] comes
from ¢-integration, so in principle we can have an arbitrary
power,” while the other three factors [c€], (d€) and (£|0|¢],
with 0% # 0, come from tree-level amplitudes, which have
only single poles.

B. Canonical decomposition

Now we discuss the canonical decomposition procedure
given in [12]. When we do the decomposition we need to
choose which variables, A or A, to be reduced. For the
general discussion in this section and in Appendix B we
reduce A variables, but in the explicit examples, we may
reduce A, depending on the situation.

First, we should split the various single poles by partial
fractioning, using the following identity:

[¢c]  [abli€c]  [€allcb] + [£b]lac]
[¢all¢b] [abll€allth] — [abll€all€b]

_[eb] 1 [ac] 1

" Lab] [06] " [ab] [fa] 10)

and its generalization, where the degree of A in both
numerator and denominator decreases by one. It is worth
noting that in the process of splitting, we may have the
following factors in the denominator: (€|Olc;] or
(€10,0;|¢). But the important point is that these factors
appear only once, i.e., they are all single poles.

After splitting all single poles we end up with factors®
(€l Peyel €1 [€al)™" or ((€IPey|€]"(€1QI€D™". Then we
need to perform the same splitting of (€|P.,|€] and [€a]
(or (£|Pqy|€] and (€£|Q|€]). After finishing this step we
have the following types of terms:

The cases n = 1 and n = 0 are degenerate. For example, the
n = 0 case shows up in Appendix A of [27].

®As we have remarked, for degenerate cases we may end up
with factors like ((£]O[€1€|QI€])~" or ([€a][€b])~!, but the
discussion applies to these cases as well.
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G(A, A)
O P ada™ Pl
G(A, Q)
@ Pl AP T o
3) F(A) 1
<€|Pcut|a]'rl <€|Pcut|€][€a]’
” F(A) 1

(€1P QO (€I P lEXEI QLT

where G(A, A) is a function of both A and A while F()) is a
function of A only. One important thing for both functions
G(A, A) and F(A) is that they have only single poles.

The results in (2.11) are our final results for the canoni-
cal decomposition. There are several points to be ex-
plained. First, we have multiple poles like (€|P.|a] or
(€| P, Ol€), so we need to discuss how to read out residues
of these multiple poles. Second, as we will analyze care-
fully in Appendix B, terms of types (1) and (2) will
contribute to rational functions while terms of types (3)
and (4) will contribute to pure logarithmic functions.
Thirdly, type (3) will only contribute to one-mass, two-
mass and three-mass box functions, while type (4) will
contribute in addition to three-mass triangle and four-mass
box functions. The reason is because Q% # 0 in type (4).
Since box coefficients are easily obtained from quadruple
cuts, we will pay the most attention to type (4).

C. Rewriting as total derivative

Before proceeding to extract residues of multiple poles,
let us recall the strategy of integration. The key idea is to
write  [((dO)[¢dC]G(A, A) in the form  [({d{) X
[d€d,1G(A, X). Then the integration is reduced to algebraic
manipulation by reading off residues at poles in G(A, A).
One useful formula is given by [12]

[aC] T [l n;s ]!

(€|P|€]"+?
_ [T ¢€1PIm;]
~ latod| Lot
J1 (=1 1kG + 1 — k)
(k_o(n+ I-G+D)n+1—5)--(n+1—k)
[ it €]n+17k
8 gk[x“]<€|P7|7n,iz]<f“>“kﬂ’ @12

where 7 is an arbitrary but fixed auxiliary spinor and

: [n:{]
glxil = X; Xyt X, with x; = .
‘ i1<iZZ--<ik ‘ <€|P|77i]
(2.13)

One special case is when all the 7); are the same and we
choose the auxiliary spinor to be same 7 as well. Then we
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have

[nt]"
C|Pe]*2

[m]( >=[d€a€]< ! L D! )

(n+1) (€|P|n] (€|Pl€]!
(2.14)

where no multiple poles show up. We will use (2.14) often
in later calculations.

For terms of types (1) and (2) we can use the formula
(2.12) directly, so the results are just pure rational functions
from residues of poles. But for type (3) and (4) we need to
use Feynman parametrization first to write it in our stan-
dard form, as in (2.12), and then read out residues. After
that we need to integrate the Feynman parameter. Notice
that the order of reading out residues versus Feynman
parameter integration is important. In Appendix B we
discuss with care the properties of this integration.

D. The residues of multiple poles

As we have seen, in general there are multiple poles in
G(A, A) after we rewrite the integral in the form [{€at) X
[d€d,]G(A, X). We need to know how to read off residues
at these multiple poles.’

The main idea is the following. Recall the underlying
complex analysis. To obtain the residue of § dzz™" f(z), we
need to take the (n — 1)th derivative of the function f(z)
and set z = 0. One important consequence of the above
result is that if the degree of polynomial function of f(z) is
less than (n — 1), we get zero contribution.

For our problem, notice that the degree of A is —2 in
G(A, X), so if we split G(A, A) using the identity

(€a) _(na) 1 (bay 1 (2.15)

(EnXeby  (nb) (Etn) (bn) (L)’
then at the end of splitting process we will have terms like
<€11>2’ <ffy‘]’>>; “’(‘?f/ff” etc. (or in general, taking the form

£ ("efégn)l)) for the multiple poles. However, since the degree

of A in numerator is two less than the degree of A in
denominator, by similar reasoning the residues of all these
pieces will be zero.

Now we demonstrate our strategy in several examples.

1. The double pole contribution

Let us start from a term with a double pole,

1 l_[j 1<€Cl>
€y TT=i (b

Using (2.15) once, we get

L = (2.16)

"In [12], no multiple poles were encountered. We do not know
whether it is a general feature of supersymmetric theories that no
multiple poles show up.
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I :<77a1> 1 §‘V=2<€“/>
2 (nby) () T o(Cbp)
1 (a,by) ]—[71<€a»>

€n) (nb)€ay) [T, (€br)’

The second term already has just a single pole, namely
(€n), while the first term still has a double pole. We use
(2.15) for the first term again and get

Ji 1 <alb > l_[/ 1<€Cl>
2 () (nby)Eay) TI (€by)

(na;) 1 (ayby) l_[, ta;)
(1) () o)) TTa(Cbe)

(nay) {nay) 1 j=3<€“j>
(nby) (mby) (€n)* TTr_5{€by)’

Iterating this step, we eventually reach the final result:

1 Z l_[m<7761 > <am+lbm+l> 1_11]\7 m+l<€aj>

2= €n) S T174mb) by 1X€ay 1) TTh i (€
1 ]—[fv< na;)

(€n)* [T (nb:)

The second term does not contribute, as we have argued,
while the first term gives the following residue at the pole

1€) = |m):

[1¥(ma;) <& {aiby)

Palln) Lo 1o = Bty 2 Gabdmay

where the subscript “2” indicates a double pole at the

spinor |7). For ease of presentation we have also defined

two lists, L, = {a;, ay, ..., ay}and L, = {by, b, ..., by}.

Let us do one brief example to illustrate the result (2.19).
Consider the integral

1, {abl]
f * el

Using (2.12) we can write it as

@bt (EaXElPIb]nCP
J<€aorats: quaeraipia a0 PEEAAT)

Now we can do the integral in two ways. The first is to

choose | ] = |b] to eliminate the double pole. The result is
_ {alP|b]

;(PZ)Z .

For the second way we just let 17 remain arbitrary. The
first term gives

+

(2.17)

(2.18)

(2.19)

given by

_(alPInKnlPlb] _  {alPIb] — {amlnb]
(P)*(mlP|n] (P2 (P2XnlPIn]
The second term has a double pole at |[€) = |P|n]. Then we

use the formula (2.19) to get the result. First, we have
[n€] = (nlPIn]*. Second, we have |a;) = |a), |a,) =
|P|b], |by) = |by) = |P|€] = (—P?)|n) where we have
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used the fact that at the pole |[€] — |P|n). Putting it to-
gether, we have

(n|PInT (alPInlinb] (an) (n|P|b]

2 (P2)<n|P|n]2<<n|PIn]<a|PIn] (anIn]Pz[nb]>
_ {alPImllnb] 2P*an)lnb] +{alPlbXn|PIn])

2(P?) (nlPInXalP|nlP*[nb]
_ @PXan)nb]+{alPIbXnlPIn])
2PX(n|P|n]P?

_ (amlnb]  (alPlb]_

(P){nlPIn]  2(P?)?

(alPIb]
2(P2)2 ’

(2.20)

in agreement with the first method.

2. The triple pole contribution

Now we consider the triple pole given by

&) ]_[j.‘;](faj)
(€n)® [Tr= (€by)’

I = 221

Using (2.15) once, we get

_ (may) (€& T1atlay)
(nby) <€”7>3 1'15522(%0

1 (a;b X&) N 1<€a'>

<€’fl>2 (nbi)X€a,) l_[ 1<€bk>

The second term has a double pole, which can be processed
using (2.19). Using (2.15) again on the first term we get

1 {a,bX€&) 1<€a>
() (nbtay) nk ((€by)
1 (nay) {axbyX€£) ﬂN 2<€a->
<€77>2 <”7b1> <nb2>(€a2> ]_[ 2<€bk>
+ (nay) (nay) (€&) nj=3<€”j>.
(nby) (mby) (€n)* [Tes(€by)

(2.22)

Continuing in this way we get

1 Z l_[m<17a > <am+lbm+l><€§> ]._EV m+1<€a'

5= 7 20Tt (bmesXame ) TIore (€000
L (68) [T¥(na,)
) TN (nby)

(2.23)

Now we can use the result (2.19) to read out the con-
tribution at the triple pole. It is given by

PHYSICAL REVIEW D 73, 105004 (2006)
(né) ]_[?'_l(nai)< (a;b;)
f'V:1<nbi> 15,‘5]'5N<77bi><77ai>
<ajbj>
<77bj><77aj>
Yo (ab)  (a)

i ;<T]bi><7]ai> <77§><na,»)> (2.24)

P3[|77>’ Lw Lb] =

X

where the two lists given as arguments are L,
{alv a, ..., ay, f} and Lb = {bl’ b2, Ceey bN}

3. Higher multiplicity poles

We will not give the residue of a general multiple pole
explicitly, but one can now see how the procedure contin-
ues step by step. Defining

l_[y;%<€§j> [T, (€ap)

In = ’
€y T (b

(2.25)

we have the following relation:

l_[7 22<€§: > Z l_[:n<77at> <am+1bm+1><€§l>
(2 l_[?1<77bi> (b1 )€ay 1)
[-eiélap | TH-HEE) [T Cna)

k= m+1<€bk> <€77>n l_[f\](nbiy

I, =

(2.26)

where the last term does not contribute to the residue, while
the first term will give the residue of poles of one lower
multiplicity according to the formula for P,_[|n), L,, L;].

. A(1-,27,37,4%,5%,6")

In this section we demonstrate the principles outlined
above, in the case of A(17,27,37,4%,5%,6%), the sim-
plest of the three NMHV helicity configurations of six
gluons. The contribution to the cut-constructible part of
Asedlar in this “split helicity” configuration has already
appeared in the literature [47] and was derived there by a
recursive technique.

For this configuration of external gluons, there are no
contributions from box or triangle integrals, as explained in
[12]. The amplitude may be expressed in terms of bubble
integrals alone. So the cut integrals will turn out to be
rational functions.

The nonvanishing cuts are Cs4, Cg1, Cp34 and Csys. This
amplitude is invariant under a Z, symmetry generated by
B:1 < 3,4 < 6. Under this symmetry, the cuts are related
through the relations B(Cy34) = Cg12 and B(Cgy) = Cia.
Thus there are only two independent integrals, say Cz4 and
Cera-

These two cuts are given as follows. For the cut Cs4 we
have
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Cyy = fdMA‘ree(€$, 55,61, 17,27, €5)A™((—€,)*, 37,47, (=€)

6,1 + 2|6

(36’36,

- f "“[[61][12]<€261><€15>Pén<5|6 +112]

el + 2|6]>2

(€1 + 2[6]) (€,3)(34)4€, )€, £5)

(115 + 6l¢,]

[€,3][34][4€,]1€, (5]

(115 + 6l¢,P (<1|5 + 6|€z]>2 [4¢, 146, }

[26,]0€,€,1(56)(61)P54,(516 + 1]2]

(36,)°(3¢,)

o &l + 206"

[611[12](€,€,X€,5)P55(516 + 1121¢5]1 + 216]

(115 + 616,

<<€z|1 + 2|6]>2

(11 +2[6]) (€23)(34)4€, )€, €5)

T RGT66IE6K61 P, BI6 + 121115 + 616,]

<_ﬂb+&&52

[4¢,[46,T
(115 + 6[¢,] }

(334146, 116, 6] G-

where the first square bracket uses the upper choice of helicities of the cut propagators and the second, the lower. The

expression may be simplified to get

(6,11 + 2[6)€,]1 + 2|61

(3€,)(3¢€,)

Cyu =2 f ‘“‘[_ [61TT121€2€,)(€,5)PZ,5(516 + 112] (34)(4€1)((, £2)

(115 + 6]€,X1]5 + 6]¢, ] [4€,][4€,] } 3.2)
[26,]06,€,1(56)(61)P% (516 + 112] [€,3][341[¢,€,] | ‘
For the cut Cg;, we have
Cots = fd,mtree(eli, 6%, 17,27, ())A™((— )%, 37, 4%, 5, (=€))7)
_ fd,u [¢,6]* ([526]>2 (3¢,)* (<3€2>>2
[€,6][61][12][26,][€2€,1\[€,6]) (€;3)(34)45)(5€,){(€,€,) \(3¢,)
n [6¢,]* ([616] (3€,)* <<3€1>>2
[€,6][61][12][2€,1[€2€,1\[€26]) (€23)(34)X45)5€,){(€,€2) \(3¢>)
_ [6¢,]2[6€,] (3€,)%(3¢€,)*
aEd KT Y b A (R R s G-

A. The integration of cut C3,

There are two terms in (3.2). Let us start with the first

term. We wish to eliminate €, using the identities®

(61 +216] _  [€1|P34P15]6] (36 _ [4€,]

G0 P, ™ Wy T @l

When this is done, we have
_ 2
(P34)*Pg,[61][12](5] Pgy, 2]

[€11P34P126)(¢1|Pg12|617(3€,)*[4¢,]
< fdu (@5Xa0) |

In the formula above, the measure is given by [18]

(1) _
Gy =

du = ﬁ;oo 1di{€,de ) €,d€]18((P3y — €1)?).  (3.4)

For simplicity, we write € instead of €; from now on. We

In our notation we have P3, = (12)[12] and 2p, - p, =
—(a|bla].

{
also represent |A) by |€) and |A] by |€]. The cut integral is
then

2
(P3,)?P5,[611121(5]Pg512]
X [€d€]8(P3, + (€] P34l€])
% 12[€| P34 P15 |6](€| Pg1,]6]%(3¢)*[4€]

(€5)46)

cH — _ fm tdr{€df)
34
0

(3.5)

where it is essential to note that an extra factor of > shows
up in the second line. The reason is that we have pulled out
an overall ¢ factor when we write measure (3.4). That is to
say, we have written [18,21]

Pog = A3 = (VIR (VIARY) - (3.6)
in the measure formula given by (3.4). Because of this
scaling, the extra two pairs of A°d and A°'¢ in the numerator
will give an extra ¢> after changing to the variables A",
)"\'new

Since we are working in the dynamical region P%, > 0,
to find a nonzero result from the delta function we must
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have (€|P54]€] < 0. This is important when we integrate
the delta function, because

S(ax) = 5 (x).

Now we can perform the t—1ntegration to get
2P3, f
€do)€de]

Pz, (6111251 Pgy212]

[€1P34P15|6)€1Pg 12| 61(3€)*[4£]
(EIP34| €1 E5)K4€)

Notice that (3.7) is in the form of type (1) in (2.11), so in
principle we can already apply (2.12) to do the integration.
But by observing the identity

(€3)[£| P34 P |6] = —(€|P34|€1(3| Pgy,16]
+ (€| P612|6](3| P34l €],

we can split it into two terms that are much easier to

integrate:
a _ _ {€1Pg1p]61(€3)[4€1(3] P4y, 6]
et = ¢ [anrea( - s

<€|P612|6]3<€3>[4€]2<34>>
(€|P3y| €1 E5)40) )

(1) _
C34 -

3.7

where
2,
PZ,[611[12](5|Pg1512]

The reason for doing so is simple: we find that by a judi-
cious choice of the auxiliary spinor 7 in (2.12) we can
reduce the integration to the special case (2.14) in which
multiple poles have been canceled.

Using (2.14) for the first term of Cga), we get

C=_

(1;1) _
cyl = ~ 3] f (€de)dea,]
% |:<€|P612|6]2<3|P6]2|6][4€]2 1 }
(€5X40) €|Psy| €T |

Now we can read off the contributions at the poles.
Naively, there are two poles, |€) =|5) and |€) = [4).
However, due to the factor of [4¢]? in the numerator, the
residue at the second pole is zero. In the end we arrive at’

(34)[451%(3|P412|61(5| P16
P2 L[611[12K45)(5|Pe12|21(51 P34 |57

(1:1) _
C34 -

“Here we remark on signs in these calculations. There are
several places to pay attention to signs. First, we need to write
the pole in the right form ((€a) or [€a]) in order to apply the
formulas of Sec. II. Second, the contribution to the integral [as,
for example, in the formulas (2.19) and (2.24)] is the negative of
the residue obtained by substituting the value of € at the pole.
However, to read out the coefficient of the corresponding bubble
function we need to put another minus sign in front of the
rational part of the cut integration, because of the minus sign
in (2.5).

PHYSICAL REVIEW D 73, 105004 (2006)

Similarly we can find the second term of Cga) and the
second term of Cy4. Putting it all together, we find that the
coefficient of the bubble integral I,.,.5 is

2(23)°[3417(1| Psq, 2]
3[23]<2|P34|2]3<56><61>P561<5|P561|2]
(23)°[34 )1 Psg; 121 (11 Psg; 4]
[23]21P34]2]%(56)(61) P34, (5| P56 12]
(34)[45F (3| P12 1651 Pg 1|61
P2, [61][12](45)(5| P15 121(51P3415]
_ 2(34)*[45](5| Pg 5 |6]
3P [611[12K45)(51Pe12]2 K51 P34l ST

€223 =

(3.8)

B. The cut C612

For the cut Cg, given by (3.3) we perform similar
manipulations to reach

2P
Con = i €01
% <<3|P345|6]<€|P345|6]<3€>2 [6€]
(€] P3y512K€5) (€l P3ysl€P

_ PLs(€1P3sl6)(3¢)° WP) (3.9)

(€| P3y5121K€5)  (€|P3ysl€]*)

After doing the integration we find that the coefficient of
the bubble integral 1,5 is

Cyng = [ P3,5(31P345(6] <<35>2[56]2
- [61][12](34)45)(5| P34512] \ (5| P34515]?
_ [61112)*(3| P3ys 2]
(P%45)2<2|P345|2]2 >
+ 2(P3ys)’ <<35>3[56]3
3[61][1234)(45)5]P34512] \(5| P345|5T°
[6113(12)°(3| P345]2]
Sy )} G0

We have verified that the above results satisfy the sin-
gular behavior given by (2.3).

IV. A(1,2%,37,4%,57,6")

In this configuration, there are one-mass and two-mass-
hard box functions, three-mass triangle functions, and
bubble functions. This amplitude is invariant under a Zg
symmetry generated by a:i — i + 1 accompanied by con-
jugation. Because of this, we need to calculate just one
coefficient for each type of function and act on it by « to
obtain all the others. Representative box coefficients are
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given by [42]
2[12K56)(5|P 23 |11%6| P53 1212 P35
[231(45)(4|P 23] 161 P 2313161 P13l 114 @.0)
2[12][23 51 P23 11(51 P 313] '
[13145)56)(4| P153|1K61P123131P3,5

2m h —
Cynn =

1m
Cyq

We need to choose just two representative integrals, one

[€12FP(36,)*BIP¢ 1p]2F

PHYSICAL REVIEW D 73, 105004 (2006)

in a three-particle channel and one in a two-particle chan-
nel. We choose the following cuts.

2 [2€]1X(€|Pyy512]2

[12][23]<45><56>(P%23)2[ STV GINE
(5€)*(5|Pp51 €T
(4| P31 €X6E)

Ciz =

(5€,)(56,)°

|
C56=2]

[€ 1[12K34)X4€2)PF (4P, 121€, K€ Py, 1212] (€,5X56)(6€, )¢, €5)
(€, 1)X(€,1)2[24]*

(5€,)%(5¢,)

! (26,6, DI23][34 K11 Ppaa |41 | Pr3a|21P554 (€25X56)(6€1 )€1 €2)

[4¢,P[46,(31)*

(5€,)(56,)°

(12><23>[4€z][€2f 1P5(31P1531€, K1IP 123141 {€25)(56)6€1 )€1 €2)

A. Cut C123

We start with the cut C;,; because it does not contain
three-mass triangle functions and should thus be easier to
deal with. Since we know the box coefficients, we need
only to extract the rational functions giving the bubble
coefficients.

After the t-integration we get

2(P123)
iaasaeee | €A <e|Pm|€]4

[2€T2(€ P13 |2]* (5€)*(5|P o3¢
[€1KCIP12513]  (4lP1asl€6E)

We look for singularities in |€] in the denominator; we find
two single poles [€1] and (4|P;,;|€] and one quadruple
pole (€|Px3|¢].

To demonstrate our general strategy, we give some de-
tails of the calculation. Since there are only two single
|

Ciz =

Cratlonal 2(Pl23 [2€]2

(SOHLIP 12T

4.2)

{
poles, we can separate them by application of (2.10) to find

1 [2€]2(€] P13 277

Cis=C f (€deyde]

CIPsl€]* (€lP5]3]
<5€>2<5|P123|€]< P1(54) n <5|P123|1]>
(60) (4]Pyp5l€] [¢1] J

where

2(P3,,)

T 223 1as) 6 @R ]

Next we split the simple pole from the quadruple pole by
repeating (2.10). Finally we get
Cipz = Cr132ﬁ3Onal + Clloz‘%’ (4.3)

where

2(P2,,)(45)

25 T T 12][23)45)(56) [ (tdeyitacl

(CI1Pp3|2P(56  [2¢]

(1P 231 €] (€4)EIP 23| 1KEIP12313]6¢)

[12][23K45)56)(4|P1311]
2(45)?

X [t e P T
(€1P13121(50)*(4| P1312] 1

~ [12][23K45)(56)(41P13]1]
Z(P%23)<5|P123 | 1]2

f (€dOY[£de]
(€1P23123(5¢)*

(43P 13160 (EIP sl
[2€] 2(P2,)(51P 15 1121]
€|P 31 €]

[12][23(45)(56)(4]| P p5l1]
and

2(45)?
[12][23K45)(56)(4|P13]1]

2(P3,3)(5IP o3 1P[21
[12][23K45)56)(4|P13]1]

log __
Cipz =

[12][23(45)1(56)(4]P123]1]

- f (€deyede]

Jeeaoreat gy R en
(€IP 23 1213(5¢) 1
(CIP o3| 1P(EIP 23 131(6€) (€1P13|¢ ]

(4.4)

(€CIP 12312 (5€)*(4| P31 2T 1

f deyede]

f Cdeyede]

(43 (LIP12313K6€)  (£IP1o3] €141 P 51€]
(€IP1p3121(5¢)* 1
(P13 1P LIP3 |316€) (CI1P sl €L€1]

4.5)
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The key feature of the above expansion is that each term
in (4.3) is in the standard form given in (2.11), so we know
how to deal with each one. Furthermore, as indicated by
our notation, CPionl gives only a rational contribution

while CI]OZ% contributes only to pure logarithmic terms
(see Appendix B for a discussion of the latter), from which
we can read the coefficients of corresponding one-mass
and two-mass hard box functions. Since we have calculated
these box functions by quadruple cuts, it can serve as an
independent check of our method. However, we will not do
it here.

Now we focus on the rational part, C}ional If we use
(2.14) for the first term we find that we get only a single
pole, easily dealt with. The second and fourth terms have
double poles which are new to us, so we will use them to
demonstrate our general strategy as laid out in Sec. IL.
However, before we proceed to a detailed treatment of
double poles, we want to remark upon the third and fifth
terms. Naively we have triple poles, but recall that in the
relation

1 _ [nt]
PP~ PP T

we have some freedom in the choice of |n]. If we choose

|] = 4] for the third term, the numerator factor [4€] will

make the contribution from triple pole w to be zero. A

similar manipulation can be done in fifth term by choosing
In] = 1P5]1).

[¢de]

1. Double pole: The second term of Ciationa!

We can write the second term of Ct4io"! as

rational;2 __ <€|P123|2]3<5€>2
CRm™ = € [(€atats ) (gain iyen

[2¢]
<€|P123|€]2<€|P123|2]>

|

PHYSICAL REVIEW D 73, 105004 (2006)
with

_ (PT,;)(45)
[12][23K56)(4|P 1231 1]

There are several single poles but we will be concerned
only with the double pole (£4). To read out the residue at
this double pole, we write the integrand as

1 (€IP 5312 (€5)>
(€4)* (€1P 3|3 €O)EIP 123|413 (€] P123]2]

— (24P

where we have made the replacement |€] = |4]. Now it is
in our standard form for a double pole, so we can use (2.18)
and (2.19) to write down the answer as

_C[24]2P2[|4> L(IH;CIZ.%) L(ZH;Cm)]
where we will make use of the following lists:

L) = {15)15), [P 15312), |P1asl2)},
L(211;C123) ={16), |P12313), |P12314), |P123|4)}
L{EC=) = {]6), |Pyy313), 1), 1)},

(4.6)

2. The coefficient of bubble I, 3.,

Combining all these results, we find that the coefficient
of the bubble integral /,.3.; is given by

_ I 2P & 26 (5OEIP1y3 2]
cal [12][23]<45><56>< 3 ;wli‘fk,»W’)&elele]S <€4><€|P123|1]<€|P123|3]<6€>}
245y . <m[_<e|Pm|z]3<se>2<4u°123|2] [4¢] }_2<P%23><5|P123|1]2[21]
4P xsl1], L l0—1e) (€AY (€1P1p313K6€)  (€IP131€KEIPyp314] (4|Py5l1]
. (LIP3 2035 (11P13¢] .
DI X o TV o B R e o] R L L
[(P%23><45>2 (P l2PG502 20 (PL)GIPmlIP (€1P5sl2145¢6)2 20 }
(4| P12311] (€42 (€1P1231316€) (€1P53]€]2 A4IP13I1]  (€IP a3l 1P 3 1316€) (€1P o3¢

(P,;)(45)[24F

(51P 23] 11X13)*[ 23]

P [|4>’ L(HQCIZB), L(ILCIZS)] _
4lP3l1] ? ! ?

<4|P123| 1](1’)%23)

P2[|P123|1], L(lll;cm)’ Lgﬂ;clzs)]) (4.7)

where the list LEH;C‘”) has been given in (4.6), while the various poles are given by

[€1) = |P123l3], [€,) = 6), [€5) = [4),

[€4) = |P1p3l1], [¢5) = |1), [€6) = |P123l4]
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Let us give a brief explanation for the result (4.7). The
first three lines give single pole contributions of the first,
the third and the fifth terms in (4.4). The fourth and fifth
lines give single pole contributions of the second and the
fourth terms in (4.4). The last two lines are double pole

contributions of the second and the fourth terms in (4.4).
|

PHYSICAL REVIEW D 73, 105004 (2006)
B. Cut C56

Now we consider to the two-particle channel where the
cut integral is given by (4.2). Of the three terms, only the
first one will contribute to the three-mass triangle, so we
leave it for last.

1. The second term

For the second term in (4.2) we achieve the following separation by our standard splitting process:

@n _ 2[24]4P§6<56> <€5><€1>3[6€]2 _ 2[24]4P§6<61>
Cs0' = 3TB34K1 Possld 1o, Jteaotea g e (23T34K 1 Poss 4172, Jceaoieac
ESR66] 2241 PL(61) (05)2(01)>
o ot o e o ol KLU oot dromry (48)
and

con _ 24T P61
0 [23][341(1|Py34l41P%;,

f (€dO)[£de]

(€5)(€1)*
(€1 P34 | 2€6)°[SCLL| Psg €]

where r, [ indicate rational and logarithmic parts, respectively.
It can be shown that in this case, with a judicious choice of the auxiliary spinor 77, we can get rid of all multiple poles and
are left with only single pole contributions. The contribution to the coefficient of the bubble 15,5 is given by

2 2[241%(56)(61)

(51P234 1211 P34121(2| P13416]

[24]14(56)(61)

Ch.hg =
225 [23][34K1IP34l41P3;,  (61P234|2P (21 Py PsgPasl2]

(11P34|2%(2| P34 |61%(51 P23 2]

[23][341(11P34141P35,
2[2414(56)*(1| P34 |2F(2| Py34 16

. 4.9
(6P 1 2P 2P PPl 2 323134K1Pag[41Po 61 Prs Y2 P ProPogl2F . )
2. The third term
Now we split the third term of (4.2) into
o 231 PLI56] [4CPI6EKESY 231 PE[45]
5 = 3PPl | O G P (3PP ) (Ol
[4€P[6€]7(€5) 2(31 >4P§6[45] [4€[6€]?
— £dod[€de 4.10
BIP TSR AP (125230 Pr (1P sld] Jeeaoneats g “.10)

and

2(31)*P2[45]

B —
0 (12)23)P2,5(1] P13 4]

From here we read out the bubble coefficient part as

3 _ 213)Y[56*(3| P 2314 (51P 1313 T

f (€dO)[£de]

[4¢17[6¢]
(BIP o3 [€I[5CP€6)E| Psgl €]

(13)*[45][S6 13| P 153|431 P 1236 (5| P 1313

)
223 3(12)(23) P2, (1 P13|41(3|P1231513I P 123 Pse P13 13 (12)(23)P3,5(1|P13|41(3| P 123151231 P13 Pss P13 |31

2(13)*[45][56 (3| P 12314131 P 231651 P1313]

@.11)

(12)(23)P3,5(1| P 23141(3| P 12315 (B P13 Pss P 123131
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3. The first term
Now we move to the first term in (4.2). After doing the #-integration and setting £ = €, we get

PL)? [€2]2(3| Psel€13(5¢€)[6€]
C“)=—7f€d€ 0de (Ps
o =~ riaa e, ) O G T [T KA1 [eTT21Psor P XG0
 GlPal2P - 2 e BIPI2BOM2] + o Gerier i)
P2 (€IP €] ’
Ph + amaa
[
Defining - CO][€2]2[ €| Psc|3)>
o(f) = — [€6I[€21*[€]Ps6l3) G14)
P2, [CLTILEI P | €] P56l 4) €] Pse P3al2]
Q=P+ 72 —=Ps,
% The tilde in g(f) indicates that this function is
we get antiholomorphic.

(1) _
=~ s Jeeaoneaty g s <€|P56|e]3

[€2]%(3| Psgl €1(5¢€)[6¢]
[€1K4| P15 | €14 P56l €1[2] Psg 2 Ps6 | €1(6€)
% <<3|P12|2]2<€|P56|€] _2P5(3IP|2)30)[€2]
¢lole] ¢lole]
L (P§6)2<3€>2[€2]2>
(€lPsel€XClOI€])

To simplify the calculation further we define

(4.13)

Now we can use our standard splitting method to split
each of them to reach the form given in (2.11). The result is

(1) _ ~(1r) (11) (1;3m)
Css Cssr + C56 + C56 ",

where 1r, 1/, 3m respectively indicate rational contribu-
tions, logarithmic contributions for box functions and
logarithmic contributions for three-mass triangle func-
tions. Since we do not compute box coefficients from
double cuts, we do not record them here, but give only
the other two parts as:

ol (G e g L LR ot
<€|§355i|>e]3 _[21(2%)4; / Wwdﬂg(flzﬁgiéi[légllzfjjgﬁdﬂ <€|§355§|>e]3 41[;%:;3) Jeaoieaq
CDLTAGIPLI] (50 4PA(3) [asor s pOEIPECI00 1 arz 3

L0Ps0IC]  EPleF |~ (34) [GT0PGOINT  PGlF  (34)
x [deaoiea g(gsg]zz][[eigfgﬁzm iy Jannead [iiﬁEiT?fSﬂ% T
<y [ “"W‘w]g@[fé];ﬁ?m:f%KSQ oI
~ i [ caorean O e iy @19

el = 2 [ccaoneased iyt e e | Coneae O
Ty (et TRl (R NI o s
Xm. (4.16)

Now we will discuss them one by one. But before doing that we need to know how to deal with poles from [€|PscQ|€].
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Dealing with [£|PscQ|€].—Now we need to deal with
the factor [€|Ps¢Q|€] in the denominator. We expand it as

[€] = la] + x[b]

where a, b are two arbitrary massless spinors. With this
substitution we find

0 = [alPssQla] + x([al PssQ|b] + [b|PssQlal)
+ x2[b|PssQlb]x -«
—([alPssQ1b] + [b|PssQlal) = [ab]m
2[b|Pss01b]
= (P%z)z + (P§4)2 + (P§6)2 - 2P%2P%4
- 2P%4P§6

— 2P, P3
“4.17)
Now we can write the factor as
[0 ][€no] = [€al* + (x; + x_)[€all€b] + x x_[€b]
_ [abPLIP501€]
[b|PscQ|b]

where |n,]=la] + x;|b] and |7n,] = la]+ x_|b]. In
|

(4.18)

2(P3e)’[ab]

g(O[021(31 P56l €1%(5¢)°

PHYSICAL REVIEW D 73, 105004 (2006)

other words, we write

[b1Pss QD]

[€1Pss0l€] = b

[€n:11[€n,] (4.19)

where
In,] = la] + x.|b] In,] = la] + x_|b],

. _ ~(alPsc0lb] + [bIPseQlal) * [abl/As,
- 2[b|Ps0lb]

The rational part.—Now we discuss the rational part,
Cglg), given in (4.15). Upon a few moments’ study, we see
that among these nine terms, only the ninth one has a triple
pole and only the third and the fifth have double poles. All
of the remaining six terms have only single poles. For
example, although the second term has the pole

1
(65)7[5(F°
the factor of (5¢) in the numerator sets its contribution to
zero. Also, the first term in (4.15) has a factor of ﬁ, but

g(f ) has the same factor in the numerator, so it is not a pole.
To read out the rational contributions we define the
following three functions:

[56F  g(D)[€21(36)%(5¢)

A= 3[12](34)X56)*[6|Pss Q1] [S€I €, €, [6€KEIPsg| €T

[121(34) (61 QI€][SCT(€IPssl €T

2PL(13)ab)?  g(O)[2]3IPssl €56 4PA(13)abP  g(O)[€2)(3|Psel€X50)
(34)56)[bIPss QIb] [5€]L€n, €, KEI Pl €1 (34XS6)[BIPs6 Q1] [€5F[€n, L€ m (€1 Psel€]
_213y[12)labF  g(O6€KSH)  2(P5)36)°  e(D€2F(50) 4.20)
(BbIPssQ1b] [SEILEn Tt KEIPssl €] [12K34X56)* (61 Q1CI[SET (€1 Psl (] '
W (P2)lab} s(OLEPGIOIFGY? 4P 13)Nabl  @LI6AGIONSH )
2 - .
[12)34)[b|Pss QIbT (61011, PLEN I (EIPss| € B34bIPscQIbT [€511€m, PLEn (€1 Pss €]
[
Ay = — 2(P%o)*[ab]® where
‘ [12)34)(b1PscQIb ) [€,]= 1], [€2] = P,14), [€3] = |Psel4),
g(f)[€2]2<3|QI€]2<5|P52|€]<5|QI€]<m€> 422) 16,1 = |PsePscial2]l, 1651 =1016),
(6101€Xn | Psel€]L€n PLEN, T (€] Psgl €] _ _
€] = lm] €71 = Im2]
The function A; is the collection of the first, second, i ) ) o
fourth, sixth, seventh and eighth terms after writing them in A, gives the following single pole contribution
the form of (d€d,)(e). Similarly, A, is the collection of the
third and fifth terms, while A; is the ninth term, after érzASZ ! Z hm ([€€ 1A,) (4.24)
writing them in the form (d€d,)(e). Unlike in A;, we
have double poles in A, and triple poles in Az, so we oo
need to separate these contributions. One feature Aj is and double pole contribution
that we have chosen the auxiliary spinor carefully to cancel Ao (P2 ) [ab]*(5m,)*
one of the two triple poles (notice the factor (7€) in Cé;z’/?sz P = 2 - 5 Po[lm] Ly, Ls]
[121(34)[b|Ps601b]
numerator). 5 f
First, A; gives the following contribution to the bubble _4P5(13)[ab}* (S
Do 2 Pyllni] Ls, Ly]
coefficient: (34)[b|Pss01b]
+{lml < In.1} (4.25)

oy = Z lim (W 1)) (4.23)

where these lists are
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Ly ={l6] 12], 12], |Ps6I3), |Ps63). 121, 121, |QI3), 1Q13)}
Ly = {|1], |P1514), |Pssl4), | Ps¢P3412], [016), |m2], [m2] |1 Psglmi), |Psslmi)}

(4.26)
Ly = {l6], 12], 121, [Ps13), |PseI3), 12], 161 1Q13)}
Ly = {111 |P2l4), [Pssl4), |PsgP34]2], IS5] 2], Im2] |1Psglm )}
and the function P, is given in (2.19).
For A;, the single pole contribution is
i Z lim(C6€14s) + _fim - ([€1Psslm)As), (4.27)
S() l
and the triple pole contribution is
A3 2(P36)*[ab]*(56)(n, 1)
1r;A3-2 56 172
Cyis = — Ps[1m,], Ls, Lg] (4.28)
2 (2134 bIPsQIpT 7 7 e
with
Ls ={l6], 2] 12], |Ps6l3), |PssI3), 12], 12], 1Q13), |QI3), 16], |Q15)} 429)
Lo = {I1], [P 1514}, |Ps|4), |PseP3412] 10161), 111 |11 In1] [Pslmi), 1Psslmi, .
and the function P is given in (2.24). @ 2(13)[12]  [abT?
Putting it all together, we find that the coefficient ¢,., 5 is €322 = 34y [bIPss0lb]
given by the sum of (4.9), (4.11), (4.23), (4.24), (4.25), - _ )
(4.27), and (4.28). <g(€7)Rz[€7, 7, Pss)(5101¢7]
The coefficient of triangle I3, ,.1.—To read off the co- 6l01¢; 1€, 7]€€5]
e need to b carefa about different poes As discussed I
' (601 I €s A €5¢7]

carefully in Appendix B, poles from the factor [€|PssQ|€]
are special. In this example, the poles from factors other
than [€|PscQ|€] are all single poles, and their contributions
are given by

6 {
Aoy =Y tim [0 1 )]
» [_ 2(13)*[12] (5101€
(34)  (6lQI€]l€IPseP5l€]
2(P3)* [€2FGIQIT(IQIT
[12)(34) (6lQI€][€IPscP 1, |€T
N 4P3,(13) [€2]G3IQICK51 Q1€ }
(34)  (6lQIC]EIPscP | €T

with the following poles:

l€]1= 11 6] =1P1l4),
1€4] = |PsPse1212], [€s] = 10l6),
1€s] = 1911€7] = Im1], [€s] = |m]

Now consider the contributions from the poles from
[€]PscQ|€]. The first term in (4.16), is a single pole, so

1€, 9, Ps, O]

(4.30)

[€3] = |Psel4),
4.31)

where R,[ ¢, 7, Ps¢] is the conjugated version of R, given
in Appendix B, i.e., |®) — |e].

The third term in (4.16) has a double pole, so the con-
tribution is

e 4P%6<13>
3. 2,2;1 <34>

[ab]*  g(€)[€;2)3101€;K5101¢; 1
[bIPss QDT [€5€516101€; 1€, 7]
5 o S [Ly,Lg,] 4P%(13)
Rl 7Pl o oL T 08

[ab]4 8(27)[572]<3|Q|€7]<5|Q|€7]2
[6]PscOIbT [€7€51%6101¢; ¢, 711€42]
X R3[ €7, 7,12], Psg] +{|m 1= .1}

with the following two lists:

Ly ={l6] 2] 2] [Ps5s13), |Pss13). 1Q15), [QI5), 1Q13), 121}
Ly = {I1]. [P12]4), [Pss|4). [PssP34]2], [Ql6), [€£5], [€5]. 7]
|Pl€7)} (4.34)

The second term in (4.16) has a triple pole, so the
contribution is

(4.33)
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@ _ 2(P5)*  [ab]°

(6231016, 15101,

220 121(34) [bIPss Q16T [€:6516101¢;11¢;7]
2 [Lo;Ly,] [Lo11Lo,]
& [€7L0, €7 L10,:] [€7L911][€7Lo,;]

[Lo ;L]
1Sz [€7 Lo 1€ L 10, 1[€72]

+

+

with the following two lists:

§2[€7y ﬁ’ PSG] +

M&ﬁM&d+——M&ﬁM&@+Md~mﬂ

[€:2F

PHYSICAL REVIEW D 73, 105004 (2006)

[Lo,;Lyo,] [Lo;Lio;] 5 _
L A Ry[€5, 7, Psg]
QgggWﬂ%I&th&%ﬂW¢mﬂz 7S
[Lo11Lg;]

R3[€7r ﬁr |2]’ PSG]

[€7Lq111€7Lo;][€42]

1
(4.35)

Ly = {l6], 121, 12], [Pss13), [PseI3), [Q13), 1Q13), [Q15), [QI5), 2], 121}
Ly = {11 [P12|4), [Pss|4). |Pss P34l2] [016), [€5], €51 8], 7], [PI€7)}.

The result of cut Csq.—The coefficient of bubble /,.,.5 is
the sum of (4.9), (4.11), (4.23), (4.24), (4.25), (4.27), and
(4.28):

_ 60 IPAL . 1rA2—1 1rA2=2 | 1rA3-1
€225 = Copis T Cons T Cps T s T s

+ oy (4.37)

The coefficient of the three-mass triangle function /5.5 5.
is given by the sum of (4.30), (4.32), (4.33), and (4.35):

1 2

— ®3) @)
3220 = €300 T Cinon T C3aoa T oy (438)

The result could have been written directly using the

functions defined at the end of Appendix C. Here we have
J

[13]%(46)*(4| P 53] 11(6| P}23131P7,5

C2m h — 2
2 [12][23](45)(56)(61P 12311
2mh — 2<15>2[34]<5|P234|3]2<1|P234|4]P%34
4:2:6

[23K56)61)(51P3412K51 Ppaal4]*

Ilm

(4.36)

[

given some intermediate steps for illustration. For further
details, see Appendix C.

V.A17,27,3%,47,5%,6")

The last of the NMHYV six-gluon helicity configurations
requires the heaviest computation. However, there are no
essentially new features encountered. In this section we
present, with minimal discussion, some of our intermediate
steps in order to allow the reader to confirm our final
formulas for the coefficients.

This helicity configuration is invariant under a Z, sym-
metry generated by «:i < 7 — i accompanied by conjuga-
tion. There are box, triangle and bubble contributions. The
box coefficients are straightforward to calculate by qua-
druple cuts and have been given in [42]. We list them again
here in the notation consistent with the rest of this paper.'®

[621(34)(4|P3451 21 (31 P345161P3, 5

2m h — 2
€424 @SN61T121(51P34s121(31 P35 121
2
eln = 2[23][34]<1|P234|2] (11Py3414] 5.1)

[24156)61)5|P13412]P3,

_ . (34)(45)51P345|6 (3| P34516]

In this configuration, there is only one nonvanishing
three-mass-triangle coefficient, with the distribution
(23[45]61).

For the bubble part, we have the following cuts: three
particle channels C|,3, Cg1, and C,3y; two particle chan-
nels C,;, Ciy, Cy4s and Cg;. Among these, the pairs
(Co12, Ca34) and (Cy3, Cus) are related by the Z, symmetry,
while the others are invariant. So in total we have five
independent double cuts C]23, C234, C23, C34 and C6| . We
address these one by one.

a6 = (35)*[61][12K51P345121P3,5

[

Throughout this section we freely omit the integral sign
when its presence may be inferred from spinor
differentials. A. Cut Cy3

For C),3, there is no three-mass triangle contribution and
the calculation will be relatively simple. The expression is
given by

' An apparent discrepancy is due to a typo in the numerator of
the coefficient ¢V =0 in [42].
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Cis = fdu[A((fr, 17,27,3%, €;)A(E5,47,5%, 6%, €)
+ AW, 17,2735 €)A(5,47,5%,6%,¢])]

N f d 246,46, [3¢,F[30,]
H a5)(56)(6, )€, )X 61212316, 111, ]
5.2)

After the ¢-integration, the rational contribution can be read
as a sum of three contributions,

at __ ~(1r) (2r) (3r)

Ciy3=Cip3 +Ciys + Cis, (53)

each of which will be discussed separately.

(1r)
1. The term C1,;

2(€dO)€ALTAY (4IP3 [11C€I P23 31P[311(PE,5)
(45X56X6)LIP o3| 1P(EIP o3[ €T2[12][23]
5.4)

(1r) _
Cis =

This integrand may be turned into a full derivative by
choosing as a reference spinor |[9] = Py3]1), to neutralize
the multiple pole (£|P;;|173:

i
_ 2dO[dCa 0N 1Py )AL P13  LEN Py |3P(31]

(1EXA5)(S6X6E)EI P23 |1 (€| P15 [ €][12][23]
(5.5

The sum of the residues can therefore be performed as
follows:

ey 201PmITBI o
" = szl 2., i

(A (1|P o3 | €EIP 123131
(LEXO6O)E| P3| 1TP(€ P31 €]

with [€,) = |1) and |€,) = |6).

(5.6)

(2r)
2. The term Ciy;

) — 2€a) €dlI4€) (4IP3 | LKEIP 123 3P[3€](PT,3)

123 (45)(56)6E)(EIP 153 [ 1P(€IP 23| €1P[12][23]
5.7

In this case, one can write the integrand as a full derivative
by choosing the reference spinor = 3, so that

@n _ _ {€dO[ded J4€) 4IP3 | 1KEIP 123 3][3¢1° (P,5)

s = T U S) (360601 P 1 1 (TP | CP[12]123]
(5.8)

Note the presence of a double pole, (€|P;;]1]%.

PHYSICAL REVIEW D 73, 105004 (2006)

The residue of the single pole € = 6 is

clrs _ _ (467 AIP s 1K6IP s 3136 F(P,)
123 (45)(56)(61 P 123 | 17(61 P 12316 P[12][23]°
5.9

while the residue of the double pole |€) = P y3]1] is

(2r:d)
Cixs

4P sl1][3]P 5] 1)

- I:Clp3 yI:Ciy
- <45><56>[12][23](pg23)P D[P 1] L, LY O]

(5.10)
with

LI]I:C123 _ {|4>’ |4>, P123|3]} LIZIZC123 — {|6>, |1>, |1>}

(5.11)

since, having chosen |[€] = P y;|1), we used (£|P;;|€] —
P3,(€1).

(3r)
3. The term Cyy;

2€dOEdCNALY (€1 P13 313CF(PTy)*
(45)SOXOLNEIP o3| TKEI P3| €1[12][23]°
(5.12)

GBr) _
Cis =

It is straightforward to write it as a full derivative with n =
3:

B 2€d0)[dld JAE1[3EF (P3y5)*
3(45)(56)(60)(€| P13 [11C€1 P13 [ €P[12][23]
(5.13)

(Br)
C12r3 -

We obtain an expression where only single poles are
present, whose sum of residues is

o = APh)y > lim(et;)
123 3(45)(56)[12][23] .52y =,

40737
(6P o3 LIP3 €7

(5.14)

with [€;) = 6) and |€3) = Px3|1]
Finally, the coefficient of the bubble I,.3.; is obtained by
adding (5.6), (5.9), (5.10), and (5.14):

Ir:s 2r:s 2r:d 3r:s
€231 = C(123 '+ C(123 "+ C(123 "+ C(123 ) (.15
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B. Cut C234
The cut Cy34 is given by

Cosy = /d,u[A(é”, 27,3, 47, 6)AWL, 51,65, 17, 60)
+ AW, 27,3747, €)A(5,57,6%, 17, ¢])]
=[d 2016, 10,0 (3¢, (3¢, ]

H 56)61X(E, £)E,5) 23134146 16,211, €]
(5.16)

After the t-integration, the rational contribution can be read
as a sum of three contributions,

Ciy = o + O30 + €33 (5.17)

each of which will be discussed separately.
1. The term C(ZIZQ

2(€dO)€dC1€)* (1| P34 |41(€1 Py3al 31 (P33,)
(56)(SONO1)IPa3s|21C€| P3| 4T (€| Pysg | €1P[23]

(1r) _
C234 -

We write it as a full derivative by choosing the reference

C(ZV) —_

PHYSICAL REVIEW D 73, 105004 (2006)

spinor |5] = Py34|4) in order to neutralize the multiple
pole (€| P,3|4]:

i)
_ 2€dO)[dld J1€)* (1| Pysy |44 Py | €€ Py |3
(4E)(S6XSENO1)(E] Pr3s| 2J(€1 P34l 4T (€] Po3y 1 €][23]
(5.19)

The sum of the residues can be therefore performed as
follows:

C(lr s) _ 2<1|P234|4]
BT T 5660231 45

(1€)*(4] P3| €1(€1 P3ql3T
(4O Pyag| 21| Pr3g [P Pyl €]

<€€>

We write it as a full derivative by choosing the reference spinor n = 3:

2r _
C2321 -

The sum of the residues of the single pole is

) (1] Py34l41(P535,)

with |€,) = |5), and |€5) = P,34|2]. The residue of double pole |€) =

C(2r d _

with

since, having chosen |€] =

(5.20)
(5.18)
with [€;) = |4), [€2) = [5), and [€3) = P,342].
|
2. The term C%Z)
2O 1Py K Py SPL3PE) 5o
> (56)(5O)61)(LIPazg|2K€| Pyl 4T€| Py [€P[23][34] '
(€de)[d€d 1€ (1| Py |4 K€IPasa |3P[3€1*(P35,) (5.22)
(56)X(5EXO1)(€IPa3y | 26| Pozg |41 (€1 P o3y [€TP[23][34] .
(LOX(€| Pyyy |312[3¢]
— = lim (€¢; s 5.23
50 = TS6XON23I34] 2o o ) S OTTP KT Praa A PP O 623
P,34|4] can be written as
(1| P34 141(4| P34 13T M:Cpy 7 I:Cong
B4~ (p2 2 )(56)61)23134] Py[Py3gl4] Ly, Ly ], (5.24)
LIII:C234 = {l]), |1>, P234|3], P234|3:|} lel:C234 = {|5>) P234|2:|: |4>x |4>} (525)
P234|4>, we used <€|P234|€] i P%34<€4>
3. The term ng)
2O P ST (P 526

(3r) _
C234 -

(SOXSEXO1)EI P34 21 Po3y [41C€1 Posy | €11[23][34]

In this case only simple poles are present. We can write it as a full derivative with n = 3:
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2(€d0)[d € K1) (€I P34l313¢F (P35)°

PHYSICAL REVIEW D 73, 105004 (2006)

CH = ; . (5.27)
3(SOXSENO1 X Py3g|2(€1 Pp3g|41(€1 Pasy| €T[23][34]
We obtain an expression where only single poles are present, whose sum of residues is
2(P354) (LY (€1 P34 |3][3¢
iy = 234 lim (¢; : (5.28)
12 3(56)(61)[23][34], ; 4t : (SOKEIP34 |2 €1 Pp3g |4 K€ Pasgl €T
with [€;) = |5), [€3) = Py3412] and [€4) = Py34l4].
Finally the coefficient of the bubble I, 3., is obtained by adding (5.20), (5.23), (5.24), and (5.28):
Crgo = CH 4+ ) 4 cBrd) 4 o) (5.29)
C. Cut C34
For this double cut, there is no triangle contribution and the result is simpler. The cut is given by
Cou = fd,u[A(W, 35,47 6)AG, 57,67, 17,27, 67) + A6, 34,47, 6)AW, 5%, 6%, 17,27, €1)]
_ fdﬁ«{ 2(4€,)* (46,11 Psg| €, (11 Psg| €] 2(4€, ) (4001 P 1|6, | Py 6T }
(34X56X61)€13)6,€,)51P1 121126, 1€, 6,1(P3g;)  (34XE13XE, €2)(€25)E2 €1 )51 Py [2][12][61](P3,5)
(5.30)

— (2)
=Gy + (5

Because of the possibility of writing A(¢], 37,47, ¢5) in
terms of either holomorphic or antiholomorphic spinor
products, as follows,

(40,)X(46,)?
(€,3)(34)4,)(0, )

_ [BOPBGP
- [63]34146, 06,6, T

A€, 37,47, 65) =

(5.31)

one can rewrite C(34 as

o _ 2(4€,)X(40, )€, P, |61(6,| P, |6
BN 3N ) (E5) 0t (5| Py 1211 12][611(P245)
_ 2[36,FP[3€,K¢,1P 1,16 €5| P1ol6T
[341 6241062, K€25)€2€, (51 Py [2][12][611(P5)”
(5.32)

In this shape, Cgi) can be obtained from Cgl‘g, as the
following relation holds,

P2,5C34(2,0) = (—1)Tfm{P%,C3,4(1, 0)} (5.33)

where Tfm is the composition of three operations:
(1) Parity: () —[,]; (i) relabeling: {1,2,3,4,5,6} —
{6,5,4,3,2,1}; (iii) exchange {, < {,. Therefore one
can worry only about C34 and recover C(z) at the end
through the above relation.

After the r-integration, the rational contribution coming

from Cg14) can be read as

2(€d)[€de)(1]Pse| €1 [3€][43]Ps,
(56)(61)(51Pet 2XE1P (PL2CT[4CF (PL,,)
| 2CdOLACK11Psg|3K 1Pl CP3€1Psy
(56)(61)(51Psi [21E1 Py CPL2C4CP(PZ,,)
 2(EdO[EdAO1 | Pss PI3ET431Ps
(56)(61)(51Pgt 2XE1P (P20 4CP(PL,,)
2CO[CACIAEN1P3o|3K1IPsol €P[3€1Ps,
(56)(61)(51Psi 21€1P (P20 T4€1(P )
2O EdCIA0 1 |PsolCPI3ET431Ps
(56)(61)(51Ps) 2 E1 P CF 20T 4C1PY )
(5.34)

This can be written as a full derivative by choosing as
reference spinor = 4:

2[€dC1(dla K401 Ps|€1P[43]P3y
(43)(S6X61)(51 Pe1 1211 P3y| € 2€][4€T (Pg))
_ 2[€dt)(d€a ) 4€)1|Psg|3K11Psg| €] Pss
(A3)(56)X61)(5| Pg; [2(€| P4 [ €][2€][4€1*(P5,,)
_ [€d€Kd€d )}4€) (1| Pse|€]’[43]P3,
(A3)56)X61)5| Py [21(€1 P4 [€T[2€][4€T*(P54,)
[€d€Kd€d )4€)* (1| Ps|3K1|Psg|€]* P3y
(43)(56)(61)(5| P |21 P34 [ €12 [2€][4€1(P54,)
2[€dl(dla )46) (1| Pse|€TP[43]P5,
3(43)(56)(61)(5| Pg; [21(€] P34 [€P[2€][4€](P, )
(5.35)

As one can see, the higher pole [4€]" is neutralized, and the

i -

(n _
C34r -
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only active pole is £ = 2, whose residue reads as follows:

2(42)(1Psg |2 (11 Ps613]Ps4
(43X(56)(61)(2I P34 1251 Pg; 121124 (P3g,)
_ (42)*(1] P54 |217(1| P56 |31P34
(43)(56)X61)(2| P34 |21(5|Pg; 12][24](P3g,)
B 2(42)(1|Ps6 |21 [431Ps4
(43)(56)(61)(2| P34 12151 Pg; 1211241 (P,)
_ (42)%(11Psg 2] [43]P34
(43)(56)(61)(2| P34 |1217(5| Pg; [2][24T* (P34,
_ 2(42) (1| Pse 2P [43]P34
3(43)(56)(61)(2| P34 |2 (5| P, 12][241(P3¢,)

(5.36)
J

Cg14r:s) _ _

PHYSICAL REVIEW D 73, 105004 (2006)
Through the relation in Eq. (5.33) one can get the other

term contributing to the cut,
c2rs) 2(4|P1,16](5|P1,161*[35]P34
o (53)X(5IPyI5)51 P 12][16][21][341(PE),)

2(34)(5|Py,|6’[35]P34

(53(51P34l5K51Pg; 12][16][211(34](PF,)

(4|P1,|6)(51 P15 |6]2[35]* P3y

(53)(51P34 151451 Pg; 12][16][21][34](PE,,)
(34)(5|P1,|6[351*Ps4

(53)%(5|P34151%(51 Pe 1211 16][211[34](PE))
2(34)(5|P12|6[35T P34

3(53)(5|P34l51(5| P, [2][16][21][34](PE,,)

(5.37)

Finally, the coefficient of the bubble I,., 5 is obtained by adding (5.36) and (5.37):

Crns = Cgl4r:s) + C(;‘r:s)

(5.38)

D. Cut C23

The cut in the P,3-channel receives two contributions:

Cp = [dM[A(€+,2*,3+, GAWES, 47,54, 6%, 17, 67) + A(Er, 27, 3%, €AW, 47,5, 6,17, €)] = 2¢Y),

where

(5.39)

(1€, X16,)%(2€,)*(26,)*[S6 T

(1) _
€23 fdﬂ{<23><3€2><€12><€1€2><€2€1><1 |P4s6l41(€2] Pyso|61[45]P4se
(20,)22€,)%(1| Psgy 1€, 111 Psg | €, 1

" (23)(BEN56)(61)€1 2)(€2 €1 X1 P51 1415 Psgy [ €, 11€1€21[€24]1Ps6:

(2€,)(26:)%(6,4)* (4] Py, 61°[6¢, T*

! (23)(3E2)(ASKAE)* (€1 2X 6261 X51 Pere, 1€ K2 | Py, |6][1€1][61][€16]2(P§1€l)}'

Therefore we concentrate just on the term C(213), and
finally multiply by 2, in order to get the coefficients of
the proper functions. In particular, since this cut contains
the contributions to both bubbles and three-mass triangle
coefficients, we discuss these separately.

In the following formulas, for this cut only, we define

Q = (P},/P3;)Py; + Pg
and

|w6] = P23P123|6]-

(5.40)

1. Rational contribution from C(213)

After the t-integration, the rational term which will
contribute to the bubble coefficients /.., reads as a sum
of six terms:

(Lra) _ ALr1) o ~(152) | A(Lr3) o ~rd) | A(L1S)
Co™ =G+ G 3" G+ G

+ Lo (5.41)

For each of these we give the expression after the
t-integration, the form as full derivative, and the residues.
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The term C55"). —
(1) t-integrated formula:
(€dO)[£de)(1]Pse|31(1|Psel €17[23][3¢]
(56)X61)X11Psg|41(51 Pe; 1€1C€I Pos €12 [2€][4€1(P54, )
(€dO)€d€1(23)* (1| Psel €] [23P[34°[3¢]

(56)(61)1|Ps6|41(51Pgy [€J€1 P3| €[2€][4€T (P53)*(P3g,)
_ 2d)€de)23)(11Psgl 3115 [€TP[23P[34][3¢]

(S6XO61)(1|Ps6|4 151 Py [€X I P3| €12 [2€][4€1*(P3;)(P34,)

C(l,r,l) _

(5.42)

(i1) full derivative:
[€d€1(d€a (4011 Psg|31(11Pse €] [23][3¢]
<56><61><1|P56|4]<4|P23|€]<5|P61|€]<€|P2’3|€][2€][4€](P Z61)
[€d€1(d€a )(23)*(4€)1|Pse|€1*[23][34]°[3¢]
(56)(61)(1| P54 14| P3| €I(5| P | €](€I P3| €[ 2€][4€ T (P55)* (P3g,)
B 2[6d€Xd€a )2314€)1Psg|3(1IPsel €TP[23FP[34][3¢]
(S6X61)(11Psg|414| P3| € X5 Py [€1C€I P3| €][2€][4€1*(P3;) (P35,

(1,n1) _
C23

_I_

(5.43)

As one can see the higher pole [4€]" in neutralized by the presence of (4€) in the corresponding numerator. Therefore,
only single poles will give nonzero residues,

(40)(1|Pse|31%(1| Psg [ €] [23][3¢]
(56)(61)(1|Ps6|41(4| P3| €1(5|Pg; [ €1€I P3| €1[2€][4€](P2,)
(23)%(46)(11Pse €1 [23P[341°[3¢]
<56><61><1|P56|4]<4|P23|€]<5|P61|€]<€|P23|€][2€][4€]3(P22)2(P 61)
B 2(23)4€)(11Psg|3K11Pse | €P[23]7[34][3¢]
<56><61><1|P56|4]<4|P23|€]<5|P61|€]<€|P23|€][2€][4€]2(P%3)(P§61)}

(1 nls) — Z hm[f«f ]{

(5.44)

with [€;] = Pxl4), Pg(15), 2], 4] for i = 1,..., 4).

The term C55"?.—
(i) t-integrated formula:
2(€dO)£de]2E)1IPsel3K11Pse| €T [23][3€]
 (56)(61)(11 Psl41(51Pe1 |€(E1Pos [ € [2€][4€1(P2,)
B (€dO)[€de](23)(20)1|Psgl €]*[23][34][3¢]
(56061 1P5s [N Pt [CKEIPo5 [ CPL2ETACP(PE,) (P)

(1,r2) _
C23

(5.45)

(i) full derivative:
[€d€1(d€a )2€)*(1|Psel3K11Ps | €TP[23]*
(23)(56)(61X1IPsgl41(5| Pei [€1(€1 o3 [ €P[2€][4€](P))

_ [€d€](a€a X2€)*(1|Psgl €1'[23]°[34]
2(SOX61)(1|Psgl4 K51 P [€K 1 Pos | € P[2€1[4€ T (P33)(P3,)

C(l r2) _

(5.46)

In this case we have both the residues of the simple poles,
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> 4 2 3
Cllr2s) _ (11Ps613][23] lim[£€, 2O)*(1|Psgl€]
(23X(56)X(61)(P3¢)) & z [ ]<1|P56|4]<5|P61|€]<€’|Pz3|€]2[2€][4€]
[23][34] s OX1|Pssl€]*
- L, , 5.47
2S6XGIN1Ps MNP PL) 25t Vsl lexeip s ePeaer G47
and the residue from a double pole,
(Lr2:d) _ [23]%[34]<24>2 ILCy; 5 I1:Cos
¢ T AE6H6 1[PPI B 2 G4
with
LY = {Psi|1), Psgi|1), Psgi[1), Psgi |1} Ly = {Psg115), Pasl4), Pp3l4), 12]). (5.49)
The term C;™Y. —
(i) t-integrated formula:
C(l 3 _ €O €deI2€)* (1| Ps|€1*[23P[3¢] (5.50)
 (S6)61)(1] Psgl41(51 Pe |€1(€1 Pos | €1 [2€1[4€1(P,) '
(i1) full derivative:
) = [€d€)d€ )(2€)* (1| Psg|€1*[23T (5.51)
3(23X(56)61)(11Ps6l4K51 Py [€1(€ P3| €F[2€][4€](PSg,) '
There are only simple poles. Therefore,
3 4 3 4
. [23] (] CUNIIPsI] <5
TR PllPhy) 25 el I STpg AP o P2 352
The term C(2]3’r’4).—
(i) t-integrated formula:
clrd) _ (€dO)[€de](23)(41)X (4| Py [C]3CP[61][6¢]*  2(€dO)[€aC]41)2| Q€K 4| Py €2 [3¢T[6€] (P35)

(5)(5| P |€KEIPo3 | EPLLEN2€T €1 Pos O1€T €] (45KSIPe1 [€KEN P3| €PTLEN 2] 1 Py Q1T [ € o]

_ {LaO)[€de)2| QICKAIQICKAIPs € PI3CPL66) (P3,)°
(45)(51Ps1 |€X€1Pos [ €PTLE2€T6 1T Py Q1T [€we]

(i1) full derivative:
CyiY = [€deXdea )T
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_ (QEX41)(4| Py [€][3€P[61][6¢ ] [ab]?
(45)(5|Pg 1€J €I Pos | €] 1€]12€ ][ 1 €] 12 €][B] Po3 OID][€ ]
_ 2041, 02| Q1€14| Pos € P[6€ [ab [ 1, 3]*(P35)
(45)(5|Pgy | €EIP23 €K m | Pos [€I1€I2€ 1, €1 [y o P — b1 P23 Q1D [ € ]
_ 241X, 021 Q14| Pos | €T[3 7, P{6¢T[abT (P35)
(45)(5|Pgi |€IEIP 231 €KMol Pos [€I1€I2€1 0y mo P2 € P[] Pr3 Q1B [ € w6 ]
_ 41€)(41)2| QI€KA| Py [€P[3 0o [6€F[ab]*[ 1, 31(P35)
(A5)1| Py [€X51Pey [€X I P €]1€112€] m 1 €101 2 PL 02 € 1D P23 QI B[ £ 6]
_ (110421 Q1€K4| Q1141 P3| € P[3CPI6€] ab]'[ 1, 61 (P33)°
(45)(5| P | €IC€IPo3 €K my | Pos [ €I 1€1[2€][61 ][0, €[ 11 12 P61 P23 Q16 P[€ ]
_ (mO)2|QICK4| QICKA| Py | € [3¢T[6€][6 7, P[ab]*(P3,)?
(45)(5| P | €IC€IPo3 | €K ma| Pos [ €] 1€1[2€][61 ] 11 02 PLmot P61 P23 Q16 P[€ 6]
_ 3 02| Q14| QICK4| Py | €P[3CT[6€][6 1, [ab]°[ 1, 6](P35)?
(45)(5|P1 [€ LIP3 [€Xma | Pos €] 1€T2€][ 611 01 €] 1 ma P[0 F DI P23 Q1B P[£ ]
3(m 021K QK4 Py | € P[3CT[6€][6 7 ] ab [ 9,61 (P35)?

J@W =

" @GPl CKEP 1K, 1P LTI 2CT61 7, (P L ma P, (b1 QT TGl )
The term C;">. —
(i) t-integrated formula:
Clins) _ o (dOLLdlI3XA1A0EIPo5 I CIBEPI6CF (PF)
> (45)(5|Pg; [€J €I Po3 € P[1€][2€] €] P3 Q1 €] € w06 ]
_ (EdOdeI40)2| QI€K A Py [P [3€P[6€](P3;)?
(45)(5|Pgy [€1C€IPos [€P[1€][2€1[61][€£] P23 Q€[ € ]
(CdOeaCK1E)21X1 P NBEPLS6F (P,) 5:56)
(1|Pys6|41 €1 Pos | €P[2€][45][€ 06 1(PF,5) '
(i1) full derivative:
CL) = [de)dla ) IO (5.57)
7O — _ (234140 [3CPI6¢T[ab(P3y)
(45)(5|Pgy [€XEI P [€P[1€][2€ ][ € 1[0 € N[ DI P23 Q6T € w06 ]
B (€204 Py [ P[6€T1 ab 1,313 (P35)?
2(45)(5| P [€ICE| Pos | €1y | Pos [P 1€112€T6 11 11 €11 2 P[] P23 Ol P € w6 ]
B A0 X €I Q1L Py €P[6€1 [abl [ 1,31 (P3;)?
(45)51Pg; [€XLI P [€ 1 my | Pos €[ 1€112€T[61 1 11 €T [ 1 2 P[5 P23 Ol € o6 ]
B (m€)* 21 Q€4 Pos P [3my PL6€1 [ab]* (P35)?
2(45)(5| P1 [€ICEI Pos | €1 (o | Pos [€P[1€][2€T6 1 1 171 o P02 € P[5 P23 Ol P € w6 ]
B (Ao Xm0 Q14| Pos [ €1 [3m, 2[6€1 [ab ] (P3;)?
(45)(51Pg; [€JEI P [€ K ma | Pos €[ 1€12€1[61 ][ 11 2 P [ 02 € P[5 P23 Ol P € w6 ]
B (40)22| Q€ K4| P €13, [6€1 [ab] [9,3](P35)
(45)(5| Py [€ €I Pos [€PL1€]2€1[61] m 1 €101 m2 P[0 €161 P Q1B [ £ ]
(L2 QU[3CPS6F (P3,) 5:58)

2(1|Pys6l4 K€ Pos [ €P[2€][45][ € 06 1(PT3)”

105004-23



RUTH BRITTO, BO FENG, AND PIERPAOLO MASTROLIA

PHYSICAL REVIEW D 73, 105004 (2006)

The above expression contains single and double poles. The residues of the single poles will be read off later; for the
total rational contribution, we consider here only the terms having double poles, (1;|Py;|€]* and {(n,|P,;|€]*:

](S:d) — _

CLr¥ ) = [edfXdla ) IS (5.59)
(n10)*QlQI€K4| Pl €P[6€] [ab] [n,3]*(P3;)*
2(45)(5| Po 1 [€ €1 Py [ €1y | Pos [ €PL1 €1 2€][61 ] m €[ 11 2 P61 P23 Q16 [ € ]
(40 X1 02| Q14| Py [€TP[6€1 [ab]* [ 31 (P35)? =) (560)

<45><5|P61|€]<€|P23|€]<771|P23|€]2[1€][2€][61][7715]2[771nz]z[b|P23Q|b]z[€ 6]

The residues in this case give

Lab) (0,31 (n|Paln,
2(45)[611[m m. P [b1P2; QIbT
X Py[Pyslmy), Llll:czs, LIQI:CB]
Anabl[n,31(n|1Pssln,1(P3;)
@5)[611n m.F[bIP2QIbT
X Py[Pos|my), MYP, My ] + {n, & n},
(5.61)
|

C(l,r,S:d) _

The term C(213’r’6).—
(i) t-integrated formula:

C(l,",6) - _

(€dO[€dCU23)4€)* (4| Py | (]3ET[6¢]*(P35)?

[
with

LI — {0[2), Pysld), Pas|4), Pasl4), 16], 161, 16], 161}
Ly = {Pg15), 111 121 Imi] I 1] I ) lwe )
A]‘4III:C23 = {Q|2>, P23|4>) P23|4>’ |6]’ |6]’ |6]’ |6]}

MY = {Pg 15y, 111, 121 I ] Iy ] I lwel (5.62)

since we used [€) = Pas|n,].

(€dO[£aCK16)*(23)1| P (3EF[S6] (P35)

(4551 P |€KEI P3| €T LEN2€T61]1€1 P23 Q€] € o]

(i1) full derivative:

(1P ys6l4 €1 Pos [ €1 [2€][45][ € 06 1(PT3)

J©O = —

Given the expressions of C%;"*, ("

Egs. (5.55), (5.60), and (5.65), their combined contribution
can be written as,

(5.63)
CiL® = [d€)dla )I® (5.64)
(23)(4€)°[3¢P[6€]' [ab]*(P3;)?
3(45)5| Pg1 €€ Pos [€P[1€][2€][61][ 01 €] 2 €][D| P2 Q1D ][ € ]

(1€)*(23)[3¢P[56](P3,) (5.65)

3(11Pys |41 €1 Pos | €P[2€][45][€ w6 ](PT,3) '

and C35"°, in L’Vith

1€;]1 = Pe115), 111, 12], 4], Im1], Im2] lwg], Pasl1), Paslny),
Pulny) G =1,...10). (5.68)

(1,r,4,5,6)
C23

= [€d€(d€o WIW + IO + JO}  (5.66)

Therefore, the sum of residues of their single poles will
give

C(l,r,4,5,6.s)

Z hm [M JI® + 16 + 101 (5.67)

The coefficient of the bubble /,.,, is given by adding
Egs. (5.44), (5.47), (5.48), (5.52), (5.61), and (5.67), and
multiplying by 2:

Crnn = Z(C(213,r,l:s) + C(213,r,2:s) + C(213,r,2:d) + C(213,r,3:s)

+ C(213,r,3,4,5,6:s) + C(zl:)’,r,S:d)). (569)

3-mass-triangle contribution from C(213).—After the
t-integration the contribution to the three-mass-triangle
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coefficient reads:
C(213,3m) _ C(213,3m,1) + C(213,3m,2) + C(213,3m,3)' (570)

Unlike in the case presented in Sec. IV, here we make use of the functions defined in Appendix C to write down answers
directly and compactly.

The term C%jm‘l).—
(i) after t-integration

cosmn __@DA61]  (CdO[ede)R1QICAIPxI I3 ERI6CF 570
45)  (LIQICKEIPxC]€I P QIEKS| Pei €] 1€][2€ ][ et ] .
(i1) triangle coefficient:
" 41y’[61] ~
C(213,3 M= - <45[> ]CISI[La’ L}}, P23’ Q] (572)
La = {Q|2>’ P23|4>’ |3]) |3]» |6]r |6]} Lg = {P61|5>’ |1]’ |2]) |w6]r |7]]} (573)
The term C(213’3m’2).—
(i) after t-integration
i _ 2AD(PR)  (€dO[€atR101e14OIEAPx O3EPI6CT 57
» 45)  (CIOIKEIPICILIP QLT (S|P €] 1€][2¢ ][t ] '
(i1) triangle coefficient:
iy = _ 2 240P%) ey, LY, LY, Py, O] (5.75)
(45)
L, ={0I2), Ql4), P53|4), 13]. 13]. l6], 6], 161} Ly = {Pe15), 111, 2], lwe], In], Im2], 21} 5.76)
L = {Pg15), 111121 lwg] 1] Ii ] 1} '
The term C55*™) —
(i) after t-integration
ctamy _ _ (P 537 (€dO)[€de]2|QICK41 0114 Pyl ]3¢ P[6¢] (5.77)
~ (@5)[61] (I QIEEI Py CT€1P 1 OIEP(SIPey [T 1€]2¢ [t '
(ii) triangle coefficient:
(1L3m3) _ _ (P%3)2 ~IV IV IV
C5; o= C3'[L,, L}, L5, P, Q] (5.78)

45)[61]

La = {Q|2>r Q|4>) Q|4>’ P23|4>1 |3]r |3]r |6]r |6]’ |6]’ |6:|}
Ly, = {Pe15), 111 12] lwg] In], 1751 2], [, 1} (5.79)
Ly, = {Peil5) 111, 12] lwe]), In], 1911 1] 10 1}

Finally, the coefficient of the thee-mass triangle /5.,.,., can be obtained by taking the sum of (5.72), (5.75), and (5.78) and
multiplying the result by 2:

3000 = 2(C(21 ,3m, 1) + C(213,3m,2) + C(213,3m,3))‘ (580)
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E. Cut C61

This cut has contributions from three-mass triangle, so the result will be more complicated. Also since it is the same
three-mass triangle function as in cut C,3, we can use it as an independent check for this coefficient.
The cut is given by

C61

and

= fdp,[A(et 6%, 17, 6)A(ET, 27,34, 47,57, €7) + A(6;, 6%, 17, €))A(6;, 27,37, 47, 5%, €7)]
_ 214,216, X42)*[5€, ][5,
(23)(34X61)X6€ (€€, 2| Py34| 54| Posgl €, 11€1€51(P354)
n 2(1€,)*(1€,(2€,)*(24,)[35]*
(O1X6€, XE €)X 0o €1 2| P, 02|15 K€ | Py e, 131[34][451(PF )
2(1€)X (1AL, (4| Py,p3 ] 31P[€,3]

- (5.81)
(A5XSENO1X6E, X € X4 P36, €1 | Pe,o3I3112310€,21(PF 55)
In the following formulas, for this cut only, we define
lws) = Pgi P34
O = (P3;/Pg,)Pe1 + P
1. Rational contribution from Cg,
ca = oV + e+ e + et + el (5.82)
The term Cérl’l).—
(i) t-integrated formula:
20€d O €dCT(1€)>(21)20)*[ 1€ (P2

con —_ 2AONKI0°000 BT 553

(66 Q2IPe1alSIEIPG [EF (€1Pg o 13][34][451(P2,)

We describe in detail how to write this term as a full derivative to show a technical point which allows us to get
rid of higher poles—when possible.

We have seen in many examples that a suitable choice of the reference spinor 7 can simplify writing an integrand
as a full derivative, when using the integration-by-parts identity Eq. (2.14). In the above expression there is a
double pole (6¢)?, but the presence in the numerator of [ 1¢] seems to force us to pick up n = 1. By doing so, one
would end up with an expression containing a triple pole (£6)°, to be dealt with afterwards. Alternatively, one can
multiply Cérl’l) by 1 = [6€]/[6¢] and use the following identity,

[1e] 1 [pgl] | [16]
(paieTen ~ @l @i 60) 50
to write Cgl’l) as a sum of two terms,
o — _ 2(€dO)€d)(1€)(21)(2€)*[35]* Py,
‘! (60)* 21 Ps12|SKEI P61 (€1 P12 |3][34][45](PE12) (5.85)

2(€de)[€at](1€)21)(2€)*[35]*[61][6¢]P,
(6€)2|P12|5KEIPe; [T (€1 P62 [3][16][341[451(PF, )

each of which can be integrated by parts by using 1 = 6, to neutralize the double pole. In fact its expression can
be written as

105004-26



CUT-CONSTRUCTIBLE PART OF QCD AMPLITUDES PHYSICAL REVIEW D 73, 105004 (2006)

(i1) full derivative:

cint) = (eaeydta ]IV (5.86)

3 22126 [3511[6€](P2))
(6€)2(2| Pg12|5K€| Py [€1(€] Pgy213][16][34][45](PE, )
21)20*[351[61][6¢1(P})
(60)2|Pg12| 51 Pey [ €1 (€1 Pe1o| 3116 P[34][45](PE,,)

T =

(5.87)

where the term with 1/(6€)? has a factor in the numerator of [6¢], which annihilates its residue. Therefore the
contribution of this term to the corresponding bubble coefficients will be given by the sum of residues of only
simple poles.
The term Cérl’z).—
(i) t-integrated formula:
20€dO)€de)(1€)321)20)*[16][1€P[35]*(P%,)
(60)*(2|Pg12|51(€1 Py [ €14(€] Pg 12 |3][34][45][611(PE,,)
_ 2(€dO)€de)(1€)2(26)20)*[35]*[6€1*(PZ,)
(6€)2| P15 |SI(E1 P61 €11 P12 |31[341[451(PE),)

(r2) _
Cm -

(5.88)

(i1) full derivative:
cin? = (Lae)dea ] I? (5.89)
B 2(21)26)2[354[6€](P2,)
{60221 Pg 1l ST Pe [€1(€1 Pe1 1313414516 11(P2 )
3 2Q21)(26)*[351*[6¢*(P,)
(60)2|Pe12|51(€1 P61 [ €] (€] Pg12|3][16][34][45](PE, )
- 21€)(26)20)[35 {6613 (P2,)
3(60)2|Pe12]51(€1Pey [€F (€1 P612]3][16][34][45](P5, )
22103511 [61][6€1(P2)
32| Pe1a|51C€ Pey [€F (€1 P2 31161 [341[451(PE,,)

J®

(5.90)

The term Cérf).—

(i) t-integrated formula:

2dO)[LdCK1E) (A6)(40)* (L1 Q16]*(€|Pei 13]'[16]

(A5XSEX6EXws )€ P Q€)Y (€I Pgi [2J( €1 Py [€1 (€1 Py 13][23]
_ A€dO€dCK10)(A2)*(4€)* (€| P, |3]7[16][23]

(45XSEX6EX wsO)(€1Pg; QIEXEI Pey [2K€1 Pgy [€1(€] Py, 3]
_ KEdOLEdCK10 (414240 (€1 011K €I P, 13P[61]

(A5)(5€)06EX @50)(€| P QI€)*(€] Pey 12)(€] Pgy |€]3(€] Pey113]
_ KLdO[ede)(1€)*(42)(46)4€)*(€1016)€| P61 13T[61]

(A5KSEX6EX wsO)(€1Pg; Q1O (€] Pe; [2KEI Pey [€1(€] Pey, 3]
_ 2dO[ede1€>(41)>(4)X(€1 011Kl Ql6 €I Pey13]°[61]

(A5X(5€ s )€ P QL€ (€I Pg; [2)(€1 Py [€1 (€1 Py, 13][23]
_ KEdOLEdE1€)>(41X46)40)> (L1 Q161> (€I P, 13]'[61]

(A5X(5€X@s )€ P QL€ (€I P [2)(€1 P €1 (€] Py 13][23]

(r3) _
C6l -

(5.91)
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(i1) full derivative:

JO = —

ci? = (0ae)dea ]I (5.92)

2(1€)*(42)>(4€)*(£| Pg; |37 23][6¢]
(45X5EX6€)ws )£ Pg; OQIEXC| Py [2€| Poy [€1(€| Po 12 3]
2(1€)*(46)*(ab)*(n,4)* (€| Q16 (€| Pe; [31*[16][ 1, £]
<45><4€><5€><6€><7’1€>3<7]1772>3<w5€><blp61Q|b>3<€|P61|2]<€|P61|€]<€|P61|771]<€|P612|3][23]
6(1£)*(46)*(41, Xab)*(m > (LI QI61* (€| Pg; 13]1'[16][n, £]
<45><4€><5€><6€><7’1€>2<771772>3<772€><w5€><blp61Q|b>z<€|P61|2]<€|P6l|€]<€|P61|771]<€|P612|3][23]
4(1€)*(41)X42)ab) (m LI QI1K€| Pg 13P[61][n, €]
<45><5€><6€><771€>2<7717’2>2<w5€><blp61Q|b>2<€|P61|2]<€|P61|€]<€|P61|771]<€|P612|3]
8(1E)*(41)(42)(4n, Xab) (m4X €I Q11K Pei 13P[6 1100, €]
<45><5€><6€><7]1€><7]1772>2<772€><w5€><blp61Q|b>2<€|P6l|2]<€|P61|€]<€|P61|771]<€|P612|3]
41€)*(42)(46)(ab)*(n,4)*(€| Q16 K€| P, I3PP[61][n, €]
<45><5€><6€><7]1€>2<7]1772>2<w5€><|P61Q|b>2<€|P61|2]<€|P61|€]<€|P61|771]<€|P612|3]
8(1)*(42)(46)(4m; Xab)*(n 41 QI6 €| Pg, |3P[61][ 7, €]
<45><5€><6€><7]1€><771772>2<772€><w5€><blp61Q|b>2<€|P61|2]<€|P61|€]<€|P61|7’1]<€|P612|3]
2(1€)X(41)*(ab)*(n,4)* (€1 Q|1K€| 016](€| P4, |3]*[61][n, €]
<45><4€><5€><771€>3<771n2>3<w5€><blp6lQ|b>3<€|P61|2]<€|P61|€]<€|P61|771]<€|P612|3][23]
6{10)*(41)*(4m,Xab)*(m 4> (€1 Q11 K€ Q61| Pe [31*[61][, €]

i (45)X4€)5€)Xn 1 OX 11 12 (M) w5€)DI Py OlbY (€| Pgy |21(€1 Pe; [€1(€| Pey | 171 €| Po1213][23]

4(1€)*(41)(46)(ab)®(n,4)*(€| Q16 (€| P4, I31*[61][ 1, €]
<45><4€><5€><771€>3<771772>3<w5€><b|1’61Q|b>3<€|P61|2]<€|P61|€]<€|P61|771]<€|P612|3][23]
12¢1€)*(41)(46)(41,Xab)*(n,4)*(€| Q16 ]*(€| Pg, I3]'[61][ 0, {]
<45><4€><5€><7]1€>2<7’1772>3<772€><w5€><blp61Q|b>3<€|P61|2]<€|P61|€]<€|P61|771]<€|P612|3][23]
2(1€)*(46)*(4m,)*(ab) (€| Q16 (€| Pe; [31*[16][ 1, £]
<45>(4€><5€><6€><771 1) (2 0)* (@5 €D Pg; Q1b) (€| P |2)(€| Poi [€1(€| Pey | 72 1(€] Pe1213][23]
6(1£)*(46)*(47,)*(ab)®(n4)XLIQI61 (€| Pg; 131'[16][n, ]
<45><4€><5€><6€><7’l€><7’1772>3<772€>2<w5€><b|P61Q|b>3<€|P6l|2]<€|P6l|€]<€|P61|772]<€|P612|3][23]
41E)*(41)42)(4m,)(ab) (€| Q11K €| P [3PP[61][ 1, (]
<45><5€><6€><771772>2<772€>2<w5€><b|1)61Q|b>2<€|P61|2]<€|P61|€]<€|P61|772]<€|P612|3]
4(1€)*(42)(46)(41,)*(ab) (€| Q16 €| P |3PP[61][ 1, (]
<45><5€><6€><771772>2<772€>2<w5€><blp61Q|b>2<€|P61|2]<€|P61|€]<€|P61|772]<€|P612|3]
2(1€)%(41)*(4n,)*(ab)*(€| Q11K€| O161(€| Pg; 13][61][ 7, €]
<45><4€><5€><77]772>3<772€>3<w5€><b|1)61Q|b>3<€|P61|2]<€|P61|€]<€|P61|772]<€|P612|3][23]
6{10)*(41)*(41,)*(ab)®(n, 4)XC1 Q1K€ QI6](€| Pe; [31'[61][ 9, €]

! (4SKAOKS O OX01 12 (Mo €Y s OXBIPg; Qb)Y (€IP 6 |12KEI Py [€1(C Pey [ 1211 Pe12|3]23]

4(10)2(41)(46)(47,)*(ab)*(£| Q161 (€| Pg; 131611 n,€]
<45><4€><5€><T]1772>3<772€>3<w5€><b|P61Q|b>3<€|P61|2]<€|P61|€]<€|P61|772]<€|P612|3][23]
12(1€)*(41){46)(4m,)*(ab)®(n,4){€]| Q16]*(€| P, 131*[61][ 1, (]
<45><4€><5€><7]1€><7]1772>3<7]2€>2<a)5€><blp61Q|b>3<€|P61|2]<€|P61|€]<€|P61|772]<€|P612|3][23]
(5.93)
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The term CY7". —
(i) t-integrated formula:

ALdO[€dCT(1€)3(41){46)4€)> (€| Pg; 1314 [16][1€]
(A5)(5EX60) (s O] Py QI€)X€| Pei |121(€| Py €T (€| P612]3][23]
KLdOLEACK1€) (41)(46)(40)* (€| QI6]€|Pg; 3] [16][1¢]
(A5)(SEX6E)X s )€ Pgi QI€* (€| Pgi 12](€1 Pe; |€T (€] Pgy,13][23]
2€d0)[€dC)(1€)*(41)*(4€)* (LI QI6)(€| P, [31*[1€][61]
(45)(5€wsE)€1Pg QIO (€I Pg; [2K€ Py [€1 (€] Py, 13][23]
2(0d0)[£dC](1€)*(46)*(4€)*(£]QI6](€| Pe |3]*[16][6¢]
(A5)(5EX60XwsE){€Ps Q1O (€| Pg; 12J(€1 Py [€T (€1 Py 13][23]
_ AKEdO[€de)(1€)>(41)(42)(4€)* (€| Pg |3P[61][6¢]
(45)(5€0 50| Py QI€XE| Py 12](€| Py [€T3(€] Pgy13]
AKLdOY€dC](1€)3(42)(46)(4)* (€| Pe, |3T[61][6€]
(A5X(5EX60X s E)(€1Pg; QLOXEI Py [2(€1 Pey | €1 (€] Pgy5 3]
2(€dO)[€dCI1€)42)* (€| Pg, |5P[56][6€](PE,)

(r4) _
Coi” =

5.94
23)34)6 00 s OCIPysalS K1 Pei CFT16]1(P2y) 659

(i1) full derivative:
cir = (ede)dea, ) I@ (5.95)
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o 210212 oMby (4N Q161 Py 13T P
(A5XSEX6EX 0101 1)t ws€)(b|Pe; Qb)Y (€| Pg; [2](€] Pe; |€](€] P61, 13][23]
B 4(1€)(41)(46)(4€)%(ab)*(€| P4, |3]'[6(]
(A5X(5EX60)(n €X 02t @5 E)(b|Pe; QD)L Py [2)(€1 Pgy [ €(€1 Pe12]3][23]
B 8(1€)(41)(46)(4m,)ab)* (n,4)XLIQI6](€| Pg; 13]*[6¢]
(A5X5EX6EXn €)1 n)* ()X wsL)b| Pg QlbY* (€] Pg; 121(€| P [€1(€| Pgy,13][23]
2(16)*(46)*(4m, Xab)* (m )€1 016](€] Pe; 131 [6€]
<45><5€><6€><7]1€><7]1772>2<772€><w5€><b|P61Q|b>2<€|P61|2]<€|P61|€]2<€|P612|3][23]
B 2(1E)A1)X42)46)X(ab)* (€| Pg, |3P[61][6€]
(A5)(50)(m1 €m0 ws€)(b|Pg Q1b)L|Pg; [21(€| Pey | €1 (€] Pg;,13][16]
2(1€)X(42)(46)(4€)*(ab)*(€| Pg, |3P[61][6€]
<45><5€><6€><771€><772€><w5€><b|P61Q|b><€|P61|2]<€|P61|€]2<€|P612|3][16]
2(1€)41)X46)(40)*(ab)* (€| Pg, |3]*[61][6¢]*
<45><5f><6€><771€><772€><w5€><b|1’61Q|b><€|P61|2]<€|P61|€]2<€|P612|3][16][23]
A(LOADA6) X aby (1, AXEQIKEI P 13616
<45><55><771€><m772>2<772€><w5€><b|f’61Q|b>2<€|P51|2:|<€|P61|€]2<€|P612|3][16][23]
B 4103 (41)(46)(ab) (m4)* (€| Q16 €| Pe; 1311 16][ 17, [, €]
(A5)(5X6E)Xn1 0 (ni ) (@s€)(bIPsy Qb)Y (€| Pe; |121(€| Poy [€)€| Py |1 (€| Po113][23]
_ 2(1€)*(41)*(ab)* (n,4)*(£|Q|6](€| P [31*[ 17, ][61][ 7, €]
(A5XSE( 011 ) (@sE)Xb|Pg; Qb)Y (€] Pey [21(€| Pe; [€](€| Pey | 11 (€] Pe12|3][23]
_ 2(1€)*(46)*(ab)*(m4)*(€1 0I6](£| P4, [31*[16][6m, [ 7, €]
(A5)(5EX6E)X 110 (i M) (@s€)(b|Psy Qb)Y (€| Pey |121(€| Poy [€)€| Py |1 (€| Pey13][23]
(10)*(46)%(ab)*(m 4)*(€1 016](€| Pg; 13116 [0, €T
<45><5€><6€><7’1€>2<T’1772>2<w5€><b|P61Q|b>2<€|P61|2]<€|P61|€]2<€|P61|771]2<€|P612|3][23]
B 2(1€)*(41)(46)(ab)*(n,4)(€| 016 ](€| P4 |3]*[61[ 0, {]*
45X )X M) (wsOXb|Pg; Qlb)Y* (€| Pey [2](€] Py [ €12 (€] Py |71 (€] Pgy213][23]
(10)X(41)X(6€){ab)* (1, 4)(€| Q16 €| P, [31'[61*[ 7, €]
<45><5€><771€>2<771n2>2<w5€><blp6lQ|b>2<€|P61|2]<€|P61|€]2<€|P6]|77]]2<€|P6]2|3][23]
B 4103 (41)(46)(ab) (my4)* (€| Q16 1€ Pe; 13116 ][ 1 12 [ 12 €]
(45X5EX6EX N 00X (nam 1) ws€)(bIPsy QlbY (€| Pgy |21(€| Pe; [€1(€] Pey | 2 12 (€] Pe12]3][23]
B 2(1€)X41)*(ab) (n,4)* (€| Q161(€| P, [31*[1m,][61][ 1, €]
(A5X5EX2 )21 Y (@sEXb|Pg Qb)Y (€] Pey [2J(€| Pey [€]€| Pey | o 1 (€1 Pg12|3][23]
B 2(1€)3(46)*(ab)*(n,4)* (€| 016](€| P4, I31*[16][6m, [ 1, €]
(A5XSEX6LX 00 (mam ) ws€)(b| Pgy QIbY* (€| Pei |12(€] Pg; [€1(€| Py |2 ]*(€| Pg12]3][23]

(5.96)

N (LEY*46)*(ab) (m4)* (€| Q16 KE| Pai [31*[ 161 [, €T
(AS)SEXOEX MY (1Y ws€XDIP OBy (€] Pei |21 Pey [€1(€] Pe13]123]
_ 2(1€) (41)(46)ab)*(n4)* (€| QI6 K| Py I31*[61 [ mo €T
@5)SEX Mo 0y m Y @5 EXBIPe) O1D) (€] P61 12E1 P | €T (€] Ps1 | m2 (€1 P12 |3]123]
(LY (41)*(6€Xab) (m,4) (€| QI6 KL Pgy [3T*[61 [, €T
(4SSO 1) @5EXDIPs1 QIbY (€I Pe [ €11 Pey |12 1(€1Pg1213]23]
(42)K€1Pg, |51 °[S6][6¢F(P5))
(23)(34X6EX w5 12| P34 S KL Pet [ € (P35,)

(5.97)
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The above expression contains both single and double poles. Here we give only the expression for the residues of the
double poles (¢|Pg|7;]* and (€|Pg; |7, ],

CIrod = (0de)[dea, ) T* (5.98)

T — _ 4103 (41)(46)(ab) (m4)> (€| Q16 K€ Pe; 131116117, ][, €]

(A5)5EX6E)X 110 (ni ) (@s€)(bIPsy Q1Y (€| Pe; |121(€| Poy [€ )€ Py |11 (€| Pgy13][23]

B 2(1€)X(41)*(ab)* (m, 4)*(€10161(€| P4, |3]*[ 17, ][61][n, €]
A5)(50(n 10X M) (ws€)(b|Pg Q1bY (€| Pe; | 2141 Py €€ Pey |71 1€ Pe12131[23]

B 2(1€)°(46)*(ab)*(n,4)*(£|016](€| P [31*[16][67, ][ 1, £]
(45)(5X6€)n1€)* (01 o) (@s€)(b|Pe; Q1b)* (€| Pgi 12J(€1 Pe; | €€ Poy |1 (€1 Pe12]3][23]

(10)*(46)%(ab)*(n,4)(€| 0l6)(€| Pg; |31'[16]* [, €]

<45><5€><6f><771€>2<771772>2<w5€><b|1’61Q|b>2<€|P61|2]<€|P61|€]2<€|P61|771]2<€|P612|3][23]

_ 2(1€)3(41)(46)(ab)* (1 4)*(£|Q161(€| Pe; I31*[611[ 1, €]
(A5)(5EXm 1 )X (1 m2) (@5 )Xb|Pg; Qb)Y (€] Py |21(€| Pe; [€T (€] Py |1 (€| Pg12]3][23]

(LOXA1X60)(ab) (0,4 (€| Q16 ](€| P [31*[611*[ n, £]* g e my) (5.99)

<45><5€><771€>2<771n2>2<w5€><blp61Q|b>2<€|P6l|2]<€|P61|€]2<€|P61|771]2<€|P612|3][23] K '

The sum of residue of the double poles reads,

raay M4 ab)(n4°[16][17, ;| Pe;|n;] ILCs ;ICy
R TN A D R (AR L
2040 Xab)* 1 JI61Kn14)(n1|Pei 1]
(45)(m m2)*(b| P, Q) [23](PF,)
_ 246)*(ab)y(m 4)*[16][6m, Kn1|Pei 1]
(45Xn 12)*(b| P, QIbY*[23](P%))
_ (46)X(ab)*(n4°[16]X(n,|Pg; |, J*
(45)(m m2)*(b| Pe; Q) [23](PE,)?
2(41)(46)(ab)* (0 4)*[611X(n|Pg; |, I*
(45)(n 1 1m2)*(b|Pg; Q|b)Y*[23](P2 1)2

2{ab)* 2 2
1

Po[Pei |y ] Mo, My o]

P,[Pg|ny, L H Cor LH Cor]

1I:C 1I:C
PZ[P61|771)N1 6':N2 6']

Pz[P61|771 LH o OH Cm]

LY ={11), 1), 11), 016], Pe;13] Pe113] Pe1 13 P 131 Ly ={I5),16), 1), [0}, 1), lws), Pe 2], Pey |31}

M? S ={|1),11), 016, Pe113], P61 131, Pe1 131, Pe1 131 M3 ={I5), 1m1), [1), |01, lws), Pey12], Peyo|31}
N ={]1), [1), 1), 11), 016, Pg;13], Pe113], Pe1 131, Per 131 Ny ={15),16), 1), 1m0 ), |10, 1), lws), Pey 121, Peyo|31:
O ={11),11),16), QI6], Pe113], Pe113], Pe1 131, Pey 131 05 = 115N 1), [y ), 1), 1), lws), Pey 2], Peyal 313
(5.101)

since we used [€] = Pg;|n,).
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The term CU7>). —
(i) t-integrated formula:
LAY LACT(10)Y (41)2(4€)* (€| Pe, |31 16][1€]
(A5)(5EX6EX @50)(€] P QIEX LI Py [21(€1 Pey €11 P12 13][23]
B KLEdOLEdCI(1)* (41)(46)(40)* (€| Pe 131 [161°[ 14T
(A5)(5EX60) (@5 O)(€|Pgy QLN LI Py [2)€1 Pgy [ €€ Py, 13][23][61]
N 2LdO)[€dEI(1€)(46)(4€)* (€| Pe 131 [16][6€]
(A5)(5EX6€Xws )€ P QLEXEI Py |121(€] Pe; 1€]*(€] Pg12]3][23]
2€dO)£de1€)(42)* (€] Pei ISP[6¢](P,)
(23)34X6E)ws€)(2|Py34|5 €1 Pey | €1[16](P554)

(r,5) _
C6r1 -

(i1) full derivative:

Cin) = (0de)dea ]I

_ 2(41)2(40)X(€| P4, |3]'[6¢]
(A5)SEX6EXws )| P6 QIO | Pey [2]C€ Py | €€ P61213][23]
N 2(41)*(4€)*(€| Pg, |3]'[61][6¢]*
(A5)(5EXws )€1Ps) QIOXEIPe; 121K€1 Py [€17(€] Po123][16][23]
B 2(1€)*(46)*(40)* (| Pg; 131 [6¢T
3(45)(5EX6L)X w5 O] Pe; QLN Pei 12| Pe; [€T (€| Pg1213][23]
B 2(41)X(40)*(6€)(€| Pg, 131 [61[6¢]°
3(45)(5€)@sO)(€|Pg; QIEXC| Py [2)(€1 Py [ €1 (€] Py, 13][167[23]
. 2(42)X(€| P, |5P[6€T (P,)
3(23)(34X60 X @s€)(2| Po3|5 (€1 Pe) € [16*(P35,)

JO =

(5.102)

(5.103)

(5.104)

Finally, the coefficient of the bubble /,.,.c can be written as a sum of the residues of all the poles, by adding Egs. (5.87),

(5.90), (5.93), (5.96), (5.100), and (5.104):

10 5
€226 = Z }LI?KM/)Z T0 + Cgt].d)’
=t i=1

where the single poles are

1€;) = 14), 15}, 16), Pe1213] lws), P112] Im1), [m2), Peilmi] Peilm2], G=1...,10).

2. 3-mass-triangle contribution from Cg,

R

The term CS™V. —
(i) after t-integration:
cGmD) _ 2(42)*[23] (€dOEdC)C1)*(€4)*(€1016]€IPe 13T
o 45)  (EIQICKLEI P [€)(€IPs) QIEXESYEOX Ews)(E| Pe; |121(€] Pg2]3]

(i1) triangle coefficient:

2(42)2[23]

C(3m,1) _
61 <45>

CY[L, L}, Pe1, O]
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L, ={1),11),14),14), Ql6], P¢,13], Pe; |31} Ly} = {15), 16), lws), Pg;12], Pe1213], )} (5.110)

The term CS™. —
(i) after t-integration:
_ A41)42) (€dO)€dL)C1)* (€4 (€1 QI1KEIQI6 KN Pgy 3T _ 4(42)(46)
45)  (CIQIEIEIPs 1€ LIPs QIO (ESKLEO)Ews ) (€| Pey 12K €] Py, 3] (45)
(€dO A1) (€4)*(€1QI6 (€] Pgy 13T

(Bm2) _
Co” =

5.111
(CIQTCKETPo EKEIPg Q1O (ES)E6K Cawos(El Py 2K CTPe1313] D
(i1) triangle coefficient:
C(631m’2) == 4<t11>5<;12> CY'[L,, Ly, Lys Per, O] = 4<4<i>5<>46> CY'[M,, Ly}, L), Py, O] (5.112)
L, ={11),11),14),14), QI1], QI6], P¢;13], P;13], Pe; |31}
M, =A{[1), 1), |4), |4), l6], Ol6], Pe;13], Pei13], Pe; 131} (5.113)
LyL ={15),16), lws), Pe112], Pe1213], [9), |m2), [m2)} .
L}, ={15), [6), lws), Pe112], Pe1213], [n), (1), 910}
The term CS™. —
(i) after t-integration:
com3) 2(41) ({€dO[LdCE1)X 4| Q11| Q16](€| Pgy 13]*
ol (45)[23] (€1 QICKLIPg; |€(€| Pg; Q€Y (5K LOX L ws ) €] Pey |2)(€| P2 ]3]
4(41)46) (€O €1y (€4)* (€| Q111 0l6]* (€| Pg; 13]*
(45)[23] (€|QICILIPg; [€)LIPg; Q€Y L5KEO) Lws) (€] Py 21| Pe12 3]
2(46) (€dO)[ Ll (1) €4y (€| 0161 (£|Pg; |31 (5.114)
(45)[23] (€1 QI€) LI P [€1(E1 Pg; Q1) (US)LO)X L ws)€] Py 121(€| Pg12 3] .
(i1) triangle coefficient:
m 2(41)? 4(41)(46
G = A OV LY L P, O+ o M LY, L Pt €]
2(46)° 1y vV IV
50231 C; [N, Ly, Ly, Per, 0] (5.115)

L, =A{11),11), 14), 14), OI1], OI1], Ol6], Pg;13], Pe;13] Pe113], P, 131}

M, ={[1), [1), [4), |4), 0I1], Q6] Ql6]. Pe13] Pe:113] Pe:113] Pes |31}

N, ={11), 1), 14), |4), 016], Q6] QI6], P, 13] Pe113] Pe113], Perl31} (5.116)
L};\,/l = {I5), 16), lws), Pe112] Pe1213], [n), [n2), 1m2), [2)}

Lzlb\,lz =A{I5),16), lws), Ps112], Ps1213], [0}, [m1), [91), [m1)}

Finally, the coefficient of the three-mass triangle I5..,,, is given by the sum of (5.109), (5.112), and (5.115):

Crmnn = C(611,3m,1) n C(611,3m,2) i C(61f3m’3)' (5.117)
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VI. CONCLUSIONS

In this work we completed the cut-constructible part of
Al for the one-loop six-gluon amplitude in QCD. This
completes the calculation of the cut-constructible compo-
nent of the one-loop six-gluon amplitude in QCD as whole.

The method we adopted from [12] relies on the combi-
nation of ideas belonging to generalized unitarity, to build
the cuts out of tree-level amplitudes, and complex spinor
algebra, to carry on the phase space integration. This
method was already successfully applied in the computa-
tion of the A N=" partner of the six-gluon amplitude. For
the current task, we extended its features nontrivially to
deal with the more general features of amplitudes belong-
ing to less supersymmetric theories, such as QCD.

The background knowledge of two properties of one-
loop amplitudes, namely supersymmetric decomposition,
and integral reduction to a linear combination of analyti-
cally known scalar functions, associated to two-, three-,
and four-point topologies, allowed us to concentrate
mainly on the phase space integration.

By exploiting the finiteness of the amplitude, we chose
an integral basis involving only boxes, three-mass tri-
angles, and bubbles. Therefore, the problem of computing
the (cut-constructible part of the) amplitude was shifted to
the calculation of the corresponding coefficients—or
rather to their extraction from the cut integrals.

Our goal was to reduce the complexity of the calculation
as much as possible to trivial spinor algebra manipulations,
and to minimize the number of actual integrations to be
finally performed.

The coefficients of the box functions could be computed
via the quadruple-cut method without any integration
whatsoever. Indeed, these have all appeared previously in
the literature.

The known analytic properties of the bubble and three-
mass triangle functions enabled us to distinguish unequivo-
cally among them. To be more explicit, their branch cuts
represented a specific signature to identify the coefficients
of bubbles and three-mass triangles separately. The former
multiply a term that after the integration would have gen-
erated a rational term; the latter multiply a term that after
the integration would have generated logarithms with
square roots in the arguments.

After this a priori analysis on the properties of the
expected results, we could apply our optimized algorithm
for the phase space integration. We wrote the “‘twistor-
motivated” Lorentz invariant phase space measure and the
cut integrands in spinorial formalism, with the loop mo-
mentum written in its two components of opposite helicity,
namely, holomorphic and an antiholomorphic spinor vari-
ables. We used trivial spinor algebra to disentangle the
dependence on the two variables and to write the inte-
grands as a spinor derivative with respect to one of the
two integration variables. We found that the expression of
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the result, at that stage of the calculation, contained only
four classes of integrands.

The integration was finally performed by combining the
holomorphic anomaly, which is an adaptation of the
Cauchy residue theorem, and Feynman parametrization.
That required the development of a technique for dealing
with spinorial integrands carrying multiple poles, which
constitutes the novel and the most powerful feature of our
algorithm.

In view of the recent progress in understanding the
recursive behavior of scattering amplitudes, the results
here obtained can, in principle, be used to drive the recur-
sion relations for constructing the leftover rational piece of
the six-gluon amplitude [13]. Moreover, due to its poly-
logarithmic structure, the amplitude we computed could
represent a bootstrap point for the calculation of one-loop
amplitudes with more external legs and different helicity
configuration, once the one-loop recursive behavior is fully
sorted out.

The numerical implementation of the results here pre-
sented, and their crosschecks, is left to future work.

The method we have developed may be used to compute
the cut-constructible part of a generic one-loop n-point
amplitude with different particle content.
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APPENDIX A: TREE-LEVEL AMPLITUDES

MHYV tree amplitudes with fermions and scalars may be
derived from supersymmetric Ward identities [34,63] ap-
plied to the Parke-Taylor formula [33]. See [23] for a
review.

Here we summarize some NMHYV tree-level amplitudes
which are useful for our calculations. A similar list was
given in Appendix B of [12]. However there is a technical
point in these results, so we recall them again.

Each unitarity cut integral has two terms, from the two
possible helicity assignments for the internal propagators.
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It is found that to simplify results, we would like the [35,36,64,65], we should take the same reference momenta
expressions for the tree amplitudes in each of these two  for each pair at every step. Under this convention we have
terms to be related in a simple, symmetric way. For ex-  the following results, where a = 2 is for scalars and a = 1

ample, if we derive them by on-shell recursion relations  is for fermions.
|

o 31+ 2l6 411+ 2161y
Al 57,67, 17,2 ’3F/S)_[61][12]<34>(45>P§45<5|6+ 1|2]< @3l +2I6]>
(115 + 6|47 (115 + 6|3]\«
[23134156)61)PL, (516 + 112] (s em) A
o 41 + 2/6]* Bl + 2|6]\a
Al 3767, 17,27, 35/5) = [61][12](34)45)P3,5(516 + 1]12](3|1 + 2|6] (<4|1 +2|6]>
(115 + 6|3]* (_ (1]5 + 6|4]>a (A2)
[23][34](56){61>P561(5|6 + l|2]<1|5 + 6|4] (1|5 + 6|3]
e [347(56)" Gy
Al 27,37, 47,57 6y5) [23][34]<56><61>P%34<1|P234|4]<5|P234|z]< <56>>
n (2|Pys6l4]* < 21)[64] )"
(12)(2A5]56131P 455 611 Pasg 41P2es \ 2UPussl4]
(5]P3ys| 11 (5| P34516]\e
* BaNaSNOIT 2P, (51Pyss 2131 P 6] tErown) (A3
e [341451)* (560
Al 27374757 6115) = 334156061 PRy 11 P 4161 Pt 2] (&)
(12)*[46]* (<2|P456|4]>“
2245156131 Pase 6111 Psse 4172, \ (21)(64]
(51P34s6]" _ (SIP3ysl1]\e
" @S 61121 45<5|P345|z]<3|P345|6]( Sw) A
o 4IP3 I3T [13)46) \e
Allpys 27374755 601) = o231 a5)(56) P23 (4P 1 TH61Pros 3] )
(12)[35] <<26>>a
DDA 12 Pe 561 Pea 3175, \21)
[561(42)* [l
 23)Ga56]611P] 34<4|P234|1]<2|P234|51< el) (A5
o [131(46)" @Pl3
Al 272374757, 6y9) _[12][23]<45><56>P223<4|P123|1]<6|P123|3]( [13]<46>>
(62)*[35]* < @)
<61><12>[34][45]<2|P612|5]<6|P612|3]P612 (26)
[511(42)* [56]
" 2356161 1Py A1 Pysg 121 P15 (Gn) (A0)

Comparing each pair (A1)—(A6), we see the pattern relating the amplitudes with opposite helicities for the fermions or
scalars. In fact, this is also the reason why a factor of 2 appears in each cut in our scalar loops.

The expression (A3) is different from the one given in [12]. The reason is that we have used (2,3) as reference momenta
in the recursion relations to derive the formula in [12] but used (3,4) as reference momenta here to match the ones used in
(A4).
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Finally, we list here the all-gluon tree amplitudes in each of the three helicity configurations; these may be used to check

the relation (2.3).

A(17,27,37,47,57,67) =

A(17,2%,37,47,57,67) =

A(17,27,3%,47,57,6%) =

APPENDIX B: FEYNMAN PARAMETRIZATION
AND ITS INTEGRATION

Here we demonstrate in detail how to integrate terms of
types (3) and (4) in the categorization (2.11). These are the
integrands that give precisely the logarithmic contributions
and require a Feynman parameter.

1 < (1| P34 14P (3|P3ysl6F )
(51Pp34|2]\[23][341(56)61)P [61][12](34)(45)P3,5
(13)*[46]* N (35)*[62]*
[45][561(12)(23)P3,5(3|P 2316 (1|P 23141~ [611[12](34)(45)P%,5(5]P34512)(3] P34516]
(51)24]1*
* 3TAN56061 P24, (11Psr 15 1Pser 2] (A7
(2456 @|P 131
(23)(BA[61]1P3,,(4] Py3s 12| Py3gl5] - [12][231(45)(56)P3,5(4] P 12311161 P12313]
(12)°[35]*
(61)[341[451P3,5(2| P345151(61 P34513]
[
choice we find that
1y ['az [(eaonaa(- —f@f}f“'@ 3‘:1‘?
1
X L = e @

We define certain functions that we find useful. Where
these appear in the paper with a tilde, this means to take the
complex conjugate. We also use 7, to denote the two
solutions of the equation (¢|PQ|€¢) = 0 with the proper P,
O momenta, both in this and the following appendix.

1. Type (3)
Let us start from the following integral:
F(A)at) 1
T; = [€de)€de .
= [t g

(B1)

Here we have multiplied numerator and denominator by a
factor of {(af). To do the integration, first we introduce a
Feynman parameter to rewrite 75 as

1 F(A){af) 1
= [ a [ceanteanr g
P=zP + (1 —2)P,

(B2)

Next we use (2.14) to write the integrand as a derivative:
! F(M)(ab)[7¢] 1
Ty= | dz | (€dO)[d€o ,
1= ] caotaton G 5 @)
(B3)

where 7 is an arbitrary but fixed spinor of negative chi-
rality. A convenient choice is |7] = |Pla)."" With this

""There is one subtlety in the choice of 7. In (B3) we must
avoid choosing |n] ~ |a]. The reason is that the starting point
(B1) already has a pole from the factor [€a]. In fact, if we choose
|n] ~ la], then the integral [ dz will diverge.

Now we read out the residues of the poles. There are two
kinds of poles: single poles from F(A) (as explained in
Sec. IT) and the multiple pole from {€|P|a]. For residues
from a single pole, the z-integration takes the form

1 1
Z, = dz
: j; (a) + byz)(cy + dy2)

0g<al(01 + d1))
aydy — byc, cila; + by))

(BS)

where a;, by, c|, d; are rational functions (for example,
a; = (€|P,|€])."* This is always a logarithmic function.
Furthermore, since it is rational, it does not have any square
root which is the signature of three-mass triangle and four-
mass box functions. Thus it contributes only to one-mass,
two-mass and three-mass box functions.

Now we discuss the residue from the multiple pole
(€|Poylal*™!. One important feature of the form (B4) is
the factor {a|P.,|€]"*: it is zero precisely at the location of

">There is a subtle point in this expression: we have assumed
that there is no pole (€a). If this pole exists, it is easy to see that
a, = 0 at pole |€) = |a) and the z-integration diverges. We have
no general argument why this is true, except to notice that there
is a factor - from the antiholomorphic part. It may be that for
tree-level amplitudes, the two factors (fa) and [€a] have the
property that if one exists as a pole, then the other cannot.

BNotice that since F(A) is a function of A only, the factor
{al|P,,,|€] cannot be canceled.
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the pole from {£|P|a]. In other words, there is no residue
contribution from the multiple pole (€|P.,|a] at all."*

2. Type (4)
The integral of type (4) is given by

F(X) 1
(E1P Q1€Y1 (€ Pyl €1E101C]
F()) 1

1
= | [Ceanteat g S e

T, = / (€dO)[£de]

R =120+ (1 — 2)P,,. (B6)
Similarly as for type (3), we arrive at
_ F(})
Ti= |,z [eaotaon g o
(mlRI€]
—, B7
(EmR¥C |R|€]> ©D

where we have chosen the auxiliary spinor |7j] = |R|7n).

Again we have two kinds of poles: the single poles from
F()) and multiple poles from the factor (€|P_,Q|€)""!.
Let us discuss them one by one.

a. The contribution from single poles

The z-dependence comes from the momentum vector R,
defined in (B6) and appearing in the last factor of (B7). It
may be expressed as

! (zcy + ¢2)
Zy, = dz R B8
? ﬁ (apz® + a1z + ay)(zby + by) (B8
where we have defined
ag = (Q - Pcut)zr ay = 2Pcut : (Q - Pcut):
ay; = Pgulr bl = <€|(Q - Pcut)lgl
(B9)

b2 = <€|Pcut|€]r = <77|(Q - Pcut)le]y
¢ = <77|Pcut|€]

To understand the various contributions, we split the inte-
gral as follows:

'If for some reason we have other multiple poles, we must be
careful because in this case, the z-integration may give a rational
contribution. Fortunately, in our decomposition no other multiple
poles show up.

PHYSICAL REVIEW D 73, 105004 (2006)

Z, — /1 dz (zep + ¢y)
o (apz® + a1z + ay)(zb; + by)
_ fl dz{ bi(=byc) + bicy) 1
0 (asb? — ayb by + agb3) (zby + by)
(bycy — bycy) (2zay + ay)
2(ayb7 — aybby + agh3) (agz® + a1z + ay)
N (2ayb,cy — abyc; — a1b ¢y + 2aybycy)
2(aybi — aybyby + aghy)

1
X . B10
(ap® + ayz + az)} B10)

Among these three terms, the first two will give logarith-
mic functions with rational parameters, so these contribute
to one-mass, two-mass and three-mass box functions. The
third term will be

1

fld 1 L (2aoz+a1—\/K>
z = _JoofZf0c T VA
o (ap2+ajzta) A 2agz+a; + /A

A= a% - 4610612,

;
(B11)

where A is not a complete square, so this is not a rational
function. In fact, the A is the characteristic signature
(Gram determinant) which identifies the contribution
with a particular three-mass triangle or four-mass box
function. Specifically, expression (B11) is the same as
(2.6).

The above splitting of Z, makes sense if and only if
a,b? — a\b\b, + ayb? # 0. From (BY) we find that

aZb% - alble + aOb%: _<€|PculQ|€>[€|Pcth|€]
2a2b101 - aleCI - a1b1c2 + 2610b2€2

= _<€|Pcth - QPcut|n>[€|Pcth|€]

We see that (a,b3 — a,bb, + ayh3) is zero exactly for the
pole (€| PQ|¢€), so our manipulation is safe for single poles
other than this one.

For future use, we define the following function:

(B12)

Rl[& n Pcut, Q] _ (2a2b1c1 - a12b2c1 - alblcz +22(1()b26'2)
2(612[)1 - alblbz + aobz)
=<€|Pcth B QPcut|77>
2P 01€)

(B13)

b. The contribution from poles in (€|PQ|€)

For the poles in (€|P_,Q|€)""!, things become much
more complicated. There are two facts we need to take into

account. The first is that, as seen in (B12),
azb% - a|b1b2 + aob% = O, (B14)

so we need to be careful when we do the splitting. The
second is that the residue will have terms like
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(nIRIm 2[RI 1!
R*(n1,|RIn; 51"

with m ranging from 1 to (n — 1), where 7, , are the two
solutions for the poles in (€|P.,Q|€)*~!. In other words,
we have more patterns for the z-integration.

Now we discuss the residues in detail for the cases n =
2, 3, 4, which are the only ones needed in this paper.

|

PHYSICAL REVIEW D 73, 105004 (2006)

The case of n = 2.—In this case, it is a single pole.
Using (B14) we can solve for ag:

_aybiby — asby

ago b%

Therefore we can split the integral as follows:

b%(zcl + C2)

1 (ZC] + C2) 1
f dz 5 = f d
o (apz® + ajz + ay)(zby + b,) 0

Z
(a1baz + ayby — ayb 2)(zby + by)?

f‘ d {(aszcl + abic; — aybycy) b3
= Z
0

by(2a,by — a,b,)

_ by(bycy — bicy)

(blZ + bz)(dlbzz + a2b2 - aszZ)

1
(2ayby — ayb,) (by + Zbl)z}

]1 by(bycy — bycy) 1
- z
o Qayby — ajby) (by + zby)?

n ]1 dz (aybycy + azbicy — aybycy) 1
0

Of these two terms, the first one gives a rational function
while the second one gives a logarithmic function.

. B15
b2(2a2b1 - alb2) CloZ2 + az + 25 ( )
[
where a;, b;, ¢; are the same as in (B9), and
dl = <§|(Q - Pcut)le]’ d2 = <§|Pcut|€] (B18)

However, we can see that
bycy — coby = —{En)[€|P., Ol€],
so that, at our pole,

b2C1 - C2b1 = 0, (B16)

and hence the first term vanishes. We can solve (B16) for
¢, and simplify the coefficient:

(aybycy + azbicy — ajbycy)
R €’ X PCU — = _Z
216 ! by(2aby — a,b,) b,

— <77|PCut|€:|
(€1 Peul €]

Unlike the function R defined in (B13) in which Q appears
explicitly, R, does not involve Q. However, in the formula
for the coefficient, R, will depend on Q through ¢ when
evaluated at 7, ,, the solutions of (¢|P.,Q|€) = 0.

The case of n = 3.—For the case n =3 we have a
double pole. Using our residue formula (2.19) we find
that the new z-integral may be expressed as

1 (zey + ¢)(zdy + dy)
Z3 == dZ 5 5>
o (apz” + a;z + ay)(zb; + by)

B17)

R3[€, n, é‘:, Pcm] _ Cl(azbzdl + azb]dz - alb2d2) _

By calculations similar to those in the case of n = 2, we
reach
1 b3(zc) + ¢))(zdy + dy)
Z3 = dZ 3
0o (ajbyz — aybyz + axb,)(zby + by)
_ ci(=byd, + bydy)
by(by + by)2ayby — a,b,)
n ci(aybyd; + aybydy — aybyd,)
byby(2a,by — a,b,)

1 b%
X , (B19
]0 (byz + by)(a bz + ayby — ayby2) B19)

where we have used the condition (B16) to simplify the
result. We see that

—byd; + bydy = (CH[EIPQOIC],
so that at our pole
_b2d1 + bldz = 0, (B20)

so the rational contribution is zero. The relevant nonzero
coefficient is given by

<77|(Q - Pcut)|€]<§|Pcut(Pcth + QPcut)l(/)]

b2b1(2a2b1 — aby)

Q= P [I2P2(€1QI€] = 2Py - QUEIP . 1€])

(B21)
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Using the results (B16) and (B20), this can be simplified to
the formula

CZdZ <T/|Pcut|€]<§:|Pcut|€]
Ri[€, m, & Poy] = =
ol 3 & Pl == (P |(T

(B22)
The case of n = 4.—For n = 4 we have a triple pole; the
new z-integration pattern is given by

(zey + c))(zd; + dy)?
Z4 = dZ 5 3
o (apz” + ajz + ay)(zb; + by)

where a;, b;, c;, d; are given above in (B9) and (B18).

Now we perform similar manipulations as in the case
n = 3. Using the three zero-conditions (B14), (B16), and
(B20), we find once again that the rational contribution is
zero and we are left with

1 1
0 CloZ +CZIZ+CZ2

where

CZd% _ <n|Pcut|€]<§|Pcut|€]2
b3 (ClPey €T

Ry[€,m, & Peul = (B23)

For general situations, it can be done by a similar way.
Observing above patterns for R,, R;, R, we conjecture that
for the pattern

1
Zn+1 = 0 dz

[T (&iIRIE]

RCIRICT (B24)

the contribution of poles of the solution (€| P, Q|€) = 0 to
three-mass triangles or four-mass boxes will be given by

1_[?:]<§ilpcut|€]'

B25
Wpoley - PP

Ryl 61 ..., €ub Peud =

APPENDIX C: COEFFICIENTS OF THREE-MASS
TRIANGLES

In this appendix we discuss the presentation of coeffi-
cients of three-mass triangles. After the z-integration and
splitting we end up with an integral of the form

1
$= [@a0ieat oo
% l_lfvzl<€ai>
(APOION = [T (b

(CDH

where the factor (€|PQ|€) is special to this case (here P is
the P, in Appendix B, but for simplicity we write P in this
part).

The first thing is to write it using Feynman parametri-
zation as
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1 1
s, = ﬁ dz / (a0 s

l_[f'\/:1<€ai>
(CIPQIOYWN =2 T (€b;)’

R=z0+(1—-2)P
[7¢]

1
= J, = [<eaotaes)

% l_[?’:1<€a,-> ’
(EPQIOW 2T ((h))

(C2)

where 7 is an arbitrary auxiliary spinor of negative chi-
rality. In this form we have a pole at |R|7), which depends
on z. To simplify calculations, we take |%] = |R|n) so that

N (nlRI€]
S, = ﬁ dz f (EdOdta ) s

l_[?,:1<€ai>
€lPQIeyN=m/2TTm (€b))”

(C3)

The reason for this choice is that now all poles are inde-
pendent of z (notice the extra pole (€7)); all the
z-dependence is in the first factor.

First, we deal with the single poles at b;, n. For a single
pole, the z-integration pattern is given by Z, and R defined
in Appendix B. Thus we get the following result:

C(;ing) _ m+1 l_[{y:l<bpai>
24 b, 1PQIb, )\ [T b, b,

X Ry[b,, m, P, Q]

There are several remarks about these results: (1) the minus
sign appears because we need to take the negative residues
of poles; (2) we have set b,, .1 = m; (3) in the denominator,
the prime symbol / means that we need to omit the factor
with j = p in the product; (4) the factor R[b,, 0, P, Q] is
the contribution of the z-integration defined by (B13).

Now we need to deal with the pole from
(€|PQIEYN=m/2  We proceed case by case. If (N —
m)/2 = 0 there is no such pole. The next case is that (N —
m)/2 = 1, i.e., two single poles. Then we have the follow-
ing result:

(C4

S31 = — Z lim <€77p> l_[f\]:1<€ai>

R,[¢, n, P],
20,0 @POIO Em [T ey 2L ™ P

(C5)

where 7 , are solutions of (¢|PQ|¢) = 0 and R, is defined
by (B17). We will stick to the notation 7 ,.

Now we proceed to the case (N — m)/2 = 2, i.e., double
poles. Using

(blPQ|b)

(elpley = EnCno) =~
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where a, b are two spinors used to solve 7, 1, [see also
Egs. (4.19)], we get the following expression:

1 R|¢
= [} = [eeanniaco gl
l_lﬁv 1(€a;)
(En1)X(Cny)? CILAPE [V )
Now using the formula (2.19) for the residue of double

poles, we find (here the limit is more like replacement, but
we use this notation to simplify our discussion)

L Gk [
=, (CIRICIR*(Em) (£n,)? <b|<1:g>|f>2 [T754¢b))

(N " (Lyily) (ayIRIn] )

& (mLyXmLy)  (milRIn Kmay)
—{m — m, Ly — L}, (Co)
with

L, ={a, ay ..., ay},

Ly =A{by, by, ..., by—s4 m, M, Mo, IRIM I}, (CT)

Ly ={by, by, ..., by_4, m, m1, M1, R[]}

There are two terms. The first term is the contribution of
double pole 1; and the second term is that of 7,. We got
the latter from the former by replacing n; — 7, and L, —
Ls. In the first line, the most significant manipulation is
that in the brackets we have separated N terms into two
parts: the first N — 1 terms are independent of R, while the
last term depends on R and thus on z. This will make the

z-integration different as we will see shortly.
J

(miIRI7,] [T (m L)
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Having residues given by (C6) we need to do the
Feynman parameter integration and read out contribution
to three-mass triangles. This has essentially been done in
Appendix B. Using (B17) and (B22), we get

l_[l 1<€a >

_ m :
=m (O UL TIN5 )
N—1
(Ly;Ly;)
X ————" _Ry[{,m, P
<._1 L Ly e m Pl

<€ N>R3[€ 7, an, P])

—{m —m L, — L3} (C8)

Now we discuss the last case needed for our calculation,
namely (N — m)/2 = 3. We have

_ (! (nIR|€]
Sy = ﬁ) dz [ (Eaolata) e

l_lfv i{€a;)
(€m1) (Emy)? CEGRE T

C9
S(tb, y (C9)

Here we have two triple poles. Again we need to read out
the negative residue first and then use previous results to
get the coefficients. For a triple pole 7, there are several
parts in the denominator: (1) factors with b;, i =
I,...,N — 6, (2) one factor with 7, (3) three factors with
75, and (4) one factor with |R|7;]. We group the first three
together into the list L}, defined below. The reason doing
that is that only the last one has z-dependence. Using this
notation we find that the residue of 7; is given by

N_2 <La,iL?,]1,j> <La,NLa,i>

<771|R|771]R2<771va11v 5> <7]11) >% (blPOIb) l_[

T aby
(ay—-1IRImy] (ayay-1)
(mIRIm Knmiay—1) {(mayXmay-_1)

<La,iL};\,/1,i>

" (Lyn-1IRIn]

Ly, ) [,Z;‘ (mLa XLy ) <mLanXmLa)

<L01L};V1 ,> <La»jL}1\,/1,j>

1=i=j=N- 2<7]1La z><771Lh 1, l> <771La,j><771L})\,]1,j>

13,‘51\/-2<771La,i><771L}7Y1,i> <771La,N—1><771|R|”fI1]

(Lyn-1IRIn] 2
i <<mLa,N_1><m|R|m]> }

(C10)

In this result, we have separated terms having different R factors. From this we can read the coefficient of the three-mass

triangle as

— [T (L)
(mLj 1,1N 5><771772>3 <b'<‘ZbQ>'§’>g l_[

(LaiLph) (LajLiy,)
lsisjsN—z<771La,i><771LIbY1,i> <771La,j><771L?,/1,j>

v
<La,iLb,1,i

+

+

> + Rs[my, LiYy—s Lan-1, P](

+ Rym, LY, . L _1,P]}
IS,SZN_Q<771L(1,Nl><771La,i><nlL?,/1,i>> <771La,N71>2 bN=s TN

N=2 <La,iL;7\,/1,i> <La,NLa,i>

Ralmn, LY s P
(nlLIbV”)[ 2D EbLNS ; (Lo XLy ) <mLonXmiLy)

<La,NLa,N—1>
<7]lLa,N*1><771La,N><771La,N*1>

(C11)
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1. Summary

The reader who wishes to skip the derivations may simply use the formulas given below. Where these functions appear in
the bulk of the paper with a tilde, this means to take the complex conjugate.
We define the following lists.

La Z{al,az,...,aN}, L}j:{bl,bz,...,bN, 7]}, LE:{b],bz,...,bez, 77},
LEJI,II = {b], b2, ey bN*4’ m, 1), 7]2}, LEIZ = {b], bz, ey bN*4r n, 1M, 7]1}, (C12)
L}})’, =1{by, by, ..., by—6 M M2 M2, M2}, L?,’z ={by, by, ..., by, M M1, M1, M}

where 7 is an arbitrary auxiliary spinor.
(1) Case one: for the integral

1 l_lfv=1<€ai>
(CIPIENEION€] TTIZ (<eby)

- f €deyede]

we have the coefficient

N+1

N (LY L)
C\L, L, P Q]= iZ1hp el
Ao b POV 2 e i)

Ri[L}, ,, L}, .y, P, QO (C13)

Although in this paper we have not encountered this situation, we include it for completeness.
(2) Case two: for the integral

1 ]‘[ﬁ\':1<€ai)
(EIPIEKEIQIE] CEIPOIOY [TI=3 (D)

Sy = f €deyede]

we have the coefficient

N-1 N (LY L) €n,)
cY[L, LV P, Q] = —! o R(LY LY. P Q]- lim —— 2"
B o2 <LEPIPQILb,p>H7:1"<LE,,,LE,, S Stz =, (E1POIE)
1_[]'\]:1<€Lai>
d = R[¢, LY, . P] (C14)
(CLEy-OTLE Ly =
(3) Case three: for the integral
1 N (€a;)

$3= [0ty i PO [T b,

we have the coefficient

_ L Lo
111 m 7l _ 111 111
C3 [La’ Lb,l’ Lb,2’ P, Q] - Z III IPQlLIII >21—[N 3/ 111 LHI> I[Lb,l,p’ P, 0, Lb,l,N—3
=1
_[hm L,
2
= (LI X Emy)? <b'<’;f>'4”> [T5HeLy) )

X <R [¢, LI P] Nil (LaiLyh,i)
2Lt -3
bIN=3 & (mLaiXmLy ) (mLaw)

+{n — n L)} — L},‘,‘z}} (C15)

Rilmu LI s Lo, P])

(4) Case four: for the integral

1 [T (€a;)
(EIPIEKEIQIC] <€1PQIe) TTIE (D))

S, = f (Caoy[ede]

105004-41



RUTH BRITTO, BO FENG, AND PIERPAOLO MASTROLIA

(1]
(2]
(3]

(4]

(5]

we have the coefficient

PHYSICAL REVIEW D 73, 105004 (2006)

N-5 <L >
CV[Ly Ly, L}, P, Q] = by e R([LY, . P. Q. LY
a b,1 b2 pZ |PQ|L >3l_[j\/ l5/<LIV LIV b1,p b1,N—5
l_[l I<T]1Laz> < v
- Ry[my, LY, y—s P]
’ - 2L By in-5
|:<771leY1,N—5><771772>3 el | (A C TN
y <Niz (LgiL}, ) (LanLai) (Lo L, )
i <771La1><771Lb 1, 1> <n1Lu,N><n1Lu,i> ]gistN72<n1La’i><n1L}7\,/1,i>
% (L, Li‘ﬁ,) > N ( (LyyLon-1)
(mL a]><7’1Lb1/> (M Lan—1XmLonXmLon-1)
<LaiL}7V] >
" : >R3[77,LW_,L _1, P]
l=i=N— 2<771 a,N— 1><771 al><771Lb11 b ~pN-5 ~a,N—1
1
i m&[% Liy—s Lan-1, P]) +{n — M, L}, — L] 2}} (C16)
aN—
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