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Quark loop contribution to 7 — 4y
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We find the contribution of constituent quark-loop mechanism to the branching ratio of 7% — 4y
process to be B =T o_y, /T 0_,, =~ 5.45 - 107° for the reasonable choice of constituent quark mass
m = 280 MeV. This result is in agreement with the vector-dominance approach result obtained years ago.
Thus the main contribution arises from the QED mechanism 7° — y(y*) — y(37) including light-light
scattering block with electron loop. This contribution was investigated in the paper of one of us and gave
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L. INTRODUCTION

In the program of investigation of CP-violating effects
one of the directions is the search of the ‘“‘forbidden”
process [1,2]:

0 — 3. (1)
An important background to it is the allowed decay:
w0 — 4. 2)

A realistic estimation of the differential width of it is
needed. Two types of contributions—hadronic and elec-
tromagnetic—as a relevant mechanisms of 7° — 4y must
be considered.

It was suggested in [3] (1972) and confirmed in [4]
(1995) that the main contribution have an electromagnetic
nature:

T
BYED — _ 724 5 6. 1071, 3
S = 3)

As for the hadronic part—two quite different predictions
were done: paper [5] gave B2 ~ 1077 and the resulty of
paper [3] is B3 ~ 107"*. Significantly lower bound for
branching B3 ~ 7.1+ 107 '® was quite recently obtained
in frames of chiral perturbation theory in [6].

This contradiction is the motivation of our investigation.

It is known the duality property in the description of
strong-interaction phenomena:

(i) The meson and barion (hadrons) approach;

(i) Quark-gluon approach.
In this paper we estimate (using the quark-gluon approach)
the 7 — 4y width in the model with constituent quark
loop.
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II. APPROACH BASED ON PCAC AND
VECTOR-DOMINANCE HYPOTHESES

Considering the process 70 — 4y within the Vector-
Dominance model (VDM) leads to the following
Feynman diagram (FD) Fig. 1. The amplitude which cor-
responds to this FD is [3]:
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by M (kz + k3 + k4)2 - m%
Somy
(ky + ks + ky)* — mg,
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(ky + ky)? — M?
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&% lky + ks + ky)P ] kS

+ 11 terms obtained by permutations, (4)

where {e;, k;}—is the polarization vector and momentum
of i-th photon; M—is the mass of pion and M,,—is the
amplitude of 7° — 27y decay. The coupling constants are
fixed by VDM to be:

FIG. 1. Diagrams of hadronic contribution within Vector-
Dominance model (VDM).

© 2006 The American Physical Society


http://dx.doi.org/10.1103/PhysRevD.73.054021

YU.M. BYSTRITSKIY, V. V. BYTEV, AND E. A. KURAEV

gﬂ'wp/\
Svry = M3 (5)
where A, = g,, A = g./2, g2 =2F2m?, g%, /4™ =
0.51 (see [7]), F,, = 94 MeV and:

Das, Mathur, Okubo

0.43¢2
2 _ 5
{ Oakes, Sakurai (6)

@ ]0.23¢g7

[8,9], respectively. Estimating the branching ratio contri-
bution which comes from amplitude (4), one gets [3]:

Bhadr - {8 .6 10’ Das, Mathur, Okubo.

7.0 - 10716, QOakes, Sakurai. )

In paper [5] the photons’ identity was not taken into
account (thus destructive interferences were lost). And this
gave the strongly overestimated result Bji" ~ 107,

ITII. APPROACH OF CONSTITUENT (HEAVY)
QUARK LOOP

In this paper we consider the mechanism with the con-
stituent quark loop. First we need to determine the pion-
quark coupling constant g. To do this we write out the
% — 2y amplitude within quark-loop approach assuming
the pion wave function to be

70 =

— (uit — dd). 8
\/j( ) @)
This gives [see Fig. 2(a)]:
. am N2
M, = Zlgm TF(Z)(eleZklkz)’ 9
where  (e,e2k k) = &, ,apel eki kS,  a = 1/137—is
fine-structure constant, the color-charge factor is N, = 3 -
(3)? = 3)?) = 1, m, M—constituent quark mass and neu-
tral pion mass correspondingly, z = M?/m? and F(z) =
[ (1)% In(1 — zx(1 — x)). We use constituent quark mass
equal to m = 280 MeV (according to the analysis per-

formed in paper [10]), thus z = 0.23 and F(z) = —0.118.
Comparing (9) with current-algebra (CA) result:
a a? M3
Mg;\ = 277_F77 (elezklkz), ].—‘2), = ﬁ F_gr =74 eV
(10)

with F = 94 MeV, we obtain for pion-quark coupling
constant g = 2.065.

7
no__”_ér + (1—>2)
ks
1,

(a)
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Now we start to estimate the hadronic contribution to
m° — 4y decay within the quark-loop approach which
gives us the set of FDs presented in Fig. 2(b). The ampli-
tude for the first FD has the form:

N kS
MY = —ga2P4 = [ P

4y \/z 1772 A A2A3A4A5
(11)
where A, =k>—m?, A,=(k+ k) —m?> A;=
(k = k3)* — m?, A4 = (k—ky —ky)* —m?,  As=

(k + ky + ky)*> — m?*; k, m—are the momentum and mass
of quark in the loop (m = 280 MeV). Sp = Sp[ys(k -
ky — k4 + m)e4(k ks + m)es(k + m)ey(k + ky +

m)é,(k + k; + ky + m)]. The color-charge factor for this
caseis Ny = 3 - ((9)* — (§)*) = 3. Next we join the denom-
inators of loop fermions propagators A;:

oy f dr (12)
Ay As 0 (Ajxy + ...+ Asxs)®’
where d7 =dx;...dxs8(x; +...+x5—1), and get
Alxl + ...+ A5X5 = (k + b)2 — da, where =
(ki + ka)xs + kyxy = kaxs — (k3 + kg)xy, d=m*—
Mzaz, a2 = XyXs5 + X3X5(t13 + 123) + l23XZX3 +

XoXg(tys + tag) + taaxs(x) + x2) + t1oxs(xy + x3), 1, =
2(k;k;)/M?. Performing a shift of loop momentum (k —
x + b) and calculating the loop trace Sp][. . .] we can cancel
even powers of new integration momenta y with denom-
inators (y?> — d). After that we may use a well-known

formula of integration:
ﬂ 1 _ (=" 1
]i’n’2 >—d" m—1)n-2)d %

To perform the integration over Feynman x’s we will
expand the obtained expression for amplitude over z =

(13)

M?/m?* = 0.23, i.e. use formula:
1
d" = mfz”(l + na’z + En(n + 1)(a?z)?
1
+ 5n(n + D(n + 2)(a%2)® + ) (14)
This makes the integration over x’s trivial:
'n,'nylng!
dnlnzn;n4= N5 N3Ny ] 15
] Txl xz x3 x4 (I’ll +n2+n3+n4+4)! ( )

Thus we obtain the amplitude for first FD:

ky v
ko
o P kY " i
T “_g ks y + 23 permutations
N A
k
4 1,

(b)

FIG. 2. Diagrams of hadronic contribution within constituent quark-loop approach.
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N
M) = —ga® 21,

2

= _(BO + ZBl + Z232 + Z3B3 )

(16)

where B;—some rather complicated but known functions
of e; and 7;;. The total amplitude My, is the sum of 24 terms
obtained from (16) by permutations of final photon legs
(i.e. pairs {e;, k;}):

ZM“) A7)

perm

Performing this summation we see that:

>By=>B =>B= D> By #0. (18)

perm perm perm perm

This can be obtained by applying Schouten identity:

(wpap3p)(Qp1) + (P up3p)(Qp))
+ (P1p21p4)(Qp3)
+ (p1P2P31)(QP4), (19)

to antisymmetric Levi-Civita tensors (a87y38) in functions
B;. Here we should notice that the total amplitude My,
fulfills the requirements of gauge invariance and Bose
symmetry:

ki‘Mi‘fm =
M;%po(kl, ky, ks, ky)

After squaring the amplitude M,, and summing over pho-
tons polarizations {A; A, A3 A4} we have:

(P1P2P3P4)Q, =

4
v Y —
kZM,U«VPU -

= Mizpo'(kzy k], k3, k4) =....

4 4
kg’M,Z,pg = kf{MMZ/pU =0,

N4 2 1 Z6
|My |2:( ga —> — — P,
TN, Y JV2) 225 m>
with P = Zsz, (20)
perm
where:

1
S, = 5112(81130%4012113 + t3(—2t14 + 3153))
+ Btpptz + 4ip3(=2tyy + 153))83, + 611383,)
+ 4113114 (11y — 13)taatzy — 3201313,13,
+ (382, — 40t 13124) 83, + 131151%,). (21)

The 7° — 4y decay width dT'{3" has a form:

dr'hdr = My, Pds, (22)

i |
Qm)¥2M )l]);})u

where the phase volume d¢, is considered in Appendix A.
To evaluate the hadronic contribution to total decay width
I‘Q‘i‘ydr we perform the numerical phase-space integration

and finally obtain:
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N?
gz;dr — 211 6g2 42245 7j
where J = f dd,P =~ 0.097, (23)

where the dimensionless phase volume d, is defined by
the relation d¢p, = 7T;M“d 4. Thus our result for hadronic
contribution to total decay width is [P} ~ 4 - 107 eV.

IV. CONCLUSION

Using the result listed above (see (23)) we estimate the
hadronic contribution to branching of 7% — 4+ decay as:

hadr

4y
Bhadr —
4

~5.45-10°1S. 24)

2y
This value has the same order of magnitude as the one
obtained in [3]. It also is in a good agreement with the
recent result [11] obtained within the meson and barion
approach. But it contradicts the result of paper [6] obtained
by using chiral perturbation theory.

The result obtained in [12] Bﬂf/dr = 1077 is in strong
contradiction to our estimate and QED result [4]. As for the
result of paper [5] it presumably needs a serious revision as
amplitude interferences were not taken into account.

We should notice that our considerations were per-
formed within QED. As for QCD corrections they may
be parametrized in the variation of constituent quark mass
m. For instance if uncertainty of m is about 5 MeV it can
resultin |6By, /By, | ~ 10%. The (rather rough) estimation
of the next term of expansion on z = M?/m? gives =~
—10%. So for lower mass of quark m = 275 MeV these
corrections mainly compensate for each other and our
result turns to be correct within several percents. For m =
285 MeV the resulting correction is negative and about
—20%.

Finally we may conclude that the main contribution to
7° — 4+ decay has the QED nature, i.e. mechanism with
light-light scattering block with electron loop: 7° —
v(y*) — v(37y). This contribution was investigated in a
paper of one of us [4] and appeared to be equal to

BEP =26-107' (25)

APPENDIX: PHASE VOLUME
The phase volume d¢, for decay 7° — 47 is:

Bk, &Pk, dky Bk
dpy =223 -5 (p —ky — ky — k3 — ky),
2(01 2(1)2 2(()3 2(()4

p? =M k2 = 0.

(AD)

Being expressed in terms of energy fractions of photons
y; = w;/M (which satisfy the identity y, + y, + y; +
y4 = 1) and cosines of photons momenta orientations
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C;= cos(1€,-1€,) this phase volume reads to be:

w2 1/2 27 1
]d¢4... =7M4f0 dyldyzjo ds /_ldcudcmylfy?.., (A2)

where A = 1 — y;(1 — Cj3) — y,(1 — Cy3). The region of integration is determined by conditions:

1 1 1
0<yi <3, -1<C; <1, 0<y;==(1=2(y; +y) +2y3(1 = Cpp)) <3,
2 2A 2 (A3)

1
0<y, = \/)’% + 33+ 3+ 2y132C1a + 2y1y3C15 + 2y,93Ca3 < >

while Cy; = C1,C3 + S1,513cos(¢3), and §;; = sin(lzl-lzj). The kinematical variables ¢;; can be expressed as:

ti, = 2y1y2(1 — Cyp), 1y = 2y,y3(1 — Cp3), ti3 = 2y1y3(1 — Cy3), th = 2y:(y2 + ya + y1Cia + y3Ca3),

tiy = 2y1(y1 + ¥4 + 2C10 + y3C13), t34 = 2y3(y3 + ¥4 + y1Ci3 + y,Cr3). (A4)
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