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Nonperturbative gluon pair production from a constant chromo-electric field via
the Schwinger mechanism in arbitrary gauge
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We study the nonperturbative production of gluon pairs from a constant SU(3) chromo-electric
background field via the Schwinger mechanism. We fix the covariant background gauge with an arbitrary
gauge parameter �. We determine the transverse momentum distribution of the gluons, as well as the total
probability of creating pairs per unit space time volume. We find that the result is independent of the
covariant gauge parameter � used to define arbitrary covariant background gauges. We find that our
nonperturbative result is both gauge invariant and gauge parameter � independent.
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I. INTRODUCTION

The chromo-electric flux tube model of particle produc-
tion [1] which is based on earlier work in QED by
Heisenberg and Euler, Schwinger and Weiskopf [2], has
been a very useful tool for understanding aspects of parti-
cle production in Heavy Ion Colliders such as the RHIC [3]
at Brookhaven. One of the main stumbling blocks for
making more realistic models which include backreaction
has been the problem of finding approximations to QCD
which are not only gauge invariant but also independent of
the gauge fixing parameter �. Although the background
field gauge leads to an action which is gauge invariant, the
action still depends on the gauge parameter �. In pertur-
bation theory it is known that at the one-loop and two loop
level choosing the background Feynman gauge (� � 1)
simplifies calculations and leads to the same result as a
resummation of the Feynman graphs which give a gauge
invariant and � independent result [4]. Also some recent
results using Pinch techniques [5] suggest that the back-
ground Feynman gauge result may be the correct choice to
all orders in perturbation theory in the sense of leading to
Schwinger Dyson equations that are gauge invariant.

In a recent paper, Nayak and van Nieuwenhuizen [6]
calculated the rate for pair production of gluons and pT
distributions from a constant chromo-electric field Ea (a �
1; . . . :8) via the Schwinger mechanism in the background
Feynman-t’Hooft gauge (�=1). They found that the results
for the pT distribution of the gluons produced depends on
two Casimir/gauge invariant quantities EaEa and
�dabcEaEbEc�2 in SU(3). This dependence on these two
gauge invariant quantities also occurs in quark-antiquark
production as found by Nayak in [7]. In the case of quark-
antiquark production there is no dependence on the gauge
parameter and hence the result found in [7] is trivially
gauge invariant and gauge parameter independent.
However, in the case of gluon pairs there is a gauge
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parameter dependence coming from the gauge fixing
term and hence one needs to show that the results obtained
for case of gluon pairs for � � 1 gauge in [6] is also valid
in any arbitrary covariant gauge parameter �. In this paper
we prove that the nonperturbative result obtained in the
paper [6] for the gluon pair case in � � 1 gauge, is the
correct gauge invariant and gauge parameter � indepen-
dent result. Thus we find that for this nonperturbative
process, the background Feynman-t’Hooft gauge does
give the correct gauge invariant and � independent result.
Now that we have an effective action that leads to gauge
invariant results for constant external fields, we can use this
action with arbitrary time (and space) dependent back-
ground fields that obey the generalized Yang-Mills equa-
tions and thus study the backreaction problem in analogy to
what was done by Cooper and Mottola for the Electric
Field problem [8]. This will be the subject of a future paper.
II. BACKGROUND FIELD METHOD OF QCD AND
SCHWINGER MECHANISM IN PURE GAUGE

THEORY

In the background field method of QCD the gauge field
is the sum of a classical background field and the quantum
gluon field:

Aa� ! Aa� �Qa
� (1)

where in the right hand side Aa� is the classical background
field and Qa

� is the quantum gluon field. The gauge field
Lagrangian density is given by

L gauge � �
1

4
Fa���A�Q�F��a�A�Q�: (2)

The background gauge fixing is given by [9]

D��A�Q�a � 0; (3)

where the covariant derivative is defined by

Dab
� �A� � �ab@� � gfabcAc�: (4)
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The gauge fixing Lagrangian density is

L gf � �
1

2�
�D��A�Q�a�2 (5)

where � is any arbitrary gauge parameter, and the corre-
sponding ghost contribution is given by

L ghost � ��aDab
� �A�D

�;bc�A�Q��c

� ��aKab�A;Q��b: (6)

Now adding Eqs. (2), (5), and (6) we get the
Langrangian density for gluons interacting with a classical
background field

Lgluon � �
1

4
Fa���A�Q�F��a�A�Q�

�
1

2�
�D��A�Q

�a�2 � ��aKab�A;Q��b: (7)

To discuss gluon pair production at the one-loop level
one considers just the part of this Lagrangian which is
quadratic in quantum fields. This quadratic Lagrangian is
invariant under a restricted class of gauge transformations.
The quadratic Lagrangian for a pair of gluons interacting
with a background field Aa� is given by

L gg �
1

2
Q�aMab

���A�Q�b (8)

where

Mab
���A� � ����D��A�D��A��ab � 2gfabcFc��

�

�
1

�
� 1

�
�D��A�D��A��

ab (9)

with ��� � ��1;�1;�1;�1�.
For our purpose we write

Mab
���A� � Mab

��;��1�A� � �
0�D��A�D��A��ab (10)

where �0 � �1�� 1�. The matrix elements for the gauge
parameter �=1 is given by

Mab
��;��1�A� � ����D��A�D��A��ab � 2gfabcFc�� (11)

which was studied in [6]. In this approximtaion the ghost
Lagrangian density (which we will discuss separately) is
given by

L ghost � ��aDab
� �A�D

�;bc�A��c � ��aKab�A��b (12)

The vacuum-to-vacuum transition amplitude in pure
gauge theory in the presence of a background field Aa� is
given by:

� < 0j0>A
� �

Z
�dQ��d���d ���ei�S�Sgf�Sghost�: (13)

For the gluon pair part this can be written as
065005
� < 0j0>A
� �

Z�A�
Z�0�

�

R
�dQ�ei

R
d4xQ�aMab

���A�Q�b

R
�dQ�ei

R
d4xQ�aMab

���0�Q�b
� eiS

�1�
eff

(14)

where S�1�eff is the one-loop effective action. The nonpertur-
bative real gluon production is related to the imaginary part
of the effective action S�1�eff which is physically due to the
instability of the QCD vacuum in the presence of the
background field. The above equation can be written as

� < 0j0>A
� �

Z�A�
Z�0�

�
Det�1=2Mab

���A�

Det�1=2Mab
���0�

� eiS
�1�
eff (15)

which gives

S�1�eff � �iLn
�Det�Mab

���A���
�1=2

�Det�Mab
���A���

�1=2

�
i
2
Tr�LnMab

���A� � LnMab
���0��: (16)

The trace Tr contains an integration over d4x and a sum
over color and Lorentz indices. To the above action, we
need to add the ghost action. The ghost action is gauge
independent and eliminates the unphysical gluon degrees
of freedom. The one-loop effective action for the ghost in
the background field Aa� is given by

S�1�ghost � �iLn�DetK�

� �iTr
Z 1

0

ds
s
�eis�K�0��i�� � eis�K�A��i��� (17)

where Kab�A� is given by (12). Since the total action is the
sum of the gluon and ghost actions, the gauge parameter
dependent part proportional to �1�� 1� can be evaluated as
an addition to the � � 1 result and discussed seperately
from the � � 1 calculation done earlier. In what follows
we will assume when discussing the � � 1 calculation that
we have included the ghost contribution.

The nonperturbative gluon pair production per unit vol-
ume per unit time is related to the imaginary part of this
effective action via

dN

dtd3x
� ImLeff �

ImS�1�eff

d4x
: (18)

This is the general formulation of Schwinger mechanism in
pure gauge theory where Mab

���A� is given by Eq. (10) and
Mab
��;��1�A� is given by Eq. (11).
III. SCHWINGER MECHANISM IN PURE GAUGE
THEORY IN ARBITRARY COVARIANT � GAUGE

Using the above formalism the Schwinger mechanism
for gluon pair production was studied in [6] in � � 1
gauge. In this � =1 gauge the final expression for the
number of nonperturbative gluon (pair) production per
-2
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unit time per unit volume and per unit transverse momen-
tum from constant chromo-electric field Ea is given by [6]

dNg;g
dtd3xd2pT

�
1

4	3

X3

j�1

jg
jjLn�1� e��	p
2
T �=�jg
jj��:

(19)

where


2
1 �

C1

2
�1� cos ��; 
2

2 �
C1

2

�
1� cos

�
	
3
� �

��
;


2
3 �

C1

2

�
1� cos

�
	
3
� �

��
; (20)

and

co s3� � �1� 6C2=C
3
1: (21)

They depend only on the two Casimir/gauge invariants for
SU(3)

C1 � EaEa; C2 � �dabcEaEbEc�2; (22)

where a; b; c � 1; . . . ; 8 are the color indices of the adjoint
representation of the gauge group SU(3). In this paper we
will check if this result remains same for any arbitrary
gauge parameter �.

In the arbitrary gauge parameter case, we have to evalu-
ate the one-loop effective action (Eq. (16)) which is given
by

S�1�eff �
i
2
Tr�LnMab

���A� � LnMab
���0��; (23)

where Mab
���A� is given by Eq. (10) and Mab

��;��1�A� is
given by Eq. (11). To evaluate the trace in Eq. (23) we
can evaluate the trace of

Tr Ln�Mab
�
�A��


�� � Tr Ln�Mab
�
;��1�A��


�

� �0�D��A�D
��A��ab�; (24)

where we added �
� inside the trace in Tr Ln�Mab
���A��

because this cancels against the free part Tr Ln�Mab
���0�� in

Eq. (23). The above equation can be split into the � � 1
part (which was studied in[6]) and a gauge parameter �
dependent part as follows

Tr Ln�Mab
�
�A��


�� � Tr Ln�Mab
�
;��1�A��


��

� Tr Ln��ab���

� �0M�1ac

� ;��1 �A�

	 �D
�A�D
��A��cb�: (25)
065005
We follow the � � 1 case [6] and assume that the
constant chromo-electric field is along the z-axis (the
beam direction) and we choose the gauge Aa0 � 0 so that
Aa3 � �E

ax̂0. The color indices (a � 1; . . . :8) are arbi-
trary. Now using the relation

�D�;D��
ab � �gfabcFc�� (26)

we find that

�D��A�M
��
��1�A��

ab � �D2�A�D��A��ab (27)

and

�M��
��1�A�D��A��

ab � �D��A�D2�A��ab (28)

where Mab
��;��1�A� is given by Eq. (11). We can use these

identities to rewrite Eq. (25) in a very convenient fashion
which will allow us to show the � independence of the
result. First we multiply M�1ab

��;��1�A� from the left in
Eq. (28) and obtain

�M�1
�
;��1�A�M


�
��1�A�D��A��ab

� �M�1
�
;��1�A�D


�A�D2�A��ab (29)

which gives

Dab
� �A� � �M�1

�
;��1�A�D

�A�D2�A��ab (30)

Now multiplying by � 1
D2�A�
�bc on the right in the above

equation we get

�
D��A�

1

D2�A�

�
ab
� �M�1

�
;��1�A�D

�A��ab: (31)

Multiplying Dab
� �A� from the right in the above equation

we get

�
D��A�

1

D2�A�
D��A�

�
ab
� �M�1

�
;��1�A�D

�A�D��A��ab:

(32)

Using Eq. (32) in Eq. (25) we get

Tr Ln�Mab�
� �A�� � Tr Ln�Mab�;

�;��1�A�� � Tr Ln
�
�ab���

� �0
�
D��A�

1

D2�A�
D��A�

�
ab
�

(33)

Now let us evaluate the trace of the last term
-3
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Tr Ln
�
�ab��� � �

0

�
D��A�

1

D2�A�
D��A�

�
ab
�
� Tr

�
�0
�
D��A�

1

D2�A�
D��A�

�
ab
�
� Tr

�
�02

2

�
D��A�

1

D2�A�
D��A�

�
ab
�

� Tr
�
�03

3

�
D��A�

1

D2�A�
D��A�

�
ab
�
� Tr

�
�04

4

�
D��A�

1

D2�A�
D��A�

�
ab
�

� Tr
�
�05

5

�
D��A�

1

D2�A�
D��A�

�
ab
�
� . . . : (34)
Summing the series we obtain

Ln �1� �0�Tr
��
D��A�

1

D2�A�
D��A�

�
ab
�

(35)

The trace Tr equals to

Tr � trxy trab tr�� (36)

where

tr �O�xy �
Z
d4x < xjOjx > : (37)

Using the cyclic properties of the full trace (Tr) we then
obtain:

Tr
�
D��A�

1

D2�A�
D��A�

�
ab
�

� Tr
��
D��A�D��A�

1

D2�A�

�
ab
�
� 8

Z
d4x: (38)

Using this in Eq. (35) we find

Tr Ln
�
�ab��� � �

0

�
D��A�

1

D2�A�
D��A�

�
ab
�

� 8Ln�1� �0�
Z
d4x � �8Ln���

Z
d4x (39)

In case of free gluons (Mab
���0�) we get:

Tr Ln
�
�ab��� � �

0

�
@�

1

@2 @
��ab

��

� 8 Ln�1� �0�
Z
d4x � �8 Ln���

Z
d4x (40)

Hence from Eqs. (23), (33), (39), and (40) we get:
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S�1�eff �
i
2

Tr�LnMab�
� �A� � LnMab�

� �0��

�
i
2

Tr �LnMab�;
���1�A� � LnMab�;

���1�0�� � S�1�eff;��1:

(41)

Hence the gauge parameter dependence on � exactly can-
cels from the interacting part and the free part and we get a
gauge parameter independent (and gauge invariant!) result
for gluon production which is the same as that obtained in
the �=1 gauge.

IV. CONCLUSIONS

We have studied nonperturbative gluon (pair) production
from a constant chromo-electric field with arbitrary color
via the Schwinger mechanism in a class of covariant
background gauges described by the gauge parameter �
by directly evaluating the path integral. We find that the
nonperturbative gluon production rate and its pT distribu-
tion are independent of the gauge parameter � and hence
the result is both gauge invariant and gauge parameter �
independent. This result will allow us to use the effective
two gluon action in the Feynman-t’Hooft gauge as a start-
ing point for studying gluon pair production with
backreaction.
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