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Factorization of finite temperature graphs in thermal QED
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We extend our previous analysis of gauge and Dirac fields in the presence of a chemical potential. We
consider an alternative thermal operator which relates in a simple way the Feynman graphs in QED at
finite temperature and charge density to those at zero temperature but nonzero chemical potential. Several
interesting features of such a factorization are discussed in the context of the thermal photon and fermion

self-energies.
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In earlier papers [1,2], we gave a simple derivation of an
interesting relation [3-5] between finite temperature
Feynman graphs and the corresponding zero-temperature
diagrams in the imaginary as well as in real time formula-
tions of thermal field theories. We showed that in the
absence of a chemical potential, the finite temperature
diagrams involving scalar, fermions or gauge fields can
be related to the zero-temperature graphs through a simple
thermal operator. On the other hand, in the presence of a
chemical potential w, the thermal operator is more com-
plicated as it involves also time derivatives. In a theory
involving fermionic fields with a chemical potential, we
have shown that a complete factorization seems to be
violated by the presence of an infrared singular contact
term [2]. As we have pointed out, such a behavior may be
due to the simplest possible choice of generalizing the
basic thermal operator in the presence of a chemical po-
tential, which involved only a single reflection operator
S(E) that changes the energy as E — —E.

In the present note, we propose an alternate thermal
operator without time derivatives, but which involves an

additional fermionic distribution operator IV(FT’“ )(E). We
will show that such a thermal operator representation
naturally leads in QED to a simple factorization of the
thermal amplitudes in the presence of a chemical potential.
A rather similar approach has been recently proposed in the
context of complex scalar fields at finite temperature and
charge density [6].

For briefness, we will discuss here the theory in the
imaginary time formalism [7-9], although everything
also holds in the real time formalism. Using this formula-
tion and the mixed space representation, the fermion
propagator at zero temperature but finite chemical poten-
tial can be written in the form

SOW(7, E) = i[@(T)A(E)e’(E’“)T
+ 0(—7)B(E)e!E+ 7], (1)

for E > |u|, where E = +/p?> + m* and A(E), B(E) are
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Euclidean matrices given by
AE)=iy’E—9-p+m, )
B(E)=—iy’E— 9 - p + m.

The action of the operator 1\75!’“ )(E) on the above time
dependent exponential functions is defined as follows:

Ng’ﬂ)(E)es(EiM)T — nF(E + M)eS(Ei/.L)T
nt (E)esE=mr, 3)

where T is the temperature, nr denotes the Fermi-Dirac
distribution function and s is a sign. As shown below, this
prescription enforces the antiperiodicity condition of the
thermal fermion propagator at nonzero chemical potential.

In terms of the operators S(E) and 1\7?‘“ )(E), our alter-
nate basic fermion operator has the simple form

(Agg’”)(E) =1— ]\A]g"““)(E)[l - S(B)] “4)

Then, acting on the propagator S©#)(z, E), this fermion
operator will naturally reproduce the fermion propagator at
finite temperature and chemical potential

STH(r, E) = OF*/(E)SOM) (7, E)
— S HABIO) — np (Bl E w7
+ BENO(-7) — nf (B9, (5)

which satisfies, for —1/T < 7 < 0, the antiperiodicity con-
dition [10]

1
ST.w(7, E) = _S(T’”’)<T o E> (6)

The above factorization of the thermal fermion propa-
gator is of fundamental importance for the factorization of
arbitrary graphs in QED at finite temperature. Before we
present a general proof, let us consider first some simple
amplitudes at one-loop order. For example, the integrand of
the fermion self-energy (in the Feynman gauge) may be
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written with the help of Eq. (5) in a completely factorized
form as

SEHE, By, 1) = —e2D(7, E1)y o ST (1, B2 va
= O (E) O () SO(E,, Ey, 7),
(7)
where Cf)g) denotes the basic photon projection operator
O (E) =1+ ng(E)[I — S(E))] ®)

and njp is the Bose-Einstein distribution function.
If we Fourier transform Eq. (7) in the time variable, we
readily obtain that

E(T’M)(El’ EZ’ pO) = -

e 1+ ng(E)) — np(Ey)
8E1E2 El +E2_/,L_lp0
E)+n.(E
- nB_( 1) nF( 2) ’YQA(EQ)YQ
E, —E,+ pu+ipg
1+ ng(E)) — np(Ey)
El + E2 + /.L + lpo
ng(E,) + ng (E,)
Ey —Ey,—p—ipgy

i|7aB(E2)7a}:
)

which agrees with the result obtained by a direct evalu-
ation. As shown in [2], apart from a contribution to the

thermal mass of the fermion, the above radiative correc-
|
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tions also lead to a finite renormalization of the chemical
potential which is given by

uR=(1 ¢ )u (10)

a 1672

As a second example, which exhibits a subtlety associ-
ated with the alternate fermion operator in Eq. (4), let us
consider the thermal photon self-energy at finite chemical
potential. Using the basic property given in Eq. (5), the
integrand of this amplitude at one-loop order may also be
written in a manifestly factorized form as

HH(E, By, 1) = iy, 8T#(r, Ey)y, ST+ (=1, E)]

= (b(FT’“)(El)(A?(FT’“)(Ez)H(f,’,“)(El, E,, 7).
(1)

Using Eq. (1), we see that the factors e*#7 actually cancel
in the zero-temperature amplitude at finite chemical po-
tential. However, this would then make the action of the
operator N(FT’” )(E) introduced in Eq. (3) ambiguous. In
order to define these operators unambiguously, one may,
in the intermediate calculations, associate with each fer-
mion propagator of energy E; a chemical potential w;. At
the end of the calculation, after the thermal operators have
acted, one can set u; = u.

Using this procedure and Fourier transforming Eq. (11)
in the time variable, we then readily get the result

2 F(Ey) — np(E) ni(Ey) — ng (E,)
NTH(E,, Ey, po) = —— | TEXEY Z"E BV e A(E,)y, A(E,) + M2 22 e, B(E )y, B(E
Ap (E\, E3, po) 8E\E,| E,— E, + ipy Y A( 1)7,; (E>) E, — E, + ipg ry\B( 1)7p (E>)
1 — nj(Ey) — ngp(E,) 1 —nj(E,) — ng(E,)
Try,A(E, )y, B(E,) + Try,B(E,)y,AEy) |, (12
e p S Moy Ay BE) + R Ty BE)Y,AE) | (12)

which agrees with the expression for the thermal photon
self-energy obtained by a direct evaluation. In this case, the
only effect of the chemical potential is to yield a correction
to the thermal mass of the photon [8]. In consequence of
the symmetry of thermal QED [2], the above radiative
corrections do not renormalize the bare zero chemical
potential of the photon.

The complete factorization in the above examples,
which occurs in consequence of the basic relation (5),
can be immediately extended to any one-loop graph. The
difficulty in establishing such a factorization for an arbi-
trary higher-loop graph arises when there are internal
vertices for which the time coordinate 7 has to be inte-
grated over. At finite temperature, 7 as well as the external
times 7; lie in the interval [0, 1/T]. On the other hand, in
the zero-temperature graphs, the internal time needs to be
integrated over the interval [ —oo, 00]. Since the basic ther-
mal operators are independent of the time coordinates,
these may be taken out of the time integral. Then, using

{

the procedure outlined after Eq. (11), the essential step in
proving the factorization of an arbitrary graph consists in
showing that the function

0 )
Voz - |:,/ dr + f dT:|S(0’MI)(7-1 -7 El)
oo 1T
X ’yaS(O’”’Z)(’T — Ty, EZ)D(O)(T - 73 E3) (13)

which appears in the basic electron-photon vertex, is anni-
hilated by the thermal operator

O TH(E,, B, E;) = OF*)(E) O+ (E,) O (E5).
(14)

To show this, we evaluate the 7-integrals in Eq. (13) and
note that the result may be written in the form
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Vo =[1+ e EtmtbmmtBITS(E)S(E,)S(E;)]

o A(E|)YaB(E,) e Eimm
|:El .y’ +E2+#2+E3< 2E,

e Eatua)my p—Esms
X . (15)
2F, 2FE;
Using the relation (3) together with the identities
e*(Ei,u,)/T: HF(F) : —E;/T — nB(EB) } (16)
1 _}’ZIF(E) 1 +nB(E3)

it is now straightforward to show that the thermal operator
given in Eq. (14) annihilates the quantity V, in Eq. (15).
(For more details on such an annihilation mechanism, see,
for example, Ref. [1].) This establishes that for the product
of propagators in the basic electron-photon vertex, which
are integrated over the common time 7, we can extend the
range of integration to the interval [ —oo, o],

With the help of this property, one can prove by using a
procedure similar to the one given in [1] that in the pres-
ence of a chemical potential, an arbitrary N-point thermal
diagram can be factorized in the form

ro = f

where we denote the internal and external three momenta
of the graph generically by k and p, respectively, and
83 (k, p) enforces the three-momentum conservation at
the vertex v. The thermal operator for the graph is given by

d3k 14

(277')363(k p)OTHYOH (17

I !
orm =105 E) T] 05 E). a8)
i=1

j=Ip+1
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with Ip, I being, respectively, the number of internal
fermion propagators and the total number of propagators.
Furthermore, y( ) represents the integrand of the zero-
temperature graph at finite chemical potential, which in-
volves, apart from a product of photon propagators, also a
product of fermion propagators S®#)(r, E;). We note
from (1) that, since SO#)(r;, E;)=exp(r;u;)SO0 (7, E,),
we can moreover directly relate 'yg\(,)’“ ) to the integrand of
the zero-temperature and chemical potential graph y(o 0,
As we have pointed out, the limit w; — u is assumed to be
taken only after the action of the thermal operator.

Thus, we have obtained a thermal operator representa-
tion for QED at finite temperature and chemical potential,
which leads to a simple factorization of the thermal am-
plitudes. This interesting result can be also extended, by
following in a straightforward way the analysis presented
in [2], to a non-Abelian gauge theory. The factorization
property is calculationally quite useful and allows us to
study in a direct and transparent way many questions of
interest at finite temperature. For example, since the ther-
mal operator is independent of the external energies of the
diagram, one can more easily relate the analytic structure
of the thermal graphs to that of the analitically continued
zero-temperature diagrams. This would lead to a simpler
determination of the cutting rules at finite temperature
which will be reported in a future communication.
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