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In this paper, we study the bulk motion of a classical extended charge in flat spacetime. A formalism
developed by W.G. Dixon is used to determine how the details of such a particle’s internal structure
influence its equations of motion. We place essentially no restrictions (other than boundedness) on the
shape of the charge, and allow for inhomogeneity, internal currents, elasticity, and spin. Even if the
angular momentum remains small, many such systems are found to be affected by large self-interaction
effects beyond the standard Lorentz-Dirac force. These are particularly significant if the particle’s charge
density fails to be much greater than its 3-current density (or vice versa) in the center-of-mass frame.
Additional terms also arise in the equations of motion if the dipole moment is too large, and when the
‘“center-of-electromagnetic mass” is far from the ‘“center-of-bare mass” (roughly speaking). These
conditions are often quite restrictive. General equations of motion were also derived under the assumption
that the particle can only interact with the radiative component of its self-field. These are much simpler
than the equations derived using the full retarded self-field; as are the conditions required to recover the

Lorentz-Dirac equation.
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I. INTRODUCTION

Originally motivated by the discovery of the electron,
the behavior of small (classical) electric charges has been
studied in various contexts for over a century. The first
results were obtained by Abraham [1] for a nonrelativistic
nonspinning rigid sphere. This calculation was later re-
peated by Schott [2] and Lorentz [3] within special rela-
tivity, and by Crowley and Nodvik [4] in general
(background) spacetimes. Similar results have since been
obtained by a number of authors for more general charge
distributions [5—11] in flat spacetime. These results have
very recently been extended to curved backgrounds as well
[12]. Still, these derivations did not allow for significant
elasticity, charge-current coupling, and/or rotation.

Detailed reviews of different aspects of the self-force
problem (in electromagnetism as well as scalar field theory
and general relativity) have been given by Poisson [13],
Havas [14], and Spohn [15]. To summarize, though, a
common theme throughout all of these works has been
that the equations of motion describing sufficiently small
particles were found to be independent of the details of
their internal structure to a considerable degree of preci-
sion. Only a few parameters such as the rest mass and total
charge entered into these equations. Ignoring the effects of
spin and internal currents, the apparently universal correc-
tion to the Lorentz force law is given by the well-known
Lorentz-Dirac self-force. If a particle with charge g has a
center-of-mass position z%(5) (with 5 being a proper time),
then this self-force is equal to (using a metric with signa-
ture —2, and units in which ¢ = 1)

2q2(z°(5) + 24(9)28(5),(5)).
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Although this is only an approximation to the full self-
force for any realistic (extended) charge, it is natural to
introduce a new concept into the theory for which it is
exact—that of a point particle. The immediate problem
with this is of course that the self-field diverges at the
location of any pointlike source, which would appear to
imply that its self-force and self-energy are not well-
defined. Dirac [16] removed this problem by noting that
self-forces acting on a structureless particle should only
arise as a reaction to emitted radiation. Letting F¢®

self(+)
denote the advanced self-field and F“ ) the retarded

self(—
one, we can define “radiative” and ‘‘singular’’ portions
b — pab b .
of Flir) = Flairs) T Feetrw)’
b — 1(fab b
gelf(S) - §(Fgelf(—) + F:elf(+))’ (12)
b — b _ pab
F?clf(R) - E(Ffelf(—) F;lelf(Jr))' (1.3)

As the names imply, the singular field contains the entire
divergent part of the retarded field. It is also derived from a
time-symmetric Green function, so it would not be ex-
pected to contain any radiation. The self-force on a point
particle should therefore be determined entirely by the
radiative self-field. Combining it with the Lorentz force
law immediately recovers (1.1) [16].

This prescription is much simpler than any direct deri-
vation of the equations of motion for a finite charge, and for
this reason, it has been generalized to work in curved
spacetime, as well as for scalar and gravitational self-
forces [13,17] (although this is not the only way of “‘re-
normalizing” point particle self-fields [18,19]). As before,
the relevance of these extensions to realistic extended
bodies has also been established in certain special cases.
In linearized gravity, for example, a small nearly-
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Schwarzchild black hole has been found to obey the same
equations of motion as a point particle [13,20]. More
generally, it has been shown that a nonspinning body’s
internal structure is irrelevant to very high order within
Post-Newtonian theory [21]. Still, there remain questions
of exactly how universal these results are. Will a spherical
neutron star in near-equilibrium fall into a supermassive
black hole in the same way as another one that is spinning
rapidly and experiencing internal oscillations [22]; or one
having a mountainous (solid) surface [23]? Such systems
could be important sources for the upcoming Laser
Interferometer Space Antenna (LISA).

Rather than addressing such questions directly, we have
chosen to study the motions of charged bodies in flat
spacetime (in part) as a model problem. The methods
used here were specifically chosen so that very few con-
ceptual changes would be required to consider particles
(charged or not) moving in a fully dynamic spacetime. This
has led to some additional complexity not strictly neces-
sary to solve the problem at hand, although the majority of
the complicating issues have been placed in the appendix.

Our derivation is based on W.G. Dixon’s multipole
formalism [24—28]. This gives a relatively simple, unified,
and rigorous way of understanding the motions of
arbitrarily-structured bodies in both electrodynamics and
general relativity. Despite the fact that Dixon’s theory
decomposes the source functions into multipole moments,
we never ignore any of them. By using generating func-
tions, the entire infinite set is retained throughout all of our
calculations. This only appears to be possible in this for-
malism. The laws of motion that are used are therefore
exact (despite being ordinary differential equations). All of
the approximations that we make are only used to compute
the self-field.

Taking a hybrid point of view where an extended body
can only interact with its radiative self-field, it is found that
the Lorentz-Dirac equation follows for a wide range of
nonspinning charges with small dipole moments. If the
body instead interacts with its full retarded self-field, this
result no longer holds. In this case, the equations of motion
are drastically different if the charge and (3-) current
densities have remotely similar magnitudes in the center-
of-mass frame. Although it is impractical to define exactly
what this means at this point, it will be shown that one of
these quantities must be at least *“‘second-order” compared
to the other in order for these extra terms to vanish. This is
because these cases usually allow the self-fields to do
significant amounts of internal work (e.g. Ohmic heating).
Even when the charge-current coupling in negligible, there
are still extra complications in the retarded case. The
conditions required to generically exclude these and other
complicating effects are derived, and turn out to be surpris-
ingly restrictive.

Sec. II reviews the various steps involved in calculating
the motion of matter interacting with an electromagnetic
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field. Sec. III then summarizes the appropriate definitions
of the center-of-mass and its laws of motion as obtained
from Dixon’s formalism. It also decomposes the 4-current
in a particular way that happens to be convenient in this
framework. Although this reduction is not strictly required
for the current problem, it is adopted throughout on the
grounds that it would be essential in curved spacetime. It is
derived in detail in the appendix, which also contains an in-
depth review of of Dixon’s ideas.

With these basic ideas in place, Sec. IV goes on to derive
expansions for the advanced and retarded self-fields of an
arbitrarily-structured charge using a slow-motion approxi-
mation. Sec. V then combines these results with those from
Sec. III to find general expressions for the self-force and
self-torque. Finally, Sec. VI examines the equations of
motion for certain simpler classes of charges, and derives
some conditions under which the Lorentz-Dirac equation is
applicable.

We use units in which ¢ = 1 throughout. In order to
facilitate a more direct comparison to Dixon’s papers, the
metric is chosen to have signature —2 (although the rest of
the notation used here frequently differs from Dixon’s). We
also assume that the spacetime is flat, and adopt
Minkowski coordinates for simplicity. Latin indices refer
to these coordinates, while Greek ones are triad labels
running from 1 to 3.

II. THE PROBLEM OF MOTION

In studying the dynamics of any system in a classical
field theory, one has to specify ‘“laws of motion”’ for both
the field and matter variables. In our case, the only field is
of course the electromagnetic one, F? = Flab] Ag usual,
this is governed by Maxwell’s equations

9, Fab = Ja, Q2.1

ola pbel = (2.2)

We assume that the matter in our problem is completely
described by its stress-energy tensor 7% and 4-current
vector J¢. Taking the divergence of (2.1) immediately gives
our first constraint on these quantities:

9,09 = 0. (2.3)

This equation acts as one of the laws of motion for the
matter fields. The other is derived from the requirement
that 9,(T% + T4) = 0, where T¢ is the stress-energy
tensor of the electromagnetic field. Combining the stan-
dard form of T2 [8] with Maxwell’s equations then shows
that the matter moves according to

9,T% = —Fabj,. (2.4)

(2.1),(2.2), (2.3), and (2.4) are essentially the entire content
of classical continuum mechanics in flat spacetime. Of
course, different types of matter do not all move in the
same way, so these equations by themselves are not suffi-
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cient to determine 7% and J¢ for all time (even if the F*
were given). One also needs to specify something analo-
gous to a (generalized) equation of state, which can take on
a rather unwieldy form.

This sort of procedure is the standard one in continuum
mechanics. Unfortunately, the resulting nonlinear partial
differential equations are notoriously difficult to solve.
Such a detailed description of the system should not really
be required, however, for problems where we are only
interested in the body’s bulk motion. In these cases, a
representative world line could be defined inside the (con-
vex hull of the) spacelike-compact support of 7%, Given
that this world line can always be parametrized by a single
quantity, its tangent vector might be expected to satisfy an
ordinary differential equation—at least when using certain
approximations. Solving such an equation would clearly be
much more straightforward than the partial differential
equations that we started with.

This sort of simplification is one of the main motivations
behind the many (source) multipole formalisms in the
literature [8,29]. In these, one first fixes some particular
reference frame which has, among other properties, a
preferred time parameter s. The quantity being ex-
panded—say J%(x)—can then be written in terms of an
infinite set of tensors depending only on s: Q9(s),
Q%(s), ... The reverse is also true. Given J¢, there is a
well-defined way to compute any moment. The set {Q-} is
therefore completely equivalent to J¢. This implies that the
conservation equation (2.3) may be used to find restrictions
on the individual moments.

Such restrictions depend on the precise definitions that
are being adopted, but can usually be divided into two
general classes. The first of these consists of purely alge-
braic equations imposed at a fixed value of s. We call these
the constraints. There are also a number of evolution
equations which usually take the form of ordinary differ-
ential equations. Multipole expansions can therefore be
used to convert (2.3) and (2.4) into a number of algebraic
and ordinary differential equations (without any
approximation).

This does not actually simplify things as much as it at
first might appear. The reason is that almost all definitions
for the source multipoles will lead to an infinite number of
(coupled!) evolution equations. This is often dealt with in
practice by assuming that all moments above a particular
order are irrelevant, which leaves one with only a finite
number of evolution equations. There are, however, inter-
esting questions that require knowing the higher moments.
J4 (or T“%), for example, cannot be reconstructed without
them. This means that the self-field cannot be calculated in
the near zone from only the first few moments. Although
the self-force and self-torque can be found in certain cases
by examining energy and momentum fluxes in the far zone
[13,16,20,30] (which can be adequately approximated us-
ing only a finite number of moments), this is considerably
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less accurate than integrating the force density throughout
the charge’s interior.

For these reasons and others, it is desirable to define a set
of multipoles that do not require any cutoff. Remarkably,
such a set exists [24], and is essentially unique [27].
Without any approximation, moments for both J¢ and
T can be defined which satisfy a finite number of evolu-
tion equations. There remain (uncoupled) constraint equa-
tions for each moment, although these are easily solved.
We adopt this formalism due to Dixon for the remainder of
this paper. Its net effect is to allow us to relate the motion to
the fields in a more rigorous way than is usually done (short
of directly solving (2.3) and (2.4)). It does not, however,
have anything to say about the fields themselves. We there-
fore obtain the self-field in a standard way, and then use
Dixon’s equations to find how the matter moves in re-
sponse to it.

III. LAWS OF MOTION

As noted, we use Dixon’s method [24-28] to decom-
pose J¢ and T“® into multipole moments. Each of these sets
is designed to describe as simply as possible all possible
forms of J¢ and T% satisfying their respective conserva-
tion equations. We first assume that these matter fields are
at least piecewise continuous, and have (identical) supports
W. Any intersection of a spacelike hypersurface with this
worldtube is assumed to be compact.

Now choose a timelike world line Z C W, and a timelike
unit vector field n?(s) defined on Z. It is assumed that this
is always possible in any physically interesting system. Z is
then parameterized by the coordinate function z%(s), and
the tangent vector to it is denoted by v¢(s) := dz%/ds =:
z%(s). v* need not be equal to n?, although it will be
convenient to normalize s such that n“v, = 1 (so v¢v, #
1 in general). v“ is called the kinematical velocity, while n¢
is the dynamical velocity. The set {Z, n%} then defines a
reference frame for the definition of the multipole mo-
ments. At this point, it should be thought of as arbitrary,
although physical conditions will later be given that pick
out a unique ‘center-of-mass’ frame.

A collection of spacelike hyperplanes {2} can easily be
constructed from Z and n“. Each 2 (s) is to pass through
z%(s), and be (everywhere) orthogonal to n(s). Assume
that any point in W is contained in exactly one of these
planes. Unless n“ is a constant, it is clear that this property
cannot be true throughout the entire spacetime. For x €
S(s)NW, we must therefore have that max|n®(s) X
(x — z(s)),] <1 (among other conditions), which gives a
weak restriction on the body’s maximum size. It is not
really important, though, as any reasonable type of matter
would be ripped apart long before this condition was
violated.

The main results that we need from Dixon’s theory at
this point are his definitions of the linear and angular
momenta. These disagree with the usual ones when either
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J or F are nonzero, although it is still convenient to
label them by p“(s) and S°®(s) respectively. Unless other-
wise noted, the words “‘linear and angular momenta” will
always refer to the quantities [24,25]

pi(s) = [ dE,,|:T“b + Jr, fl du Fe(z(s) + ur)}
S(s) 0
3.1

Sab(s) = 2[ d20|:r[‘1T”]c
3(s)
1
+ Jcrd/ du urla FbM(z(s) + ur)i|, (3.2)
0

where r: = x — z%(s), and u is just a dummy parameter
used to integrate along the line segment connecting z%(s) to
x7 = z%s) + ro.

Detailed motivations for these definitions can be found
in [24,25,27], as well as the appendix. In short, though, it
can be shown that the given quantities are uniquely deter-
mined by demanding that stress-energy conservation di-
rectly affect only the first two moments of 7% (once the
concept of a moment has been defined in a reasonable
way). If p¢ and §° are known in some time interval and
satisfy the appropriate evolution equations, the class of all
stress-energy tensors with these moments can be con-
structed without having to solve any differential equations.
Each of these will exactly satisfy (2.4).

This property implies that evolution equations for the
quadrupole and higher moments of the stress-energy tensor
are nearly unconstrained. They can be thought of as the
“equation of state’” of the material under consideration.
This type of independence of the higher moments from the
conservation laws also occurs in Newtonian theory [28],
and there are considerable advantages in preserving as
much of that structure as possible in the relativistic regime.
In particular, there is no need to discard multipole moments
above a certain order. The choices (3.1) and (3.2) allow us
to retain many of the conveniences of a multipole formal-
ism without its classic limitations.

The same definitions for the momenta can also be mo-
tivated by considering charged particles in curved space-
time [25,28]. There, one can study the conserved quantities
associated with Killing vectors in appropriate spacetimes
(where both the metric and electromagnetic field are as-
sumed to share the same symmetries). Fixing Z and n“(s)
allows each such quantity to be written as a linear combi-
nation of vector and antisymmetric rank 2 tensor fields on
Z. Crucially, the definitions of these quantities do not
depend on the Killing vector under consideration, so we
can suppose that they are meaningful even in the absence
of any symmetries. If the metric is taken to be flat, these
objects reduce to (3.1) and (3.2) [25]. They are therefore
the natural limits of what would generally be referred to as
the linear and angular momenta of symmetric spacetimes.
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It is now convenient to define a coordinate system on W
that is more closely adapted to the system than the
Minkowski coordinates used so far. First choose an ortho-
normal tetrad {n%(s), e%(s)} (a =1,2,3) along Z.
Requiring that each of these vectors remain orthonormal
to the others implies that

e% = —nnyeb, 3.3)

which is essentially Fermi-Walker transport. A spatial
(rotation) term may also be added to this, although our
calculations would then become considerably more tedi-
ous. On its own, the choice of tetrad has no physical
significance, so we choose the simplest case.

Since it was assumed that {3} foliates W, any point x €
3.(s) N W may now be uniquely written in terms of s and a

“triad radius” r¢
x4 = ed(s)r* + z%(s). (3.4)

Varying r® with a fixed value of s clearly generates 2(s).
Also, the Jacobian of the coordinate transformation (x%) —
(r%, 5) is equal to the lapse N of the foliation,

N(X) =1- fla(s)ra,

=1— n,(s)ed(s)r*.

(3.5)

We will be extensively transforming back and forth
between these two coordinate systems, so it is convenient
to abuse the notation somewhat by writing f(r%, s) = f(x%)
for any function f. The intended dependencies should al-
ways be clear from the context. It is also useful to denote
quantities such as n,e% by n,. Note that in this notation,
ii, = i ed # dn,/ds.

Using these conventions, it is natural to split J¢ into the
charge and 3-current densities seen by an observer at » = 0
(the ““center-of-mass observer’)

(3.6)

It is then shown in the appendix that there exist ‘“poten-
tials” ¢ and H* which generate J¢ through the equations

(3.7)

J¢ = pn® + e%j°.

p=0,(r"),

J¥=NT[H* + vPas(r*e) — ¢l (3.8)

Denoting the total charge by g and letting |r|*: =
—-r%r, =0, ¢(r% s) was found to be continuous, and
equal to g/4|r|® outside W. Similarly, H*(r?, s) is given
by (A40) outside W, and is piecewise continuous in r8. H®
also satisfies 9,H® = 0. These properties guarantee that
J% has support W, and is everywhere continuous. A direct
calculation also shows that

5
9,9 = N—lnb<a— - uﬂaﬁ>ﬂf + 0,5, (3.9)
S

=0, (3.10)
as required by (2.3).
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Any physically reasonable current vector can now be
constructed by choosing potentials satisfying these rules. A
physical interpretation of one’s choice is then given by
substitution into (3.7) and (3.8). For example, a uniform
spherical charge distribution with time-varying radius D(s)
is described by (assuming n* = v%)

B 3 D(s) B
o(r9)= 5 O 1+ (7Y € - D) |
(3.11)
H4(r,s) =0, (3.12)

where O(-) is the Heaviside step function. (3.7) and (3.8)
then show that the tetrad components of J¢ are

3q
p(r,s) = D O(D — |r|), (3.13)

ja(r’ S) — 3qra <D(S)

47N(r, s)D3(s) \D(s)

It is also clearly possible to calculate ¢ and H from any
given J¢. This requires inverting (3.7), which acts as a
partial differential equation for ¢ on each time slice. The
solution to this equation would usually have to be obtained
numerically, which is clearly inconvenient. Largely for this
reason, we shall consider ¢ and H* to be the given quan-
tities for the remainder of this paper. J¢ can be derived
from them using operations no more complicated than
differentiation.

Another reason for this unconventional choice is that ¢
and H“ contain all of the multipole moments of J¢ in a
natural way. As shown in the appendix, they are closely
related to the Fourier transform of a generating function for
these moments. An arbitrary current moment can be ob-
tained essentially by differentiating the inverse Fourier
transforms of the potentials a suitable number of times.
For example, (A1), (A24), (A30), (A31), and (A38) can be
used to show that the dipole moment has the general form

a p— 3 a b] _ q
Q b — ]d3r|:2n[ eBrBN<gp(r, S) W)

)@(D(s) ). (3.14)

+ e?,e%l:laﬂ(r, s)} (3.15)
where H*# = [Pl is defined by
He = 59, (3.16)
Given (A40), we let
[a,B]
- quter
HB = 3.17
2l G17

outside W.
For the example given in (3.11) and (3.12), the dipole
moment is equal to
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0% = lgD*(s)nlRbl. (3.18)
This might have been expected to vanish in spherical
symmetry, although it should be noted that it is only non-
zero when sphericity is being defined in an accelerated
reference frame.

These constructions can now be used to simplify the
definitions of p“ and S%. Letting 7*: = ur®, the electro-
magnetic term in (3.1) is equivalent to

fd3f effBF“h(f, s) fl du u=*p(¥/u, s). (3.19)
0
But (3.7) shows that
1 1 d
f duu=*p(¥/u, s) = —f du —[u_3<go(?/u, s)
0 0 du
. q
w7} 320
( (7, 5) = ppe |3> (3.21)

so (3.1) and (3.2) can be rewritten as

pt = fd3r[T“bnb —( gy |3>r eCF“C} (3.22)

Sab = 2[d3r[r“e[of’Tb]cnc

- <¢> - ﬁ)r elr egl Fb]ci| (3.23)

We now need evolution equations for these quantities,
which are most easily obtained by direct differentiation.
For any function I°(x), relating the x-coordinates of
(r®, s + ds) to those of (r%, s) shows that

d
L gz, = ] & i, 17
ds Js

+ (v — nn,r*)a.(n,1%)]. (3.24)

If 7% vanishes outside of some finite radius, this expression
simplifies to

i[ dEblb(x)zfd3r NI,
ds Js(s)

(2.4), (3.22), and (3.23) can now be used to show that

d q
@ =— | ErINF®J, + — JF
g f { ’ as[(‘” 4 ||3>” ﬂ

(3.26)

(3.25)

and
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Sab = —2fd3r{Nr“eEbe]CJC + v[“Tb]CnC

ar
+ — (go— 4

35 L(¢ = e oetre i |}
N o\r

= 2pleytl — 2 f d3r{Nrae[;Fb]ch

Jar q [a ]
+ — — Ly el raeld bl
6s_<¢ 47T|r|3> vee

_ q a blc
+ (gp W)r),d’v[ FP?] }

3.27)

If the momenta had been defined in the usual way, the (¢ —
g/4|r|?) terms would be absent from these expressions.
The extra complication in the present case derives from the
electromagnetic couplings in (3.1) and (3.2).

Unsurprisingly, (3.26) and (3.27) can be directly related
to the monopole and dipole moments of the force density
Fe],. Denoting such moments by ¥“(s) and W(s)
respectively, it is possible to prove (A56) and (A57). It is
then natural to refer to — W4 as the net force, and —2Wla?]
as the net torque acting on the body. Viewing these quan-
tities as force moments allows one to derive (A61) and
(A62). But these results are no different than (3.26) and
(3.27). If desired, the reader may therefore view W* and
Wlabl to be defined by (A56) and (AS57).

In cases where F” varies slowly in the center-of-mass
frame (both spatially and temporally), the expressions for
the force and torque can be expanded in Taylor series
involving successively higher multipole moments of the
current density (denoted by Q). Deriving such equations
would be awkward using the methods introduced in this
section, so we simply refer to (A63) and (A64). Despite the
peculiar definitions of the current moments being used,
these expansions are exactly what one would expect out of
a multipole formalism, and can therefore be considered a
check that Dixon’s definitions are reasonable.

In most cases where (A63) and (A64) are any simpler
than the exact expressions for the force and torque, only the
monopole and dipole moments will be significant. These
moments can be computed from (A13) and (3.15), respec-
tively. In the limit that the particle is vastly smaller than
any of the field’s length scales, only the monopole moment
will enter the equations of motion. In this case, the force
reduces to the standard Lorentz expression and the torque
vanishes, as expected.

The final ingredients required to complete this formal-
ism are unique prescriptions for Z and n¢. Simply knowing
the linear and angular momenta at any point in time does
not necessarily determine the body’s location in any useful
way. The problem is compounded by the fact that these
quantities are strongly dependent on the choice of refer-
ence frame itself. Indeed, without knowing where W is, it is
essentially impossible to specify J¢ in any meaningful way.
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These problems can be removed by choosing Z and n¢
appropriately, and then assuming that the resulting world
line provides a reasonable representation of the body’s
“average’ position. Following [25,27,28,31], we first as-
sume that for any point z € W, there exists a unique future-
directed timelike unit vector n¢(z) such that

p(z;n) = M(z; n)n“(2),

for some positive scalar M. Here, we have temporarily
changed the dependencies of p“ and n* for clarity. It is
seen from (3.1) that p® depends nontrivially on both the
base point z, and on n?, which defines the surface of
integration. (3.28) is therefore a highly implicit definition
of n“.

In any case, another condition must be also be given to
fix z. We want this to lie on a ‘center-of-mass line’ in some
sense, so it would be reasonable to expect the ““mass dipole
moment”’ defined with respect to it to vanish:

(3.28)

nyn 19 = 0, (3.29)

where 1%%¢ is the full dipole moment of the stress-energy
tensor. This is defined by (A47), so (3.29) is equivalent to

n,(z)§*(z;n) = 0. (3.30)

The integral form of (3.30) reduces to the standard center-
of-mass condition when F® =0 and n¢ = v® It also
allows us to write the angular momentum in terms of a
single 3-vector S¢

Sab = eabedy § (3.31)

Of course, both of these properties would also have been
satisfied by instead requiring v,S% = 0. We reject this
choice due to the fact that it leads to nonzero accelerations
even when F® = 0 [32]. Replacing v by n® avoids this
peculiar behavior, which we consider to be an important
requirement for anything deserving to be called a center-
of-mass line. It also seems more natural to define the mass
dipole moment in terms of n¢ rather than v*.

For the remainder of this paper, we assume that (3.28)
and (3.30) are always satisfied, and call the resulting Z and
n?(s) the center-of-mass frame [25,28,31]. It is not obvious
that solutions to these highly implicit equations exist,
although existence and uniqueness have been proven in
the gravitational case [33]. There, it is also true that (given
certain reasonable conditions) Z is necessarily a timelike
world line inside the convex hull of W. We assume that the
same results extend to electrodynamics.

The uniqueness of these definitions is actually not very
critical for our purposes. The important point is that a
solution with the given properties can presumably be
chosen for a sufficiently large class of systems. While it
is clearly very difficult to find the center-of-mass directly
from 79, J¢, and F“, it is relatively straightforward to
simply construct sets of moments which automatically
incorporate (3.28) and (3.30). (3.7) and (3.8) show, for
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example, that these definitions do not have any effect on
our ability to construct arbitrary current vectors adapted to
them. There is nothing preventing the moment potentials ¢
and H* from being appropriately centered around r* =
Although it is not obvious that this can also be done for the
stress-energy tensor, we conjecture that it can.

Now that (3.28) and (3.30) have been assumed to hold,
we need evolution equations for M, n“, and z%. These are
easily found from (A56) and (A57):

M= -n"¥, (3.32)
Mi® = —hgW?, (3.33)
M(v® — n®) = S5, — 2Plably, (3.34)

where £ is the projection operator 63 — n“n,. Note that
the last of these equations shows that n¢ = v if the spin
and torque both vanish.

In general, (A57), (3.32), (3.33), and (3.34) may be used
together to find the motion of the body’s center-of-mass in
terms of W¢ and W0l Once the field is known, these
quantities follow from (A61) and (A62). Some recipe for
evolving the dipole and higher current moments in time —
most conveniently expressed in terms of ¢ and HY—is
also required. Combining all of these elements together
leaves us with a well-defined initial value problem that will
determine z%, n®, M, S?, and J°. If the stress-energy tensor
is also desired, possible forms of it could in principle be
constructed from (A51) and (A54) in the same way that J¢
was derived from ¢ and H*. Combining all of these steps
would completely characterize the system, although we
shall omit the last one. The result is still sufficient to
answer most questions that one would be interested in
asking of a nearly isolated particle.

IV. THE FIELD

It is clear from the previous section that the equations of
motion will easily follow once W* and W] are known.
These depend on the field, which we now calculate. For a
reasonably isolated body, it is first convenient to split £
into two parts

Feb = F&h + Fb. “.1)

The external field is assumed to be generated by outside
sources, while the self-field is entirely due to the charge
itself. Since (A61) and (A62) are linear in F¢’, the force
and torque can also be split up into ““self”” and “‘external”
portions.

In Lorenz gauge, the vector potential sourced by the
particle is given by [8]

A@m=—]&wmwwmmx “2)

where
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o(x, x') = x — x)(x — x'),, 4.3)

is Synge’s world function [13,34]. In realistic systems, this
potential will couple to the external one via the outside
matter fields. These may act as reflectors or dielectrics, or
there may be an n-body interaction where the self-fields
influence the motion of some external charged particles
(obviously affecting the fields in W). Although it would be
reasonable to group together all portions of F® causally
related to our particle in some way as the “‘self-field,” this
would be impossible to do with any generality. Instead, we
simply define the F4%; to be the field derived from (4.2) in
the usual way (this differs from the point of view taken in
e.g. [35]). The interactions of the self-field with the outside
world will all be categorized as “‘external’ effects that we
presume can be accounted for by separate methods.

If all of the external matter is sufficiently far away from
W (and slowly varying), F¢% will be approximately con-
stant within each 2 (s) N W slice (and from one slice to the
“next”). W4, and \Ifg‘,lf] can therefore be approximated by
(A63) and (A64) in these cases. Finding the self-force and
self-torque is more complicated. For this, F%; has to be
combined with the exact integral expressions for the force
and torque—(A61) and (A62). The detailed structure of
the self-field must therefore be known throughout W.

This easily follows from A%,

a J— a b
Fse}if(x) - 26[ Asglf’ (44)

— [ A8 (o) (x — 2l g

Writing x in terms of (r¢, s), and x’ in terms of (+'#, 7), and
defining o (x, x'): = do/d7, F%, becomes

1 d[N

ab — 3 | — [a yb]

i) 2[ ‘ r/{ldl dr[d'(x R ”_
4.5)

T4+ (> s) represents the advanced time, and 7_ the re-
tarded one. These are found by solving o (x, x') = 0 with x
and ' held fixed.

Although we only consider the retarded field to be real,
the advanced solution is also retained for now. This allows
us to later construct the radiative self-field, which is con-
siderably simpler than the full retarded field. It would be
quite convenient if the self-forces generated by the two
fields were identical (as Dirac assumed for point particles
[16]), although we will show that this is not true in general.

Returning to the explicit form for F g‘e’if, splitting up J*
according to (3.6) shows that

065006-7



ABRAHAM 1. HARTE

N .
Fféif(x)=2 &r——1p (x — x/)lapbl — g+N71ii“rﬁ1
: odled o

(x — x)lanb) — v[“nb]} + plx—x)en?]

_ja[(x xe h]< +N~ n'BrB>

+ 71 (x — )b+ (Nnle + (- v)[“)eg]:|

+ /% —x’)[“ei]}. (4.6)

Here, j*(r/, 7) := 9j*(¥, 7)/07, which differs from our
usual convention (e.g. n%(7) := e%(7)dn*(7)/d7).
Moving on, (4.3) implies that

o(x, x') = =(N(, )n®(7) + (h - v)*(7)(x = x),,

(4.7
and
h-v)e
g(x, x') = N> + v, — <Nr'1" — n”iiﬁrfg + 7(1( v) )
dr
X (x — x'),. 4.8)

If we now specify how ¢ and H® vary in time (which
determines p and j*), we would have all of the ingredients
necessary to find the body’s motion without any approxi-
mation. Unfortunately, inserting (4.6) into (A57), (A61),
(A62), (3.32), (3.33), and (3.34) leads to a set of delay
integro-differential equations for the object’s motion. Such
a system would be extremely difficult to solve (or even
interpret) in general, although it could be a useful starting
point for numerical simulations. It might also be interesting
analytically if one were looking for the forces required to
make a body move in some predetermined way (e.g. a
circular orbit).

Such questions will not be discussed here. We instead
consider the simplest possible approximations that allow
us to gain insight into a generic class of systems. In
particular, it is assumed that all of the quantities in (4.6)
which depend on 7. may be written in terms of quantities
at s (via Taylor expansion). This requires that nothing very
drastic happen on time scales less than the body’s light-
crossing time. This is not as trivial a condition as it might
seem to be (see e.g. [36]), although we will not attempt to
justify it.

Expressing everything in terms of s rather than 7. first
requires calculating A, = s — 7. 7. was defined by
o =0, so A, can be found by Taylor expanding this
equation in A .. Assuming that both n¢ and v“ are at least
C3 in time for s € [7-, 5],

ea(72) = e4(s) + Arn(s)rig(s) — A% (11(5)7n (s)

+ n4(s)iig(s)) — 1AT e (£D), 4.9)
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2%(74) = 79(s) — AL v9(s) + %Azi v(s) — %Aii)“(s)
+ LAL (), (4.10)

where §(1) and 5(2) are some numbers between 7. and s.
Then (3.4) shows that

(x—x)=es(r—r)*+ A (Nn%+ (h-v)%)

+ 1A% (ni®r), — Na“) + (ALi. (4.11)
Everything here has been written in terms of s, and all
terms involving quantities such as |n|3, |ii|?, liil, | - v]?,
and |v — 51| have been removed. Since |A.|~ |r — 7|,
these terms can be reasonably neglected if |ii|R? <«
lii|R? < |n|R <« 1, and |v — n|R < |h-v| < |a|R,
where R := max(|r|, |F/]). In a sense, we are expanding
up to second-order in powers of |2| R, and up to first order
in |v|.

The requirement |7|R < 1 must hold for all (r, r)
pairs, so it is useful to define the largest possible value of
R. We call this the body’s “radius”

D(s): = 2max [7].

(4.12)
(s)nW

Using it, |[n|R < 1 implies |n|D < 1. This technically
restricts the allowable size of the charge, although very few
reasonable systems would actually be excluded.

Interpreting the relation satisfied by (& - v)¢ (= v9 —
n“) is not quite as simple. Given (3.34), it is roughly
equivalent to assuming that spin effects are present only
to lowest nontrivial order. This is not completely accurate,
though, and more precise statements will be given in the
following section.

In any case, the inequalities following (4.11) will be
assumed to hold from now on. Using them to expand o =
0, we find that

R2 := |r — r'|2=
+ 1AL (r + 21, +

AL[2v%(r — 7)), + ALN(r, s)N(, s5)
LA3]al?] (4.13)

All but the second term here is already ‘small,” but not
quite negligible in our approximation. The zeroth order
expression for A, (= FR) may therefore be substituted
into each of these terms without any overall loss of accu-
racy. The resulting equation is easily solved:

+=FR[1+ 2n (r+ r’)“— ) nﬁrar”giéRn“(r+2r’)
+ ﬁRzn Mg +%(n“(r+ M)? =R Ww(r—1r),]

(4.14)

where everything is evaluated at s.

Although it would still be straightforward at this stage to
compute the exact error in (4.14), it is not necessary.
Dimensional analysis shows that the neglected terms
have magnitudes |ii|R*, |i|*R?3, |d(h - v)/ds|R?, |d*(h
v)/ds*|R3, |h - v|*R, and so on (where each of these can
be evaluated anywhere in the interval [7+, s]).
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Continuing to expand quantities appearing in (4.6), a
long but straightforward calculation shows that (4.7) and
(4.8) can be approximated by

o= *R[1 —3a%(r + '), — §(%(r — 1'),)?

F AR (r + 2r), + §R2|Al7], (4.15)

and
g=~1—n%r+r), * Ri(r+2r), + r'z"‘ﬁﬂrar’ﬁ

+ 1R?|A|% (4.16)

Looking at (4.6), the charge and current densities are the
only quantities that have not yet been expanded away from
7+. It is instructive to temporarily leave them like this
while still expressing all of the other quantities needed to
compute the field in terms of objects at s. The resulting
expression is quite long, so we break it up into several

smaller pieces by writing F? Self(+) in the form

1
F:lel;f(i) = 2 fd3r/ﬁ(p(r/) Ti)fgll; + (’,./’ Ti)f(azla

- jﬂ(rly Ti)f?—}?:;) + jB(rl! Ti)f?—}?4)) (417)

The definitions of each of these coefficients is obvious
from comparison with (4.6).

Before computing them, we first simplify the notation by
defining a quantity T(s) > 0 such that 7~! remains (mar-
ginally) less than |7l, [i|'/2, | - v|'/2/D, etc. This is useful
because a number of different objects were assumed to be
negligible in this section. Some of these may be much
larger than the others, so using them to write down error
estimates would become rather awkward. Introducing T
removes this difficulty.

Along the same lines, we also define e: = D/T < 1. A
simple but exceedingly tedious calculation then shows that
|

f BM@) —

—(r— r’)“ea

+ éRiiV(Sr +r), — LZR*AlP =R (r—r),]1— (h- v)[”eZ]R x

+ o([e(R/D)PR?).

A. Approximations

At this point, it is useful to consider the physical mean-
ing behind our approximations more carefully. Although
error estimates have been given for f ﬁ”)— f 2’(’4), the important

errors are those in F%.. Unfortunately, the unbounded
integrand in (4.17) makes it difficult to compute these
rigorously. We shall simply assume that J¢ is sufficiently
homogeneous that dimensional analysis can be used to say,
for example, that the absolute value of the error in

~ *+R{(r — r)%ey La b][l + n'Brﬁ + (n'grr,;)2 * anﬂ(Zr +1r)g —

n?ligR(1 + 1Y 3r + 1),) — n[”eB]R[l
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the coefficients in (4.17) are equal to

Fih === ) ekn 1+ 5 (r = 1) = LB (= 1) g
+14iB 7 rg(r— '), + LRI+ R (r — 1) el i)
- %Rzn[ailb](l + %ﬁﬁ(:),r —1)g) = %R3ﬁ[”nb]

+o0(e(R/D)PR), (4.18)

f(z) ~ +R{(r — r’)“ nb[1 +
* 1RiiP(2r + 1) g — R?|AI?] =
+(r— r’)”‘ea APIR(1 + %r'lﬁ(3r + VI)B)
+ IR?nlanb)(1 + 27Prp) — dnleiibIR3
— (h - v)l“nIR} + o([e(R /D)PR?),

iWPrg + (1Prp)?

IR*(r — ) eldjib]

(4.19)

f%%) ~(r—r)%eyq La b][l + n7(r —r), - é(r'z"(r — r’)y)2
+ %fz"h)‘ry(r —r'),+ §R2|n|2]
+ %Rziz’ﬁ(r — r’)aegfnb] + %Rzr’zﬂ(r — r’)ae[fﬁb]
+ n[“e%]R2(%ii7(r —r), ¥ %eril2 —R %Y (r— r)y)
+AR Al (1 + 17 (3r — 1)) = 1R%iile )

+o(e(R/D)PR), (4.20)

el (nPig — nPlii )

— L (r + )2+

RMAIPTF IR (r —
+1rY(3r—r), ' ntr,(2ry + 1))
%r’l[“eg]Rz(l +2i7r,) — %R3ii[“ez]}

4.21)

{
[d& p(r, 7-i,)ff‘1b)/R3 is less than about

€’ max|p|D. 4.22)

With this established, we can also use the assumptions
outlined in the previous section to provide bounds on the

force and torque. Combining |72| < 7! with (3.33),
|We| < MT™ 1L (4.23)

Since T >> D, this means that the particle cannot be accel-
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erated up to an appreciable fraction of the speed of light

within a light-crossing time—a very reasonable
restriction.
Differentiating (3.33),
Mii® = =W — 2Mne. (4.24)
Generically, this implies that |ii] < T2 can be ensured by
assuming
M| <MT™!, (4.25)
|Wo| < MT2. (4.26)

Differentiating (3.33) a second time and using (3.32), we
also have that

M| < MT™2, 4.27)
|| < MT3, (4.28)
In, ¥ < MT2. (4.29)

Similar restrictions on the spin and torque can be found
by using (3.34). In particular, |v| will remain less than € if

|S«B| := |S¥| < eMD, (4.30)

|Wlableap, | < €2M. 4.31)

Differentiating (3.34), | — v|D < € is implied by
|Wlebl] < eM, (4.32)

[plebleap, | < eMD. (4.33)

Although weaker restrictions than these can be adopted
in special cases, we assume for simplicity that they always
hold. More concisely, we are restricting ourselves to sys-
tems where the magnitude of each tetrad component of the
(full self + external) force is bounded by about MT !, and
the magnitude of each torque component is no larger than
€’M. Bounds on the s-derivatives of these quantities are
suppressed by appropriate factors of 7. These conditions
basically mean that the body can only change significantly
over time scales larger than 7. (4.30), for example, implies
that this time scale sets a lower bound on the charge’s
rotational period.

These interpretations should not be surprising.
Unfortunately, though, they are quite not as simple as
they appear. Combining them with (A61) and (A62) can
lead to less obvious bounds on the structure of J¢ itself.
One of these affects the size of the particle’s dipole mo-
ment. If the self-torque is small compared to the external
one, then the magnitudes of

Ol FEY, nae5, 00 FEY, nael QF  FE, elfef'n n 0 FL4
(4.34)
should all be less than about €>M. If ¢ is negligible, these
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conditions ensure that both the force and torque are suffi-
ciently small.

In most cases of interest, though, ¢ # 0. Bounding the
quantities in (4.34) then guarantees only that the torque is
acceptable. The (full) force will often be dominated by the
monopole component of W<, in which case (applying
(4.23) and (4.25))

MT™ ! > |gen,F3%|, (4.35)

> lqugFal] (4.36)

Since vy is small, this second bound allows the magnetic
field to be quite large. Despite this, we choose to assume
(purely for simplicity) that both the electric and magnetic
fields are bounded by M(|g|T) ™. If the fields are in fact as
large as these equations allow, then the previous bounds on
the dipole moment imply that

|0*#| =< €lqlD, (4.37)

along with a similar restriction on |Q%’e%n,,|. This implies
that the ‘center-of-charge’ must be very close to the center-
of-mass, which considerably reduces the number of current
distributions that we can allow. Note, however, that these
assumptions could be relaxed somewhat if extra conditions
are placed on the sizes of the field components.

To find some other implications of our approximations,
we now study a particular example in detail before moving
on to computing general self-forces.

V. SELF-FORCES

A. Stationary case

It was shown in the previous section that (4.17), (4.18),
(4.19), (4.20), and (4.21) approximate the self-field due to a
charge with an (almost) arbitrarily accelerating center-of-
mass line. These equations become exact when 7Y = (0 and
n® = v?. Temporarily assuming that these conditions are
true,

Fab o (x) = j &L= Pedin(p(r, 72)

F Rp(r, 7'+)) — (r — r)2eld eB (]B(I" T+)

+ RjP(r, 7.)) + nle}R2jA(r, 7.)],
(5.1

where 7. = s * R.

One might at first think that the self-forces generated by
this field would be identically zero, but this is not generally
correct. Anything emitting a focused beam of radiation, for
example, will experience some recoil. It will also lose a bit
of mass over time, and can even start rotating if the the
beam is offset from the source’s center-of-mass. These can
all be thought of as self-force and self-torque effects, and
clearly do not require v # 0.
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Since (5.1) is exact, one could compute self-forces and
self-torques for a variety of systems without any approxi-
mation. If these were nonzero, the assumptions leading to
(5.1) would not be maintained unless there were also
external forces and torques present that exactly balanced
them. Such a situation would be rather artificial, so we
instead apply the approximations of Sec. IV, and use the
resulting self-force and self-torque to gain some intuition
into more general cases.

Assuming that |¢| > |¢|D > || D?, except perhaps at
isolated points, one can show that

1 .
‘I’;’elf(t) ~ fd3rd3r’F {Rzp(r, S)YH(7', 5)
1 .
= 2r = 1 Hylr, )3P0, 9) T RAP(, )

() = s = g

47|73

= 84(r — r)r, JHA(Y, s)}, (5.2)
to first order in ¢ and H¢. This illustrates that W< is
bounded by ¢ HD® (meaning max|¢| max|H|D?), oHD?,
or HHD> (whichever is largest). If H* is very small
compared to ¢, then the lowest order contributions to the
self-force can be shown to be of order ¢ @D°.

It is then clear that unless the system is particularly
symmetric, self-forces with these magnitudes are unavoid-
able. They would considerably complicate the equations of
motion when considering nonzero center-of-mass acceler-
ations, so it would be convenient to ignore them. This is
self-consistent with the approximations already in place if
the charge’s “elasticity’’ is bounded by

oD < €%, 5.3)
»D? < € ¢, (5.4)
HD < €*H. (5.5)

If these relations hold, the self-force becomes negligible
whenever n¢ = 0 and n® = v“; i.e. a charge at rest will
remain at rest unless acted on by an external field. For this
reason, all of the calculations that follow will assume (5.3)
and (5.4) to be true. (5.5) is extremely simple to relax, so it
will be eventually be replaced with HD < €*H. The inter-
ested reader could easily weaken these conditions even
further, although we regard the extra complication to be
unnecessary for the present purposes.

In writing down (5.1), both 7% = 0 and n* = v* were
required. This second condition was adopted here for
simplicity, although it is by no means “natural.” Given
(3.34), it can only hold if Wllp, = 0. But combining
(5.3), (5.4), and (5.5) with (A62) and (5.1) shows that this
portion of the torque is usually nonzero even if ¢ = H* =
0. Generically, one finds that Wl*’ln, will only be small if
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either ¢ < H or H K< ¢. n® =~ v? is not a particularly
important requirement, so we choose not to impose these
restrictions on the current structure. In general, then, n® #
v* even when n? = 0 (and ¢ can be of order H).

Of course, |n — v| = |v| still cannot exceed €2. As was
already shown, this remains true if each tetrad component
of Wlbl is bounded by €>M (and |S| < eMD). We now
strengthen this assumption slightly, and require the self and
external components of the torque to be individually less
than €>M. There are then terms in the self-torque which
violate this unless more restrictions are placed on the
particle’s current structure.

Using (5.1) and (A62) again, one can see that the tetrad
components of \Ifg‘ellbf] will be of order o HD?, ¢ »D°, etc.
These types of quantities can be conveniently simplified by
defining an “‘electromagnetic radius” Dg, ~ (¢ +
H*)D®/M < D. D.,,/D then estimates the fraction of the
particle’s mass that is of (macroscopic) electromagnetic
origin. This ratio will come up often, so let

P Dem
5.—<D>sl.

In this notation, ¢ $D® — €>EM, and pHD’> — EM. If
¢ and H are comparable, the second of these expressions is
clearly the one that estimates the self-torque. Enforcing
(4.31) in this case therefore requires

(5.6)

£ <é. (5.7
Conditions weaker than this can be adopted if the particle
is dominated by either ¢ or H¢, although it will still be true
that £ << 1 (except in special cases). Surprisingly, our
approximations place a severe restriction on the charge’s
self-energy. This makes it impossible to ever take the point
particle limit in a strict sense (if such a thing is even
meaningful). Such a procedure is not, however, necessary
to answer whether a particle’s size is important when it is
much smaller than the characteristic scales of the surround-
ing system (the ‘““physical point particle limit’”).

It is interesting to note that this condition is really
independent of any of Dixon’s special constructions. In
almost any slow-motion approximation, one would expect
that |S] < [SIT~! and |S| = MD?*T~!. So |Wlet]| ~ |§]| <
€’M is generic. And this is exactly the condition that led to
(5.7). The specific form of the torque needed to show this
did use Dixon’s definition, but the more common one
would not have changed anything. This can be verified
by substituting (5.1) into the first term in (A62).

Also note that when £ ~ 1, it is not clear that any slow-
motion assumption is even physically reasonable. It seems
difficult, for example, to avoid the extremely high fre-
quency self-sustaining oscillations discussed by Bohm
and Weinstein [36], among others. When & is small, it is
easy to imagine that oscillations like these would have
extremely small amplitudes, or at least be highly damped
in causal systems. But the degree of rigidity required to
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hold together a charge with very large self-energy might
prevent this.

B. Arbitrary motion

We now turn back to analyzing the self-forces and self-
torques when 7¢ # 0 and n® # v¢. For simplicity, it is
assumed that the internal dynamics are always “‘slow” in
the sense of (5.3) and (5.4). It is simple enough to relax
(5.5), so we also allow the first (and only the first) deriva-
tive of H* to appear in the self-force. Higher derivatives of
both ¢ and H* could be included with relatively little extra
effort, although there seems to be little reason for doing so.

1. Radiative self-forces

At this point, it is useful to separately write out the
retarded and radiative fields. Using (1.3) and (4.17),
(4.18), (4.19), (4.20), and (4.21),

Febe () = —3qiil*(s)n"1(s),

If n® = v, then this is the same expression found by Dirac
from the Liénard-Wiechert potential [16] (we have used
the opposite sign convention for the field).

The forces and torques exerted by this field are now very
simple to calculate. Inserting (5.8) in (A61),

Vi (s) = 2% + o(2EMT ).

(5.8)

5.9)

This is just the Lorentz-Dirac force when n? = v? (see
(1.1)).

Substituting (5.8) into (A62), the space-space compo-
nents of the self-torque are

laBl] )(s) :(11 [d3r p(r, s)r[“‘lfﬁ] + o(e3EM).

self(R self(R)
(5.10)

) d*rpr®/q can be thought of as the separation vector
between the ‘“‘charge centroid”” and the center-of-mass
(r* = 0). Inverting (3.31), we can clearly convert this
component of the self-torque into a 3-vector describing
the rate of change of S¢. In this form, the (vector) self-
torque is just the cross product of the self-force with this
separation vector. Writing it in this way suggests that it
arises due to the self-force not acting through the center-of-
mass.

The time-space components of the self-torque are simi-
lar:

1
‘I’EZII;](R)(s)naef ~ 2% fd3r H,(r, s)q’&)selfrﬁ

+ o(e3EM). (5.11)

This clearly vanishes if the “‘current centroid” coincides
with the center-of-mass.

Combining all of these results with (A57), (3.32), (3.33),
and (3.34), one can find that the particle’s motion by
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simultaneously solving

M= —n, Ve + o(e?EMT"), (5.12)

. 4
Sab ~ —Z‘PEZt’g] + 34 [d3rp(r, s)rjiBl + o(3EM),

(5.13)

Mn® = =W, + 24%i®* + o(e2EMT ), (5.14)
Mv® = M + SBjig — Mv® — 40Pl

—2Wlalleay 4 o(e2EMTY). (5.15)

If the external field varies slowly over 2(s) N W, (A63)

and (A64) can be used to approximate W¢, and ‘Ifg’f]. Let
the minimum characteristic length scale of the external
field be denoted by A > D, so that |F| = AloFd,
(where the absolute value signs are meant to act on each
tetrad component of the quantity inside them). It is then
convenient to assume that

A=T/E (5.16)

This ensures such that the dipole and higher contributions
to the external force are negligible compared to the
Lorentz-Dirac self-force.

Without any loss of accuracy, (5.16) allows (5.11),
(5.12), (5.13), (5.14), and (5.15) to be written as (making
some weak assumptions on the magnitudes of the quadru-
pole and higher moments)

M = —gn,efvgFe, (5.17)

§ P = —2egef (Ol F + QM 0,F L

4
+ gqfd3rp(r, s)rlejiBl (5.18)

Mi® = —qeSv,F&, + 3¢7ii®, (5.19)

Mv* =~ Mn* + S”‘Biiﬁ - Mv® — degey ﬂBQ[achf

— 2¢4n, Q1 FLY, (5.20)
where the error terms have not changed. Similarly, v can

be recovered from (3.34):
Mv® = S%Fjg —2ean, (O FUE + QUe.0,F2)
2
—34 [d3r Hg(r, )iiPr* + o(e?EM).  (5.21)

The assumptions we have made so far—although fairly
restrictive—are clearly not sufficient to recover the stan-
dard point particle result. Still, there must exist some class
of charges which do behave in this way, and it is interesting
to characterize it. Before doing so, it must first be men-
tioned that the 5 in (1.1) is a proper time, while s is not. It is
close, though. Letting s = s(5) and s/(5) := ds/d5,
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(5.22)

~ 1+ o(e*). (5.23)

The fractional difference between the center-of-mass 4-
velocity and v is therefore of order €*. In particular, the
triad components of this 4-velocity will differ from v by
terms no larger than €®. Given the error estimate in (5.21),
these differences are negligible whenever £ = €.

The proper acceleration can now be written in terms of
v and v*:

7' = v + ()20 (5.24)
It follows from (5.20) and (5.22) that s” ~ €*/T, so 7/’
differs from v“ by terms of this same order. (5.15) then
implies that these two quantities are interchangeable when-
ever £ = €.

Applying similar arguments, our results can be easily
compared to the Lorentz-Dirac equation by writing it in the
form

(M) p = —qelv, F&h + 3q%i®

+ o(e3MT ™' max(e, &)), (5.25)

(Mn, v%) p = —qnaefv,gFg,{’t + o(e3MT " max(e, €)).
(5.26)

In order to avoid overcomplicating the discussion, we
shall say that our equations of motion reduce to the
Lorentz-Dirac result if M9* and Mn,v* match (5.25)
and (5.26) up to terms of order €*MT ' max(€? &).
Noting that n,v* = —n%v,, (5.19) shows that the “‘tem-
poral component” of the body’s acceleration always
matches (5.26) to the required accuracy.

The same is not true for the spatial acceleration. This
should not be too surprising, though, as the Lorentz-Dirac
equation was never intended to describe spinning particles.
S9 should therefore be set to zero (at least instantane-
ously) before any reasonable comparison can be made.
Even this is not quite sufficient, though. The situation
can be remedied by assuming that

|S| < eMD max(e? &), (5.27)

|la F2¥X 2 eP| < €M max(e?, €), (5.28)

along with a similar restriction on |Ql . F2)¢en, |. Then

lv| < €* max(e?, &), (5.29)

M| < €MT ' max(e &), (5.30)
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|S] < €M max(e?, &). (5.31)

If £ = €2, M vanishes up to the maximum order that we
can calculate it. The same is not necessarily true for S*#
and v, although they remain sufficiently small that (5.25)
can now be recovered to the desired accuracy. There there-
fore exists a regime in which the equations of motion
derived here reduce to the Lorentz-Dirac equation.
Considering z“ to be the only observable (as would be
reasonable for an extremely small particle), this com-
pletely recovers the usual point particle result.

While this conclusion is not particularly surprising, it is
interesting to note how restrictive the required assumptions
are. (5.28) is particularly difficult to satisfy. For example,
when the force is approximately given by the Lorentz
(monopole) expression, external field magnitudes up to
~M(|g|T)~" are allowed. In fields this large, (5.28) implies
that the magnitudes of the dipole moment must be less than
~€e£qD (when € = €?). This is an extremely limiting
condition in cases where the self-energy is small. Given
(3.15), there do not appear to be any rigid (¢ = H* = 0) or
nearly rigid charge distributions that could satisfy it. One
either needs to choose a very special class of charges, or
considerably restrict the maximum allowable field
strength.

Before continuing, it should first be mentioned that our
definitions of the charge and three-current densities are
slightly unusual. These quantities would usually be defined
with respect to an orthonormal tetrad adapted to z/¢(s(5)).
We have instead defined these quantities in terms of a
tetrad with temporal component n¢. Translating from one
of these definitions to the other would only introduce
fractional changes of order €2, which are usually irrelevant
at our level of approximation.

2. Retarded self-forces

It is generally accepted that detectors placed outside of

W will measure F& + F& ) rather than F& + F2, ..

But infinitesimal elements of an extended body cannot
“know” that they are part of a larger whole, so they
must couple to this same field. It is therefore reasonable
to consider only the retarded self-fields to be “physical.”
Recalling that this is equal to the sum of the radiative and

singular self-fields, any relevance of F fﬁﬁf( g) itself should be

derived by showing the effects of the singular self-field are
irrelevant in certain cases.

To this end, we now examine the (presumably) realistic
case in which the particle interacts with its full retarded
self-field. Essentially all of the steps in the previous section
carry over identically in this case, although most involve
considerably more calculation. Starting with (3.7), (3.8),
4.17), (4.18), (4.19), (4.20), and (4.21), the retarded field
can be shown to be (dropping the ‘—’ subscript)
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1
Fati(0 =2 [ @7 2ol = ¥ eint 1+ 3Bl = )y = 08 = PR+ R + 4B (e = 1))

+ %Rz(r - r’)“egfﬁb] — %Rzn[“ﬁb](l + %izﬁ(3r - r’)B) — %R3iz’[“nb]] — (HP + v79 (r'B p))

X [(r = r)%elt el (1 + L7 (r + 1), + 367 (r + 1), + {R21al> = vitr, ) + nleeJ R Qi (r + 1),

+1R[A[2 — R™207(r = 1'),) + IR%ig(r — ) edn®) + IR%ig(r — r')elin®) + \R?aleel)(1 + 17 (3r + 1))

- %R3h’["e?] + o(r — r’)ae&le?r’ﬁ - Hﬁn[“eZ]Rz}.

The self-force is now obtained by inserting this into
(A61), which results in an expression of the form

Wie(s) = — [ & rdr Fo(r, v, s), (5.33)

o~ _% fd3rd3r’(f“(r, r/: S) + fu(rl’ 7, S))’
(5.34)

where F9(r, ¥, s) represents the force density exerted by a

|

(5.32)

[

charge element at r on a charge element at 7. If Newton’s
third law were correct, Fé(r, v, s) = —F*(r', r,s) (so
W . would vanish). Of course, this is does not quite
hold for the electromagnetic field (or any other fully ob-
servable field), so there is a nonzero self-force. (5.34)
therefore gives a precise form to the intuitive idea that
self-forces measure the degree of failure of Newton’s third
law.

After removing the components of F¢ which reverse
sign under interchange of r and #/, it can be shown that

2 1 1
Mn® =~ =W + Z g% — M, n® — fd3rd3r’ﬁ{p(r, S)HB(r, s)R2|:5§<§r'i7(r +r), =R 2v(r — r’)y>

3

—(r— r’)“ﬁﬁ} + p(r, s)HE(¥', 5)R* + vYa,(rge(r, s))H(r, s)(r — e — o(r, )HY (¥, s)(r — r)r,

_ g !
(9~ i

+Hﬂﬁsmr—VVG—5ﬂr—Wqu}+o&%MT”L

where it was useful to define an ‘“‘electromagnetic mass”

>[2H7(r’, s)(R%ii*r, — R?8%iiPrg + ((r — r')*r, — 8%(r — r)Prp)ii”(r — r'),)

(5.35)

M., = /d%d%’%{%Rz[p(n s)p(r',s) — Hg(r, SHP(, s)(1 + a¥(r + r),)]

q
(09 = i

>p(r’, s)(r— r’)ﬁr,g(l + %r'ﬂ(r - r’),,) - %thﬁrﬂ}}.

(5.36)

The form of (5.35) suggests an effective inertial mass m := M + M,,,. Although M will very rarely remain constant, m
is often conserved, or at least varies slowly. To see this, substitute (5.32) into (A61) and use (3.32) to show that

. 1
M= —n, Ve, — derd3 —

1
— HY(7, s)(ERZ(’;lyﬁBr,B + ryl’;llz) —(r— r/)a(’;lozry -

I@KMEQ—Z%FXMﬂﬂU—ﬂWm—%Mﬁﬂm%Wﬁ—Wﬁ—ﬂhh—ﬂWw)

rar'ly)<1 +3ao(r r'),,>>:| — Hy(HE()R?

— %Hﬁ(r)Hﬁ(r’)R%”(r + ), — p(r, S)[RZHB(;’, S)fl'B<1 + %fl"‘(:%r - r’)a> —v79,(rge(r, s))(r — r’)B:”

+ o(e2EMT™Y).

Combining this with (5.36) and the definition of m,

(5.37)
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m~—n, V¢ + fd3 rd3 ’—{(go(r s) — pop |3>H (), s)|:(n (r=1r)%ry — ryn*(r — r’)a)(l + %r’z)‘(r + r’)A>

+ %Rz(llﬂzry + r'tﬂr'gfﬂ)} + p(7, s)[Rzng(r, s)ﬂ'3<1 + %ﬂ“(.’;r — r’)a> — 0?9, (rge(r, $))(r — r’)B}}

+ o(e*EM/T),

which is considerably simpler than (5.37).
Although we now have all of the results necessary to

compute each tetrad component of \I’EZ“] to second-order,
the resulting expressions are extremely lengthy (and cor-
respondingly difficult to interpret). It was also seen when
examining the radiative self-fields that the second-order
terms in the self-torque were not necessary to reach the

point particle limit. For both of these reasons, we only

|

1 1 1
B\szlbf] =~ [d3rd3 r { (r, s)H (7, s)r"g[(r —r)e (1 - Er'ﬂ(r — r’)y> + ZRzr'z“} - ( (r,s) —
X [Rzryﬁ[BHy](r’, s) + 2r,(r — MBHYI(, s)(l

+ (r — r)*r (HE(¥, s)n¥r, — rﬁflyHV(r’, s))j” + o(€2EM).

VI. SPECIAL CASES

A. Current-dominated particles

The full equations of motion derived above are obvi-
ously quite complicated, so it is useful to specialize the
discussion somewhat. First assume that the particle’s
charge density is sufficiently small that it can be entirely
dropped without losing any accuracy. This requires that
¢ < €?H. Then (5.39) becomes equivalent to

[ag] ey Bl
R fdgrd3 r R ——H,(r,s)HY(r', 5)
+ o(e*EM). 6.1)

This can be quite large. In order to make sure that it

satisfies (4.32), let
& <e (6.2)

Now, M., = €M, so the remaining equations of motion
can be derived from (5.35), (5.38), and (5.40):

m~—n,V¢ +o(e3mT™"), (6.3)
mn® =~ —We + o(e3mT™), (6.4)
mv® = §*Ff g — 2\P£i?]egn,, + o(e3m). (6.5)

An expression for v¢
(3.34), which gives

is obtained by differentiating

(5.38)

{
compute it here to first order. Combining (A62) and (5.32),

nla Bl
‘I’E:lf] fd3rd3 r Rr [ (p(r, )p(7', s)
+ H,(r,s)H"(r', 5)) + (QD(”, s)

q )p(r’, s)} + o(e2EM), (5.39)

B 47| r|?

i)

1
+ Er’zy(r + r’)y> — r H*(7, s)(rﬁr'ﬂ’r’7 — r’ﬁr'ﬂry)

(5.40)
[
mvy® =~ =V, + n, Ve v* + S“ﬁn - 4\If£)f]
[a ;8]
—2Wleap, + Zfd3rd3r’4r —
X H,(r, s)H?(r', s) + o(€?mT"). (6.6)

The presence of a (potentially) significant self-torque here
is completely different than the situation that arose when
considering only the radiative component of the self-field.
Even adopting conditions (5.16), (5.27), and (5.28) would
not generically recover the Lorentz-Dirac equation.
Instead, we find (assuming £ = €?) that (5.29) and (5.30)
(with M — 7i1) would remain correct, although (5.31) is
weakened to |S| < €?m. In this case, the center-of-mass

line is governed by
mo® = —qedv,F& + 2% + 2M o Dl 0Pli
+ o(e3mT™), (6.7)

where

o

DE(s) == Mlem f B rd? r’<%)Hy(r, SHY(, ). (6.8)
Given (5.36), Djj appears to be related to the shift in the
position of the effective center-of-mass due to the electro-
magnetic self-energy.

The force that it generates clearly becomes irrelevant
when M., Di¢0Plv, < € m/T, which occurs when D
(nearly) coincides with ¥*, or more generically if
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|Dy| < eD. (6.9)

This happens, for example, in cases where H(r,s) =
+HY(—r,s). (6.9) can therefore be thought of as a restric-
tion on the allowed asymmetry in the particle’s current
structure about the center-of-mass. Given (3.15), a similar
intuitive interpretation can also be applied to (5.28), so
there is some overlap between these two conditions. It does
not appear that either one strictly implies the other,
however.

Also note that if (6.9) holds, (6.2) is no longer required.
The case £ ~ 1 is then quite interesting if the spin and/or
dipole moment are non-negligible. When this happens, the
left-hand side of (6.5) needs to be replaced by Mv*, which
means that M and m must both be kept track of. The
expression for M is not simple, so this is a considerable
complication.

B. Charge-dominated particles

Treating the opposite case, we now consider particles
with very small internal currents. In particular, let H <
€. Given (A40), this is about as small as H could
possibly be without fine-tuning. (3.8) and (5.3) show that
the internal currents which arise due to charges rearranging
themselves (via elasticity, rotation, etc.) are bounded by
this same amount. So we actually have that |j| < €?¢.

(5.39) now reduces to

. [a ;8]
§aB ~ —pplehl 4 derd3r’r I,; p(r, s)[p(r, s)
+ 2<€0(h s) — 3> + o(e*Em). (6.10)
4| r|

Once again, this expression can easily violate (4.32) unless
£ < e. Assuming this,

1
m=—n,V, + fd3rd3r’Ev“8ap(r, s)p(r', s)

+ o(e¥mT™1), (6.11)
mi® = =W + 3¢%i* + o(e’mT™"), (6.12)
mv® = §*Bji g — 2Wlean, + o(e3m). (6.13)

By analogy to the current-dominated case, we can now

define
1 3 3T /
d°rd r<R>p(r,s)

x |:p(r, 5 + 2<¢(r, 5) — 477‘|’r|3>} (6.14)

D

a
¢

Again, this looks like the center-of-electromagnetic mass,
although the interpretation is not quite so direct as it was
for Df}.
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Now let £ = €2, and adopt (5.16), (5.27), and (5.28). As
before, these conditions imply that |v| < €3, so m <
e’mT~'. The Lorentz-Dirac equation is recovered when
MemDEp“vB]i}B < emT~ . If the acceleration is not re-
stricted to be in a specific direction, then it is convenient
to satisfy this condition by requiring

ID,| < eD. (6.15)
¢

This clearly holds when (for example) o¢(r,s)=
*¢(—r,5), so |[D,|/D can be considered a measure of
the charge’s internal symmetry.

The two examples discussed here are by the far the
simplest, although other ones may also be of interest. For
example, the condition | j| < e¢ could have replaced | j| <
€?¢ in this section. This would allow for some charge-
current coupling without introducing undue complexity.
Similarly, one might be interested in the case where ¢ <
€H, or the general scenario where ¢ and H® are symmetric
(or antisymmetric) about r = 0.

VII. CONCLUSIONS

A. Results

Starting from the fundamental Egs. (2.1), (2.2), (2.3),
and (2.4), we have now derived equations of motion de-
scribing a very wide variety of classical extended charges
in flat spacetime. One of our main motivations has been to
investigate the validity of the commonly-held notion that
“small”” charges can often be treated as though they were
perfectly pointlike. Because of this, the precise implica-
tions of each approximation have been emphasized, and all
of our results have been kept as general as (reasonably)
possible.

To review, charge distributions were considered where
all significant length scales remained of order D(s) within
each time slice 2(s). An acceleration time scale T >> D
was then defined to place lower bounds on |i]|™! and
|7 ~1/2. This was assumed to relate to the time scales of
the body’s internal motions as well. Specifically, the
s-derivatives of the “‘charge potential” ¢ were required
to satisfy (5.3) and (5.4). Similar restrictions were placed
on the derivatives of H* as well. The last major restriction
required that the spin and torque play a relatively small but
non-negligible role in the system’s behavior. This was
formalized by assuming that |n — v| = |v| remained less
than about €2 = (D/T)*> < 1. All of these assumptions are
kinematic, and cannot automatically be assumed to hold
without any regard for the sizes of the external fields, spin,
and so on. Self-consistency is preserved by requiring the
angular momentum, force, and torque obey the bounds
discussed in Sec. IVA.

The restriction given on S% essentially states that the
body’s rotational period cannot be less than 7. The rela-
tions satisfied by the force and torque are not quite as
simple, though. Both of these quantities depend on J¢, so
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any bounds placed on them must affect the class of allow-
able current distributions. While this can be taken into
account in different ways, we have chosen to impose
restrictions on the dipole moment and the ‘relative self-
energy’ D.,/D = &. If the dominant force is just
—qF%v,, 0 must satisfy (4.37).

The bound on £ is more complicated to summarize, as it
is sensitive to the specific case under consideration. The
calculation using the radiative self-field is the least restric-
tive; allowing all £ < 1. One could technically let the
electromagnetic radius exceed the physical one in this
case, although we take the point of view that this would
be too unphysical. Regardless, taking into account the full
retarded self-field shows that there exists a significant class
of charge distributions where the self-torque will become
too large whenever € > €. In scenarios where the charge-
current coupling is negligible, the relative self-energy can
be of order €. Still, there are certain special cases such as
spherical symmetry where the restriction on £ can be
completely relaxed.

Despite appearances, these assumptions are really no
different than the standard slow-motion approximation.
Using it, the radiative and retarded self-fields in a neigh-
borhood of W were shown to be approximated by (5.8) and
(5.32) respectively. These expressions are quite general,
and although the retarded field is written using the peculiar
constructions of Dixon’s theory, it can easily be translated
into a more conventional notation by using (3.7) and (3.8).
4.17), (4.18), (4.19), (4.20), and (4.21) also provide a
convenient starting point for this.

These expressions for the fields were then combined
with the exact forms of Dixon’s equations of motion to
yield the results contained in Sec. V. All of the approx-
imations adopted here were therefore applied only to com-
pute the fields. In the (unrealistic) case that the body was
assumed to couple only to the radiative component of its
self-field, the center-of-mass line was found to evolve
according to (5.12), (5.13), (5.14), and (5.15). The external
forces and torques that appear in these expressions are
given exactly by (A61) and (A62), or more intuitively by
(A63) and (A64).

In order to investigate the Lorentz-Dirac limit, it was
first necessary to require the particle’s radius to be suffi-
ciently small that the dipole and higher contributions to the
external force could be considered negligible without hav-
ing to throw away the Lorentz-Dirac component of the
self-force. This idea was summarized in the condition
(5.16), which transformed the equations of motion in the
radiative case into (5.17), (5.18), (5.19), (5.20), and (5.21).
Recovering the Lorentz-Dirac equation was then seen to
require bounding the angular momentum and dipole mo-
ment by (5.27) and (5.28) respectively.

Since this limit is meant to describe a nonspinning
particle, the bound on the angular momentum is hardly
surprising. (5.28) is rather different, though. It shows that
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even when ignoring the ““‘singular” portion of the self-field,
the Lorentz-Dirac equation does not apply to all small
charge distributions. If a problem were to involve very
large (external) field strengths and small self-energies,
the class of charges which move like a point particle would
in fact become extremely small. Oddly enough, this prob-
lem disappears for large self-energies. In these cases, the
restriction on the dipole moment is no stronger than was
required for self-consistency of the initial slow-motion
assumptions.

This issue is made considerably more complex when the
body is allowed to interact with its full retarded self-field.
Without placing any restrictions on the spin or dipole mo-
ment, 7% was found to be given by (5.35). This involves an
effective mass m = M + M., which involves an electro-
magnetic contribution given by (5.36). It does not generally
remain constant, but rather evolves according to (5.38).
There are also self-torques given by (5.39) and (5.40).
Combining these expressions with (A57) and (3.34) recov-
ers the full equations of motion. These are our central
result. They provide a considerable generalization of the
Lorentz-Dirac equation.

They are also much more complicated than the equa-
tions derived using only the radiative portion of the self-
field. The majority of this complexity arises from interac-
tions between ¢ and H¢, which—given (3.7) and (3.8)—
can be viewed as charge-current couplings in the center-of-
mass frame. Predictably then, our results are considerably
simplified when only one of these quantities is significant.
¢ will (generically) drop out of the equations of motion
only if it is of order €?H or less. The reverse is also true.
Both of these cases were discussed in detail in Sec. VI. It
should be emphasized that these restrictions on the relative
magnitudes of the charge and current densities are excep-
tionally strong. Simply saying that one of these quantities
is much larger than the other without any further qualifi-
cation is not sufficient to remove the coupling terms.

Even in these cases, though, the previous restrictions on
A, S, and Q° must be supplemented by either (6.9) or
(6.15) in order to recover the Lorentz-Dirac equation.
Intuitively, these relations ensure that the °‘center-of-
electromagnetic mass’ is not too far from r = 0. This is
roughly what was already required by (5.28), although the
two conditions are not quite the same.

Note that the assumptions we have given to be able to
derive the Lorentz-Dirac equation are not exhaustive. They
were the most obvious choices obtained by examining our
general equations of motion, but are slightly more restric-
tive than necessary. Still, they seem to be reasonably
effective for most systems that are not finely-tuned.

B. Discussion

In summary, it was shown that the Lorentz-Dirac limit is
rather delicate, and that the radiative self-field is rarely an
adequate replacement for the retarded one. It is now inter-
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esting to speculate how these results might generalize in
curved spacetime. One might be interested in the motion of
a charged particle moving in a background spacetime, an
uncharged body allowed to generate its own gravitational
field, or even the general case of a massive charge. With the
exception of this last possibility (which does not neces-
sarily follow from the two simpler calculations), such
systems have been considered in the past by a number of
authors [4,13,18,20,30,37,38]. All of these calculations
have either applied a point particle ansatz, or considered
only very special (though usually astrophysically moti-
vated) classes of extended bodies. Both such methods
have agreed with each other, although it is clear that
some extended bodies must exist which do not move like
point particles.

Finding the scope of the existing MiSaTaQuWa equation
[13]—as well as its generalization—would likely require
an analysis similar to the one given here. The methods used
in this paper have in fact been chosen specifically for their
ability to be easily applied to fully dynamic spacetimes
(except for those used to expand the self-field). To see this,
it should first be mentioned that all of the advantages of
Dixon’s formalism are retained without approximation in
full general relativity [27,28].

This provides two essential results. The first of these is a
natural notion of a center-of-mass line. This definition has
been proven to satisfy nearly all of the intuitive notions that
one might expect of such an object [33], so it can be
considered a reasonable measure of a particle’s ‘“‘average”
position. Just as importantly, it is exactly determined by a
finite number of ordinary differential equations [28,31].
The analogous equations here were (3.32), (3.33), (3.34),
and (A57). These expressions are only slightly complicated
by the transition to curved spacetime.

The second contribution of Dixon’s formalism is the set
of stress-energy moments itself. These are all contained in
the ‘stress-energy skeleton’ 7%°(r, s). Here r is a coordi-
nate in the tangent space of z(s), which is an essential point
that was not obvious in flat spacetime. Importantly, the
constraints on 7%” implied by the generalized form of (2.4)
are exactly the same in all spacetimes. This obviously
includes the flat case summarized in the appendix. Just as
(A24) gave the general form for any current skeleton J¢
satisfying the constraints, one can also find all possible
forms of 79 [27].

As with current skeleton, not all of these possibilities are
physically reasonable. Some will be singular, and others
will have supports extending to spatial infinity. We con-
jecture that such cases can be removed exactly as they were
in the appendix for the current moments. This would leave
a set of “reduced moment potentials” that could be arbi-
trarily generated from some simple recipe. An automatic
byproduct of this reduction process would be a relatively
straightforward method of generating 7*” from the poten-
tials. The analogous results in this paper were that the
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current skeleton was determined by the freely-specifiable
functions ¢ and H*A. These in turn generated J¢ via (3.7),
(3.8), and (3.16).

In the end, such reduced potentials for the stress-energy
moments would serve (in combination with solutions of the
ODE’s for the linear and angular momenta) as a nearly
background-independent way of specifying physically rea-
sonable conserved stress-energy tensors. Besides the in-
trinsic elegance of such a construction, it would also solve
several problems that did not arise in the present paper. The
most important of these is the location of the center-of-
mass. At any s, this is clearly determined by 7% on 3(s).
The definition is highly implicit, however, and it is almost
always impractical to apply in practice. Specifying the
matter via 7% would avoid this problem. Constructing it
in the natural way would start with the center-of-mass
position. It would also incorporate p® and S° automati-
cally. These quantities obviously must solve certain differ-
ential equations, and writing down a T%® on each time slice
with the correct momenta would be extremely difficult
with any generality. These issues were the main motiva-
tions for discussing the current moments in so much detail
in the appendix, as well as the use of ¢ and H* throughout
this paper instead of J¢. These choices slightly obscure the
results here, but would be essential in any generalization.

With this formalism in place, one would then need to
compute the metric to find the body’s motion. As in the
electromagnetic case, this is the most difficult step. Of
course, Einstein’s equation is considerably more compli-
cated than Maxwell’s, so it may be prohibitive to carry out
the calculation by hand (except in special cases).
Regardless, the above procedure could be integrated into
existing numerical relativity codes. This would then allow
one to rigorously study spacetimes with nonsingular matter
fields without having to solve the conventional elasticity
(or Navier-Stokes) equations. The most convenient such
systems in this formalism may not represent the most
astrophysically interesting types of matter, although there
is no shortage of important problems in numerical relativ-
ity where the details of the matter distributions are not a
primary concern.

Whatever the results of such inquiries, our results in
electromagnetism can be used to speculate how point
particle methods might break down in gravitational self-
force problems. For this, it is useful to give an intuitive
explanation for such failures in Maxwell’s theory. The
simplest of these derives from the fact that the center-of-
mass does not generally correspond to anything that could
be called a ‘center-of-charge.’” In these cases, electromag-
netic self-forces effectively act through a lever arm. This
induces a torque, which in turn affects the particle’s overall
motion. The situation is made particularly complicated
when the self-force is broken up into several pieces (as is
natural). Each such piece tends to act through a different
point, and there is no particular reason that any of them
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should coincide with the center-of-mass (although the
initial restriction (4.37) on the magnitude of the dipole
moment does help).

In contrast, one might expect that gravitational self-
forces would always act through the center-of-mass; effec-
tively removing this type of effect. This is not necessarily
true, though. The center-of-mass definition only requires
that t**“n,n,. = 0, which does not necessarily mean that
t%’¢ completely vanishes. The portion of the self-force
acting as an effective mass could also produce a significant
torque. (A47) shows, however, that t9P¢ does vanish when-
ever $%» — 0. This is the only case in which the
MiSaTaQuWa equation can be reasonably expected to
hold, so imposing it at the start should remove any prob-
lems. Since the dipole moment here is entirely dependent
on S (unlike in the electromagnetic case) it should be
relatively easy to arrange for an initially-vanishing angular
momentum to remain small. These sorts of effects might
therefore be expected to be less troublesome in gravity than
in electromagnetism, although they will probably still
exist.

This type of mechanism did not lead to most of the
complications found in this paper, however. These were
instead due to couplings between the charge and 3-current
densities as viewed in the center-of-mass frame. In gravity,
the situation could be even worse. Similar interactions
might exist between mass, 3-momentum, and stress den-
sities. Intuitively, though, it would appear that adopting
appropriate energy conditions should considerably soften
these interactions.
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APPENDIX A: DIXON’S FORMALISM
1. Current Multipoles

This portion of the appendix reviews Dixon’s decom-
position of the electromagnetic current vector into multi-
pole moments. It also derives natural “‘potential functions”
that can be used to generate sets of moments for all
physically interesting current vectors satisfying (2.3).
These objects are shown to determine J¢ in a simple
way. The main reasons for these constructions are ex-
plained in Sec. VIIB, although some secondary points
are also mentioned in Sec. III. In short, analogs of these
steps would become essential in the gravitational self-force
problem, so we include them here to allow a relatively
straightforward generalization.
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The notation here will be that defined in Sec. III. Using
it, we can define multipole moments for the current vector.
Such objects are usually constructed by integrating a
source function against a suitable number of radius vectors.
Defining r¢ = x% — z%(s) for x € 3(s), one might there-
fore expect that for n = 0, the 2n-pole moment could be
given by

Qbrbua(s) = fd“x P (e — z2(s), 5),  (AD)

where we have assumed the existence of some distribution
J%(x, s) which is related to J(x), but has compact support
in x. This will be called the current skeleton. Note that (A1)
automatically implies that

Qb1~--b,,a — Q(b1~~~b,,)a (A2)

forall n = 1.
It is rather cumbersome to keep track of each Q™
directly, so we instead define a generating function

(—i

n!

) ky, + -k, QP n(s).

Gk 5) = Q(s) + 3
n=1

(A3)

An arbitrary multipole moment can now be extracted from
this in the usual way:

Qbvbaa(g)y = *(abr - - - 900Gk, 5))|i=0- (Ad)

G* is therefore completely equivalent to the set
{Qa’ Qbar . }

Although this is a useful property, the definition of G* is
not simply a mathematical convenience. Using (A1) and
(A3), it can be shown that

Gk, s) = [d4r Ja(r, s)e~ikr, (A5)
The Fourier transform of G¢,
Ga(r,s) = f d*k G(k, s)e'™ T, (A6)
is therefore proportional to J¢:
G(r,s) = Qm)*J(r, s). (AT)

This shows that if J¢ and J¢ equivalent in an appropriate
sense, the set of moments can be used to completely
reconstruct the current vector.

In order to relate the current to its skeleton, it is conve-
nient to think of J¢ as a linear functional on the space of all
C*™ test functions with compact support (as is typically
done in distribution theory). In particular, knowing

9. 0w 1= [ & 096,00 (AY
for all suitable test functions ¢ ,(x) can be used to define
J¢. An analogous statement can also be made for J*. These
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two objects can then be related to each other by writing
(J9, ¢,)in terms of (J¢, ¢ ). The latter expression depends
on s, while the former one does not. It is therefore most
straightforward to link the two by simply integrating out
the s-dependence:

(), b)) = f ds(J(r, 5), ba(0)), (A9)

/ds(G“(k, s), ('Za(k)e—ik'z(s)>'

(A10)

Following [26], we take this (along with (A3)) to define
what is meant by saying that the Qs are ‘multipole
moments of J%.’

This is not unique definition, however. To remove the
remaining freedom in a useful way, we simply state
Dixon’s results [24,26,27]. Let

o
- et

nlebl~~~bn,,[bna] =0, (A11)

Qb =0, (A12)

for all n = 2. Also assume that the monopole moment has
the special form

Qa — qvu’

where ¢ is the total charge as it is usually defined.

Now choose a test function of the form ¢ ,(x) = d,¢(x),
with ¢ (x) itself also a test function. Then (A4), (A10), and
(A12) can be used to show that

<aa‘]a’ ¢> = _<Ja’ aa¢>?

= ﬁ fds (k,G(k, 5), p(k)e~ k<)),

__ / ds qu(s)9,B(2(s)),

(A13)

(Al14)

= - f ds q%(b(z(S))-

This must vanish for all ¢», which can be ensured by simply
requiring that

g =0. (A15)

This (trivial) evolution equation is the only one implied by
(2.3). It can be shown that moments satisfying (All)-
(A13) and (A15) describe any J* with the given properties
in a uniquely simple way [24,26,27]. A precise statement
of the theorem that was proven is contained in [27].
These conditions allow a great deal of freedom in choos-
ing different moments. The fact that there is only one
evolution equation implied by (2.3) does not mean that
the higher moments necessarily remain constant. Rather,
they can be given an almost arbitrary time dependence.
This is a reflection of the fact that we have not yet chosen to
model any particular type of matter. Specifying how the
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higher moments change in time is essentially equivalent to
choosing an equation of state. Although this must be given
in order to have a well-defined initial value problem, self-
forces and self-torques can be written down without ever
having to explicitly evaluate the time derivatives of the
current moments. This allows us to derive equations of
motion valid for a very large class of systems.

In order to do so, we first need to pick out sets of
moments (or equivalently their generating functions)
which represent physically reasonable current vectors.
Despite appearances, this cannot be done arbitrarily.
Dixon’s theorem ensures that any nonsingular current vec-
tor with support W can be described by a set of moments
with the given properties, although the reverse is not
necessarily true. Extra conditions need to be imposed in
order to ensure that the J¢ associated with any particular
G (or J% has the correct smoothness and support
properties.

To gain some insight into this, fix some test function ¢,.
From this, construct a second test function ¢/ which
agrees with ¢, everywhere except in an infinitesimal
neighborhood of Z. Assume that the support of ¢/, does
not include Z itself. (A3) and (A10) then show that any
finite number (and only finite number) of multipoles can be
changed without affecting (J¢, ¢/). The same cannot be
said for (J% ¢,). But for any physical current vector,
Je, @'y =(J9, ¢,). This shows that any finite subset of
an admissible collection of moments is completely deter-
mined by its complement.

Because of this, it is not reasonable to impose conditions
directly on the individual moments to ensure that their
associated current vector is physically acceptable. Such
restrictions are most easily stated in terms of G* or J¢,
but doing so first requires finding how J¢ is affected by
(A11)—(A13) and (A15). This is now done by finding the
general form of G“, and then taking its Fourier transform.

It is shown in [27] that the constraint equations are
precisely equivalent to requiring that the generating func-
tion have the form

Gk, s) = G?l)(h “ks)+ (n- k)Gf‘z)(h -k, s), (Al6)

where n-k: = n,k*, (h-k)* = hik’, and n,G = 0.
Also,

k, Gk, s) = gk,v(s), (A17)

laP]
] “G(z)
It is now useful to take Fourier transforms of these
equations to find their equivalent forms when representing
the moments by J* ( = G¢/(2m)*). G}, does not take on
any special form, although (A19) shows that

(rhE G (r, s), $(r)) = 0.

(h-ks)=0. (A18)

(A19)

This equation is solved by any G?z) of the form
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G (rs) = hi(s)r" Gy (r, 5), (A20)

for all functions G~(2) (Despite the notation, it will shortly
be clear that the inverse Fourier transform of G(z) does not
exist in general). Note that this is not the most general
solution of (A19). A term of the form g%(n - r, s)83(h - r)
may also be added to G?z)’ although we choose to ignore
this possibility.

In any case, (A16) and (A20) give an explicit form for
a

G

Gk s) = Gy — ihgr’nc9 .G). (A21)

Since Gf’l)
dimensional) Fourier transforms must be proportional to
8(n - r). It is therefore natural to define quantities A, B¢,

and C such that
G(r,5) = @m)*8(n - A - 7, sIn® + B - 1, 5),
(A22)

and Gé) are independent of n - k, their (four-

G (1, s) = —i@m)*8(n - r)C(h - 1, 5), (A23)

where B“n, = (0. Combining these expressions with

(A21), J is found to have the form

J4(r,s) = 8(n - r)(Ah - r, s)n%(s) + B4(h - r,s))
— 8 (n-r)C(h - r,s)hé(s)r’. (A24)

This is further restricted by (A17), the Fourier transform
of which becomes

(9,79(x, 5), p)) = @m) ik, G (k, 5), Sk,
= —@m) *qu(s)(L, a,6()
= qu*(sX9,8*(r), o (1)).
Comparing this to the divergence of (A24) shows that
g3 (h-r)=A(h-r,5) = hid,(r’C(h -1, 5)), (A26)

(A25)

qu®9,8*(h-r) = 9,B*(h - r,s). (A27)

The solution to the “homogeneous” analog of (A26),

hgaa(rbC(O)(h 1,8) = —q&(h-r), (A28)
is
Coylh-x,8) = ——1_ (A29)
47| r|?

where |r|? := —h,,r*r’ = 0. For future convenience, we

now define new functions ¢(r, s) and g¢(s) such that,

qo(s)

C=N|¢p — . A30
(¢~ 4mep) (A3

N is just the lapse, as given in (3.5).
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In terms of g, and ¢, (A26) now becomes
A(h - 1,5) = h3a (r"Ne(h - 1, 9) + (g = qo(s))8°(h - 1)
90 ’;lura
4 |r]P -

J¢ is therefore given by (A24) with A and C having the
respective forms (A31) and (A30). We also have that B¢
satisfies (A27). This effectively parameterizes all sets of
moments satisfying Dixon’s constraints.

(A9) can now be used to relate J¢ to J¢. It is convenient
to do this in the (%, 1) coordinates defined in Sec. III.
Using them, (A9) becomes

e ) = f ds f &r f dr NOJ(x — 2(5), 8) b, (x).
(A32)

Applying (A24), the 7-integral in this equation can be
carried out explicitly:

J% ) = fdsfd3r{[An“ + B¢ + N*Zegr%ﬁvﬁc

d
+ N_legvﬁaﬁ(r“C)](ba + N~ 1Celr® —d)a}

(A31)

Jds
(A33)

where all quantities are evaluated at s.
Commuting the s-integral with the spatial ones and
integrating the last term by parts,

Je, ¢, = fd%fds{na[A + %nﬁrﬂ} + e;;[Ba

sl ) S )

But we also have that (J¢, ¢,) = [d*r [dsNJ“&,, which
gives us an obvious way to explicitly write J¢ in terms of A,
B4, and C.

The charge density with respect to the tetrad frame takes
on the particularly simple form

(A34)

pi=n,Je, (A35)

= 0,°¢) + N"\(g — 0)3*(1),

Physically, p(r®, s) must be nonsingular and have support
W. Without loss of generality, we can therefore choose
go = q. p will then be admissible if ¢(r?, s) is a continu-
ous function.

J¢ was originally introduced as something with compact
support (in r*), so A, B%, and C must also have compact
support (in r®). Using this along with the requirement that
p vanish outside W implies that ¢ = g/47|r|* in this
region. So any choice of ¢ which satisfies this ‘“boundary
condition” and is continuous will generate a physically
reasonable charge density.

For the 3-current j*: = e5J¢, the (necessarily regular)
portions contributed by ¢ can be temporarily ignored to

(A36)
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show that

je= N‘I[B“ +(..)— vﬁa,;(q—ra)} (A37)

47|r|?

The divergence of this last term is equal to —qv®d,83(r),

which exactly cancels the divergence of B given in (A27).

It is therefore useful to write B* in the form
qrt

B® = H* + vPy , A38

T (47T|r|3> (A9

with H* an arbitrary piecewise continuous vector field

satisfying d,H* = 0. This ensures that j¢ is nonsingular.

Writing out the current in full,

j*=N"Y(H*+ vﬁaﬁ(r“ga) — reg), (A39)
it is clear that j* will have support W if
qrt
H* = —vPig—— A40
’ '8<47T|r|3> (440

outside W. This also guarantees that supp(B*) = W, as
required.

This completes our study of the current moments.
Essentially all physically interesting expansions can be
extracted from a J¢ of the form (A24). A, B® and C are
all functions of (r¢, 5), and have support W. C has the form
(A30), where ¢ is an arbitrary continuous function equal-
ling g/4m|r|* outside of W. (A31) shows that A is also
derived from ¢ (with gg = g). B has the form (A38),
where H® is a piecewise continuous (3-) vector field
satisfying d,H® = 0. The relevant portions of these results
are also summarized in Sec. I11.

2. Stress-energy moments

Let the multipole moments of 7% be denoted by the set
{thc" tahc, e talmunbc, . ‘}’ where t(a]“'an)bc — talman(bc) —
19 anbe - Ag with the current moments, it is convenient to
keep track of this collection with a generating function

00 A\ n
ab . (_ l)
Gk s) =) py

n=0

ke, * ke 19770 (). (A41)

(2.4) inextricably links 7% and J¢, so an expression for
(T, ¢ ;) as simple as the one for (J¢, ¢,) is not possible
while retaining simple constraint and evolution equations.
Still, one might expect that (T, ¢,,) should at least be
proportional to [ ds{T, ¢,,) (where T := 27)*G).
Define a distribution ®* = ®®) to make up the differ-
ence:

(T, o) = f ds(T(r, 5) + D (r, 5), Pyp(x)). (A42)

As before, we call all sets {r"} satisfying (A41) and
(A42) “multipole moments of T%.” This is not a unique
definition, however (even if ® were given). Following
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[24,27], we will now pick out a set which very simply and
naturally implies (2.4).

Using (A14) as a guide, (9,7, ¢,,) can be found by
substituting a test function of the form ¢,, = d,¢, into
(A42). It is clear that the resulting expression depends on
k,G“, which is analogous to what happened when com-
puting d,J¢. In that case, (A12) showed that k,G“ de-
pended only on Q¢ (2.3) is usually interpreted as an
expression of global charge conservation, so it was not
unreasonable that it only restricted the monopole moment.
In the case of the stress-energy tensor, we expect that (2.4)
should have something to say about both the linear and
angular momenta of the body (i.e. its monopole and dipole
moments). We therefore suppose that k,G” involves only

t%? and 1**¢. This can be accomplished by letting
far—abe — (A43)

forall n = 2.
Using this constraint implies that

1 ~ )
(0,T, ¢,) 2t fds(ikbG"b(k, 5), po(k)e k),
(A44)

= ] As[1 9, 5 (2(5)) + 1770 ,0 b, (2(5))]
(A45)

Dixon found that the first two moments can be given the
special forms [24,27]

110 = playh), (A46)

rabe = galbye), (A47)

where we call p“ the linear momentum, and gab = glab]
the angular momentum. Using these expressions,

(T, o) [ ds[ % b (2(s))

+ 189 — 2plevt))a, by (2(5)) ]

In the absence of an electromagnetic field (or a current),
the left-hand side of this equation vanishes, and the pro-
portionality sign becomes an equality (since ®“® vanishes
in this case). Varying ¢, then recovers the standard equa-
tions of motion for a free particle:

(A48)

p =0, (A49)

Sab = 7 playb], (A50)

The situation is of course much more complicated when
a field is present. Writing out (9,7, ¢,) in full, (2.4)
implies that

f ds{[p b, + 1E® — 2pl0")a, ]

+ ik, @, e~ * N} = —(FJ,, @), (ASD)
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The right hand side of this equation can now be written in
terms of the current moments. Using (A10), the Fourier
convolution theorem, and a Taylor series, it can be shown
to be [24]

a _ ! LA
Fo 00) = e [as(X ke ke

n=0

X e $a<k>e—ik~z<~v>>, (A52)

R S e Gt )

p=0
X Qdidperend, F“b(l)e_”'Z(“‘)>. (A53)

Here, F*® does not quite represent the Fourier transform of
F_ which is not well-defined. It is instead equal to the
Fourier transform of some function *F%” which coincides
with the field in some neighborhood of 2(s) N W, but has
compact support. If *Fe is just as smooth as F?, its
precise form is irrelevant [24].

(A52) now makes it natural to interpret the ¥"’s as
multipole moments of the force density exerted on the
body. We might therefore expect the net force to be pro-
portional to W4, and the net torque to Wle?], This identi-
fication can be made if ®% has the form [24]

1

D (k, s) = o

{\P(ab) _ ikc|:\lfc(ab) _ %\Ipabc:|

- (_i)” ¢i--c,(ab)
+Zzwkcl"‘kcn|:2\lfl "

2 e cgab)
n+1 ’

(A54)
Combining this with (A51) shows that

f ds[(p? + W), +1(8%0 —2plavtl +2Wlet])g, , ]=0.
(A55)

Given that this must hold for all possible choices of ¢, it
follows that

pe=—e (A56)

§ab = 2(playbl — plabl), (A57)

By construction, these are the only evolution equations
implied by (2.4). If we impose one more constraint equa-
tion:

naltar“anfz[anfl[unb]c'] =0 (A58)

for n = 3, the chosen moments are unique in an appropri-
ate sense. They are also sufficiently general to describe all
physically interesting stress-energy tensors [27]. Note that
®“ only depends on J* and F?, and that the constraint
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Egs. (A43) and (A58) are independent of these quantities.
Portions of the stress-energy tensor which depend on the
current have therefore been completely isolated from those
which are not.

Changes in the higher moments may once again be
interpreted as “‘equation of state’ (this identification is
actually more direct in this case). Their evolution is not
completely arbitrary, however. Besides respecting the con-
straint equations, they must also be chosen so that T¢°
remains physically reasonable. These extra restrictions
would be provided by analogs of (A36) and (A39).
Although these will not be derived here, they can probably
be constructed in a similar way. The presence of the field
makes their derivation more complicated, but it should still
be possible to repeat all of the steps carried out with the
current moments.

It suffices to note that for our purposes, this procedure
has resulted in particularly natural definitions for the
stress-energy moments — most importantly the linear and
angular momenta. It can be shown that the choices made
here imply that these momenta are given by (3.1) and (3.2)
[24]. Interestingly, the net force and torque do not depend
on G in any necessary way. They are apparently as
independent of the details of the body’s internal structure
as possible.

Before moving on, we can gain some insight into the
force moments defined by (A53). Only the first two of
these are important here, and it is straightforward to
show that

Wa = (J,(r, s), F(x)), (A59)

Plabl = (J (r, s), rlaFble(x)). (A60)

Applying (A24), these expressions take the more explicit
forms

ad — a a q B a
Y = fd3r{NJbF b +£|:<go _—47T|r|3>eb rgk b“,

(A61)

Plabl = fd3r{NJcrae[a“Fb]"

q Y la b]c
+ (o - F
<¢ 47T|r|3>ec Y

d q o la pble
e (G S 2

which were derived by a different method in Sec. III.

Although (A61) and (A62) are exact, they are rather
difficult to interpret. Their meaning is made considerably
more transparent if the field can be expanded in a Taylor
series inside 2(s) N W. Then (A59) and (A60) together
with (A1) show that
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When F¢ is approximately constant throughout the
charge, we recover the Lorentz force law, p¢ = —V¥* ~
—qF“v,. Unfortunately, these series are not useful when
the field varies considerably over 2(s) N W. And this is
exactly what the self-field does.
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