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Kaon B-parameter from quenched domain-wall QCD
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We present numerical results for the kaon B-parameter, BK, determined in the quenched approximation
of lattice QCD. Our simulations are performed using domain-wall fermions and the renormalization group
improved, DBW2 gauge action which combine to give quarks with good chiral symmetry at finite lattice
spacing. Operators are renormalized nonperturbatively using the RI/MOM scheme. We study scaling by
performing the simulation on two different lattices with a�1 � 1:982�30� and 2.914(54) GeV. We combine
this quenched scaling study with an earlier calculation of BK using two flavors of dynamical, domain-wall
quarks at a single lattice spacing to obtain BMSNDR

K �� � 2 GeV� � 0:563�21��39��30�, were the first error
is statistical, the second systematic (without quenching errors) and the third estimates the error due to
quenching.
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I. INTRODUCTION

Kaon decays to two pions provided the first experimen-
tal observation of CP violation about four decades ago.
This type of CP violation, called indirect CP violation,
proceeds via mixing of K0 and �K0. Direct CP violation in
kaon decays, occurring in the decay process itself, has been
accurately measured experimentally relatively recently.
Additionally, CP violation has now been observed in the
b quark system. The standard model origin of CP violation
is the Cabibbo-Kobayashi-Maskawa (CKM) matrix and
determining the four real parameters that define this ma-
trix, and looking for physical processes that are not cor-
rectly represented by it, is a major focus of particle physics
theory and experiment.

In determinations of the parameters of the CKM matrix,
the experimental measurements of indirect (represented by
the parameter �) and direct (represented by the parameter
Re��0=��) CP violation in kaons should provide important
constraints, but relating the experimental values to stan-
dard model parameters requires controlled theoretical cal-
culations. These calculations involve using the operator
product expansion to separate the problem into its short-
distance, and hence perturbatively calculable, components
and its long-distance, nonperturbative parts. The short-
distance effects in these processes are given by the
Wilson coefficients of the operator product expansion [1]
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and the matrix elements of the relevant operators in the
expansion determine the long-distance parts.

In particular, for indirect CP violation, the hadronic
matrix element needed for a theoretical prediction of K0 �
�K0 mixing in the standard model is generally parameter-

ized by the parameter BK���, defined by

BK��� �
h �K0jQ��S�2����jK0i

8
3 f

2
Km

2
K

: (1)

The four-fermion operator appearing in this expression is
given by Q��S�2� � � �s���1� �5�d���s�

��1� �5�d� and
the scale dependence, �, enters when this operator is
renormalized. (Here and elsewhere in this paper we will
be omitting color indices for simplicity.) If one approxi-
mates the numerator in the definition of BK by inserting the
vacuum state to achieve two matrix elements of two-quark
operators, one gets the value in the denominator. (This is
known as the vacuum saturation approximation.) Since this
should be a reasonable coarse approximation for the
Q��S�2� matrix element, BK is naturally a quantity ofO�1�.

Because BK involves physics at low-energy scales where
nonperturbative QCD effects dominate, numerical simula-
tions of lattice QCD provide the only known first principles
method for its calculation. For recent reviews see Refs. [2–
7]. Consequently, calculations of BK have been a focus of
lattice QCD simulations for two decades. Though achiev-
ing an accurate value for this quantity for dynamical fer-
mion simulations is an important goal, a large portion of
the calculations done to date are in the quenched approxi-
mation. Early calculations used Wilson fermions, which
-1 © 2006 The American Physical Society
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break chiral symmetry, or staggered fermions, which retain
a U�1� subgroup of the continuum nonsinglet chiral sym-
metry but break the flavor symmetry of continuum QCD.
For Wilson fermions the operator Q��S�2� can mix with
four other lattice operators, with different chiralities, at
O�a0�, making precise calculations difficult (a is the lattice
spacing) [8,9]. For staggered fermions, many calculations
have been done, but the large O�a2� scaling violations of
this formulation introduce errors in the extrapolation to the
continuum limit [10]. Recently, calculations with twisted
mass Wilson fermions [11] and improved staggered fermi-
ons [12,13] have been undertaken to reduce these errors.

An important improvement in the lattice techniques for
calculating BK (and other hadronic matrix elements) has
been the development of fermion formulations which pre-
serve the chiral symmetries of QCD arbitrarily well at
finite lattice spacing [14]. Two common versions of these
formulations are domain-wall fermions [15–17], which we
will use here, and overlap fermions [18,19]. For domain-
wall fermions with their controllable breaking of the con-
tinuum SU�Nf�L � SU�Nf�R symmetry group at finite lat-
tice spacing, mixing of lattice operators, including mixing
with chirally disallowed operators, is under control and
nonperturbative renormalization techniques have been
shown to work well for the relation of lattice operators to
continuum operators [20,21]. Also, controlling chiral sym-
metry at finite lattice spacing removes the O�a� scaling
violations, reducing deviations from the continuum limit
for domain-wall fermions at finite values of a.

In this paper, we present our quenched calculation of BK
and basic low-energy hadronic quantities using the
domain-wall fermion action and the DBW2 (Doubly
Blocked Wilson in two-dimensional parameter space)
gauge action [22,23]. Domain-wall fermions introduce a
fifth dimension of length Ls, with a coordinate s ( 0 � s �
Ls � 1) in which the gauge fields are simply replicated,
and produce light, left-handed quark states bound to the
four-dimensional boundary hypersurface (domain-wall)
with s � 0 and right-handed quark states on the boundary
with s � Ls � 1. Four-dimensional quark fields are con-
structed from the chiral modes on the boundaries, with the
residual chiral symmetry breaking controlled by the size of
Ls. Previous works [24–27] have extensively studied the
behavior of domain-wall fermions in quenched QCD, in
particular, the dependence of the residual chiral symmetry
breaking effects on Ls. The CP-PACS Collaboration [26]
reported that the residual chiral symmetry breaking for
domain-wall fermions in quenched QCD is markedly re-
duced by the use of a renormalization group improved
gauge action (Iwasaki gauge action), which was also
studied by the Columbia group and the smaller chiral
symmetry breaking was found to not persist for dynamical
simulations [28]. Subsequently, the RBC Collaboration
[29] found the further suppression of the chiral symmetry
breaking by using the DBW2 gauge action, which was
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originally introduced as an approximation to the renormal-
ization group flow for lattices with a�1 � 2 GeV [22,23].
As discussed later in this paper, the Iwasaki and DBW2
actions are closely related, differing only in the choice of a
single parameter.

Compared to the a! 0 value of 0.628(42) found by the
JLQCD collaboration using naive staggered fermions [10],
previous quenched calculations of BK with domain-wall
fermions have given a lower value. The CP-PACS collabo-
ration, using the Iwasaki gauge action and perturbative
renormalization, measured BK for two lattice spacings
and different volumes and quoted a value of
0.5746(61)(191) for a! 0 [30]. The RBC collaboration
reported a value of 0.532(11) using the Wilson gauge
action and a single lattice spacing of a�1 � 1:92�4� GeV
[21] and a value of 0.495(18) in a full QCD simulation with
the DBW2 gauge action and two-flavors of dynamical
quarks at a lattice spacing of a�1 � 1:691 GeV [31]. All
of the values quote above refer to the BK defined in the MS
scheme using naive dimensional regularization and a re-
normalization scale � � 2:0 GeV. This quantity has also
been measured in quenched QCD using the closely related
overlap formulations [32,33]. Here we report on calcula-
tions at two lattice spacings, a�1 � 1:982�30� and
2.914(54) GeV, allowing the determination of the a! 0
value for BK. In addition, we compare with the previous
RBC two-flavor result to estimate the error introduced by
the quenched approximation. The smaller residual chiral
symmetry breaking for the DBW2 gauge action allows us
to check whether physical results depend on this residual
breaking.

The remainder of this paper is organized as follows.
Section II is devoted to a description of the details of our
numerical simulations and the issues of generating an
ensemble of configurations with the DBW2 gauge action
which sample different topological sectors. Our results for
basic quantities such as the hadron spectrum and the re-
sidual chiral symmetry breaking are presented in Sec. III.
We present the details of the calculation of the decay
constants of the pseudoscalar meson in Sec. IV. One of
the features of our calculation is the use of nonperturbative
renormalization (NPR) in the determination of the renor-
malization factors needed to relate the lattice operators to
their continuum counterparts. We deal with this topic in
Sec. V. In Sec. VI, we construct physical results for BK,
compare our result with previous work and discuss the
potential systematic errors for our result. Section VII gives
our conclusions. Preliminary results of the calculations
presented here have been given in Refs. [34,35].

II. DETAILS OF NUMERICAL SIMULATIONS

A. Simulation parameters

The main results of this paper are from two ensembles of
quenched configurations, one with a�1 � 1:982�30� GeV
and the second with 2.914(54) GeV, which are generated
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TABLE I. Basic simulation parameters and numbers of con-
figurations for each observable. Observables with the number of
configurations used given in bold type are new calculations for
this paper and the asterisk means the observable was constructed
from quark propagators which were an average of quark propa-
gators with periodic and antiperiodic boundary conditions in the
time direction. References refer to previous calculations of the
RBC Collaboration.

DBW2
� � 1:22

DBW2
� � 1:04

Wilson
� � 6:0

Parameters:
Lattice size 243 � 48 163 � 32 163 � 32
Ls 10 16 16
M5 1.65 1.70 1.80
Configurations used:
mPS 106
 202
 400


mV 106
 405 [29] 85 [29]
f�, fK 106
 202
 400


mres, ZA 106 405 [29] 85 [29]
NPR 53 50 40 [21]
BK, K � �K ME 106
 202
 400
 [21]
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with the DBW2 gauge action with � � 1:04 and 1.22,
respectively. The DBW2 action is defined by

SG	U
 � �
�
3

�
�1� 8c1�

X
x;�<�

P	U
x;��

� c1

X
x;���

R	U
x;��

�
(2)

where P	U
x;�� and R	U
x;�� represent the real part of the
trace of the path ordered product of links around the 1� 1
plaquette and 1� 2 rectangle, respectively, in the �, �
plane at the point x and � � 6=g2 with g the bare coupling
constant. For the DBW2 gauge action, the coefficient c1 is
chosen to be�1:4069, using the criteria that this action is a
good approximation to the renormalization group flow for
lattices with a�1 ’ 2 GeV [22,23]. The DBW2 action is a
particular choice of the class of improved actions given by
plaquette and rectangle terms, with the Iwasaki action
[36,37] being another common choice. However, as was
demonstrated in Ref. [29], the DBW2 action produces
smaller residual chiral symmetry breaking, at a given
lattice spacing and Ls, than the Iwasaki action. Our con-
TABLE II. Quark masses, mf, used fo

DBW2 � � 1:22 (all)

DBW2 � � 1:04 [29] 0
(NPR)
(Other)
Wilson � � 6:0 [29] 0
[21]
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ventions for the domain-wall fermion operator are as in
Ref. [27].

We will also have reason to compare our DBW2 results
to those obtained on quenched configurations generated
with the Wilson gauge action, with a�1 � 1:922�43� GeV.
These configurations were analyzed in detail in
Refs. [21,27]. Table I lists simulation parameters for the
numerical calculations we present in this paper. In this
table and following in this paper, we refer our ensembles
as ‘‘DBW2 � � 1:22’’, ‘‘DBW2 � � 1:04’’and ‘‘Wilson
� � 6:0’’. The number of configurations used for each
quantity are given, with those in bold denoting new calcu-
lations for this work. For the quantities where the number
of configurations is followed by an asterisk, we employed
wall-source quark propagators which were an average of
quark propagators with periodic and antiperiodic boundary
conditions in the time direction. These doubled the period
of the correlation functions and removed contributions to
our correlation functions from states propagating back-
ward through the time boundaries of our lattices. The quark
masses mf used for each calculation are listed in Table II.

B. Configuration generation with the DBW2 action

As mentioned previously, we have used the DBW2
gauge action for this work, since our earlier studies [29]
showed this action produced a pronounced decrease in the
residual chiral symmetry breaking for domain-wall fermi-
ons. This decrease occurs because the DBW2 action gives
rise to smoother gauge fields at the scale of the lattice
spacing, when compared to other actions at the same lattice
spacing. This smoothness means smaller perturbative con-
tributions to the residual chiral symmetry breaking as well
as many fewer lattice dislocations, where by dislocation we
mean a localized change in the topology of the gauge field
which produces eigenmodes of the domain-wall fermion
operator which are undamped in the fifth dimension. It
should be emphasized that the DBW2 action does not
suppress large, physical topological objects, but merely
small dislocations where topology is changing. This de-
sired suppression of lattice dislocations has the unwanted
effect of causing current heat-bath and over-relaxed pure-
gauge algorithms to sample different topological sectors
quite slowly.

Since topological charge changes less frequently with
the DBW2 gauge action than other choices for the gauge
r the measurements listed in Table I.

0.008, 0.016, 0.024, 0.032, 0.040

.010, 0.015, 0.020, 0.025, 0.030, 0.035, 0.040
0.020, 0.030, 0.040, 0.050

0.010, 0.020, 0.030, 0.040, 0.050
.010, 0.015, 0.020, 0.025, 0.030, 0.035, 0.040

0.010, 0.020, 0.030, 0.040, 0.050
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FIG. 1. A schematic of our algorithm for generating gauge
configurations with the DBW2 action and � � 1:22. We first
produce gauge configurations using the Wilson gauge action
with � � 6:25 (vertical direction) and save them every 10 000
sweeps (open circles). These saved configurations are used as the
initial configuration for a subsequent DBW2 evolution with � �
1:22 (horizontal direction).
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action, one should check the distribution of the topological
charge for an ensemble under study. In Ref. [29], topology
change for one of our choices of parameters, DBW2 with
� � 1:04 was examined. By using many steps of a com-
bined heat-bath and over-relaxed algorithm, a practically
acceptable frequency for topology change was observed.
However, here we are also interested in DBW2 lattices
with � � 1:22. At this much weaker coupling and smaller
lattice spacing, the time for topology change with known
algorithms should be much longer. (We will say more
about this time scale shortly.) We were forced to consider
how to generate a distribution of DBW2 lattices at this
lattice spacing, including configurations of different topol-
ogy. The different topological sectors for DBW2 should be
distinguished by large, physical topological objects.

Consider the partition function for quenched QCD in a
particular topological sector with topology n. For the
DBW2 action, this is explicitly given by

Z�n�DBW2 �
Z
n
	dU
e�SDBW2 (3)

where only gauge fields with topology n enter. Of course
this requires a precise definition of the topology of the
gauge field and one could use the domain-wall fermion
operator, for arbitrarily large Ls, to determine this. With
the assumption that current algorithms do not change the
topology for DBW2 lattices with � � 1:22, a thermalized
lattice with topology n will remain in this topological
sector. This makes it straightforward to measure the ex-
pectation value hOin of an observable O in the topological
sector n from a starting lattice with a given topology. Since
Z �

P
nZ
�n�
DBW2, we have

hOi �

P
n
Z�n�DBW2hOinP
m
Z�m�DBW2

(4)

and we require the ratio Z�n�DBW2=Z
�m�
DBW2, for configurations

in topological sectors n and m, to determine hOi.
Unfortunately, this ratio is not simple to determine.

We can, however, approximate this ratio using a corre-
sponding ratio with the standard Wilson gauge action at the
same lattice spacing and volume, i.e.

Z�n�DBW2

Z�m�DBW2

�
Z� �n�Wilson

Z� �m�
Wilson

(5)

where the �n and �m variables denote that topology in the
Wilson case is determined only from the long-distance
features of the gauge fields, n � �n and m � �m. This ap-
proximation is motivated by the expectation that large-
scale, physical topological fluctuations will be the same
for any two theories that differ only in their cut-off behav-
ior at short distances. This is a standard statement of field
theory. An alternative way of expressing this is to consider
the topological susceptibility. When averaged over all
094507
topological sectors, it should give the same result for
Wilson and DBW2 actions at weak coupling, provided
the susceptibility is renormalized correctly in both cases.
Renormalization improvement removes the dependence on
the ultraviolet parts of the theory and is equivalent to using
only large-scale topological objects in determining �n and
�m.

To use Eq. (5) to generate an ensemble of DBW2
configurations with the correct large-scale topological fluc-
tuations of quenched QCD for DBW2 with � � 1:22, we
proceed as sketched in Fig. 1. We first generate gauge
configurations using the standard Wilson gauge action
with � � 6:25, denoted by proceeding down the vertical
dashed line in Fig. 1. By using m� � 770 MeV as input,
these lattices have a lattice spacing of 2.808(49) GeV with
Ls � 8 and M5 � 1:7 for 50 configurations. Alternatively
we can use the heavy quark potential to set the scale. With
the parametrization in Ref. [38] and a value for the
Sommer scale, r0, of 0.5 fm, we obtain a�1 � 3:12 GeV
for the lattices with Wilson gauge action, which is close to
the lattice spacing of a�1 � 3:09�2� GeV as determined by
the heavy quark potential for � � 1:22 [39]. Every 10 000
heat-bath sweeps (the white circles in Fig. 1), a Wilson
lattice is saved to use as a starting point for a DBW2
evolution (the horizontal lines in Fig. 1). Assuming the
initial Wilson gauge configurations effectively sample the
different topological sectors, we are then beginning each
DBW2 evolution from a starting configuration which re-
flects the appropriate large-scale topological distribution of
quenched QCD. The parameters of the DBW2 evolution
-4
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FIG. 2. The time history of the topological charge for the
vertical direction in Fig. 1. The top panel is for the initial gauge
configurations with Wilson gauge action and � � 6:25, given by
the open circles in Fig. 1. The middle panel is for the DBW2
action after 5000 heat-bath sweeps and the bottom is for the
DBW2 case after 10 000 sweeps. For each panel, the histogram
in the right of the panel shows the distribution of Qtop.
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FIG. 3. m as a function of the number of sweeps for the
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are chosen to yield the same lattice spacing as in the
Wilson evolution. We evolve using DBW2 to reach an
equilibrated ensemble for DBW2, but in a particular topo-
logical sector, assuming that the topology does not change
during the DBW2 evolutions. We can then average observ-
ables from the different DBW2 evolutions together, since
the probability of each topology appearing is controlled by
the Wilson action and Eq. (5) relates the Wilson and
DBW2 quantities.

For observables that are not sensitive to short-distance
topological features, the algorithm above should provide a
good approximation to a full DBW2 ensemble average.
The appropriately renormalized topological susceptibility
is an example. However, an uncontrolled approximation in
this algorithm is how the topology in the initial Wilson
action changes as the DBW2 evolution thermalizes. Small
size topological defects in the Wilson lattice are suppressed
by the DBW2 action. Defects which are removed, leaving
the topology unchanged, cause no uncertainty. Defects
which are removed by becoming larger in size can con-
tribute to the topology as determined on large distance
scales and make a topology in the DBW2 case appear
with an incorrect probability.

Overall, we used 53 initial Wilson configurations (the
open circles in Fig. 1) and 53 subsequent independent
DBW2 evolutions. To check the distribution of topological
charge Qtop for our ensembles, we have calculated it for
configurations indicated by the open and filled circles in
Fig. 1, a la the MILC Collaboration [31,40].1 Fig. 2 shows
the result in the form of a time history and distribution of
the topological charge for three ensembles of 53 lattices:
one with no DBW2 sweeps (the initial 53 Wilson configu-
rations); the second generated from the initial Wilson
configurations with 5000 DBW2 over-relaxed/heat-bath
sweeps; the third generated with 10 000 DBW2 sweeps.
These appear in Fig. 2 from the top to bottom panels,
respectively. It is apparent from the figure that the topol-
ogy, as measured using the smearing technique of
Ref. [40], changes little during a DBW2 evolution.
During the 10 000 sweeps done for these 53 different
evolutions, 21 evolutions changed topology once and the
others did not. Of the 21 evolutions which changed topol-
ogy, 19 changed in the first 5000 sweeps. Averaging over
each ensemble, we obtain hQtopi � 0:18�43� (0 sweeps),
0.36(40) (5000 sweeps) and 0.40(40) (10 000 sweeps).
Taking the last two ensembles together, our DBW2 en-
semble has hQtopi � 0:38�29�.

For the physical observables reported in this paper (the
DBW2 � � 1:22 column of Table I), we collected one or
two configurations from either 5000 or 10 000 sweeps in
each of the 53 DBW2 evolutions. To check for thermal-
ization effects in the DBW2 evolutions, we measured the
1We thank the MILC Collaboration for their code which was
used to compute the topological charge.
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residual quark mass, whose definition is given in Eq. (8),
and pseudoscalar meson mass, mPS, after every 1000 over-
relaxed/heat-bath sweeps with Ls � 8 and M5 � 1:7. The
results for mres from the first 20 configurations in the
direction of the Wilson sweep are shown in Fig. 3 for
res

DBW2 evolutions with � � 1:22. mres was measured for Ls � 8
and M5 � 1:7 and these results are averaged over 20 of the 53
DBW2 evolutions.
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different values of the quark mass, mf � 0:02, 0.03 and
0.04 (open symbols) and those in the chiral limit from the
linear fit (filled symbols). The vertical axis is divided into
two parts, since the residual mass for the initial (Wilson)
lattices is about an order of magnitude greater than for the
DBW2 lattices. No thermalization effects are visible after
the first 1000 sweeps, but clearly the result for mres shows
that lattice dislocations have been markedly reduced.
Figure 4 shows the same kind of plot for mPS. Again, no
thermalization effects are visible here, after the first 1000
sweeps. From this we see that DBW2 lattices separated by
5000 sweeps are thermalized.

We thus conclude that we have generated a thermalized
distribution of DBW2 lattices, with a distribution of large-
scale topological features that is a good approximation to
the exact distribution. Our strategy is based on the assump-
tion that a modification of the ultraviolet properties of the
theory, such as the RG-improvement of the action, does not
change the infrared properties of the theory, such as topol-
ogy. The measurements discussed here show that the ap-
proximation is working quite well. We believe this
approach to be superior to either working in a single
topological sector, since our lattice volumes are not large,
or averaging randomly over topologies, since that ignores
the underlying QCD dynamics. Of course, having a pure-
gauge updating algorithm which rapidly samples different
topological sectors at weak coupling would be a better
solution, but with this current approach we now turn to
the measured meson masses.
III. VECTOR AND PSEUDOSCALAR MESON
MASSES

In this section we discuss the calculation of meson
masses and use them to determine values for the basic
094507
parameters of the simulation, such as the residual quark
mass, mres, the lattice spacing, a, and the bare quark mass
which produces a pseudoscalar meson with the physical
kaon mass when made from two degenerate quarks.

We have measured the wall-point and wall-wall two-
point correlation functions

C �1�2
pw �t; t0� � h0j��1

�t�	y�2
�t0�j0i; (6)

C �1�2
ww �t; t0� � h0j	�1

�t�	y�2
�t0�j0i; (7)

where ���t� and 	��t� are quark bilinear interpolating
fields with the Dirac spinor structure � � V�, A�, S and
P. The quantity ���t� is a local, bilinear field, summed
over a spatial volume at fixed time t, that is ���t� �P

x �q�x; t��q�x; t�. In contrast, 	��t� is a spatially nonlocal
bilinear defined on a three-dimensional volume at fixed
time. In particular, 	��t� �

P
x;y �q�x; t��q�y; t� for

Coulomb gauge fixed quark fields q on time-slice t.
As explained in Section II A, we first compute quark

propagators with both periodic and antiperiodic boundary
conditions in the time direction in evaluating the correla-
tion functions in Eqs. (6) and (7) from certain ensembles.
To extract the masses and amplitudes for states entering
these correlation functions, they are fit to the hyperbolic
functions A sinh�m�t� t0 � T=2�� or A cosh�m�t�
t0 � T=2��, depending on the symmetry of the interpolat-
ing fields being used. Here A and m are fitting parameters
and T is twice the time extent of the lattice, due to our
choice of quark propagators. We note that in our earlier
quenched work [27,29] for the Wilson � � 6:0 and DBW2
� � 1:04 actions, we did not calculate two-point correla-
tion functions on doubled lattices. A further improvement
in the present work is the use of two-point correlators
which are the average of two-point functions obtained
from each of the two sources that were introduced to
compute the three-point functions. The data obtained in
this way are marked with 
’s in Table I.

For domain-wall fermion simulations the finite extent of
the fifth dimension produces chiral symmetry breaking
effects in the low-energy QCD physics represented by
the domain-wall fermion modes localized on the bounda-
ries of the fifth dimension. We first turn to a determination
of this residual chiral symmetry breaking since it is of both
intrinsic interest and is needed for all extrapolations to the
zero (renormalized) quark mass limit. As has been dis-
cussed extensively in Ref. [27], for low-energy QCD the
residual chiral symmetry breaking will appear as a small
additive quark mass, denoted by mres, that represents this
symmetry breaking in an effective-field theory formulation
of QCD.

We calculate mres from the ratio of correlators

mres �

P
x
h0jJ5q�x; t�


y
P�0�j0i

h0j�P�t�

y
P�0�j0i

jt�a; (8)
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TABLE III. Results of the chiral extrapolations of mres, m2
PS

and mV . We use the linear function c0 � c1mf for mres and c0 �

c1�mf �mres� for m2
PS and mV . The value of mres at mf � 0:02

for Wilson � � 6:0, and the result of the mV � c0 � c1mf fit are
quoted from Ref. [29].

c0 c1 	2=dof

mres DBW2 � � 1:22 9:722�27� � 10�5 9:5�4:4� � 10�6 0.637
DBW2 � � 1:04 1:86�12� � 10�5 �4:3�3:0� � 10�5 0.033
Wilson � � 6:0 1:24�5� � 10�5 (at mf � 0:02) —

mV DBW2 � � 1:22 0.2636(48) 2.418(10) 0.007
DBW2 � � 1:04 0.3885(59) 2.34(12) 0.016
Wilson � � 6:0 0.404(8) 2.78(11) 0.48

m2
PS DBW2 � � 1:22 0.00142(94) 1.849(28) 0.240

DBW2 � � 1:04 0.0058(15) 2.584(34) 1.223
Wilson � � 6:0 0.0052(10) 3.233(23) 0.945
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FIG. 5. Ratio of the right-hand side of Eq. (8) for the DBW2
� � 1:22 data as a function of t. From bottom to top panel, data
are plotted in order of lightness of the quark.
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where 
 � � for Wilson � � 6:0 and DBW2 � � 1:04
and 
 � 	 for DBW2 � � 1:22 depending on an unessen-
tial convenience in our numerical simulation. J5q is a
pseudoscalar density located at the midpoint of the fifth
dimension [17,27]. In Fig. 5 we show the ratio on the right-
hand side of Eq. (8) as a function of t for DBW2 � � 1:22.
From the bottom to top, the panels in Fig. 5 show data in
order from the lightest mf to heaviest. In choosing the
lower bound of the fitting range tmin, we only need a time
separation large enough to remove any contribution from
the unphysical, off-shell, five-dimensional states in the
DWF theory. We do not need to suppress legitimate excited
states of QCD whose contributions will also obey Eq. (8).
As suggested by the figure, we could chose tmin as small as
4–5 lattice units. For somewhat arbitrary reasons we used
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mf
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FIG. 6. Residual quark mass, mres, for DBW2 � � 1:22. The
value at mf � 0 is obtained from a linear extrapolation.
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the value tmin � 14 which has the effect of somewhat
increasing the resulting error on mres.

Since the finite Ls effects represented by mres arise from
short distances, mres should depend only weakly on the
quark mass mf and is usually evaluated in the limit mf !

0. A plot of the values of mres as a function of mf is shown
in Fig. 6. Included in the figure is a linear fit to the data,
which we extrapolate to mf � 0 tofind mres �

0:9722�27� � 10�4. The extrapolation changes the value
ofmres by less than 1%. The coefficients of the linear fit are
given in the first row of Table III. The second and third
rows give results for mres previously calculated for other
ensembles that will be used in this paper. We note that mres

for the Wilson gauge action with � � 6:0 was obtained
from simulations with a single quark mass of mf � 0:02.

In a previous paper on simulations with domain-wall
fermions [27], we included an extensive investigation of
the infrared pathologies that occur in the mf ! 0 limit of
quenched domain-wall fermions, or any other fermionic
formulation that preserves the continuum global symme-
tries of QCD. In this paper, the focus is primarily on
physics at the kaon scale, but we will briefly check that
our earlier observations are consistent with the data at this
weaker coupling. To this end, we now detail our methods
for determining physical values from pseudoscalar
correlators.

In extracting the low-lying masses and amplitudes from
the correlators CPPpw �t; t0� and CPPpp �t; t0� it is important to
minimize the effects of topological near-zero modes. We
described a number of ways to approach this in Ref. [27]
and noted that the effects of topological near-zero modes
decrease as the source-sink separation is made larger. Here
we couple this observation with our measurement of cor-
relators on doubled lattices to minimize the effects of
topological near-zero modes by choosing a relatively large
value of tmin when extracting masses and amplitudes.

We now describe our results for the pseudoscalar masses
and leave the detailed discussion of the pseudoscalar decay
-7



TABLE IV. Results for mV , mPS and mPS=mV with degenerate
and nondegenerate quark masses for DBW2 � � 1:22.

mf mV mPS=mV mPS

0.008 0.2825(55) 0.462(13) 0.1304(29)
0.016 0.3028(34) 0.5806(91) 0.1758(21)
0.024 0.3220(27) 0.6623(75) 0.2132(18)
0.032 0.3412(27) 0.7217(65) 0.2462(16)
0.040 0.3605(21) 0.7663(56) 0.2763(16)
0.008, 0.016 0.2928(42) 0.529(11) 0.1549(25)
0.008, 0.024 0.3029(36) 0.5836(99) 0.1768(23)
0.008, 0.032 0.3130(33) 0.6284(93) 0.1967(22)
0.008, 0.040 0.3232(32) 0.6658(88) 0.2152(21)
0.016, 0.024 0.3125(30) 0.6251(83) 0.1953(19)
0.016, 0.032 0.3223(28) 0.6629(77) 0.2136(19)
0.016, 0.040 0.3322(26) 0.6949(73) 0.2308(18)
0.024, 0.032 0.3316(25) 0.6943(70) 0.2302(17)
0.024, 0.040 0.3414(24) 0.7218(66) 0.2464(17)
0.032, 0.040 0.3509(22) 0.7455(60) 0.2616(16)
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FIG. 7. The pseudoscalar effective mass for the DBW2, � �
1:22 data set plotted as a function of the time t. This was
obtained from the point-wall correlator CA4P

pw .
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constants to the next section. In Fig. 7 we show the effec-
tive mass of the pseudoscalar meson mass as a function of
time for the DBW2 � � 1:22 data set obtained from the
point-wall correlator CA4P

pw . A fine plateau showing no
apparent excited state contamination extends from t � 10
to t � 38. Note the source is located at t � 0 and the
symmetric midpoint of our time-doubled lattice is t �
47:5. In this paper we use an analytic formula to determine
the effective mass, meff , from three time separations:

meff � ln�r�t� �
�������������������
r�t�2 � 1

q
� (9)

where the ratio r�t� is given by:

r�t� �
C�t� 1� � C�t� 1�

2C�t�
(10)

and C�t� represents one of the two-point correlators defined
in Eqs. (6) and (7).

Since the decay constants will be calculated and com-
pared using both CA4P

pw and CPPww in the following section, we
want to compare the amplitudes determined from fitting
the two different correlators, while keeping the pseudosca-
lar mass the same. To achieve this, we extract a common
value of mPS from these correlation functions through a
simultaneous fit which minimizes the 	2 given by

	2 �
Xtmax

t�tmin

��
CA4P

pw �t; 0� �AA4P
pw sinh�mPS�t� T=2��

�A4P
pw �t�

�
2

�

�
CPPww�t; 0� �APP

ww cosh�mPS�t� T=2��

�PPww�t�

�
2
�
;

(11)

where ��t� is the jackknife error of the correlator at t.
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In Ref. [27], it was found that, for Wilson � � 6:0, the
zero mode effects seen by comparing scalar and pseudo-
scalar correlators become small for source-sink separations
of 10 lattice spacings. To mitigate these effects in the
analysis of this work, we chose the fitting range
�tmin; tmax� to be (12,19) for DBW2 � � 1:04 and Wilson
� � 6:0, both of which correspond to a�1 � 2 GeV. For
DBW2 � � 1:22 (a�1 � 3 GeV), we use (18,31) so that
tmin � 12 and 18 corresponds to a similar distance in
physical units for both lattice spacings. Results for mPS

with degenerate and nondegenerate masses for DBW2� �
1:22 are given in the fourth column of Table IV. Results of
the same analysis on the doubled lattice for DBW2 � �
1:04 and Wilson � � 6:0 are listed in the sixth column of
Table V. This table contains previous values for mPS from
the point-point correlator CPPpp in the fifth column for com-
parison. The central values agree within the quoted errors,
with smaller errors for the results computed on larger
ensembles. For the DBW2 action with � � 1:22, we
have also calculated mPS from CA4P

pw , CPPpw and CPPww sepa-
rately and the results are consistent with those from the
simultaneous fit obtained by minimizing the 	2 given in
Eq. (11), within the quoted statistical error.

We now investigate the chiral limit. In Ref. [29]m2
PS is fit

to the form

m2
PS � a��mf �mres�

�
1� � ln

a��mf �mres�

�2
	

�
� b�mf �mres�

2 (12)

with the cutoff �	 � 1 GeV. This expansion includes the
pathologies of the quenched approximation �mf lnmf

making it more difficult to extrapolate to the chiral limit
whereas only weaker m2

f lnmf terms appear in the full
theory [41–43]. The coefficient �, as well as the other
-8
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TABLE V. Results for mV , mPS and mPS=mV quoted from Ref. [29] for DBW2 � � 1:04 and
Wilson � � 6:0, mV , respectively. Only values in column 6 are newly calculated from
simultaneous fits, enforcing a common value of mPS, to the pseudoscalar-axial and
pseudoscalar-pseudoscalar correlation functions on the doubled lattice.

mf mV mPS=mV mPS (P-P correl.) mPS (simul. fit)

0.010 0.4132(56) 0.4258(71) 0.1794(22) 0.1823(38)
DBW2 0.020 0.4351(37) 0.5422(50) 0.2377(15) 0.2379(29)
� � 1:04 0.030 0.4586(29) 0.6229(39) 0.2868(12) 0.2864(25)
[29] 0.040 0.4825(25) 0.6825(33) 0.3300(11) 0.3298(23)

0.050 – – – 0.3697(21)

0.010 0.442(10) – 0.203(3) 0.2058(15)
Wilson 0.020 0.462(6) – 0.270(3) 0.2711(12)
� � 6:0 0.030 0.488(5) – 0.324(2) 0.3245(11)
[29] 0.040 0.515(4) – 0.371(2) 0.3716(10)

0.050 – – – 0.4147(10)
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fitting parameters, must be obtained from the data itself.
Excluding the next-to-leading order (NLO) coefficient
(b � 0), the fitting parameters corresponding to four vari-
eties of mf range are given in Table VI for DBW2 � �
1:22. From this table, one sees consistent small values for �
with large uncertainties. Similar results appear in Ref. [29]
for DBW2 � � 1:04 and in Ref. [27] for Wilson � � 6:0,
though in the latter a slightly different parametrization was
used. To get meaningful result for b � 0, one must include
the full covariance matrix which leads to rather poor values
of 	2 for the fits given in the last two rows of Table VI. The
third and fourth rows of the Table shows the result of
excluding the lightest mass point to avoid possible near-
zero mode contamination which is present in the quenched
approximation [27].

Since for small quark masses, the quenched chiral loga-
rithm dominates the term quadratic in quark mass, it may
be most reliable to determine delta by using only light
quark masses and setting b � 0. Otherwise, the nonline-
arities due to the quenched chiral logarithm are being offset
by the quadratic term and this leads to a marked change in
the value for a�, as can be seen from Table VI. Of course,
even smaller quark masses are required to completely
justify the omission of the quadratic term.

Topological near-zero modes of the Dirac operator,
which are not suppressed in the quenched approximation,
TABLE VI. Results of the fit of m2
PS to the quenched chiral

expansion (Eq. (12)) for DBW2 � � 1:22. In particular, the
results in the final three lines of the table are obtained from a
fully covariant fit.

range of mf a� � b 	2=dof

0.008–0.040 1.863(27) 0.028(23) 0 1.17
0.008–0.032 1.804(38) 0.056(28) 0 0.87
0.016–0.032 1.860(70) 0.02(4) 0 0.13
0.016–0.040 1.579(96) 0.093(46) 5.9(1.2) 5.8
0.008–0.040 1.540(98) 0.101(48) 6.5(1.2) 11
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can give rise to a nonzero value of mPS in the chiral limit
[27]. This effect manifests itself as a finite volume effect
since the density of such modes decreases as �1=

����
V
p

.
Since we focus on the region around ms=2 for the deter-
mination of the kaon B-parameter, in what follows we
ignore these effects which only become important near
the chiral limit and use a simple linear fitting function for
m2

PS. A definitive study of the parameter �, which is not the
goal of this work, requires smaller quark masses, larger
statistics, and larger physical volumes than have been used
here.

We determine the lattice spacing from the vector meson
mass. To improve the quality of the signal, the vector
correlation function is averaged over all spatial polariza-
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FIG. 8. Vector meson effective mass plots for the DBW2, � �
1:22 ensemble. Lines denote fitting results and indicate fitting
range, central values and jackknife errors.

-9



0 0.01 0.02 0.03 0.04 0.05
mf+mres

0.00

0.02

0.04

0.06

0.08

0.10

m
P

S

2
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tions,
P3
i�1 C

ViVi
pw =3. We set the lattice spacing by extrap-

olating mV in lattice units to the chiral limit (mf � �mres)
and equate this value to a� 770 MeV, the same procedure
we followed in our previous quenched studies [21,27,29].

Figure 8 shows the vector meson effective masses with
degenerate quark masses for DBW2 � � 1:22. The lines
denote results of fits to the hyperbolic function mentioned
above and indicate the fitting range, central value, and
magnitude of the jackknife error for each. Results for mV
for each value of mf are collected in the second column of
Table IV. The values of the ratio mPS=mV are also included
in the third column of this table. Similar analyses were
carried out in Refs. [27,29] for DBW2 � � 1:04 and
Wilson � � 6:0, respectively. Results for mV and
mPS=mV are quoted from these references in the second
and third columns of Table V.

Examples of the chiral extrapolation for mV and m2
PS

with DBW2 � � 1:22 are shown in Figs. 9 and 10, re-
spectively. These figures contain masses obtained with
nondegenerate quarks masses m1 and m2 as well. Data
are plotted as mf � �m1 �m2 � 2mres�=2. They appear
to lie on a smooth line joining the degenerate mass points.
We take linear fitting functions for the pseudoscalar mass-
squared and the vector mass,

m2
PS � cP0 � c

P
1 �mf �mres�; (13)

mV � cV0 � c
V
1 �mf �mres�: (14)

Values of these parameters are tabulated in Table III. These
parameters were determined by minimizing an expression
for 	2 in which off-diagonal terms in the covariance matrix
were omitted. Such an uncorrelated fit will give an valid
result but, if substantial correlations are present, will result
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FIG. 9. Vector meson mass for DBW2 � � 1:22. Data from
nondegenerate quark masses m1 � m2 are plotted as mf �

mres � 1=2�m1 �m2 � 2mres�.
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in a somewhat larger statistical error and an unusually
small value for 	2. Singularities in the full covariance
matrix prevented our including the off-diagonal terms.
Note, here mres is not a free parameter, but is fixed to be
the central values of the results from Eq. (8). Because of
the small values of mres in our simulations, we do not take
the nonzero value of cP0 as an indication of explicit chiral
symmetry breaking. As explained above and in detail in
Ref. [27], both unsuppressed topological near-zero modes
of the Dirac operator in quenched simulations and neglect-
ing the quenched chiral logarithm can make demonstrating
that m� is zero in the chiral limit difficult.

We have also computed the values of the bare strange
quark mass ms and J-parameter for DBW2 ensembles and
results are summarized in Table VII. The strange quark
mass is found from����������������������������������������������

cP0 � c
P
1 �ms=2�mres�

q
cV0 � c

V
1 �mud �mres�

�
mK

m�
�

495 MeV

770 MeV
; (15)

Here we simply set mud � �mres. The presence of a non-
zero intercept cP0 for m2

PS in Eq. (13) makes a more precise
determination of mud difficult. The overall effect of this
approximation is an � 1% error in the determination of
m�. We extract the kaon B-parameter by interpolation to
the physical point, mK � 495 MeV, which is equivalent to
evaluating our data at the point mf � ms=2 determined
from Eq. (15). The J-parameter is defined as in Ref. [44]

J �
dmV

dmPS
mK
 �

cV1
cP1
mK
 ; (16)

where mK
 � cV0 � c
V
1 �ms=2�mres�.

The chiral symmetry of domain-wall fermions sup-
presses O�a� discretization errors in low-energy observ-
-10



TABLE VII. Parameters and physical results from meson fits and chiral extrapolations. Results
for DBW2 � � 1:04 are obtained by an extended analysis in Ref. [29]. Results for Wilson � �
6:0 are quoted from Ref. [29].

a�1 [GeV] mres [MeV] ams=2 �mK
=m��latt J-parameter

DBW2 � � 1:22 2.914(54) 0.2833(54) 0.01474(69) 1.1276(69) 0.387(14)
DBW2 � � 1:04 1.982(30) 0.0368(24) 0.02214(71) 1.138(11) 0.377(37)
Wilson � � 6:0 1.922(40) 2.38(10) – – –
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ables, so the leading error is expected to beO�a2�. Thus, to
study the scaling dependence of the J-parameter, we plot
our results and the previous one for DBW2 � � 0:87 [29]
in Fig. 11 as a function of a2 	GeV�2
. These results are
consistent with each other, showing that discretization
errors are indeed small for this quantity. However, the
quenched J-parameter value is much smaller than the
experimental value, mK
 �mK
 �m��=�m

2
K �m

2
�� � 0:48,

by about 30%.
In making the comparison described above and shown in

Fig. 11, we should emphasize that in addition to the
quantified variation in lattice spacing, these points also
correspond to varying gauge actions (Wilson and DBW2)
and to different values of the domain-wall height, M5.
Since the coefficient of the O�a2� correction to the J
parameter can depend on both the action and M5, we
should not attempt to fit the points in Fig. 11 to a single
linear term in a2. However, the agreement between these
various values of J certainly suggests considerable inde-
pendence of the lattice spacing over a large range of lattice
scales.

Before concluding this section, we present values for
m2

PS in physical units 	GeV2
 in Table VIII. In the follow-
ing sections, these values will provide a physical horizontal
scale, when quantities such as the decay constants, K � �K
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FIG. 11. The J-parameter for DBW2 � � 1:22 (filled circle),
1.04 (filled square) and 0.87 (filled triangle). The latter is
reproduced from Ref. [29]. The open triangle represents the
value obtained with Wilson � � 6:0. Scaling violations are
evidently less than the statistical errors.
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matrix elements and BK are plotted as functions of quark
mass. When m2

PS is used in this way, the chiral limit will be
identified as the point m2

PS � 0. However, as was men-
tioned above and will be discussed further later, the slight
difference between the points m2

PS � 0 and mf � �mres

when a simple linear fit is done (likely arising from the
effects of near zero modes and neglecting the quenched
chiral logarithm term) will introduce systematic errors at or
below the 1% level.
IV. PSEUDOSCALAR MESON DECAY CONSTANTS

In this section we discuss the calculation of the pseudo-
scalar decay constant fPS. In our Euclidean conventions,
the definition of this quantity is

h0jA4jPSi � fPS �mPS; (17)

where jPSi stands for the zero-momentum pseudoscalar
state. The experimental values for the pion and kaon states
are f� � 130 MeV and fK � 160 MeV.

We consider three separate lattice transcriptions of
Eq. (17). In each case, rather than use the conserved axial
current, we make use of the local, flavor nonsinglet axial
current. These two quantities are related by a finite renor-
malization constant, and we first discuss the extraction of
the ‘‘bare’’ value of fPS, to which this factor has yet to be
applied. The three formulae we use to extract the decay
constant are

f�1�PS �
AA4P

pw����������������������
mPS

2 VAPP
ww

q ; (18)
TABLE VIII. The square of the pseudoscalar mass, m2
PS, ex-

pressed in physical units [GeV2]. The data for DBW2 � � 1:22
reflect jackknife errors while the errors for m2

PS in lattice units
and a�1 given in Table VII are combined in quadrature for the
DBW2, � � 1:04 and Wilson � � 6:0 results.

mf DBW2 � � 1:22 mf DBW2 � � 1:04 Wilson � � 6:0

0.008 0.1445(80) 0.01 0.1305(34) 0.1565(41)
0.016 0.262(11) 0.02 0.2224(44) 0.2715(66)
0.024 0.386(15) 0.03 0.3221(57) 0.3889(93)
0.032 0.515(20) 0.04 0.4272(71) 0.510(12)
0.040 0.648(24) 0.05 0.5368(87) 0.635(15)
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TABLE IX. Bare values of the pseudoscalar decay constants
for each parameter set. Results for the three types of analysis
discussed in the text, Eqs. (18)–(20), are listed.

mf f�1�PS f�2�PS f�3�PS

0.008 0.05656(77) 0.05547(79) 0.05653(86)
DBW2 0.016 0.05977(75) 0.05921(67) 0.06001(79)
� � 1:22 0.024 0.06310(76) 0.06271(62) 0.06340(79)

0.032 0.06626(79) 0.06594(63) 0.06660(81)
0.040 0.06919(83) 0.06895(68) 0.06957(85)

0.01 0.08410(99) 0.08216(96) 0.0837(12)
DBW2 0.02 0.08843(89) 0.08744(76) 0.0880(11)
� � 1:04 0.03 0.09259(93) 0.09207(72) 0.0921(11)

0.04 0.09674(97) 0.09650(73) 0.0962(11)
0.05 0.1008(10) 0.10075(76) 0.1003(12)

0.01 0.10043(88) 0.09920(70) 0.10006(94)
Wilson 0.02 0.10586(79) 0.10518(59) 0.10587(84)
� � 6:0 0.03 0.11136(79) 0.11083(58) 0.11145(84)

0.04 0.11672(80) 0.11628(60) 0.11682(86)
0.05 0.12184(82) 0.12150(64) 0.12195(87)
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f�2�PS �

������������������������������������������������������������������������
2

mPSV
CA4P

pw �t; t2�C
A4P
pw �t; t1�

CPPww�t2; t1�

��������t1�t�t2

vuut ; (19)

f�3�PS �

��������������
2APP

ww

VmPS

s
CA4P

pw �t; t1�
CPPww�t; t1�

��������t�t1

; (20)

where CA4P
pw and CPPww are point-wall and wall-wall, axial-

pseudoscalar and pseudoscalar-pseudoscalar correlation
functions discussed in the previous section, mPS is the
common mass extracted from these correlation functions,
and

A A4P
pw �

1

2mPS
h0jA4jPSihPSj	yP j0i; (21)

A PP
ww �

1

2mPSV
jhPSj	Pj0ij

2; (22)

are expressed as the product of correlation function ampli-
tudes extracted from the same fit.

We take f�1�PS for our final value, using the same fitting
range used to extract the pseudoscalar mass in the previous
section. However, by also calculating f�2�PS and f�3�PS we are
able to study the size of the systematic error that may arise
from our choice of fit which may affect, for example, the
amount of excited state contamination in the result.
Another source of systematic error is unsuppressed topo-
logical near-zero modes of the Dirac operator in the pres-
ence of quenched gauge configurations. This
contamination is elucidated in detail in Ref. [27], the
salient points being that the contamination depends on
the time separation of the operators, the particular con-
struction of these operators (for example, whether a wall or
point source is used), and the value of quark mass, lighter
quarks showing a larger effect. The comparison between
f�1�PS and f�2�PS is particularly interesting because the expres-
sion we use to calculate BK essentially contains f�2�PS in the
denominator. f�2�PS tends to be contaminated by the topo-
logical near-zero mode since it is extracted from time slices
closer than the case of f�1�PS . As such, we use the same
source positions and fitting ranges for the extraction of
f�2�PS as we do for BK, �t1; t2� � �7; 41� for DBW2 � � 1:22
and (5,27) for � � 1:04 and Wilson � � 6:0, with final
values given by the fit over the ranges 19 � t � 29 and
14 � t � 17, respectively. For the purpose of this com-
parison we choose the fitting range for f�3�PS to be the same
as that chosen for f�1�PS .

Table IX shows the results for all three values of the
decay constant for each quark mass. As can be seen, all
these quantities agree within their quoted statistical errors.
However, the statistical fluctuations of these quantities are
correlated, so differences between these quantities may be
resolved to a much higher precision than the quantities
094507
themselves. Figure 12 shows �f�1�PS � f
�2�
PS �=f

�1�
PS as a func-

tion of m2
PS for each ensemble. The central value of this

difference monotonically increases and becomes roughly
1% at the kaon mass point mPS � mK � 495 MeV.
Although data except at the lightest masses are consistent
with zero within 1 standard deviation, it is important to
note that the same behavior is observed for all independent
ensembles. While it may suggest the effects of topological
near-zero modes, more statistics are required for further
study. In Section VI B, we will discuss systematic error of
BK which may originate from the ambiguity of fPS stem-
ming from the different methods of extraction.
-12
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FIG. 14. Same plot as Fig. 13 but for DBW2 � � 1:04. The
fitting range 12 � t � 19 was used to extract f�1�PS for this case.
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FIG. 13. Effective lattice decay constant f�1�PS obtained from the
pseudoscalar effective mass and corresponding amplitudes for
DBW2 � � 1:22. The mass mf increases from bottom to top.
The fitting range 18 � t � 31 was used to extract f�1�PS for this
case.
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As mentioned previously, in the rest of this paper we
employ f�1�PS as our result for the decay constant. In Figs. 13

and 14 effective values of f�1�PS are plotted versus time for
DBW2 � � 1:22 and 1.04, respectively. While no signifi-
cant time dependence is seen within the choice of fitting
range for � � 1:04, we find a monotonic decrease for
smaller t for � � 1:22. However, the width of this varia-
tion is within the statistical error.

The renormalization constant of the local, flavor non-
singlet, axial current is determined following the method in
Ref. [27]. As an example, the results for each quark mass
for DBW2 � � 1:22 are shown in Fig. 15. ZA is defined in
the chiral limit which in practice is determined from a
linear extrapolation to mf � �mres. Results for ZA are
summarized in Table X.

To determine the physical decay constants f� and fK we
make use of NLO quenched chiral perturbation theory
which suggests a simple linear quark mass dependence in
the case of degenerate quarks [42,43]. The results of these
linear fits of the bare value fPS are listed in Table X. In the
same table, the lattice values of decay constant f�latt�

� and
f�latt�
K are listed. They are obtained by the extrapolation to

the point mPS � m� � 135 MeV and the interpolation to
mPS � mK � 495 MeV, respectively. In particular for the
DBW2 results, we note that the lattice scale dependence of
the renormalized value ZAfPS comes mainly from the scale
dependence of ZA. In Fig. 16 the renormalized decay
constants ZA � fPS are shown along with linear fits for
DBW2 � � 1:22 (solid line) and � � 1:04 (dashed line).
One observes agreement between DBW2 � � 1:22 and
Wilson � � 6:0 values, but a discrepancy of roughly 2
standard deviations between DBW2 � � 1:22 and � �
1:04.

Renormalized decay constants f� � ZAf
�latt�
� and fK �

ZAf
�latt�
K and their ratio fK=f� � f�latt�

K =f�latt�
� are listed in

Table XI. Since the last quantity contains neither the
statistical errors of a�1 nor the scaling dependence of
ZA, it may allow a more accurate study of scaling than
-13
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TABLE X. The renormalization factor ZA, linear fitting parameters for the bare pseudoscalar
decay constants fPS � f0 � f1m

2
PS and bare values of decay constants f�latt�

� and f�latt�
K . The

statistical errors in a�1 are taken into account by the jackknife method for DBW2 � � 1:22 and
by quadrature for DBW2 � � 1:04 and Wilson � � 6:0.

ZA�mf � �mres� f0 [GeV] f1 	2=dof f�latt�
� [GeV] f�latt�

K [GeV]

DBW2 � � 1:22 0.88813(19) 0.1547(37) 0.0738(57) 0.033 0.1560(36) 0.1728(37)
DBW2 � � 1:04 0.84019(17) 0.1567(33) 0.0813(53) 0.043 0.1582(32) 0.1767(32)
Wilson � � 6:0 0.7555(3) 0.1799(42) 0.0865(38) 0.014 0.1815(42) 0.2011(45)
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the individual decay constants. Putting together our fK=f�
results with previous ones for DBW2 � � 1:04 and 0.87
[29], which were obtained from a point-point correlation
function on a nondoubled lattice, we find the scaling shown
in Fig. 17. At � � 1:04, our result is within the statistical
error of the previous one. We extrapolate our DBW2
results and the previous � � 0:87 value (filled symbols
in the figure) linearly in a2, (see the discussion at the end of
TABLE XI. Results for the physical decay constants obtained
from each ensemble and in the continuum limit. For the con-
tinuum extrapolation, three points with the DBW2 gauge action
(� � 1:22, 1.04 and 0:87) are used.

f� [GeV] fK [GeV] fK=f�

DBW2 � � 1:22 0.1386(32) 0.1534(33) 1.1073(90)
DBW2 � � 1:04 0.1329(27) 0.1484(27) 1.1166(85)
DBW2 � � 0:87 [29] 0.1304(67) 0.1489(52) 1.142(26)
Wilson � � 6:0 0.1371(32) 0.1519(34) 1.1081(50)
continuum (linear fit) 0.1395(41) 0.1528(38) 1.098(13)
continuum (constant fit) 0.1348(20) 0.1502(19) 1.114(60)
(	2=dof for constant fit) 0.905 1.128 0.741
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FIG. 17. Scaling property of the ratio of physical pseudoscalar
decay constants, fK=f�. The values for � � 0:87 (filled dia-
mond) and � � 1:04 (open rectangle) are taken from Ref. [29].
The linear extrapolation to the continuum limit (solid line) uses
the three new DBW2 data points: � � 1:22 (filled circle), � �
1:04 (filled square) and � � 0:87 (filled diamond).
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 for DBW2 � � 1:22 (filled
circle), � � 1:04 (filled square), and Wilson � � 6:0 (open
diamond).
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FIG. 18. Scaling properties of the decay constants f� and fK.
The values for � � 0:87 (triangles) are taken from Ref. [29].
Linear extrapolations to the continuum limit (solid lines) use the
three DBW2 data points, � � 1:22 (circles), � � 1:04 (squares)
and � � 0:87 (triangles). Experimental results are also shown.
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the last section) and find the continuum limit value
fK=f� � 1:098�13�. A constant fit yields a consistent
value with 	2=dof � 0:91. These results are roughly con-
sistent with the one-loop analytic result � 1:07 of
quenched chiral perturbation theory [43] and differ from
the experimental results by several standard deviations.
Similar plots are obtained for the individual decay con-
stants as shown in Fig. 18 and results of the continuum
extrapolation both with a linear and a constant fit are listed
in Table XI. We again find consistent continuum values
within the errors for both types of extrapolation.
V. NON-PERTURBATIVE RENORMALIZATION
FOR BK

The value for BK depends on both renormalization
scheme and scale. In this work, we will be quoting our
final answer renormalized in the MS scheme at 2 GeV
using the nonperturbative renormalization (NPR) tech-
nique of the Rome-Southampton group [45]. This tech-
nique has been found to be very successful, particularly
when used in conjunction with domain-wall fermions, in
which context it has been applied to the renormalization of
fermion bilinear operators [20,46], BK in previous calcu-
lations [21,46,47], and the four-quark operators in the
�S � 1 effective Hamiltonian [21].

In the continuum, the parity-even operator of interest for
the calculation of BK,

O VV�AA � ��s��d���s��d� � � �s�5��d���s�5��d�; (23)

renormalizes multiplicatively. However, in a regularization
in which chiral symmetry is broken, this operator may mix
with four other four-quark operators; we must then solve
the renormalization problem on the following basis of five
operators:

O VV�AA � ��s��d���s��d� � � �s�5��d���s�5��d�; (24)

O SS�PP � ��sd���sd� � � �s�5d���s�5d�; (25)

O TT � ��s���d���s���d�: (26)

When using domain-wall fermions such mixing with
wrong-chirality operators should be strongly suppressed.
However, as a consequence of their different chiral struc-
ture, chiral perturbation theory predicts that the contribu-
tion of these operators to BPS will diverge in the chiral
limit. As will be discussed in Sec. VI B, even for the
(relatively large) masses at which we are working, the
contributions to BPS from these wrong-chirality operators
are a few dozens of times larger than the one from OVV�AA,
and so even a relatively small mixing coefficient may
become numerically important in the final answer. In this
work we address this problem by presenting both a theo-
retical argument to estimate the size of such terms, and the
results of a numerical study. The question of possibly large
094507
mixing with wrong-chirality operators in a domain-wall
fermion calculation of BK was raised in Ref. [6]. The
discussions presented here are intended to resolve this
issue.

We may theoretically estimate the size of the mixing
coefficients between OVV�AA and the wrong-chirality op-
erators by applying the spurion field technique introduced
in Ref. [20]. The details of this analysis are presented in
Appendix A; here we merely quote the result that, if we
consider only the effects of the explicit chiral symmetry
breaking of domain-wall fermions, these mixing coeffi-
cients occur at O�m2

res�. This represents a suppression
factor which, in the presented calculations, is in the range
10�6–10�8, well below the level which could make a
significant contribution to our result. If we also take into
account the fact that we are working at finite quark mass,
we would expect the leading contribution to the mixing
coefficients to be of O�m2

f�. Such contributions will appear
in any lattice formulation, and should be the dominant
contribution from wrong-chirality operators in any realistic
calculation of BK using domain-wall fermions. In the
following we numerically estimate the size of such terms.

We calculate the renormalization coefficients in a two
step process: first we calculate the renormalization factor
on the lattice in the RI/MOM-scheme, then make use of a
continuum running/matching calculation to convert this
into the MS-scheme. In this way, we avoid the use of lattice
perturbation theory for which the convergence properties
are problematic (requiring the use of mean field improve-
ment). To apply the NPR technique we work in Landau
gauge and construct the amputated n-point correlation
functions of the operators of interest, ��n�latt

O , with external
quark lines carrying large, off-shell momenta. The renor-
malization conditions may then be applied by requiring
that suitable spin-color projections of this correlation func-
tion are equal to their tree case value. To be precise, for a
general mixing problem involving m operators, Oi (i 2
1; � � � ; m), each made up of n quarks, we define the renor-
malized operators by the equation

O ren
i � ZijOlatt

j ; (27)

construct the amputated n-point correlation function, and
apply, at a fixed configuration of external quark momenta,
the condition

Z�n=2
q ZijPk	�

�n�latt
Oj
�p; a�1�
 � Pk	�

�n�tree
Oi


; (28)

where Pk represents the application of a particular spin-
color projection and a subsequent trace. (For details see
Appendix B.) For a mixing problem with m operators, m
independent projection operators need to be applied, how-
ever the precise choice will not effect the final renormal-
ization factors. This is in contrast to the particular choice of
gauge, quark mass, and the configuration of external quark
momenta: these must be specified to fully define the renor-
-15
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malization condition (in all cases, we define our renormal-
ization conditions to be in the chiral limit).

To calculate a renormalized value of BK, the ratio of
renormalization factors ZQ��S�2�=Z2

A, which we refer to as
ZBK , is required. As such, we calculated the amputated 3-
point and 5-point Green functions for O � A� and O �

Q��S�2�, in each case using the same magnitude of mo-
menta for all external quarks. As will be explained below,
this is not the optimal choice of momenta for the lattice
calculation. However, it is the only momenta configura-
tions for which perturbative calculations of the matching
between the RI/MOM- and MS-schemes exist. For the
axial-vector operator the spin-color projection is achieved
by tracing with �5��. The ratio of renormalization factors,
Z�1
q ZA, is then obtained from

Z�1
q ZA tr	��2�latt

A�
�p; a�1��5��
 � �48; (29)

which is valid to O�a2� even with nonzero mres [20]. The
details of the projection operators used and derivation of
the counterpart of Eq. (29) for the �S � 2 operators are
given in Appendix B; in the following we will simply refer
to the projected, amputated n-point correlation functions in
terms of the matrices � and N, defined as:

�ij � Pj	�
latt
Oi

 (30)

Nij � Pj	�
tree
Oi

: (31)

Using these definitions Eq. (28) takes the form of a matrix
equation

Z�2
q Zij�jk � Nik: (32)
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FIG. 19. Renormalization factor Z�2
q ZQ��S�2� i.e. Z�2

q ZVV�AA;VV�A
� � 1:04 (right panel). For each momentum, data indicated by the op
the chiral limit.

094507
In the first step of the numerical calculation, we calcu-
late the quark propagator in coordinate space for each mf

listed in Table II. After performing a Fourier transforma-
tion into momentum space, we produce the quark propa-
gator G�platt�, the treatment of which is described in
Appendix B. We use a set of integer momenta
�nx; ny; nz; nt� on the lattice defined as

platt �

�
2�
Lx
nx;

2�
Ly
ny;

2�
Lz
nz;

2�
Lt
nt

�
; (33)

where Lx � Ly � Lz � 24 and Lt � 48 for DBW2 � �
1:22, and Lx � Ly � Lz � 16 and Lt � 32 for DBW2
� � 1:04. We used 448 combinations of �nx; ny; nz; nt�
with nx, ny and nz ranging from 0 to 3 and nt ranging
from 0 to 6 for DBW2 � � 1:22. For DBW2 � � 1:04 we
used nx, ny in the range �2 to 2, nz in the range 0 to 2 and
nt in the range 0 to 4. These choices gave us a sufficient
number of distinct momenta for our nonperturbative
renormalization.

Results of the first diagonal element of N��1,
Z�1
q ZVV�AA;VV�AA, versus p2

latt are shown in Fig. 19 for
each mf, where the left/right panel is from DBW2 � �
1:22=1:04 for each mf (open symbols) and chiral limit
mf � �mres (filled circles).

The momentum and mass dependence of the data is
expected to be classified into two regions as the operator
product expansion would suggest. For low momenta, there
should be significant contributions from hadronic effects.
At larger momenta, this effect should be suppressed in an
approximately power-law manner. For large enough mo-
menta, there is a region in which the hadronic effects are
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A as a function of p2
latt from DBW2 � � 1:22 (left panel) and

en symbols are linearly extrapolated to the value (filled circles) in
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FIG. 20. Same figure as Fig. 19 but for the renormalization factor Z�2
q ZVV�AA;VV�AA.
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negligible and the momentum dependence (running) is
well described by perturbation theory. As we are working
on the lattice, if we work at too large a momentum there
will be significant contributions due to discretization er-
rors. Therefore, the success of the NPR technique requires
there to be a window of momenta for which contributions
from both hadronic effects and discretization errors are
small. Our data suggest this is the case. Namely, while at
very low momenta there is significant momentum depen-
dence, in momenta range ( � 2 GeV) where we might
expect that perturbation theory is valid there is only a
mild momentum dependence. We use this range in the
following to compare with the perturbative prediction.

Figure 20 shows the results of the off-diagonal element
Z�2
q ZVV�AA;VV�AA with the same organization as Fig. 19.
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FIG. 21. Renormalization factors Z�2
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For both the case of DBW2 � � 1:22 and 1.04, we obtain
values in the chiral limit that are consistent with zero as a
results of linear extrapolation with a reliable quality of fit.
Figure 21 shows examples of mass dependences of
Z�2
q ZVV�AA;VV�AA for some fixed momenta both for � �

1:22 (left) and 1.04 (right). Data in this figure show linear
behavior in conflict with the prediction of O��mf �mres�

2�

dependence, implied by the discussion in Appendix A.
This linear behavior should likely be interpreted as an error
due to spontaneous chiral symmetry breaking. A nonzero
value of h �qqi could cause systematic errors of
O���QCD=p�6� and O���QCD=p�3 � �mf �mres�=p�,
which, for not large enough p, contribute as a sizable
intercept and a linear term of the quark mass, respectively.
This interpretation explains that, in Fig. 21, degree of the
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of mf �mres for several fixed values of p2
latt, for each of which a
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FIG. 22. Renormalization factors Z�2
q ZVV�AA;j as a function of mf �mres for several fixed values of p2

latt. From top to bottom,
j � SS� PP, SS� PP and TT . Results for DBW2 � � 1:22 and 1.04 are in the left and right column, respectively.
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slopes in both panels and that of the intercept in the right
panel decrease for larger values of platt. Another possible
source of the linear term is the dimension 7 operators
which contain one derivative in a four-quark operator.

Other off-diagonal elements Z�2
q ZVV�AA;SS�PP,

Z�2
q ZVV�AA;SS�PP and Z�2

q ZVV�AA;TT do not allow a naive
chiral extrapolation. For these factors, we plot mf depen-
dences for several points of p2

latt in Fig. 22. As can be seen,
these elements increase in magnitude as quark mass is
decreased. While it may seem counterintuitive that these
measures of chiral symmetry breaking increase for small
masses, this effect is well understood to be a result of the
poor choice of momenta configurations for the renormal-
ization condition: to be able to ignore hadronic contribu-
tions at large momenta, it is necessary that all the momenta
in the problem are large compared to the hadronic scale,
not just the external momenta.2 The choice of momenta
that we have been forced to use to remain consistent with
the perturbative matching calculation transfers no momen-
tum through the operator. The contribution of any particle
that this operator couples to is therefore only suppressed by
that particle’s mass. Practically this is only a problem when
the operator couples to a pseudo-Goldstone boson, the
mass of which goes to zero in the chiral limit. While the
presence of these ‘‘pion poles’’ greatly complicates any
attempt to accurately extract the wrong-chirality mixings,
in this work we will content ourselves with placing a bound
on the size of such contributions. As such we will extract
the mixing coefficients using our heaviest values of the
mass and largest values of the momentum. In this way we
reduce the pion-pole contamination, while, at the same
time, maximizing the O�m2

f� contributions. As will be
demonstrated in the next section, the resulting mixing
coefficients are small enough that the wrong-chirality op-
erators can be safely neglected in our calculation of BK,
namely, we calculate its renormalization factor as
ZRI=MOM
BK

� ZVV�AA=Z2
A.

In Appendix C, we summarize the perturbative formulae
for the renormalization group running and scheme match-
ing. The authors of Refs. [48,49] calculated a factor ab-
sorbing the scale and scheme dependence of the
renormalization factor, ZRI=MOM

BK
, in NLO perturbation the-

ory. Using this factor, we convert our results to the renor-
malization group independent (RGI) value,

Ẑ BK �Nf� � w�1
RI=MOM�Nf; platt=a� � Z

RI=MOM
BK

�platt�: (34)

This is related to the renormalization factor at a certain
energy scale, �, in the MS-scheme using naive dimen-
sional regularization by:
2This is conventionally phrased as requiring that the external
momenta be nonexceptional, i.e. the sum of each subset of the
external momenta (defined as incoming) must be large.
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ZMSNDR
BK

�Nf;�� � wMS�Nf;��ẐBK �Nf�: (35)

The functions wRI=MOM and wMS are defined in
Appendix C, and platt is the magnitude of the lattice
momentum used in the Green’s function defining ZRI=MOM

BK
.

It should be noted that both Eq. (34) and (35) depend
upon the number of active flavors. While the final result we
are aiming at is an estimate of BK renormalized in full
QCD (3 active flavors), our lattice calculations of the bare
value of BK and the renormalization factors in the RI
renormalization scheme are performed in the quenched
approximation. While using Eq. (34) and (35) with either
Nf � 0 and Nf � 3—in any combination—would seem
to be equally valid procedures (just different definitions of
the quenched estimate for BK ), in this work we will
consistently use Nf � 0. One advantage of this approach
is that it allows us to compare the observed scale depen-
dence of the RI-scheme renormalization factors versus the
perturbative prediction. In this way we are able to study the
size of the associated systematic error.

In taking this approach, we must also employ a value of

S in the quenched approximation. We obtain this using
the two-loop formula given in Eq. (C2), with Nf � 0 and

��0�
MS
� 238 MeV. This latter value is gained by taking the

value of r0��0�
MS

given by [50] and converting it to physical
units using r0 � 0:5 fm, the results of [38], and our quoted
value of the lattice spacing, as extracted from the chiral
limit of the rho meson mass. This is the same approach
employed in [20], where more details can be found. While
the quenched coupling constant obtained from the value of
the plaquette and rectangle [51] is another possible choice
for 
S, this choice changes the result of ZMSNDR

BK
by less

than 0.1%.
The comparison between ZRI=MOM

BK
and ẐBK is shown in

Fig. 23, for DBW2 � � 1:22 (left panel) and DBW2 � �
1:04 (right panel). One observes that ẐBK is almost scale
independent for platt * 1. Assuming the perturbation the-
ory at NLO is good enough, the remaining small slope of
ẐBK is caused by discretization errors (O��pa�2� effects).
To remove these errors, we carry out a linear extrapolation
in p2

latt for platt > 1 and quote the values of intercept as ẐBK .
Our final results are

ZMSNDR
BK

�Nf � 0; � � 2 GeV�

�

�
0:9901�36� DBW2� � 1:22
0:9427�54� DBW2� � 1:04

: (36)

Note that it is possible to interpret the small but noticeable
slope of the linear fit in the right panel of Fig. 23 as an error
of the perturbation theory at lower momentum of �
2 GeV. Taking the constant fit instead, we obtain �1%
larger value for � � 1:04. We may compare numbers in
Eq. (36) against one-loop lattice perturbation theory cal-
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FIG. 23. Renormalization factor of BK as a function of p2
latt for DBW2 � � 1:22 (left) and � � 1:04 (right). In each panel, ZBK
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culation which has been done in Ref. [51]. Using measured
values of the plaquette and rectangle as input, the pertur-
bative renormalization factors are

ZMSNDR
BK

�Nf � 0; � � 2 GeV�

�

�
0:9775 DBW2� � 1:22
0:9493 DBW2� � 1:04

; (37)
0.0016
mf=0.008
both of which lie close to the nonperturbative values. We
find it reassuring that these two quite different methods
lead to results agreeing to better than 2%
0.0008
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VI. KAON B-PARAMETER

A. Chiral behavior of K� �K matrix element

Before presenting our results for BK, it is important to
check the chiral behavior of the K � �K matrix element of
Q��S�2�. We calculate the three-point correlation function
with degenerate quarks and find a suitable plateau for t1 �
t� t2 to extract the desired matrix element:
TABLE XII. The quantity hPSjQ��S�2�jPSi in units of [10�4]
for each value of mf and each ensemble.

mf DBW2 � � 1:22 mf DBW2 � � 1:04 Wilson � � 6:0

0.008 0.708(57) 0.01 2.55(19) 5.57(27)
0.016 1.652(84) 0.02 5.88(33) 12.62(48)
0.024 2.96(12) 0.03 10.48(51) 21.80(76)
0.032 4.60(18) 0.04 16.35(72) 33.2(1.1)
0.040 6.59(25) 0.05 23.53(98) 47.0(1.5)
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hPSjQ��S�2�jPSi �
h0j	P�t2�Q

��S�2��t�	yP�t1�j0i
CPPww�t2; t1�

��������t1�t�t2

� 2mPS: (38)

As mentioned earlier, the sink and source locations were
chosen to be �t1; t2� � �7; 41� for DBW2 � � 1:22 and
(5,27) for � � 1:04 and Wilson � � 6:0. Results from a
constant fit to the plateau of the matrix element for eachmf

in the fitting ranges 19 � t � 29 (DBW2 � � 1:22) and
14 � t � 17 (DBW2 � � 1:04 and Wilson � � 6:0) are
0 10 20 30 40
t

0.0002

0.0004

0.0006

FIG. 24. The time-dependence of the numerator of the left-
hand-side of Eq. (38) for the DBW2 � � 1:22 data set. The
plotted horizontal lines indicate both the fitting range and the
upper and lower limits of the resulting fitting value.
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listed in Table XII. If a single intermediate state contributes
to the matrix element in the numerator of the right-hand-
side of Eq. (38), this quantity will be independent of the
intermediate time t. This is demonstrated in Figs. 24 and 25
which show this quantity as a function of t for each of the
masses analyzed. Both graphs show an apparent plateau
region which could be as large at 17 time units for � �
1:22 and 10 time units for � � 1:04. It seems likely that in
the fitting range chosen contamination for excited states
should be below a few percent.

In quenched chiral perturbation theory this matrix ele-
ment, expanded in powers ofm2

PS up toO�m4
PS�, is given by

[42]:
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FIG. 26. The quantity hPSjQ��S�2�jPSi plotted as a function of m2
P

curves are fits to Eq. (39).
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hPSjQ��S�2�jPSi � a1m
2
PS

�
1�

6

�4�f�2
m2

PS ln
m2

PS

�2
	

�
� a2�m

2
PS�

2; (39)

where, following the discussion in Sec. III, we neglect both
the quenched chiral-log and the chiral-log terms in m2

PS.
Since the expansion starts at O�m2

PS�, this matrix element
vanishes in the chiral limit, m2

PS � 0. Another character-
istic of Eq. (39) is that the ratio of the coefficients of the
leading term and the chiral-log term is determined solely
by f, the decay constant in the chiral limit. It is interesting
to examine our data in light of these expectations from
quenched chiral perturbation theory. For this purpose, we
carried out the two-parameter fit to Eq. (39) using for f the
product of chiral limit value f0 and ZA listed in Table X.
Figure 26 shows hPSjQ��S�2�jPSi in lattice units and the
fitting curve from Eq. (39) for DBW2� � 1:22 (left panel)
and � � 1:04 (right panel). We also used the fitting func-
tions

hPSjQ��S�2�jPSi � a0 � a1m2
PS

�
1�

6

�4�f�2
m2

PS ln
m2

PS

�2
	

�
� a2�m2

PS�
2 (40)

and

hPSjQ��S�2�jPSi � a1m2
PS � a2�m2

PS�
2 � a3�m2

PS�
2 ln

m2
PS

�2
	

(41)

to examine possible explicit chiral symmetry breaking
effects through the magnitude of a0 and to compare the
result for a3=a1 to the chiral perturbation theory prediction
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FIG. 27. Time dependence of BPS for � � 1:22. Panels from
bottom to top correspond to increasing mf. The horizontal bars
in each plot indicate the range used in the constant fit, the results
for the central value (solid line) and the jackknife error (dashed
lines).

TABLE XIII. Fitting parameters for the hPSjQ��S�2�jPSi matrix element in lattice units for the three types of fitting functions, given
by Eqs. (39)–(41).

fit. func. a0	10�5
 a1	10�4 GeV�2
 a2	10�3 GeV�4
 a3 	2=dof a3=a1 	GeV2


DBW2 (39) 0.0 2.06(23) 1.047(67) �6a1=�4�f�
2 0.073 �2:013

� � 1.22 (40) 0.60(53) 1.83(18) 1.095(52) �6a1=�4�f�
2 0.0001 �2:013

(41) 0.0 2.67(71) 1.035(74) �0:25�12� � 10�3 0.003 �0:92�68�

DBW2 (39) 0.0 8.84(96) 5.78(31) �6a1=�4�f�
2 0.034 �2:191

� � 1:04 (40) �1:5�1:9� 9.51(94) 5.59(25) �6a1=�4�f�
2 0.010 �2:191

(41) 0.0 7.3(2.8) 5.73(27) �2:44�64� � 10�3 0.018 �3:3�2:0�

Wilson (39) 0.0 14.37(82) 8.08(25) �6a1=�4�f�2 0.058 �2:057
� � 6:0 (40) 2.2(2.2) 13.55(78) 8.26(18) �6a1=�4�f�

2 0.016 �2:057
(41) 0.0 16.6(2.7) 8.05(27) �2:31�53� � 10�3 0.007 �1:39�53�
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of �6=�4�f�2. As listed in Table XIII, all three fitting
functions in Eqs. (39)–(41) with �	 � 1 GeV fit our
data equally well. Results for a1 and a2 are consistent
among the fits, and a0 in Eq. (40) is consistent with zero.
The latter agrees with previous quenched domain-wall
fermion calculations that showed hPSjQ��S�2�jPSi van-
ishes in the chiral limit, m2

PS � 0, or mf � �mres, to
good accuracy [21,30]. The same is true of our recent
calculation of BK in the two-flavor theory [31].
Furthermore, a3=a1 from Eq. (41) reproduces the analytic
result �6=�4�f�2 fairly well, as did our previous calcula-
tion using the Wilson gauge action at � � 6:0 [21]. This
was not the case in Ref. [30] though in that study the
authors did not examine hPSjQ��S�2�jPSi directly, but a
ratio hPSjQ��S�2�jPSi=h0jPjPSi2, where P is the pseudo-
scalar density. While it is reassuring that our data fits
standard quenched chiral perturbation theory so well, it
should be kept in mind that the analysis presented here
includes quite heavy pseudoscalar masses which may lie
above the region where chiral perturbation theory is valid
and has neglected quenched chiral logarithms and finite
volume effects which may distort the lightest mass points.

B. Results for BK
Let us now discuss our results for the kaon B-parameter,

BK defined in Eq. (1). Following our earlier conventions
for the decay constant and pseudoscalar mass, we will use
the notation BPS for this �S � 2 amplitude evaluated for
pseudoscalar states with a general meson mass, mPS. The
parameter BK will be used when mPS � mK: BK �
BPS�mK�. In the lattice calculation of BPS we deal with
the same three-point correlation function as in the previous
subsection, but in a ratio with two factors of the wall-point
correlation function CA4P

pw ,

BPS �
h0j	y�t2�Q��S�2��t�	y�t1�j0i

8
3 C

A4P
pw �t; t2�C

A4P
pw �t; t1�

��������t1�t�t2

�
hPSjQ��S�2�jPSi

8
3m

2
PS�f

�2�
PS �

2
: (42)
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Here we suppress the appropriate �latt� superscript,
B�latt�

PS ! BPS.
Plateaus for this ratio for each value of mf are shown in

Fig. 27 for DBW2 � � 1:22 and in Fig. 28 for � � 1:04
(the quark mass increases from bottom to top in each
figure). The solid and dashed lines in each plot indicate
the fitting range used (19 � t � 29 for � � 1:22 and 14 �
t � 17 for � � 1:04) and the results for a constant fit that
are also listed in Table XIV. As is suggested by Figs. 27 and
28, these fitting ranges are chosen quite conservatively and
could likely be made larger without significant contamina-
tion from higher mass, excited states. In fact, choosing a
-22



TABLE XIV. The pseudoscalar B-parameter BPS for each en-
semble.

mf DBW2 � � 1:22 mf DBW2 � � 1:04 Wilson � � 6:0

0.008 0.499(19) 0.01 0.462(18) 0.505(11)
0.016 0.565(11) 0.02 0.546(11) 0.5856(66)
0.024 0.6129(81) 0.03 0.6016(88) 0.6361(50)
0.032 0.6476(69) 0.04 0.6413(71) 0.6717(41)
0.040 0.6740(61) 0.05 0.6715(61) 0.6990(35)
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FIG. 28. Time dependence of BPS for � � 1:04. The organi-
zation is same as in Fig. 27.
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larger fitting range yields consistent results. For example,
for our lightest masses, increasing the fitting range to 17 �
TABLE XV. Results for two types of chiral fit
and (44).

fit. func. 
0 
1 	GeV�2
 
2 	

DBW2 (43) 0.2703(86) 0.381(20) �6

� � 1:22 (44) 0.357(43) 0.344(33) �0:

DBW2 (43) 0.2612(90) 0.407(25) �6

� � 1:04 (44) 0.259(39) 0.407(25) �0:

Wilson (43) 0.269(14) 0.403(38) �6

� � 6:0 (44) 0.293(39) 0.401(40) �0:
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t � 31 for � � 1:22 decreased the result by 1% while for
� � 1:04 the enlarging the fitting range to 12 � t � 19
increased the result by 2.5%, both within 1 standard devia-
tion of the results quoted in Table XIV.

In Ref. [21], we chose a different method to determine
BPS, computing separately the numerator and denominator
of Eq. (42) and then evaluating their ratio. In the present
case, that method and the one used here give results which
agree within statistical errors. Another variant of our
method replaces the quantity f�2�PS formally contained in
the denominator of Eq. (42), with the alternative f�1�PS which
is computed in Sec. IV. However, as can be seen in Fig. 12,
the difference between the two is always less than 2%, even
for the lightest mf, and usually smaller than 1%.

The counterpart of Eqs. (39) and (41) for BK is

BPS � 
0

�
1�

6

�4�f�2
m2

PS ln
m2

PS

�2
	

�
� 
1m2

PS; (43)

and

BPS � 
0 � 
1m2
PS � 
2m2

PS ln
m2

PS

�2
	
; (44)

respectively [42]. For degenerate quarks, these have the
same form as in the theory with sea quarks [52], i.e. there
are no quenched chiral logarithms in BPS because of the
cancellation of such terms between numerator and denomi-
nator in Eq. (42). Values of the fitting parameters for these
functions are given in Table XV. As seen in this table, we
find both fits are equivalent, with the � � 1:04 case show-
ing the closest agreement.

We also constructed BPS from hPSjQ��S�2�jPSi calcu-
lated as described in the previous subsection and f�2�PS

obtained from a constant fit to the plateau in t for the ratio
CA4P

pw �t; t2�C
A4P
pw �t; t1�=C

PP
ww�t2; t1�. While the central value of

the result changes by less than 0.2%, the jackknife error on
the ratio increases by �70% compared to the jackknife
error coming directly from the use of Eq. (42).

In Fig. 29, we plot bare values ofBPS versusm2
PS (DBW2

� � 1:22 and 1.04 for the left and right panels, respec-
to BPS using the fitting functions in Eqs. (43)

GeV�2
 	2=dof 
2=
0 	GeV�2
 B�latt�
K

0=�4�f�2 0.869 �2:013 0.551(10)
333�79� 0.006 �0:93�33� 0.556(12)

0=�4�f�
2 0.033 �2:191 0.558(10)

577�86� 0.112 �2:23�66� 0.558(10)

0=�4�f�
2 0.661 �2:057 0.5657(63)

482�81� 0.020 �1:65�47� 0.5683(70)
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tively). The solid and dashed curves denote fits to Eqs. (43)
and (44) which, for DBW2 � � 1:22, somewhat differ in
contrast with the case of the hPSjQ��S�2�jPSi matrix ele-
ment where they were almost on top of each other. We
found that this difference does not depend on the choice of
fitting range. Repeating the same analysis for both� values
using the larger fitting ranges described above did not
change the situation. Since we extract BK from an inter-
polation of BPS to the kaon mass (around the data point for
second lightest mass), the choice of fitting function makes
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2
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FIG. 30. BPS renormalized in MS NDR scheme at � � 2 GeV
as a function of m2

� 	GeV2
. Filled symbols are from DBW2
� � 1:22 (circle) and 1.04 (square). Fitting curves indicated by
the solid and dashed lines, respectively, are added to them. Open
diamonds are Wilson � � 6:0 data.
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little difference in the value of BK, as discussed below. In
the absence of a compelling reason to choose one over the
other, we pick Eq. (43) to be consistent with chiral pertur-
bation theory.

Interpolation to the physical point, mPS � mK �

495 MeV, yields the lattice values of B�latt�
K listed in the

last column of Table XVand indicated by the open symbols
in Fig. 29. Though we use Eq. (43) to obtain B�latt�

K in the
rest of this article, the difference from using Eq. (44) is
always less than 1%. After multiplying BPS by
ZMSNDR
BK

�Nf � 0; � � 2 GeV� in Eq. (36), we can directly
compare the renormalized values from each ensemble as
shown in Fig. 30, where filled symbols denote DBW2 � �
1:22 (circles) and � � 1:04 (squares) and open diamonds,
Wilson � � 6:0. Fitted curves corresponding to Eq. (43)
for DBW2 � � 1:22 (solid) and � � 1:04 (dashed) are
also shown in the figure. Since the points do not lie along
identical curves, there are evidently lattice spacing errors
remaining in our determination of BK.

As was discussed in Sec. V, a possible systematic error
that may contaminate BK is mixing with wrong-chirality
operators through renormalization:

B�ren�
K � BK �

X
i

ZVV�AA;i=Z2
A � B

�latt�
i ; (45)

where the B-parameters for the wrong-chirality operators,
Oi � OVV�AA, OSS�PP and OTT , are defined as

B�latt�
i �

hPSjOijPSi
8
3 f

2
PSm

2
PS

: (46)

In Sec. V we pointed out the large, O�m2
res� suppression of
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TABLE XVI. Lattice B-parameters for the wrong-chirality
operators Oi for DBW2 � � 1:04.

mf BVV�AA BSS�PP BSS�PP BTT

0.01 �17:29�54� 26.62(86) �26:9�1:5� �13:34�75�
0.02 �10:39�19� 15.54(30) �10:27�35� �5:13�18�
0.03 �7:67�10� 11.18(16) �6:57�16� �3:305�79�
0.04 �6:193�67� 8.82(10) �4:990�89� �2:526�46�
0.05 �5:272�48� 7.347(73) �4:111�59� �2:094�30�

TABLE XVII. The kaon B-parameter BK and RGI value B̂K
for each parameter set and choice of nonperturbative (NPR) or
perturbative (PR) renormalization factors which are presented in
Eqs. (36) and (37) respectively. The continuum values in the first
line are obtained from a linear fit using the DBW2 � � 1:22 and
1.04 data points. Results for BMSNDR

K �� � 2 GeV� from Wilson
� � 6:0 is reproduced from Ref. [21] for comparison. In the last
line, we present the values of 	2=dof for the constant fit to the a2

dependence.

BMSNDR
K �� � 2 GeV� B̂K

NPR PR NPR PR

continuum (linear fit) 0.563(21) 0.547(21) 0.786(31) 0.761(28)
continuum (constant fit) 0.5357(74) 0.5342(71) 0.747(11) 0.7419(84)
DBW2 � � 1:22 0.546(11) 0.539(10) 0.760(15) 0.750(14)
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this contamination. Here, we press our point by a numeri-
cal demonstration.

For DBW2 � � 1:04, we have calculated all of these
B-parameters3 following the same methods used for BPS.
The results are listed in Table XVI and shown in Fig. 31.
The magnitudes of the B-parameters for these wrong-
chirality operators are less than 2 orders of magnitude
larger than BPS, even for quark masses of � ms=4. This
makes their effects at ms=2 very small, given the further
O�m2

res� suppression present in the mixing coefficients. The
difficulties in accurately determining these miniscule mix-
ings were outlined in Sec. V, namely, we can not measure
them accurately with our current techniques. As a gross
overestimate of the size of these mixings, we measured
their values at the largest momentum p2

latt � 2:4674 and
the heaviest quark massmf � 0:05 and find contamination
from each Oi is no larger than 0.01. Moreover, cancellation
between the wrong-chirality terms in Eq. (45) likely makes
the net contamination even smaller. Thus, we conclude that
in our determination of BK, the contributions from the
wrong-chirality operators are well below our statistical
error.

Results for BMSNDR
K �� � 2 GeV� � ZBK �Nf � 0; � �

2 GeV� � B�latt�
K and B̂K � ẐBK �Nf � 0� � B�latt�

K are col-
lected in Table XVII, where we enumerate perturbatively
(PR) as well as nonperturbatively (NPR) renormalized
values. Results of a linear extrapolation and a constant fit
to the continuum limit for each quantity are listed in the
first two rows. As mentioned in Sec. V, while BMSNDR

K is
almost independent of our choice for ��0�

MS
, B̂K is signifi-

cantly sensitive. For that reason, we focus on the result for
the former quantity in the following.

Our results for BMSNDR
K �� � 2 GeV� are shown in

Fig. 32 as a function of a2 along with results from
Ref. [21] and the results obtained by the CP-PACS col-
laboration [30] using domain-wall fermions with parame-
ters similar to ours (a�1 � 2:87 GeV, 243 � 60 sites,
Ls � 16 and a�1 � 1:88 GeV, 163 � 40 sites, Ls � 16).
The main difference from our calculation is their use of the
Iwasaki gauge action and perturbative renormalization of
3Because of their relevance for beyond-the-standard-model
physics, these results may also be useful for future studies.
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B�latt�
PS . At a�1 � 2 GeV, results from the two collabora-

tions differ by roughly 2 standard deviations: BMSNDR
K �� �

2 GeV� � 0:564�14� (CP-PACS) and 0.532(11) (Wilson
� � 6:0), 0.524(11) (DBW2 � � 1:04). The two results
are even more consistent at the smaller lattice spacing.

The discussion of the continuum extrapolation of the
J-parameter and the decay constants in previous sections is
valid here as well. While the result of constant fit in
Table XVII is quite acceptable with a 	2=dof of 1.8, we
use the linear extrapolation, shown in Fig. 32, to obtain our
final result because we have no a priori reason to expect the
a2 term to be absent. This linear extrapolation is done by
connecting our two data points and the error for the con-
tinuum limit is obtained by quadrature. We obtain the final
DBW2 � � 1:04 0.526(10) 0.5298(99) 0.731(16) 0.738(10)
Wilson � � 6:0 0.535(6) – – –
(	2=dof for constant fit) 1.785 0.404 1.899 0.517
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result:

BMSNDR
K �� � 2 GeV� � 0:563�21��39�; (47)

where first error is statistical and the second systematic,
which is discussed in the next subsection.

Finally we give a result for BPS, evaluated in the chiral
limit and then extrapolated to the continuum limit:
BMSNDR

PS �mPS � 0; � � 2 GeV� � 0:289�18�, where we
do not attempt to determine the systematic errors for this
value because of the sizable uncertainties associated with
evaluating the chiral limit from our data. As is displayed in
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FIG. 33. The continuum extrapolation of BPS evaluated in the
chiral limit.
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Fig. 33, we again see relatively mild dependence on the
lattice spacing. This result is based on the chiral fits using
the known chiral logarithm given in Eq. (43) and tabulated
in Table XV. Here we do not compare with the CP-PACS
result for this quantity because their use of an uncon-
strained fit to the chiral logarithm, which we are able to
avoid, introduces large uncertainties in the chiral limit.

C. Estimate of systematic errors

All of the statistical errors obtained earlier in this paper
have been assigned using standard jackknife procedures
and should reflect the variations that would be seen if our
Monte Carlo calculations were simply repeated and ana-
lyzed in an identical fashion. (Of course, one should rec-
ognize that these errors, obtained from a finite data set are
themselves subject to error.) Less certain but equally im-
portant are the errors in our results that come from system-
atic limitations in the calculation. These may be crudely
divided into two types. First and easiest to determine are
those associated with our methods of analysis. Our choice
of plateau region, the procedure for chiral extrapolation or
interpolation and our method for taking the continuum
limit are good examples. Here the calculation should
show consistency with the theoretical ideas being used in
the analysis and the variation in the result between different
approaches should indicate the level of systematic error. Of
course, if the theoretical framework describes the data
poorly or contains many parameters, a reliable estimate
of systematic errors may not be possible.

The second type of error reflects ingredients which are
missing in the calculation. If only a single volume or lattice
spacing is used, the errors associated with finite volume or
finite lattice spacing cannot be determined from the calcu-
lation at hand. Similarly the errors induced by the
quenched approximation cannot be known if no full-
QCD calculations have been performed. While one may
‘‘estimate’’ an expected error by comparing with more
extensive calculations of other quantities, such estimates
often reduce to an exercise in wishful thinking. However,
for the case ofBK there are now many results reported from
other BK calculations which either independently, or by
comparison with the work presented here, provide reason-
ably direct information about all of the important sources
of error.

In the discussion to follow and the final results quoted
we attempt to estimate the size of these systematic effects
based on the calculations presented in this paper and the
results of other work. These ‘‘systematic errors’’ are not
intended to be upper bounds on the size of these systematic
effects but an estimate of their likely size. Thus, in per-
forming such estimates we will not add cautionary inflation
factors as would be appropriate if we were attempting to
deduce reliable upper bounds on these errors. Rather we
believe that we can extract the greatest value from this
calculation by attempting to directly determine the sug-
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TABLE XVIII. Estimates of the size of various errors that are
present and corrections that are required by our result for
BMSNDR
K . This estimate of the finite volume correction, (a),

was taken from the work reported in Ref. [30] and the estimate
of that for the use of degenerate valence quarks quenched
approximation, (b), from Ref. [31]. Our quoted estimate of all
systematic errors but quenching (� 0:038) is determined by
combining the numbers in the second through tenth rows in
quadrature.

Source of error Estimated size (%)

Statistical �0:021 (4%)
Excited state contamination �0:017 (3%)
Determination of fK �0:005 (1%)
Mass of K meson �0:042 (3%)
Nonperturbative renormalization �0:005 (1%)
Perturbative renormalization �0:023 (4%)
Mixing with wrong-chirality operators �0:0001 (0.02%)
Finite volume �0:01a (2%)
Degenerate valence quarks �0:015b (3%)
Continuum extrapolation �0:001 (0.2%)
Quenching �0:030 (6%)
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gested size of these effects. Attempting to determine the
errors on these estimates (finding ‘‘errors on errors’’) or to
establish reliable upper bounds on the size of these effects
is beyond the scope of the present work. Each possibly
important source of systematic error will now be discussed
in turn and the results summarized in Table XVIII.

Extraction of K � �K matrix element. As was discussed
in Section VI B, there is systematic uncertainty inherent in
our method of determining the ratio BPS defined by
Eq. (42) associated with the choice of fitting region.
Specifically, if the fitting range includes times too close
to the source or sink, the resulting value for BPS may
receive contamination from excited states. This was
studied quantitatively by comparing two choices of fitting
region where variation in the result for BPS, on the order of
the statistical uncertainty was seen. In this situation, our
choice of fitting range determines the character of this
error. If we had chosen a large fitting range, risking such
excited state contamination, we would see a smaller sta-
tistical error (reflecting the larger number of points in our
fit) but a larger systematic error. The systematic error
would be determined by a comparison with the smaller
fitting range and would likely be dominated by the statis-
tical error from the smaller fitting range. In the approach
we have taken, using the safer, smaller fitting range, the
error is essentially statistical since we are well away from a
region where excited state contamination might be ex-
pected. As might be deduced from Fig. 24, the data shows
so little time dependence, that it is not possible to reliably
extract the mass of a possible excited state from the rele-
vant correlation functions. Instead, we estimate this pos-
sible contamination by evaluating e��mt for t
corresponding to the 11 lattice spacings, the distance be-
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tween our measurements and the source. If we choose
�m � 1 GeV as the gap between our K meson and the
first excited state with the same quantum numbers, this
suggests an upper bound on this possible percentage con-
tamination of 3%.

Determination of fK. Since BK is the ratio of a K � �K
matrix element divided by f2

K, the systematic error in
determining the kaon decay constant must enter our result
for BK. This was discussed in Sec. IV where, by carefully
comparing statistically correlated quantities, we were able
to recognize a systematic difference between different
methods for determining fK, possibly caused by unsup-
pressed near zero modes. These differences were on the
level of 1% for second to the lightest mass which has the
greatest effect on the determination of BPS at the Kaon
mass. Thus, this source of error is listed in Table XVIII as a
1% effect.

Kaon mass. Although BK is dimensionless, it is obtained
by interpolation to the point mPS � mK and therefore
depends on our choice for the K meson mass. While we
have determined the Kaon mass directly in lattice units
quite accurately (� 1%, see Tables IV and V) there is
further uncertainty in determining the lattice scale in physi-
cal units, especially in a quenched calculation. Following
past practice, we have determined the lattice scales given in
Table VII from the � mass. However, the fact that the �
meson is a stable state in this calculation but is an unstable
particle in Nature with a width to mass ratio of 20%,
suggests that this may introduce significant systematic
errors. The dimensionful decay constants f� and fK pro-
vide alternative values for the lattice spacing. The discrep-
ancies between their continuum limits (using m� to set the
lattice scale) given in Table XI and experiment provides a
simple �6% estimate of this source of systematic error in
the choice of value for mK. Referring to the dependence of
BK on the input kaon mass shown in Eq. (44) or extracted
from Tables IV, V, and XIV, we conclude that a 6% error in
mK propagates into a 3% error in BK.

We can also use the static quark potential to set the
lattice scale. This was done for the quenched lattice con-
figurations studied here by Hashimoto and Izubuchi in
Ref. [39]. The comparison between the lattice scale deter-
mined from m� and that implied by a choice for the
Sommer scale of r0 � 0:5 GeV is given in their Table I,
showing agreement on the 6–9% level, roughly consistent
with our 6% estimate. As mentioned above, much of the
difficulty in determining the lattice scale from experiment
comes from the quenched approximation and hence may
already be represented in the error associated with the
quenched approximation discussed below. However, we
have adopted the conservative approach of listing the
effects on BK of this resulting uncertainly in mK as a
separate error.

Operator normalization (NPR). The nonperturbative re-
normalization of the left-left operator Q��S�2� as it appears
-27
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in Eq. (1) provides a case where we expect the RI/MOM
procedure of the Rome-Southampton group to be particu-
larly accurate. The somewhat less precise wave function
renormalization constant Zq cancels in this ratio and, as
can be seen from Figs. 23, there is a large kinematic region,
1 � platt, free of infrared QCD effects. We believe that the
principle source of systematic error in the determination of
ZBK is the presence of lattice spacing errors in this region.
As discussed in Sec. V, we attempt to remove these errors
by identifying and subtracting an �platta�

2 term. This in-
troduces a 1% change which we will adopt as an estimate
of the systematic error in this determination of ZBK .

Operator normalization (PT). As is discussed in Sec. V,
a final perturbative step is needed to convert BK defined in
the RI/MOM scheme to the more conventional, perturba-
tively defined MSNDR scheme. This correction factor is 1
at tree level while the NLO correction, O�
S�, introduces a
1.3% change. In order to provide a proper estimate of the
omitted O�
2

S� term we would need either a two-loop
result, which is not available, or a step-scaling connection
between operators normalized at the present lattice scale
and those normalized at a much finer scale where one-loop
perturbation theory will be more accurate [53]. Lacking
both of these alternatives, we will make the conservative
estimate that this continuum change of scheme factor at
two-loops is literally 
2

S � 0:04 or a 4% correction, 3 times
as large as the admittedly small one-loop correction. Note,
there is a further uncertainty in our one-loop correction
coming from our choice for ��0�

MS
since we must again

determine a zero-flavor quantity from experiment. We
will not add a further systematic uncertainty from this
source, relying instead on the error associated with quench-
ing discussed below to include this effect.

Mixing with wrong-chirality operators. This was dis-
cussed at length in Sec. VI B. Our attempt to estimate the
chirality violating mixing coefficients numerically give a
potential error of order 0.01. However, since this numerical
result represents an upper bound on quantities too small to
be computed with our present resources and there are good
theoretical arguments that the mixing coefficients should
be on the order of 10�6, a more accurate upper estimate for
this sort of error is 10�4 or 0.02%.

Finite volume. The calculations described in this paper
were performed using a single relatively small physical
volume of approximately 1.6 Fermi on a side. Thus, we
cannot estimate the errors associated with this choice of
volume from the results presented here. Instead, we use the
results of Ref. [30] which provides BK values for both 1.7
and 2.6 Fermi volumes, seeing a � 2% increase in the
result for BK from the larger volume. We will interpret
this difference as the finite volume error in the result
presented here.

Degenerate quarks in the Kaon. In contrast to Nature,
the K meson state studied in this paper is composed of two
degenerate quarks each with mass approximately one-half
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that of the strange quark. It is known empirically that to a
good approximation many quantities, BK included, depend
only on the sum of the constituent quark masses. In a recent
RBC collaboration paper [31] the effect of nondegenerate
quarks was resolved explicitly and found to cause a down-
ward shift of BK of approximately 3%. Since that was a full
QCD calculation with two flavors of dynamical quarks at a
single lattice spacing it can not be precisely related to the
calculation presented here and we include this shift as a
further systematic �3% error. (Note, the presence of
quenched chiral logarithms prevents this question from
being studied in the quenched approximation.)

Continuum extrapolation. As can be seen from Fig. 32,
our values for BK at a�1 � 2 and 3 GeV, show relatively
mild lattice spacing dependence. Since domain-wall fer-
mions are expected to show finite lattice spacing errors of
order a2, the linear extrapolation shown in that figure
should provide a good estimate of the continuum limit.
The largest possible source of systematic error in such an
extrapolation that involves only two points is the additional
term of higher order lattice spacing. Of course, with results
for only two values of lattice scale we cannot determine
such term. To get a rough idea of its size, we will assume
that the O�a2� (known) and O�a4� (unknown) terms are the
first and second terms in a geometric series in a2. (Note the
absence ofO�a3� errors results from the chiral symmetry of
domain-wall fermions.) This approach implies a higher
order correction of less than 1% and changes the extrapo-
lated value of BK by 0.0011 or 0.2%. Note, this is an
estimate of the systematic error in our result for BK coming
from the continuum extrapolation. There is also a contri-
bution to the overall statistical error coming from this
extrapolation which has been incorporated using standard
error propagation.

Omission of quark loops. The most important source of
systematic error in the results reported here comes from
our use of the quenched approximation. While the present
calculation is entirely quenched we can compare this
quenched result with a similar domain-wall calculation
recently performed on a 163 � 32 volume with lattice
spacing of a�1 ’ 1:7 GeV and two flavors of dynamical
fermions [31]. This calculation gave a value for
BMS
K �2 GeV� � 0:495�18�. Because this result was ob-

tained on a coarser lattice (a�1 � 1:691�53� GeV) than
the present one, we should extrapolate our present result
to this larger lattice spacing. Applying the same linear in a2

form used to determine the continuum limit, the present
quenched calculation predicts the value BMS

K �2 GeV� �
0:512�19�. The comparison can be seen graphically in
Fig. 32 where both the results of the present work and
the earlier Nf � 2 result are shown.

Since the statistical errors on these two results and their
difference are all the same, � 0:020 there is no evidence
for a systematic shift caused by including the effects of
quark loops. Because the full-QCD calculation we are
-28
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using for comparison contains only two light quarks, not
the three quarks present in Nature, we attempt to account
for this discrepancy by increasing this error estimate by a
factor of 3=2 and include a symmetrical error of�0:030 in
Table XVIII to represent the systematic error coming from
our omission of quark loops in the present calculation.

The implication and interpretation of Table XVIII are
discussed in the conclusion.
VII. CONCLUSIONS

We have presented a study of quantities related to the
physics of the light quarks u, d and s using, primarily,
results from the DBW2 gauge action with gauge couplings,
� � 1:22 and 1.04 (a�1 � 2 and 3 GeV, respectively).
Because of the combination of domain-wall fermions and
DBW2 gauge action, the residual quark mass mres is small
compared to the input quark masses thus ensuring that
important chiral symmetry properties in these simulations
are intact. Infrequent tunneling between topological sec-
tors as a! 0 is made worse by the DBW2 gauge action
since small dislocations that aid the tunneling process are
suppressed [29]. These are precisely the configurations that
lead to relatively large chiral symmetry breaking effects.
To avoid the problem of an excessively large number of
sweeps between pseudoindependent configurations, for the
finer lattice (� � 1:22) we adopted a new strategy of using
many different initial configurations generated with the
Wilson gauge action which allows more frequent tunnel-
ing. Thus, the entire ensemble of DBW2 configurations
reflected the initial, more physical, distribution of topo-
logical charge of the Wilson lattices. It is worth emphasiz-
ing that this is an algorithmic problem, not a deficiency
special to the DBW2 action: as a! 0 all actions updated
with a small step algorithm will tunnel less and less
frequently.

The present calculation contains considerable informa-
tion about the size of possible systematic errors. Earlier
CP-PACS results on multiple volumes [30] and RBC Nf �
2 QCD results [31], including two-flavors of dynamical
quark loops, provide further information about possible
errors associated with finite volume and quenching. We
will now combine this information, summarized in
Table XVIII to deduce a final value for BK. We begin
with the direct result of this calculation, given in
Table XVII: BMSNDR

K �� � 2 GeV� � 0:563�21�, where
the quoted error is statistical. We incorporate the discus-
sion of systematic errors in the previous section as follow-
ings. First we combine in quadrature all systematic errors,
with the exception of quenching, into a single systematic
error of �0:039. For clarity, we then quote the quenching
error separately as �0:030. This estimate does not come
from a direct comparison of a quenched and full QCD
calculation with the proper number of flavors performed
at the same lattice spacing. Rather, as discussed above, it is
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a bound on the possible error coming from a comparison
with a 2-flavor calculation performed on a coarser lattice
and the quenched calculation reported here extrapolated to
the same coarser lattice spacing of a�1 ’ 1:7 GeV. Since
the quenched and 2-flavor numbers agreed within errors,
we are unable to see an effect from the inclusion of 2-
flavors of dynamical quarks and use the difference of these
two numbers as an estimate of the quenching error in the
present calculation. Thus, our final result is

BMSNDR
K �� � 2 GeV� � 0:563�21��39��30�; (48)

where the first error is statistical, the second systematic
(excluding quenching effects) and the third represents the
quenching error.

While we believe that it is important to attempt to assess
the possible systematic errors in our calculation of BK, this
exercise should be viewed with considerable skepticism. In
addition to the obvious limitations in many of these esti-
mates, our treatment also ignores possible couplings be-
tween the different types of errors. Certainly the errors
coming from finite volume and finite lattice spacing are
based on quenched calculations and could be significantly
different for a full QCD calculation with light dynamical
quarks. Were the finite volume correction for BK to double
for the case of dynamical quarks that 6% effect alone
would equal our estimate of the systematic error.

There are similar concerns regarding the finite lattice
spacing and quenching errors. One might argue that the
O�a2� errors present in the dynamical calculation of
Ref. [31] which we use to estimate our quenching error
are determined by coefficients of dimension-6 operators in
the Symanzik effective Lagrangian that describes this lat-
tice theory in the continuum. In the treatment presented
here, we are assuming that these coefficients can be eval-
uated with reasonable accuracy in the quenched approxi-
mation. However, the short-distance effects which are
summarized by these coefficients are quite different for
full and quenched QCD because the short-distance screen-
ing effects of the quark loops in full QCD are potentially
large. Both of these topics require more study and under-
standing before the above estimates of systematic errors
can be treated as trustworthy.

Our results for BK are smaller than those reported pre-
viously from calculations with Wilson or Clover fermions
[8,9,54–58] and staggered fermions [10] by roughly 10%.
Given the uncertainties associated with chiral symmetry in
the Wilson or Clover fermion calculation, it is most appro-
priate to compare with the quenched staggered calculation
of Ref. [10] which obtains BMSNDR

K �� � 2 GeV� �
0:628�42�, roughly 2 standard deviations larger than our
value quoted in Eq. (48). While this discrepancy could be
caused by an unlikely statistical fluctuation, we speculate
that it is more likely the result of systematic effects,
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perhaps the difficulty of performing the staggered contin-
uum extrapolation in the presence of large scaling viola-
tions. We are encouraged that this result and the previous
quenched domain-wall fermion calculation of CP-PACS
with similar physical volumes but different gauge actions
agree in the continuum limit as indicated in Fig. 32.
Likewise, there is nice agreement between our a�1 �
2 GeV calculation performed using the Wilson and
DBW2 gauge actions.

Note, that Eq. (48) presents a hybrid result for BK in
which a numerical estimate of quenching errors performed
at a single lattice spacing is combined with a continuum
limit taken from a quenched calculation. Such a result
depends on the assumption that the effects of quenching
(here described as a 4% uncertainty) result in a correction
of similar scale on the effect of taking the quenched con-
tinuum limit (which causes a 7% increase). That is the
quenching error in the shift caused by taking the continuum
limit might be estimated as 4% of 7% or 0.3%. Under this
hypothesis, the value quoted in Eq. (48) adequately ac-
counts for both the effects of quenching and the continuum
limit. Of course, a full QCD calculation at a variety of
lattice spacings is ultimately needed to remove the uncer-
tainly associated this assumption, a task now being under-
taken with the next generation of computers.
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APPENDIX A: OPERATOR MIXING

In this section we describe the size of the mixing, under
renormalization, between operators in different chiral mul-
tiplets. A basis for the complete set of operators in question
is OVV�AA, OSS�PP and OTT defined in Eqs. (24)–(26). If
chiral symmetry was only (softly) broken by the fermion
mass, then these operators form three distinct sets, which
do not mix under renormalization. In particular, the opera-
tor of interest here, OVV�AA would renormalize multipli-
catively. However, when using the domain-wall fermion
formalism, each operator mixes with all the others under
renormalization due to the (small) explicit breaking of
chiral symmetry. As the relevant matrix elements of the
wrong-chirality operators are much larger than the one we
are interested in, it is important to have a method of
estimating these mixings.

Under certain reasonable assumptions, the size of the
mixing coefficients can be estimated in terms of the resid-
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ual mass. A framework for understanding how the explicit
breaking of chiral symmetry is manifest in the associated
QCD Lagrangian is outlined in Ref. [20]. Using the nota-
tion and conventions of Refs. [20,27], we introduce an
additional term in the domain-wall fermion action which
reads

S� � �
X
x

	 ��x;Ls=2�1PL��y � 1��x;Ls=2

� ��x;Ls=2PR��� 1��x;Ls=2�1
: (A1)

The modified action possesses an exact, spurionic, sym-
metry under SU�Nf�L � SU�Nf�R transformations if the
constant unitary, Nf � Nf matrix � transforms as

�! UR�UyL; (A2)

while the standard domain-wall fermion action is recov-
ered in the limit �! 1. Assuming that the effects of
explicit chiral symmetry breaking are local, we can then
analyze the form these effects may take in a low-energy
effective Lagrangian describing the physics of the modes
bound to the two walls by studying the operators allowed
by the generalized chiral symmetry of Eq. (A2). An in-
structive example is the leading order modifications to the
QCD Lagrangian itself: at the lowest order in the lattice
spacing, the most general form of the relevant term that can
be added to the QCD Lagrangian density modifies the mass
term to read

Zmmf �qq� c	 �q�yPRq� �q�PLq
; (A3)

where c is a constant with mass dimension one. Setting
� � 1 it is easy to recognize that c � Zmmres. Since mres

contains a single factor of �, we should expect its sup-
pression to correspond to a single propagation from one
wall to the other in the fifth dimension: the minimum
propagation needed to encounter the factor of �, intro-
duced at the midpoint s � Ls=2 in Eq. (A1).

For smooth gauge fields, for which the domain-wall
fermion mechanism is working well, we can simply asso-
ciate a suppression factor of O�mres� for each factor of �
[20,27]. Noting, from Eq. (A2), that the effect of � (�y) is
to ‘‘flip’’ the chirality of a fermion into the opposite, we
may motivate this result in a physically intuitive way: for a
fermion to flip chirality due to the explicit chiral symmetry
breaking of domain-wall fermions, the two walls must be
connected through the bulk of the fifth dimension. Each
such trip through the bulk comes with a suppression factor
due to the small overlap between the wavefunctions of the
quarks bound to the two walls. The size of this suppression
factor can be estimated by simply measuring mres, which,
as argued above, is associated with a single factor of �.

As pointed out in Ref. [59], this analysis can be more
complicated away from the smooth gauge field limit. In
this case the Hermitian Wilson Dirac operator can have a
significant number of near-zero modes in the range of
(negative) mass corresponding to the domain-wall height
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used in simulations. This operator is closely related to a
transfer matrix that may be constructed describing propa-
gation in the fifth dimension [17] and such zero-modes
correspond to eigenmodes of this transfer matrix with near
unit eigenvalues, implying unsuppressed propagation in
the fifth dimension. Such unsuppressed propagation in
the fifth dimension may invalidate the argument which
associates a simple factor ofO�mres� with each factor of �.

However, this transfer matrix description provides a
more refined language that can be used to make a similar
analysis. We expect that the residual mass mres arises from
modes of the transfer matrix that are of two types: rela-
tively plentiful modes (extended in four dimensions) with
transfer matrix eigenvalue substantially below one, �
e��c , and the rare modes (localized in four dimensions)
mentioned above with transfer matrix eigenvalues close to
unity. (Here �c is the ‘‘mobility edge’’ of Golterman and
Shamir [60].) Contributions from the former are sup-
pressed exponentially / e��cLs while those from the latter
are only power-law suppressed, / 1=Ls, but are further
suppressed because such localized modes are rare.

As demonstrated below, the operator mixing of interest
here involves changes of chirality by two units and requires
two powers of the matrix �. In such a circumstance, these
two different types of modes may contribute differently.
Extended modes with exponentially suppressed propaga-
tion will naturally contribute to operators changing chi-
rality by two units as m2

res with each transversal of the fifth
dimension introducing a factor / e��cLs . However, it may
be possible that a single localized mode with transfer
matrix eigenvalue close to 1 could support these two trans-
versals with only the suppression implied by the presence
of that one, relatively rare mode. Nevertheless, a more
detailed analysis, to be given in a later paper, shows that
this is inconsistent with either Fermi statistics or baryon
number conservation. Such chirality-two changing pro-
cesses require either two distinct modes for the propaga-
tion of two quarks of the same flavor or for a particle and an
antiparticle.

Given the preceding discussion, we may reformulate the
statement that the mixings between OVV�AA and the
wrong-chirality operators is suppressed by a factor of
O�m2

res�, as the statement that we must flip two left-handed
quarks into right-handed quarks (or vice-versa) to move
between these two sets of operators. To explicitly derive
this statement, we rewrite the basis operators in terms of
the left- and right-handed components of the quark field.
Using the chiral representation of the gamma matrices,

q �
qR
qL

" #
; �q � 	 �qL �qR
;

�� �
0 ��
��� 0

" #
; �5 �

1 0

0 �1

" # (A4)

with � � �1;�i�1;2;3� and �� � �1; i�1;2;3�. Up to overall
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numeric factors, these operators now read

O VV�AA / �sL��dL �sL��dL � �sR ���dR �sR ���dR (A5)

O VV�AA / �sL��dL �sR ���dR (A6)

O SS�PP / �sLdR �sRdL (A7)

O SS�PP / �sLdR �sLdR � �sRdL �sRdL (A8)

O TT / �sR �A��dL �sR �A��dL � �sLA��dR �sRA��dR; (A9)

where in Eq. (A9) we have introduced the notation

��� �
1

2
	��; ��


�

1
2 	�

� ��� � �� ���
 0

0 1
2 	 ����� � �����


" #

�
A�� 0

0 �A��

" #
: (A10)

It is now simple to deduce that to move between OVV�AA
and the operators in Eqs. (A6)–(A9) requires two flips of
chirality.
APPENDIX B: RENORMALIZATION CONDITION

The basic building block for the construction of the
quantities needed for the renormalization calculation is
the quark propagator from a single point source ( in this
case situated at the origin of our coordinate system) to a
point sink in a fixed gauge, S�xj0�. This propagator is
Fourier transformed into momentum space on the sink
coordinate

G�p�
� �
X
x

eip�xS�xj0�: (B1)

The amputated vertex functions needed can then be easily
constructed in terms of

Ĝ�p�
� � 	G�p�hG�p�i
�1

� (B2)

and

Ĝ 0�p�
� � 	�5�G�p�hG�p�i
�1�y�5

�; (B3)

where angled brackets represent the average over gauge
configurations. For example, the amputated Green’s func-
tions of the flavor nonsinglet bilinear operators

hu�p� �u�d �d�p�iamp; (B4)

where � represents the particular gamma matrix (either
vector, axial-vector, scalar, pseudoscalar and tensor) may
be written as hV�i, hA�i, hSi, hP i and hT ��i, where

V ��p�
� � 	Ĝ
0�p���Ĝ�p�

� (B5)
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A ��p�
� � 	Ĝ
0�p��5��Ĝ�p�

� (B6)

S �p�
� � 	Ĝ
0�p�Ĝ�p�

� (B7)

P �p�
� � 	Ĝ
0�p��5Ĝ�p�

� (B8)

T ���p�
� � 	Ĝ
0�p����Ĝ�p�

�: (B9)

Amputated Green’s functions for the relevant operators
in this paper are

��2�latt
A�
�p�
� � hA�i
� (B10)

��4�latt
VV�AA�p�
�;�� � hV�;
�V�;�� �A�;
�A�;��

�V�;
�V�;�� �A�;
�A�;��i

(B11)

��4�latt
VV�AA�p�
�;�� � hV�;
�V�;�� �A�;
�A�;��

�V�;
�V�;�� �A�;
�A�;��i

(B12)

��4�latt
SS�PP�p�
�;�� � hS
�S�� � P 
�P �� � S
�S��

� P
�P ��i (B13)

��4�latt
SS�PP�p�
�;�� � hS
�S�� � P 
�P �� � S
�S��

� P
�P ��i (B14)

��4�latt
TT �p�
�;�� � hT 
�T �� �T 
�T ��i: (B15)

In particular, tree level vertices for these operators are
obtained by setting Ĝ�p� � I.

To compute renormalization factors, we project renor-
malization condition in Eq. (28). For the axial-vector op-
erator, Eq. (29) is obtained by taking the trace with the tree
vertex �5��. In the same way, for the four-quark operators,
the amputated 4-point Green’s function in the renormal-
ization condition, Eq. (28) is projected into

�jk � ��4�latt
j �p�
�;��Ek�
;�� (B16)

Njk � ��4�tree
j �p�
�;��E

k
�
;��; (B17)

where the external vertex E
�;��

E
�;�� �

����
������� � ��5���
���5�����
����
������� � ��5���
���5�����

�
���� � ��5�
���5���
�
���� � ��5�
���5���
�����
��������

2
666664

3
777775:

(B18)
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In particular, for the tree level vertex, we obtain

N � 144�

32=3 0 0 0 0
0 8 �4=3 0 0
0 �4=3 2 0 0
0 0 0 5=3 1
0 0 0 1 7

2666664

3777775: (B19)
APPENDIX C: RGI FACTOR

To absorb the momentum dependence of ZRI=MOM
BK

we
calculated on the lattice, we use

w�1
scheme�p;Nf� � 
S�p���0=2�0

�
1�


S�p�
4�

J
�Nf�
scheme

�
;

(C1)

where the label ‘‘scheme’’ represents the scheme (RI/
MOM or MS) and


S��� �
4�

�0 ln��2=�
�Nf�2

MS
�

�
1�

�1

�2
0

lnln��2=�
�Nf�2

MS
�

ln��2=�
�Nf�2

MS
�

�

(C2)
�0 � 4 (C3)
�0 �
33� 2Nf

3
(C4)
�1 � 102� 10Nf �
8

3
Nf: (C5)

Perturbative results for J
�Nf�
scheme were calculated to NLO in

Ref. [49] for both the MS and RI/MOM schemes:

J
�Nf�
RI=MOM � �

17397� 2070Nf � 104N2
f

6�33� 2Nf�
2 � 8 ln2 (C6)
J
�Nf�

MS
�

13095� 1626Nf � 8N2
f

6�33� 2Nf�
2 (C7)
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