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Loop equation in D = 4, /N" = 4 super Yang-Mills theory and string field equation on AdS; X S°
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We consider the loop equation in four-dimensional N° = 4 SYM, which is a functional differential
equation for the Wilson loop W(C) and expresses the propagation and the interaction of the string C. Our
W(C) consists of the scalar and the gaugino fields as well as the gauge field. The loop C is specified by six
bosonic coordinates y'(s) and two fermionic coordinates {(s) and n(s) besides the four-dimensional
spacetime coordinates x*(s). We have successfully determined, to quadratic order in ¢ and 7, the
parameters in W(C) and the loop differential operator so that the equation of motion of SYM can be
correctly reproduced to give the nonlinear term of W(C). We extract the most singular and linear part of
our loop equation and compare it with the Hamiltonian constraint of the string propagating on AdSs X S°

background.
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I. INTRODUCTION

The large N dualities between string theories and gauge
theories are of great importance for the understanding of
both theories. The AdS/CFT correspondence [1-5] is one
of the most interesting examples of such dualities. On
the string theory side of this correspondence, we consider
the type IIB superstring on AdSs X S° geometry. On the
other hand, the corresponding gauge theory is the four-
dimensional N =4 SU(N) super Yang-Mills theory
(SYM). Since this correspondence was first conjectured,
a many of the aspects of it have been studied. Among them,
the correspondences associated with the Wilson loop op-
erator of SYM [6-12] seem to be very important, because
the proposed counterpart in the string theory side is nothing
but the fundamental string. The standard argument of the
correspondence begins with considering the following
Wilson loop operator W(C) defined on the loop C:

1
W(C) = TrPexp(i fo ds(A,, (x(s)i(s)

+ Az i(x(s))y' (S))>, (1.1)
where A# (u=0,...,3)and A3,; (i=1,...,6) are the
gauge field and the six scalar fields, respectively, and P
denotes the path ordering. The loop C is defined by ten
coordinates, x*(s) and y’(s): x* are the coordinates of the
four-dimensional spacetime in which the gauge theory
lives, and this Wilson loop depends also on the additional
six “coordinates” y’. The corresponding object to this
Wilson loop in the string theory side is the string world
sheet whose boundary is specified by the loop C. Then the
conjectured relation [6—12] is

exp(—Ayortd sheet) = (W(C))sym (1.2)
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where A, ond sheet 1S the area of the classical solution of the
string world sheet, and (W(C))sym is the expectation value
of the Wilson loop operator.

On the other hand, there is another interesting corre-
spondence between the Wilson loop operator and the fun-
damental string in the context of the string/gauge duality;
the correspondence between the Wilson loop operator and
the string field. In [13] the loop equation of the Wilson loop
operator in type IIB matrix model was investigated and
they argued that the light cone Hamiltonian of the string
field can be derived from the loop equation. If there is a
similar correspondence between the Wilson loop operator
W(C) in four-dimensional N =4 SYM and the string
field W[X(s)], it is natural to expect that the string field
lives in a curved geometry, i.e., in AdSs X S°. Hence, the
loop equation of W(C) would have the same information as
the Hamiltonian of the string field on AdSs X S°. Although
the construction of string field theory (SFT) on AdS; X S°
spacetime is still a challenge, there have been lots of
developments in understanding the SFT on the pp-wave
background [14-22] which is obtained by taking the
Penrose limit of AdSs X S°> geometry. Connections be-
tween the pp-wave string states and the local operators in
the gauge theory, i.e., the Berenstein-Maldacena-Nastase
(BMN) operators, are also studied intensively [23] (see
also [24-26] and references therein). Recently, one of
the present authors has shown that these BMN operators
emerge in the expansion of the Wilson loop operator with
respect to the fluctuations §C = {Sx*, 8y'} of the loop C
[27]:

1 .
W(C) ~ Zﬁ @émund + 5x6‘(9{b,0 + Syf)’@ﬁﬂ,’o
7/
mv,n 4+pu,n

+ Zax’inaxz(of—l + Zay’inax#(of—l

+ Zaygnayzoilé&%—q,n R (13)
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and the indices p and ¢ run from 1 to 4.' It is quite
interesting that this expansion resembles the expansion of
a string field with respect to the string states:

WIX(s)] = S (SXIANS (Xo),
A

010> and Oy, are the BMN operators

(1.4)

where {|A)} is a complete set of first-quantized string states,
and 4(X,), which is a function of the center-of-mass
coordinate X, of the string, is the local field corresponding
to the string state |A).

Hence, it is a very interesting theme to investigate the
loop equation of the Wilson loop operator in four-
dimensional N =4 SYM with the expectation that it
would have the same information as the equation of motion
of the string field on the AdSs X S3 background and on the
pp-wave background as well. However, the loop equation
in N = 4 SYM including its fermionic part has not been
completely established.? The purpose of this paper is to
construct the loop equation in four-dimensional N = 4
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SYM as a first step of such an investigation. We will also
carry out a (partial) analysis of the loop equation toward
the identification of the Wilson loop operator with the
string field.

For explaining the problems in constructing the loop
equation in N = 4 SYM, let us recapitulate the derivation
of the loop equation in bosonic Yang-Mills theory. In
bosonic Yang-Mills theory, the Wilson loop operator is
given simply by

W(C) = TrPexp(ifl dsAM(x(s))xM(s)> = Tr W{(C).
0
(1.5)

Here, W,2(C) expresses the Wilson line defined on the
portion of the loop C with the parameter region [u, u,]. In
the rest of this paper we often omit the argument C of
W2(C) when it causes no confusion. The starting point of
deriving the loop equation is the following formula for the
functional derivative acting on "W,2:

|

o " |
o) WH = [ W 0,0 @030 = )+ A () = )W
= Wiy i(Fy i), Wit + Witi(A,),8(s — ) = ilA,)y, Wid(s —uy), (1.6)
where (F,,x"),, for example, is the abbreviation of F,,,(x(s))x"(s). Using this formula twice we get
0 1)

— W) = ——— Trli(F* x¥ VW;,H
5)0”‘(52) 5)(#(5‘1) ( ) 5)(’“(5‘2) r[l( X )51 1 ]

= Tili(F# &), Wii(F 1), W1+ 8(s) = o) Tli(D, F# ), Wi (1L7)

We call the first term in the final form of (1.7) the §-term and the second term the 5-term. It is important that the 8-term is
proportional to the left-hand side (LHS) of the equation of motion (EOM), D, F*, = 0. Let us consider the expectation
value of (1.7) or that of the product of (1.7) and other Wilson loop operators. Then the d-term can be evaluated as follows:

v[IM#Tﬂﬁ%DMFW%JQWVﬁHKHst=ga[IM#T{ﬂ(i aﬂ \vg”}c~)

¢ [, Tr[rwso%ww}(» e,

V SAY

(1.8)

where t* (a = 1, ..., N> — 1) are the generators of the SU(N) gauge group, dots ( - - - ) express the possible other Wilson
loop operators, and g is the Yang-Mills coupling constant. We have performed functional integration by parts in obtaining
the final expression.” The functional derivative with respect to A%(x(s;)) divides the Wilson loop into two parts and we
have, in functional integration,

"Note that we have expanded the Wilson loop operator with respect to the fluctuations of the four coordinates 8x* and the four
“winding number density” oy”.

2Loop equations in four-dimensional N° = 4 SYM were studied to check the correspondence (1.2) [8—11]. In [8,9], they studied a
special class of loops satisfying the condition %> + y> = 0 or its fermionic extension. In [10,11], they considered the simple Wilson
loop (1.5) and argued that the contribution of the scalars and gauginos is irrelevant for their analysis. A manifestly supersymmetric
formulation of the loop equation in N = 1 SYM is given in [28,29].

*1If some operators in (- - +) lie on the loop C, there are other contributions to the right-hand side (RHS) of (1.8) which arise when the
functional derivative acts on such operators. Here we just neglect such situations.
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———W(C) = Tili(F* ,&"),, W3i(F "), Wi ']

8x#(s2) 6x,(s1)

.gz s+ . .
=150y = sa) [T dsB(0) — sl D) LIWCWC),

where the loop C; (C,) is the part of the loop C with the
parameter region [s, s] ([s, s; + N).* We call (1.7) and
(1.9) “loop equation” in this paper. The loop equation in
bosonic Yang-Mills theory has been used to study the area-
law property of the Wilson loop (see [30,31] and references
therein).

We would like to extend the above derivation of the loop
equation to the four-dimensional N =4 SYM. Con-
cretely, we have to give the SYM extension of both the
Wilson loop operator and the quadratic functional deriva-
tive with respect to the loop coordinates in such a way that
the S-term which is multiplied by &(s; — s,) is propor-
tional to the EOM and hence it gives the nonlinear term in
the Wilson loop. Our Wilson loop operator in N = 4
SYM is given by modifying (1.1) to include the gaugino
fields. Accordingly, the loop C is specified by two fermi-
onic spinor coordinates, {(s) and 7(s), as well as 4 + 6
bosonic coordinates, x*(s) and y'(s). The coordinate /(s)
has already appeared in the literature [8,9]. Its mass-
dimension is —1/2 and it has the same chirality as the
gaugino. On the other hand, another fermionic coordinate
7(s) has mass-dimension —2/3 and the opposite chirality
to that of £(s) and gaugino. Therefore, we can consider the
quadratic functional derivative (8/81(s,))(8/8(s,))
which has the same mass-dimension 2 as (8§/8x*(s,)) X
(6/6x,(sy)) and (8/8y'(s,))(8/8Y'(s1)). By taking as the
total quadratic functional derivative for the loop equation a
suitable linear combination of the above three, we have
succeeded in determining the dependence of W(C) on the
fermionic coordinates so that the §-term may vanish to
quadratic order in { and 7 if we use the EOM of N =4
SYM.

In this way we can obtain the N" = 4 SYM version of
the loop equation (1.9). For our application of the loop
equation to the analysis of the AdS/CFT correspondence,
in particular, the identification of the Wilson loop operator
as the string field on AdSs; X S°, we have to consider the
coincident limit s; — s, of the quadratic functional deriva-
tive. This limit is singular and needs some kind of regu-

“In this step we use the following formulas:

o Uy 1 U 4d _ Uy
mwu, = j;l duwu]lt () 8™ (x(u) — x(s)) W,

and

1 1
(1)t )y = 3 <5i15jk N 5ij5k1)~

In (1.9) and throughout this paper, we neglect the 1/N term in
the second formula.

(1.9)

{
larization. In this paper, we adopt the regularization of
replacing the massless free propagator 1/x*> by 1/(x* +
€?), and extract the most singular part of order 1/€* in the
loop equation. We find that the resulting equation for the
Wilson loop resembles the Hamiltonian constraint of bo-
sonic string on AdSs X S° if we identify the UV regulari-
zation parameter € with the radial coordinate of AdSs.

The rest of this paper is organized as follows. In Secs. 11
and III, we consider the loop equation in N' = 4 SYM at
the lowest order in the fermionic coordinates: We derive
the loop equation in Sec. II, and then in Sec. III we pick up
the most singular and linear part of the loop equation and
compare it with the Hamiltonian constraint of the bosonic
string on the AdSs X S°. In Sec. IV we extend our loop
equation to the quadratic order in the fermionic coordi-
nates. Section V is devoted to the conclusion and discus-
sions. Our notations and conventions are summarized in
Appendix A. Details of the calculations used in Sec. IV are
given in Appendix B. In Appendix C we calculate the most
singular and linear part of the loop equation to quadratic
order in fermionic coordinates. In Appendix D we consider
more general functional derivatives than those we consider
in Secs. III and IV.

II. LOOP EQUATION IN N = 4 SYM I: THE
LOWEST ORDER IN { AND 7

As we explained in the previous section, the loop equa-
tion in four-dimensional N =4 SYM depends on the
fermionic loop coordinates {(s) and 7(s) as well as the
bosonic coordinates x“(s) and y'(s). In this section, we will
derive the loop equation at the lowest order in {(s) and
71(s); namely, we consider the loop equation by putting
{(s) = n(s) = 0 from outside (i.e., after functional differ-
entiations with respect to the loop coordinates). Extension
to quadratic order in {(s) and 1(s) is given in Sec. I'V.

First, our notations for the four-dimensional N = 4
SYM are as follows. The field content of this theory is
one gauge field, six scalar fields, and four gauginos which
are four-dimensional Weyl spinors. In this paper we adopt
the ten-dimensional /N = 1 notation: the gauge field and
the scalar fields are expressed by A, (v =0,...,3) and
Azy; (i=1,...,6), respectively, and we combine four
Weyl spinors to make one ten-dimensional Majorana-
Weyl spinor ¥. We have summarized our notations in
Appendix A. Our action of the four-dimensional N = 4
SYM is

2

1 1 —
8
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with M and N running from 0 to 9. We have defined the
field strengths and the covariant derivatives as follows:

F,,=0,A,—3d,A, +iA,A]
F,U,,3+l' = _F3+i,,u = DMA3+1')
F3+i,3+j = i[A3+i’ A3+j]:
D,0=9,0+i[A, O]
D340 = i[A34;, O]

(2.2)

The ten-dimensional Dirac matrices I'y, satisfy the follow-
ing Clifford algebra:

{FM’ FN} = 2N un»

where 71,y = diag(—1,1,...,1) is the ten-dimensional
flat metric. We will also use the four-dimensional flat
metric 7]2‘2\, = diag(—1,1,1,1,0,...,0). The action (2.1)
is invariant under the SUSY transformation &,:

with TMN = (1/2)[T™, T'V]. In (2.4), ¢ is the fermionic
variable with the same chirality as that of V.
Let us start constructing the loop equation. As we stated

in the previous section, we have to give the N = 4 SYM
|

2.3)

1) )
Xy (s2) 6XM(sy)

We see that the o-term of (2.8) contains correctly the first
term of (2.5). It is obvious that, in order to reproduce
completely the LHS of (2.5) including the gaugino current,
we have to introduce the fermionic fields in the Wilson
loop. Previously, the following fermionic extension of the
Wilson loop operator obtained as the “SUSY transforma-
tion” of (2.7) has been considered [8,9]:

1 )
W(C) = TrPexp(i f ds A, (x(s), g(s))xM(s)), 2.9)
0
where A, is the finite SUSY transformation of A,:
1
ﬂM(X, g) =AM + (SéfAM +55§AM + -

= AM - lZ].—‘MlI" - iFNPZFMFNpg + .-
(2.10)

In (2.9), the parameter ¢ is promoted to a s-dependent
fermionic loop coordinate ¢(s). However, it seems hard
to reproduce the complete EOM of (2.5) by adopting this
type of Wilson loop and a simple quadratic functional
derivative.

In this paper we consider another type of Wilson loop
operator by introducing an additional fermionic coordinate
7. Our motivation of introducing such a coordinate is the

W(C) = Ti[(iFM yXV),, W (iFypXP), Wet ™' T+ 8(sy — 57) THL(iDy FM yXV),, Wit ']
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extension of both the Wilson loop operator and the qua-
dratic functional derivative with respect to the loop coor-
dinates. The guiding principle of this extension is that the
S-term, namely, the term multiplied by &(s; — s,), be
proportional to the EOM of N =4 SYM [see (1.7)].
The EOM of four-dimensional N = 4 SYM is given by

Dy FY, — WI'yW¥ =0, (2.5)

pY =0, (2.6)

with p = TMD,,. Note that (2.5) expresses the EOM of the
scalar fields as well as the gauge field. The first term of
(2.5) can be obtained by considering the Wilson loop
operator (1.1):

1 .
W(C) = TrPexp(i[ dsAM(x(s))XM(s)> = Tr W),
0
2.7)
where we have introduced the ten-dimensional loop coor-
dinates XM with X* = x* and X3*? = yi. By performing

the ten-dimensional functional differentiation and repeat-
ing the derivation of (1.7), we obtain

(2.8)

[

dimension of the functional differential operator. The qua-
dratic functional derivative on the LHS of (2.8) has mass-
dimension 2, and we want a differential operator with
respect to fermionic coordinates whose mass-dimension
is also 2. Because the mass-dimension of / is —1/2, we
are lead to the idea of introducing an additional fermionic
variable 1 which carries mass-dimension —3/2 and there-
fore allows us to consider the following differential opera-
tor with mass-dimension 2:

) )
8na(52) 67,(sy)’

@2.11)

where the « is the spinor index. The chirality of 1 must be
opposite to that of { and V.

Next we must fix the dependence of the Wilson loop
operator on these two fermionic coordinates { and 7. We
have already given a well motivated way of introducing the
coordinate /, i.e., through SUSY transformation (2.10).°
On the other hand, we do not know such an origin of the
variable 7. In any case, the dependence of the Wilson loop
on 7 should be determined from the requirement that the

5Tn Sec. IV we will find that the coefficients of the terms S?A M
in (2.10) need to be modified for n = 2. Here we need only the
terms with n = 0 and 1.
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functional derivative (2.11) acting on the Wilson loop
supply the needed gaugino current term in (2.5).
Actually, if we set { = 1 = 0 from outside, this require-
ment can be fulfilled by considering the following opera-
tor:

W(C) = TrP exp(i f L ds(A, (x(s)) XM (5)
0

— iZ(s)Ty W (x ()XY (s) + W(ﬁé(S))ﬁ(S)))

PHYSICAL REVIEW D 73, 046001 (2006)

Let us consider Kz W(C)|;=,— with quadratic functional
derivative Kz defined by

__ 9 0 L 0 0
! 5XM(S2) 6XM(S1) 181’(52) 62(5‘1)’

Kg (2.13)

and W(C) given by (2.12). In (2.13), B; is a numerical
coefficient to be determined below. Similarly to (1.6), the

(2-12)J first derivatives of the Wilson line of (2.12) are given by
s Wit = Wi GEun 0 + Dy X + Dy 0, WE + Wy [0, 2008 + 0 ], W
+ Wi(idy + {TyP),, 8(s — up) — (iAy + {Ty¥),, Wits(s — uy), (2.14)
% Wiz ="Ws Ty PXM), Wi, (2.15)
%Wiﬁf = W5 (iDy VXM + i[{Ty ¥XM + iW 5, W), W + Wi(=iV), (s — up) — (—iW), Wi2(s — uy).

Using these formulas, we obtain

Kg W(O)l—p—o = TrP((iFynX"),, (iFM,XP),, — BI(FN\PXN)sl(iDPWXP)sz)Wé]

We find that the last term of (2.17) contains the LHS of the EOM (2.5) if we set

Then carrying out the functional integration by parts as we did in (1.8), we get

K1 )W (Ol = XN (5K () TrB| () Fp), %(FN\P)SI(iDP@SZ)Wé}

2 S
—id(s) — 52)% fl

(2.16)
+ 8(s; — 5) Ti[i((Dy FM y — 28, FTy W)XN), Wi H'], (2.17)
B =1L (2.18)

56 (a(s) — x(s)Xn ()X (s))W(C)W(Cy). (2.19)

W(C,)W(Cy) = TH{[1]W(C) = NW(C). (2.20)

In this way we have derived the loop equation by setting
{ = m = 0 from outside.

Before closing this section, we will make some com-
ments on the last 6-term of (2.19). Recall that C; (C,) is the
part of the loop C with its parameter region [sy, s] ([s, s; +
[]). The existence of four-dimensional delta function
8@ (x(s) — x(s;)) implies that the integration with respect
to s has contributions only from points satisfying x(s) =
x(s). There are two types of such contributions. One is the
contribution from the point s = s, and this exists for any
loop C. The other kind of contribution arises if the loop has
self-intersecting points and if x*(s;) is just one of these
points. For the former contribution, either of the two loops
C, and C, becomes trivial and we have

For the latter contribution, none of the two loops become
trivial and we should regard this term as the interacting part
of the loop equation.

ITII. LOOP EQUATION AND HAMILTONIAN
CONSTRAINT

In this section we will consider the limit s; — s, in the
loop equation (2.19). In this limit, (2.19) has some singu-
larities. We will extract the most singular contribution to
the terms linear in the Wilson loop. Namely, we neglect
the contribution from the self-intersecting points of C in
the last term of (2.19). We compare the resulting linear
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equation for the Wilson loop with the Hamiltonian constraint of bosonic string on AdSs X S°. Recall that we call the first
and the second term on the RHS of (2.19) #-term and §-term, respectively.

A. Linear and the most singular part of the loop equation

First we will consider the singular part of the #-term of (2.19) in the limit s; — s,. Singularities arise when two operators
at 51 and s, collide with each other. We evaluate these singularities by taking the contraction of the two operators by using

the following UV regularized free propagators:

a b=\ 92 6ab77MN
Ajy () A (T) = mm

a R~ Zg2
‘I’a(ﬂf)‘l’g(l’) = H@ad

5ab

@oarre (31)

where € is the short distance cutoff parameter. Here, we consider only the leading order terms in the SYM coupling

constant g. Using (3.1) we have

] 2 9 gab (4)
O Al (2)0p Ay (7)) = L= eI

e=z  4m? e

a 50~ }
O Vg (2)V5(2) =

(3.2)

i _2(FN)O¢H77]<\/})N (5ab

e=z 472 e

Using the first equation of (3.2) and to the leading order in g, we have the following contraction of two field strengths:

,—‘a ~ 292 5ab
Fan(@)Feo@)| =200 (ol

=7 4mr2et

4 4 4
NyupINg — ,'7<M>Q nNp — 7]1(\])P77MQ + 775\;22 77]\,119) .

(3.3)

From these rules the singular part of the §-term of (2.19) can be evaluated to the leading order in g as

E—

51— So

where A = g2N is the *t Hooft coupling. It is interesting to
observe the following: The contribution to the singular part
from the bosonic fields and that from the fermionic fields
do not have ten-dimensional covariance separately.
However, once they are added using the coefficient 8; =
1/2 (2.18), we regain the ten-dimensional covariance as in
(3.4). Using (3.4), the most singular part of the @-term in
(2.19) is given as follows:

_i XM (s51)Xp(s1)

#-term of (2.19) = 5 ———— W(C)
T €

+ 0(1/€%), (3.5)

to the leading order in the coupling constant.

Next let us turn to the linear part in W(C) of the §-term
of (2.19). We already explained that the linear part in W(C)
|

S-term of (2.19) ~ —i8(s, — sz)%XN(sl)XN(sl)W(C) [ ds

Al

. . M 1 . (4) (4)
lim € i(F oy )e, i(F 7 p )s, D) (Cy W), (iDpV),, S\~ e + 20yp ) + 2055

A
=~ e (3.4)

b
T2 et

[
comes from the region s ~ s; in the s-integration of (2.19).
Note that there are two kinds of singularities contained in
the last term of (2.19) with s; = s,. One is &(s; — s;)
multiplying (2.19). Besides this, the s-integration around
s = s, is divergent without putting s; = s,. We will treat
the former singularity in the next subsection. For the latter
singularity, we adopt the following regularized four-
dimensional delta function:

2i €

M0 = ETap

(3.6)

This regularization is consistent with the propagators (3.1)
in the sense that 9,,0%(x> + €2)~! = i(2m)?8“(x). Using
this delta function, we can evaluate the contribution to the
s-integration from the region s ~ s; as follows:

2i €2
7 (s — 5)20i(5))? + €

34 XV (s))Xy(s)) S(s1 — 1)
= RO = 0(1/€) @D

V((sy))?

Here we have assumed that €5(s; — s;)/+/(X(s,))? is a finite quantity of order € (see the next subsection).
Finally, from (3.5) and (3.7), we obtain the following expression for the loop equation (2.19) with s; = s,:
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W(C) +---=0,

B 5 1 86 6
( 85Xy (sy) 8XM(sy) 2

where « is defined by
3 €d(s; —s)) 1

87 JGi(s))? T

In (3.8), the dots ... denote the less singular terms in e,
higher order terms in g, and the nonlinear terms in the
Wilson loop. In « of (3.9), the first term is the contribution
from the §-term and the second term is from the §-term.

3.9

B. Hamiltonian constraint on AdS5 X S5

Let us compare (3.8) with the Hamiltonian constraint of
the bosonic string on AdSs X S°. The latter can be derived
from the Polyakov action:

1
7 ]d20\/_ggabGMNaaXM(o')abXN(a')

4T
— 2
_]d O-‘EPolyakow

where XM (o) (M, N =0, ...,9) is the string coordinate,
gab (@, b =0, 1) is the world sheet metric, and G,y is the
spacetime metric. The Hamiltonian constraint is

(277(1/)2GMNTMTN + GMN(?]XM(‘)]XN =0.

N Polyakov —

(3.10)

(3.11)
We have introduced momentum 2,, conjugate to XM:

a‘EPo]yakov
(99 XM (0))

1
= Y _ggoaGMNaaXN(o-)‘

B 2ma

Pylo) =

(3.12)

In the Poincaré coordinate of AdSs X S geometry with the
line element

R? R
ds®> = GyndXMd XN = W(dx“dxﬂ + dY'dY?), (3.13)
(3.11) becomes

/ZY_2 " Y pY R_2 My yiyi) =
(27m)R2(?ﬂ:P +:P,:P,)+Y2(x X, + YY) =0,
(3.14)

with XM = (x#,Y') and Py, = (P, P}). In (3.13) and
(3.14), the index u is raised or lowered using the four-
dimensional flat metric nﬁf?,, and the dot denotes the de-
rivative with respect to o!. Let us identify x* with the four-
dimensional coordinate where the SYM lives. The remain-
ing six coordinates Y " in (3.13), however, do not directly
correspond to y' = X3%? of the Wilson loop operator
(2.12). Actually these two sets of coordinates y’ and Y’
should be related through T-duality [8,13]. T-duality on
curved backgrounds is a subtle matter, but here we just

snG) o2y "

XM(sl)XM(SO) (3.8)

4
€ {=n=0

{
assume that these two coordinates are related through (here

we ignore the ordering problem)
.0 1

— =

)-)i — 27TC¥IG3+i’MTM, ;
oy

v M
/ G3+i,MX ’
27«

(3.15)
where we identify o; with the parameter s of the Wilson

loop. Using the momentum P,,(s) conjugate to the loop
coordinate XY (s) defining the Wilson loop,

0

P = —l—, 3.16
the above relation (3.15) can be rewritten as
i Y? 1 R,
y :ZWQ/FLPZY, P3+i:mFY. (317)

Therefore, the Hamiltonian constraint (3.14) is expressed
in terms of the coordinate X = (x#, y) and its conjugate
P, as
Y? R> . .
(27ra’)2FPMPM + WXMXM =0, (3.18)
where the index M should be raised or lowered using the
ten-dimensional flat metric 7,y .

Let us compare the loop equation (3.8) with the
Hamiltonian constraint (3.18). We find that, if we make
the following identifications,

R4

A = 2.7 (3.19)

Q2mk) Ve =, (3.20)

the loop equation (3.8) can be regarded as the Hamiltonian
constraint (3.18) acting on the Wilson loop up to the
(8/67)(8/8¢) term and the omitted ... terms in (3.8).
The first identification (3.19) is standard in the
AdSs/CFT, correspondence [1-5]. On the other hand,
the second identification (3.20) is rather problematic and
has no justification yet. Roughly, it identifies the UV cutoff
€ in SYM with the radial coordinate Y of AdSs. This may
look natural if we recall that ¥ = 0 corresponds to the AdS
boundary [32], and might imply that we are forced to
consider only the strings on the AdS boundary. Another
possibility would be that we can treat finite Y through the
relation (3.20) in the limit € — 0 of removing the UV
cutoff by fine-tuning « in such a way that the LHS of
(3.20) is finite. For this fine-tuning, the first term
(3/8m)ed(s; — 51)/+/(x(s1))? in k (3.9) must be a finite
quantity as we mentioned below (3.7), and it should be
taken to 1/77%. This claims that the UV regularization of
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8(s; — s1), namely, the string world sheet regularization,
should be related with the spacetime regularization speci-
fied by €. In any case, justification of (3.20) is indispens-
able for the identification of the Wilson loop with string
field mentioned in Sec. L.

IV. LOOP EQUATION IN N = 4 SYM II: LINEAR
AND QUADRATIC TERMS IN FERMIONIC
COORDINATES

In Sec. II, we have shown that our extended Wilson loop
operator (2.12) satisfies the loop equation (2.19) with { =
n = 0. If we do not set { = n =0 from outside, the
S-term is no longer proportional to the EOM. For con-
structing the loop equation valid to higher powers in fer-
mionic coordinates, we must further modify the Wilson
loop operator and/or consider other types of functional
derivatives. In this section, we will take the former pre-
scription of modifying the Wilson loop and derive the loop
equation valid to terms quadratic in fermionic coordinates.
In Appendix D, we consider extending the quadratic func-
tional derivative K . We find, however, that this does not
change much the results of this section.

Let us take the following Wilson loop which is a gen-
eralization of (2.12):

W(C) = TrPexp(i ﬁ L ds( A, (x(s), £(5)XM (s)

+ D (x(s), £()(s) + L(5)QUx(s), £ (S)))>,

4.1
with
ﬂM = AM + a15§AM + a25§AM + a352AM + - °
4.2)
(I)a - \I’a + blﬁg‘l’a + bzﬁg‘lfa + b382«‘ya + - °,
4.3)
Q, =i(c38,Ay + - )TM),, 4.4

and consider Kz W(C) with Kz given by (2.13) to qua-
dratic order in { and 7. Note that we have newly intro-
duced the /-term in (4.1). Operators (4.2), (4.3), and (4.4)
are defined by using the SUSY transformation of SYM
fields and the parameters a,, b,, and ¢,.% The coefficient
Bi in Kg helps us to distinguish contributions from
(8/6XM)> and 62/8m8. Since the calculation of
K W(C) is lengthy and complicated, we present it in

5The index n denotes the power of { in the exponent of (4.1).
One might think it natural to introduce A,,(I'" (), as the lowest
order term in (),. However, this operator is excluded since it
breaks the gauge invariance of the Wilson loop.

PHYSICAL REVIEW D 73, 046001 (2006)

Appendix B. The results are given by (B17) and (B18)
using the notations (B9)—(B16), and their explicit forms
are found in Appendices B 2-B 4. If we do not put { =
1 = 0 from outside, there appears the &(s; — s,)-term as
well as the 8(s; — s,)-term in Kz W(C), and we have

Kg,W(C) = > TrP[G,, G, W]
GG

+ 8(sy — s2)Tr[(9SIW§}H]

+8(s) —s) TI[Q, W], (4.5)
where G, G, O, and Q are SYM operators. We call the
first, the second, and the last term on the RHS of (4.5)
J-term, 8-term, and S—term, respectively.

The parameters a,, b,, and c, should be determined
from the requirement that the operators O and @ in the §-
and é-terms in (4.5) be proportional to EOM. In the fol-
lowing, we will summarize these operators and the con-
ditions for them to vanish modulo EOM to terms quadratic
in fermionic coordinates. To this order of the fermionic
coordinates, it is sufficient to introduce a; 53, b} 53, and c3.
Among these, we put a; = 1 by fixing the normalization of
{ as we have already done in Sec. II. Therefore we have to
determine the six remaining parameters.

A. Summary of operators and conditions

In this subsection, we summarize the operators O and Q
appearing in (4.5) and the corresponding conditions to
quadratic order in fermionic coordinates. First, the operator
9 in the é-term is given simply by [see (B20)]

Q =9B1b,{PV. (4.6)
This is already proportional to the EOM (2.6) and leads to
no conditions on the parameters.

Second, note that the operator O in the §-term is given
as a sum of operators which are multiplied by one of
(XM, Z, 7). We classify these operators by (X™, Z, ) and
the power of { [the other fermionic coordinate 7 appears in
K W(C) only as 7]. In the following we present each
operator and the corresponding condition. Detailed calcu-
lations are given in Appendix B, and we quote only the

results:
(i) X-term (B35)

operator: i(DMFyy —2B8, YTy W)XV, (4.7
condition: B, =1 4.8)

(i) {-term (B36)
operator: — Z“¢\I’, 4.9)
condition: none. (4.10)
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conditions: SBia, =0, Biby = 1. (4.14)
(i) 7-term (B37)

. 1—B81b —
operator: inp*V¥ — % [Fyy, YTMN 3],
(4.11)
condition: S1b; = 1. 4.12)

(v) {-term (B41)

) operator: (1 + 3[31c3);§FM§WFM\I’, (4.15)
@iv) {X-term (B40)

operator: ({T ) P>V — D, PV)X"

O W, T K

_i(1 = Biby)
2

+

condition: 1+ 38;c; =0. (4.16)
[Fyp, {TNPT ) WIXY,

(4.13)
|

(vi) {n-term (B47)

operator: i[{PV, V7] — iB1b,(q{¥, PV} + [WTy ¢, qTMPY] — [V 7, {PY))
+ b1(1 = B1b)FMy, FypllTNP i) — iDy(b i DMFyyp — 28,0,V p W) (TN 7
+ 2i(1 — B1b,)[{TMW¥, D,V 7], 4.17)

conditions : b](l - ﬁ]bl) = O, b] = 2,81172, B]bz = 1. (418)
(vii) {ZX-term (B56)

operator:  ayDo(DMFyp — WIpW)TATPeLXN + [PV, (TN VIXY + (ay — Bias) (LT, CPV]
+ [{Ty W, LDNTM PYDXY + iay(1 = 2B1b)[FM p, FroI{DNTPCLXN
+iay(1 = B1b))[Fpg, FyunJ{TMTPCLXN + 2(1 — ay — B1by)[{TMW, {TyDy VIXN
— (1 = B1(2az + 2b; + c3))[{TMV, {T Dy WIXN
— (ay = B1Baz + by))[LTNTMPW, {T'y DpWIXY, 4.19)

conditions: az(l - Zﬁlbl) = O, a2(1 - Blbl) = O, 1 - a, — ﬁlbz = 0,
1— B1Qa; +2by,+ c3) =0, a, — B1(Bas + by) = 0. (4.20)

{
a, = 0, as = _%, b] = 2, bz = 2,
B. Solution to the conditions 7 5 4.21)
. . . . b; = arbitrary, 3= 5
In the previous subsection, we obtained 12 conditions on

six parameters a, s, b; 3, and c3 [(4.8) is merely a repeti-

tion of the result (2.18) in Sec. II]. This (apparently over-  Note that a, and b, in (4.21) are different from those for
determined) set of conditions can in fact be consistently  the finite SUSY transformation, a,, = b, = 1/n!.

solved to give Using the above results, Kg —;,W(C) is now given by
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K31:1/2W(C) = Z-term + 98(S1 - S2) Tr[(Zﬁ‘I’)SIW;}Jrl] + 6(51 - S2) Tr[(l(DMFMN - WFN\I’)XN - Zw\lf + lﬁﬁij‘
+ ({TyP*Y — Dy PY)XM — 2iDy(DMFyp — VT, W){TVP ) — im{W, PV}

— i[WT), ¢, M PW] — [T, W, ZTMTy pwIxY), Wi,

up to terms higher than quadratic in fermionic coordinates.
The expression of the §-term is found in Appendix B 4. In
Appendix C, we carry out the analysis of the most singular
and linear part of the RHS of (4.22). This is an extension of
the analysis presented in Sec. III to the quadratic order in
the fermionic coordinates. The contribution from the
#-term is given by (Cl12), and that from the &- and
5-terms by (C19). We do not know whether whole of the
most singular part, including, in particular, its fermionic
coordinate part, has an interpretation as the Hamiltonian
constraint of superstring on AdSs X S3. For this, we have
to clarify the meaning of our fermionic coordinates { and 7
in the first-quantized superstring theory.

V. CONCLUSION AND DISCUSSIONS

We have investigated the loop equation of the four-
dimensional N =4 SYM. We started with the Wilson
loop operator introduced in [6,7], which contains six scalar
fields as well as the gauge field, and depends on extra six
bosonic coordinates y'(s) besides four-dimensional space-
time coordinate x*(s). We extended this Wilson loop to
include fermionic fields by introducing two fermionic
coordinates /(s) and m(s): {(s) was introduced as the
parameter of the SUSY transformation, and 7(s) was
needed by dimension counting arguments of the quadratic
functional derivative of the loop equation. In Sec. II, we
derived the loop equation by putting these fermionic coor-
dinates equal to zero from outside. We found that a rather
simple functional derivative is sufficient to derive the loop
equation. In Sec. IV and Appendix B, we extended our loop
equation to quadratic order in fermionic coordinates. In
deriving this loop equation, we introduced six free parame-
ters in the Wilson loop which should be fixed by requiring
that the 6-terms be proportional to the EOM of N =4
SYM. This requirement leads to 12 conditions on the six
parameters, which is apparently overdetermined. However,
we can consistently solve this system of equations for the
parameters. We expect that there is some cleverer and
concise derivation of the loop equation valid to all powers
of fermionic coordinates. Understanding the meaning of
the fermionic coordinate 17 would be important for this
purpose.

We also extracted the most singular and linear part of our
loop equation to the lowest order in the gauge coupling
constant. There are two origins of such singular part, which
we called g-term and S-term in Sec. III. It is interesting
that the singular part from the g§-term gets ten-
dimensionally covariant only after the contributions from

(4.22)

[

both the fermionic and the bosonic quadratic functional
derivatives are added.

Our original aim of studying the loop equation is to
extract some information about the string field theory on
AdSs X S° or pp-wave background. Although we could
not perform such an investigation yet in this paper, we
compared the most singular and linear part of our loop
equation with the Hamiltonian constraint of bosonic string
on AdSs X S°. We found that these two equations take the
same form if we identify the UV cutoff € of SYM and the
radial coordinate Y of AdSs.

However, there remain many problems to be clarified in
the study of the loop equation in N = 4 SYM: for ex-
ample, establishing the loop equation valid to higher orders
in fermionic coordinates, and more satisfactory analysis of
the singular part of the loop equation. The latter problem
includes the treatment of the UV cutoff € and 6(s; — s,),
and the analysis beyond the expansion in SYM coupling
constant. It is our future subject to resolve these problems
to reach complete understanding of the relation between
the loop equation in N =4 SYM and the string field
equation on AdSs X S°.
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APPENDIX A: NOTATIONS AND CONVENTIONS

In this appendix, we summarize our notations and con-
ventions. We use the following five sets of indices:

M,N=0,...,9, (10-dim spacetime index), (Al)
uw,v=0,...,3 (4-dim spacetime index), (A2)
i,j=1,...,6, (index for the scalars), (A3)
a,B=1,...,32, (SO(9, 1) spinor index), (A4)
a,b=1,...,N>—1, (SU(N) gauge index). (A5)
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Our conventions for the flat metric tensors are

Nuny = diag(—=1, 1,---, 1),

o . (A6)
7\, = diag(—1,1,1,1,0,...,0).

The fields in four-dimensional N = 4 SYM are given as
follows:

A, = AL gauge field, (A7)

Azy; = A§ ;1% six scalar fields, (A8)

¥, =W 16 component 10-dim Majorana-Weyl spinor,
(A9)

where the generators t* of SU(N) gauge group are
Hermitian matrices normalized by

Tr (11°) = 16%. (A10)
Note that we have gathered four four-dimensional Weyl
spinors to define one ten-dimensional Majorana-Weyl
spinor V.

The gamma matrices 'y, and Ty = (1/2)[[y, Tyl
enjoy the following identities:

v’y = Uyn + nuw, (Al1)
Iy IPQ =TPer,, + 260 T2 — 286917, (A12)
[y IMN = —_TMNT =9IV, (A13)
[Ty FPQ] = 2(77MQFNP - 77MPFNQ - 7INQFMP
+ nnplug)- (Al14)
The Dirac conjugate of ¥ is defined by

Wa = ‘I’BCﬂw (AIS)

with the charge conjugation matrix C satisfying
(CTMC) 5 = —(TM) . (A16)

The following identity is often used in the calculations in
Appendix B and also in showing the invariance of the
action (2.1) under the SUSY transformation (2.4):

ETMEET &y + ETMEET &y + ETMEET &5 =0,
(A17)
where ¢; (i=1,...,4) are ten-dimensional Majorana-

Weyl spinors with a common chirality.
Finally, the antisymmetrization Ay By is defined by

PHYSICAL REVIEW D 73, 046001 (2006)
APPENDIX B: CALCULATION OF Kg w(C)

In this appendix we present the explicit calculation of
K, W(C) for our Wilson loop operator (4.1). First, in B 1
we give the expressions (B17) and (B18) valid without
specifying the form of A ,;, @, and (). Then in B 2-B 4,
each term of (B17) and (B18) is evaluated for A ;, ®, and
Q) given by (4.2), (4.3), and (4.4).

1. Functional derivatives of Wilson loop

Let us consider the extended Wilson loop (4.1). The
explicit expressions of A, (4.2), & (4.3), and Q (4.4)
are given by

Ay=Ay— iZFM‘P - azéFNPZFMerf

+ ay{TyDpW T, TNPE + - - -, (B1)

(I)a = \Pa + (bl%FMN + bleFMDN\If + b3YMN
+ - )TMNY),, (B2)

D, =V, - (b13Fun + bailTyDyY + b3 Yy
+ ) ({TMN),, (B3)
Qo = 3Ty ¥TMY), + -+, (B4)

where Yy is defined by
- - i -
Yy = —il{Ty ¥, {Ty¥] - EDMFPQéTNFPQg’ (BS)

and dots denote terms with higher powers of fermionic
coordinates. We have put @¢; = 1 in (B1). Similarly to the
derivation of (1.6), we obtain the following formulas for
the functional derivatives of the Wilson line W,

6 Uy __ K Uy
(S}(T(S)WW WMI(OM)SWS
+ Wi Ay, 8(s — us)
— (i A ), Wiz (s — uy), (B6)
O W — Wy 0,), W
Sna(s) T T T
- ’WZ?(iaa)uza(s - MZ)
+ (iaa)ul ’WZ?(S(S - ul)r (B7)
2w =W (0;), W
8a(s) " L T
+ ’WZ%(iQa)uza(s - MZ)
- (iQa)ule?5(s - I/l]), (BS)
with O, (9%, and @Za defined by
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(QM = i:FMNXN + lDMan +i?aj:Ma: (B9) :FMa = _:FaM = aMQa — 8Za‘ﬂM + i[ﬂMr Qa]r
: (B13)
0,, = iDy® XN —{i®,, i®ging + il DsP,, |
(B10) Fap=0;05+0;,00 +i{Qq Qpl, (B4
O = iFanXV +iD, D7 _iZBfaﬁ. (B11) D0 =d,,0+iA,, O] (B15)

Here we have introduced generalized field strengths F and Q. O] O: bosonic
covariant derivatives D as follows: D.0=96;0+ { IEQZ (9% O: fermionic. (B16)

Fun=0uAy — oy Ay + il Ay, Ayl (B12) Using (B6)—(B8) twice, we get
|

6 1)
SXM(Sz) 5XM(SI)

W(C) = Til(Oy),, W2(OM), Wi+ 8(s) — 55) TH{(D,, OM), W3 ™), (B17)

0 0 _ B 5o sy +1y o S _ s1+1
mmw(c)— Tr[(@ga)s,le(@na)szwh 1= 8(s; — so) Til{i D, @{a}xlwﬁ ]

+ 8(s; — 5) TI[(i D, P,)s, Wit 1. (B18)

In the rest of this appendix, we will evaluate each term in (B17) and (B 18) using the concrete expressions of A ,;, ®, and ()
given by (B1)—(B4).

2. 6-term
The 8-term appears only in (B18) and is given by

8(sy = 52) TH(iIDD,),, Wii™] (B19)
From (B3) and (B16), we have
D, D, = d; D, + i{Q,, D}
= —byi(Ty Dy V) ({TYN) o + ib3([(Ty V), {TNP] — (M < N)(LTMN),
+ b33 Dy F ol TP)0)o @0V, + ies (T W )0, W} + O(F)
= —9ib,{PY + 0(L), (B20)
where we have used (A12) and (A13) and
Dy FpolTMTPTCY = 0. (B21)

The last equation follows from the fact that [T’MT¥T'? ¢ is totally antisymmetric and hence is cyclically symmetric with
respect to (M, N, P) and that Fp, satisfies the Bianchi identity.

3. 6-term
Let us calculate the 6-terms in (B17) and (B18):
J J W(C) D 8(s; — o) T Dy i FM XN + iDMP 9 +il, FM,), Wit (B22)
5XM(s5) 8Xp(s1) N v em b
o o — i — -
7W(C) =) _5(.91 - S2) Tr[{i(ba, iTaNXN + lDaq) 77 _lgﬁfaﬁ}s] ’Wfi+l] (B23)

07a(52) 8Z4(s1)

Here we have used the symbol 3 to indicate that the LHS contains the RHS. The field strengths and the covariant
derivatives are defined by (B12)—(B16) and their explicit expressions are as follows:
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Fun = Fuy — ilTnDyy¥ — %ZZF[NFP%DM]FPQ —i[{T), W, (Ty¥]+ 0(53), (B24)
Dy, = DM<W - %FNPZFNP>a + i[—i{Ty ¥, ¥, ]+ 0(?) (B25)
Faw = =Fota = =00 W) =S (T, TR + asCDp W) TETVE + asTTyDpW Ty, TV,
= ¢3{TyDyW(INY), + 02, (B26)
D By = —byi(TyyDyW),(ZTMN) , — (% Fuw + bziZFMDN‘If>(FMN)aB + o), (B27)
Fap = 3Ty M) g + 3Ty ¥(~=TYC™ )5 + (a = B) + O(L). (B28)

Using (B24)—(B28), we have the following expressions for the ingredients of (B22) and (B23):

+ [0, Fyy = 20Dy V] + 2 [FpgdTHI70L, FMN]>XN, (B29)
iD*® 7y = iD2<W 0 — %FMNZFMN n) + iDM[{T, W, W 7] + i[{TM ¥, D,V 7], (B30)
4D Fosa = ~DM( 0 + G Fpflly, TN ) = (70, 2T 0] B31)
(D, FauXM} = {Wa’ —i(Cy V) — MTZFNP({FM: NPy, + a3 (DyDpW) o LTy VP L + a3 {TxyDp W (T, TVP}0),
~ TN Dy YD X — (3 Fou(@re),, —ilTy ), — 5 P P10 X
—{byi{TyDpW(ITNP),, —i(Ty V)1 XM, (B32)

{D,, DD 0} = {V,, —byi([yDyV),{TN5) — ﬁFMN + byilly Dy |(TMV3),
2

b - b
{3 Fg@r0),, = Py (), 833)

D, CpFapt = —3iW,, —(0y W) LTMZ + 20T, W(TM ), + ZT, W (IMY), ). (B34)

Here we have kept only terms at most quadratic in fermionic coordinates.

Let us present the explicit form of the operator O in the §-term of K B W(C) [see (4.5)]. As we explained in Sec. IVA, it
is given as a sum of terms which are classified by (X, Z, ) and the power of £ multiplying them. In the following, terms
without 8, come from (B22) [and hence from (B29)—(B31)], while those multiplied by 8; from (B23) [and hence from
(B32)—(B34)]:
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(i) X-term
This term comes from (B29) and (B32):
iDMFyn XY + B{W, =il WIXM = i(DMFyyy — 28, ¥Ty¥)XV. (B35)
(i) {-term
This term appears only in (B31):
~{pV. (B36)
(iii) 7-term
This term comes from (B30) and (B33):
_ _ i 1 — _
D20 5~ POy, £y ) = e - L B0, ey (837)
where we have used
DX = P2 — %FMND[MDN]\P) (B38)
and
Dy DO = i[Fyy, O], (B39)
for any O.

(iv) ¢{X-term
The O(£') terms in (B29) and (B32) contribute to this term:

i(—i{DMTyDyg W + [{TYW, Fyy DXN + %([W{FM’ INPY, —iayFyp] + iby[Fyp, {TVPT ) W)XM

— — . ] — . (1 — — .
— @y - 20w+ B i, oo - PO e, i a0y
where we have used (B38), (B39), and (A12).

(v) ({-term
This term comes from (B31) and (B34):

= S Dy Fyp T, TV = [T, Ty W] = Bres(—{W, Ty WYL ¢ + 20 WDV, T, W] + (W, 1T P)
— (1 + 38,¢3){TMIT,, V. (B41)

Here we have used
DMFNPf{FM: NP = DMFNP%(ZFMFNPQ =0, (B42)

where the last equality is due to the same argument as for (B21). We have also used (A17) to rewrite all other terms
into the form of the RHS.

(vi) {7)-term
This term has contributions from (B30) and (B33):

_ %DZFMNZ]"MNﬁ + iDM[{T), ¥, W 7] + i[{TMW, D,V 7] + 31<—,~b2(@, T, Dy WIETMN 3

2
# LFT 5, DD + 5P ro, Fun 2, TV ) (B43)

Let us make the following rewritings of the terms in (B43). The first term is rewritten using
D*Fyy = 2i[F" ), Fpn] — Dy D" Fyyp, (B44)

which is obtained by covariant differentiating the Bianchi identity and using (B39). For the last term of (B43) we
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use (A14). The terms multiplied by b, are rewritten as follows:

{W, Ty DyWYTYN iy = Dy(WT ), W) TMV 4, (B45)

[WIYN9, {Ty Dy W] = (TN Dy (WT W) + 2[{TY W, Dy W 3] + 56V, PV} + [V, 7T PV]
- [V n, {pY] (B46)
where we have used (A17) for the latter. Gathering all the terms, we find that (B43) is rewritten as
i({PWY, W i)l = iBiby(GE{V, P} + [WTy d, T PY] = [V 0, EPV]) + (by — BibDIFY y, FrrpldTF 5
— iDn(by DM Fyp — 28,0, VT p W) TN 5y + 2i(1 — Bby)[{TMW, D,V 7). (B47)

(vii) £ZX-term
This term comes from (B29) and (B32):

i\ — m_ZZF[NFPQfDMDM]FPQ + @[FPQ: FMN]ZFMFPQJ - iDM[ZFM\I,: ZFN\II] - i[?FM‘I’, ZF[NDM]\P] XN
2 2

+ B, (a@, Ty DpWIZT TV L + [ WLy, TNPYE, Ty Dy W] — e [WTV, Ty Dy V]

ia2b1
4

+

[F g Fxpl2UOKTyy TVPYE — by[ETyDpW, ZFNPFMWJ)XM. (B48)

First we consider the three terms multiplied by a,. The sum of the first two a,-terms is rewritten as follows:
DM(Dy FpolTNTPL — DyFpolTyTPCOXYN + i[Fpg, FyyJ{TMTFELXN
= 2Do(DMFyp — WL p W) TP XN + 2{W, TpD o WIT N TP XN + 2i[FMp, Fyyp)lTyTPOLXNY

+ 2i[Fpg, FynJ{TMTPC XN, (B49)

where we have used (B39), (B44), and (B21). Here we have added and subtracted the current term:
Do(WTpW)TyIOP XN = {W,TpDyWHT NI (XN (B50)

The remaining a,-term which is multiplied by 8, can be rewritten as follows:

[For, FxpldTOR{ )y, TNPYXM = —8[F g, FE\ LTy RN (XM — 4[F o, Fpp 1{TFTOR XM, (B51)

where we have used (A12) and (A14).
Next we proceed to the remaining terms with fermionic fields. We adopt three operators of the following forms as
the basis of independent operators:

[ZTMW, Ty D, WIXYN,  [ETMW, ZT,, Dy VXY,  [ZT\TMPW, 2T, DpWIXY, (B52)

and rewrite the terms in (B48) in terms of this basis and terms linear in EOM (2.6). Terms with a5 are rewritten as
follows:

{W, TyDpWIT, NP XM = (T, TPTNWeD 2 WoT y + T, TPTNDp WP T W) XM 14, 12]
= [{Ty VP, {TyDpWIXM — [{Ty W, ZPWIXM — [(T\W, {Ty TN pYIxM
+ 2[{TNW, (T, Dy Y]XM, (B53)
and
[Ty, TMF}, {TyDpWIXN = 2([{TyTMFW, (T Dp W] — [{TFW, {TyDpW] + [{TYW, (T Dy P)XY,
(B54)

where we have used (A17) for (B53), and (A12) for (B54). Note that (B53) is just the current term (B50) (up to
sign) and we also make the rewriting (B53) for the second term on the RHS of (B49). For the b,-term we have
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[{TNDpW, {TVPT ) WIXM = (—[{T), TNPW, {TyDpW] — 2[{TNW, {TyDy W] + 2[{TP¥, (T Dp¥)XM,
(B55)

where we have used (A12).
Gathering all the terms we finally obtain the following expression of (B48):

aZDQ(DMFMP - WI‘P‘I’)ZFNFPQKXN + [Zﬁ‘l’, ZFN‘I’]XN + (a; — BlaS)([ZFNq,: Zﬁ‘p]
+ [ZFM\R Z[‘NFMQNI/])XN +iay(1 — zﬁlbl)[FMp, FMQ]ZFNFngxN
+iay(1 — B1b))[Fpg, FynJ{TMTPCIXN + 2(1 — ay — B1by)[{TMV, {TyDy VXN
— (1 = B1(2az + 2by + c3))[{TMV, Ty DyWIXY — (ay — B1(3as + by))[{TNTMPW, (T DpWIXY.
(B56)

4. 3-term

The §-terms without a delta function are

8 5 . >N . = . = Sy [+ . . = . = s1+1
+ + ) s2 M P + M + M sl |
5%, (53) 3X"(s ) W(C) D T FynX" + iDy® i) +ilo Frra)s, Wi FYpXP + iDM® iy +i g F¥ ), Wi, ']
(B57)
% ,LW(C) S —TH(F XN + iD, D7) —il s Fap)s WEGDyD, XN —{id,, i® )7
‘Sna(SZ) 6{01(5‘1) a a BY apB/s, 1 a o BB
+ il Dp®,), Wit (B58)
with
. ; . = [y — .
Y N /) BN
iDy,dn= lDM(\If Mn— ?FNPQTNP’:]>, (B60)
iaFrta =~ L0 = 2 Fypllly, VI, (B61)
Fan A = (0, + 5 Fuply, T, + iUy D) L0V + ias Ty DY ATy, TN,
—ic3{Ty Dy ¥ (¢ )Q)XN, (B62)
D, 5 = = Ly (PV3), + byl(TyDy ), 2TV + IT, DY), (B63)
~ilpFap = ics(Cy0) o {TM ¢ = 2ics Ty WM ), — i Ty UML), (B64)
iDy® XN = iDN@a — (bzl Fyp + bziZFMDP\If)(ZFMP)a)XN, (B65)
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4Dy, = balTyDyWETM), + (=i Fuy + byZly Dy )™,

Here we have kept only terms which are at most quadratic
in fermionic coordinates and linear in SYM fields. The
latter simplification is because it is sufficient for our use in
Appendix C. We do not present the explicit form of {®, d}
in (B58) since it is already quadratic in fields.

APPENDIX C: THE MOST SINGULAR PART OF
THE LOOP EQUATION

In this appendix we will extract the most singular and
linear part of the loop equation with nonzero fermionic
coordinates. We will consider the lowest order terms in the
coupling constant g. This is an extension of the calculation
in Sec. III A. First we consider the §-term in C 1, and then
in C 2 we consider the 8- and the 8-terms.

1. 3-term

Let us consider the most singular part of (B57) and
(B58) in the limit s; — s,. We use the formulas (3.2),
|

(O),, (OM),, = (iFMNXN -2 FupdiTw, FNP}z) (iFMQXQ - 2 FoadiT™, rQR}z)

. b -
(@Za)sl((gna)sz = (% FMP({FNr FMP}g)aXN - %FMN(FMNﬁ)a> <_ TFPQ(grpQ)a>

PHYSICAL REVIEW D 73, 046001 (2006)

(B66)
[
(3.3), and
Or0Oy Ay (2)0p A (Z) =0 (C1)
U (@)WL(3)| = 0 (0)On ()|
= On O U (2) W5 (%) =0 (C2)
The terms we consider are
Kg W(C) 2 TrP{((Oy),,(OM),, — B1(O; ),
X (0,.),,) Wil (C3)
with
— ({TyDyy¥XY + iDy ¥ ﬁ)sl(;er‘I’)sz - (ZFM\I,)SI(ZF[NDM]\I,XN +iDyV N5, (C4
ib,
+ ((FN\P)aXN)sl(iDNWaXN + bZ(ZFMDN\I,(ZF MN)a + ZFMDN\P(ZFMN)a))SQ
+ (ics(Ty W) TM L = 2ie3 Ty W(IM ), — ics Ty W), (iDNT L XN),,. (C5)

On the RHS’s, we have kept only terms which are relevant
to the present analysis to quadratic order in fermionic
coordinates. We have also omitted terms like (FMV) X
(DPFQR)sz’ (\I})sl(\P)sz’ (DM\I,)SI(DN\I,)SZ’ and (\I})sl X
(DyDpV),, because these terms do not contribute to the
singular part we are considering [see (C1) and (C2)]. The
most singular part of each term on the RHS of (C4) and
(C5) is given as follows:

The first term of (C4):

Al A o
s ?(—4XNXN — 8k, )y, (C6)
The second and third terms of (C4):
1 . . -
A (—8illyZXN — 16i{T,{x" + 87 s, (C7)

472 €

[
The first term of (C5):

Al . - . = ; = .
o= ?(161612171({1—'”5)6'“ — 4{Ty {XM) = 36637 7);,,
(C8)
The second term of (C5):
Al s
] ?(—16x"x#)sl, (C9)
The third term of (C5):
AL .
m?(—z24c3éTM§x“)sl. (C10)

Then summing all the contributions we get the following
expression for the most singular part:
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(@M)Sl (@M)Sz - Bl (OZQ)SI ((97],1)52
~ AL Caxmg, - 8- 168k,

S1—82 4772 €

+ (8 + 368,61 1 +(8i + 64iB1arh,) Ty XY
+ (16 — 16iB1ayb; + 24Byic3){T, (i), (CI1)

Substituting the value of the parameters (4.21), the most
singular part in the §-term of Kz —;, W(C) is given by

A
472

+ 8iZT, M), W(C).

1 _ - - _
— (—4XMX), + 807 7 +8ifT XN

€

(C12)

Note that here we have considered only the lowest order
terms in g.

PHYSICAL REVIEW D 73, 046001 (2006)
2. 6-term and &-term

Next, let us consider the 8- and 8-terms in (4.22), which
consist of terms proportional to EOM. For them we carry
out the functional integration by parts with respect to the
SYM fields as we did in (1.8) to obtain expressions qua-
dratic in the Wilson loop [the zeroth order in the fermionic
coordinates is given by the last term of (2.19)]. Then we
extract the most singular part of the s-integration which
comes from the region s ~ s; and is linear in Wilson loop.

First, let us consider the functional integration by parts.
Since we are interested in the terms which are at most
quadratic in fermionic coordinates in the final expression,
we can neglect a number of terms in (4.22). We obtain the
following expression for the 8- and 8-terms in (4.22):

s+l . .
9g2] l ds{ Ty dXM — in),6W(x, — xsl)Tr[t“W§lt“W§‘+l]5(s1 — 55)
D

+ ig? [ " ASE, (TN XN + ), — (V) (X)) 389 (x, — xy ) Tl W3, 0 W1

+ 2(XN),, (ZTM i), Tr[1« W3, D3y (89 (g — x, )e) Wi T+ 2(ZTMN ) (Xy),

— (g™ + XPETpI™ — XMO) (iU XN + 9),} T D)y (69 (x, — xsl)t")W§lt“W§'+l]]5(s1 )

(C13)

where Dj,, for example, denotes the covariant derivative with respect to the coordinate x(s). Since we are interested in the
lowest order terms in g, we can replace covariant derivatives D, to partial derivatives d,,. After this simplification, (C13)

18 rewritten as

i [ s (930) — ) £ (975,690 — o) Tl W W

with

f(sl,sz)(s) = {_(XN)SI(XN)S + Zsl(iFNng + 7;])5}5(5‘] - SZ) - i9zs1 (FMZXM - ln)sa(sl - SZ):

(C14)

(C15)

f{:l’SZ)(S) = {2(XN)51(ZF#N7;’)S - Z(ZrﬂNﬁ)sl(XN)s + (ZWFM + XMZFMFM - X#Z)sl(irNé/XN + 7;])3}6(5‘1 - SZ)-

(Cl6)

Let us evaluate the most singular part of (C14) which arises from the region s ~ s; and is linear in Wilson loop. Using the

regularized delta function (3.6), we obtain

[ 5F@5ts) s T W W= 25 [ dsfi (o)

— 2 f(“'],b‘z)(sl) €

4

f dsft . (5)35, 89 (x(s) — x(s) e[ W, 19 W]

12i &2
o ? [ds ((s — Sl)z(X(Sl))2 + 62)4 (fleysz)

by
X Tr{ e Wi ] = — 4—l
o

2

< asa 51+
((S B Sl)z(x(sl))z + 62)3 TI'[t 4 WS] ]

1 (1
g{if(;,m(snx#(sn + asf;:,,szgs)|S_S,x,t<s1>}

Nwo.

e JGGs))? 2

(C17)

(50 + (5 = 500F, oy (o) 6 = 55000 + 36— P00

1 € ﬂ Wi
Cis1))? \/Gi(sp))7 2

O). (C18)
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In (C18), we have neglected terms which arise from the Taylor expansion of Tr{#* ng 1 Wﬁ‘”]. This is because such
terms, in general, have additional fields A,, and ¥ and do not contribute in the lowest order in g.
Finally, the most singular and linear part in the 6- and 8-terms of Kz —;,W(C) is given by

3/\1 €

7V §
877 E (x(s ))2|: (é/ 77)s1 (S1

EL (2XNxMZFMN77 + 2XNx# LT N i)

= 2XNiH T iy — XNirql Uy — XNa#ql Uy g + ik, ql# 5 + iXMir XV, Dyl + iXMXN e Ty, Tyl

. — 1 — . —
+ XMir Ty, 5 — wa#g N —ixtx XV {TnE — 3%, n)} 8(sy — sl)}W(C).
S

This reduces to our previous (3.7) if we put {(s) = n(s) =
0. The total of the most singular and linear part in
Kg,—1/,W(C) is the sum of (C12) and (C19).

APPENDIX D: MORE GENERAL QUADRATIC
FUNCTIONAL DERIVATIVES

In Secs. II, 111, and IV, we considered only the simplest
version of the quadratic functional derivative, Kg, (2.13).
In this section, we will consider more general quadratic
functional derivatives and discuss their influence on the
analysis given in Sec. IV. The new functional derivatives
we will consider are the following five which are classified
into type 1 and type 2:

. 0 o —y: O o
s ' 5 (DD
i N
5 Tudir -
) 2
type 2: M{ XM’ (51],,{) . (D2)

All of these operators are of mass-dimension 2. Note that
the type 1 operators contain §/67. Asin Kz (2.13), one of
the two functional derivatives in each of the five operators
in (D1) and (D2) is at s5; and the other at s,, and we take the
limit s; — s, in the end. As we will explain below, the type
2 operators (D2) have ambiguity related to the choice of

(C19)

{
1. Type 1 operators

Let us generalize K g, to the following Kz, obtained by
adding the type 1 operators:

P S S N 1) o
B XM (sy) Xy (s1) T Em(sy) SL(s))
6 . 8
dn(sy) M5;’r7(sl)

+ 1335(32)1—‘}”5(31)

+ ﬂzXM(Sz)

o
5ﬁ(51)

6()

+ .34 FMf(Sz)f(SJFM (D3)

o

( 2) 87(sy)’
In the above type 1 operators, we have chosen deliberately
the argument s of XM(s) and {(s) multiplying them.
However, the choice of these arguments does not affect
the following discussion. We will repeat the analysis of
Sec. IV by taking the quadratic functional derivative Kz,
(D3) and the Wilson loop W(C) (4.1). Namely, we will
determine the coefficients 8,34 in Kig and ay3, b3,
and c3 in W(C) from the requirement that the §-term in
K5 W(C) be proportional to EOM.

The type 1 operators (D1) contain differentiation with
respect to 7:

argument s of £(s) multiplying them even after taking the _i W(C) = Ti[i®, W*1]. (D4)
limit s; — s,. For this reason, we will not consider the type &7(s)
2 operators in detail. On the other hand, the type 1 opera-
tors (D1) are free from such ambiguity. Using this we have
M 1) 1) . S s+ v M
X (SZ) 1—1M — W(C) = _Tr[(l(rM(D)a)sl ’WY%((O',] )sz’wsl ]X (SZ)
dn(sy) © 6m(sy) . ’
— 8(s; — 5) Ti[{i®, iT, D}, Wi T 1XM(s,), (D5)
_ M 1) o . S s+ 7 M 7
{(s2)I™ {(s) Py == W(C) = —Ti{(i((Ty P)a)y, W3 (O,,)s, Wi 1 ()T {(s1)
81(sz) 87(sy)
= 8(s1 = o) THl{i®, iy @}, Wi 1 (s2)TM {(s1), (D6)
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6 = o - N
——TY{(5){(s)T s s=— W(C) = TH{(i{Ty, ®),, W(0,T"0),, Wi ™']
81(s,) om(sy)
+ 8(s; — 5,) TH[i{T )@, i®TM ], Wit (D7)
where O,TM{ is the abbreviation of O, (T™{),. | (vii) £{X-term

Following the same steps as in Sec. IV, we obtain the . . )
following conditions on the parameters: iay = 2ifaxby + Brby =0,

(i) X-term iay — if1azby + Bybt =0,
208, +iBy) =1, (D8) 1 —a, — Biby —2iBrby =0, (D14)
1 - ,81(2613 + 2b2 + C3) - 4152b2 == O,

(i1) ¢-term ay = B1(3az + by) = 2iByb; = 0.
none, (D9)
(iii) 7-term The set of Egs. (D8)—(D14) can again be consistently
Bib = 1, (D10) solved to give
Bi =73 B2 =0, B3 = 3B, (DI5)
(iv) {X-term and
BlaZZO) 1_Blbl _2lﬁ2b1 :0: (Dll) azzo’ 032_%, b] :2, b, =2
o s (D16)
(v) ¢é-term b; = arbitrary, 3= —%
1+38yc5 — 2B+ B, =0, (D12) Namely, the values of the ‘““old parameters” remain the
same as before: (2.18) and (4.21). Thus we have found that
. our new quadratic functional derivative Kz does not
(vi) {7-term change essentially the results of Sec. IV.
by(1 = Bby) =0, by =12pBb,,
b1 (D13) 2. Type 2 operators
Prb: ’ Next, let us consider the type 2 operators (D2). Their
action on the Wilson loop (4.1) is given by
o é —
< DML (53) oy — WIC) = THl(Oy),, W(O,T0),, Wi T+ 8(s1 = 52) TH{[Oy, BT {1, Wi ]
6n(s2) SXM(sy) ‘ 2o ‘
= i8(s1 = 52) Tr[(Dy D), TV 5, Wi ™) (D17)
O l52) o PM (s WIC) = THL(O, 1), WO, L), W]
31(sz) on(sy) 7 R v

+ 8(s; — o) T[0T, i®Ty, {1, Wi ]
+ S(Sl - S2) Tr[[l(aer)w iaslrM;rz]FW;:#»l]' (D18)

In the above type 2 operators, we have taken particular choices of the arguments s of {(s) multiplying them. Let us consider
the Taylor expansion of the o-terms in (D17) and (D18) with respect to s, around s; by using the formula:

F(s1,52)8(sy = 52) = (f(s1, 81) + (52 = 5)95f (51, )ls—y, + -+ )0(s1 — 52)
= fs1, 5)8(s) = 2) + 8,1 (s1, )l 5=, 8(s1 — 52), (D19)
which follows from

s8(s) = —8(s), s"8(s) =0 (n=2). (D20)
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(Dy®),,TM L, 6(s1 — s5) = (Dy TTML) 6(s1 — s5)

+ <DMWFM§‘ _ %DMFNPZFNPFW’ +[2T,, 9, Tng’]) 5(s; — 1)

[i(PIM),,, i® Tl 10(s; — s2) = 0 X 8(s1 — 55) + [(WIME, iWEy, L], 8(sy — s2),

where we have kept only terms at most quadratic in fermi-
onic coordinates. From (D21) and (D22), we find the
following. First, as in Sec. IV, the 5-terms on the RHS of
(D21) and (D22) are already proportional to the EOM (or
equal to zero). Second, the Taylor expansion of the 8-terms
in (D17) and (D18) give additional contributions to the
o-terms. However, these new &-terms have ambiguities
depending on the choice of the arguments s of ¢(s) multi-
plying the type 2 operators. For example, if we had adopted

(D21)

K

(D22)

{
s, as the arguments of all {(s) differently from (D17) and
(D18), we would have obtained no additional &-terms at
all. Therefore, the conditions determining the parameters
depend on the choice of the arguments of {(s). For this
reason, we do not consider the type 2 operators seriously in
this paper. Note, however, that this kind of ambiguity does
not appear in the case of the type 1 operators since there are
no 8-terms in (D3)—(D7).
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