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Vacuum polarization in supercritical fields and at frequencies above 2m
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The S-matrix form for the polarization tensor of the magnetized vacuum involves an integral over the
parallel momentum, pz, and a sum over the Landau levels of the virtual electrons and positrons. When the
integrals over pz are evaluated, they exhibit resonant-type behavior at each of the pair-creation thresholds.
Emphasis is initially placed on the regime of soft photons, where simpler integrals are solved. When the
sum is taken using the Euler-Maclaurin summation formula and the result is regularized, the known
dispersive properties are reproduced for !� m. We evaluate the corrections of order !2 to these
refractive indices and argue that they do not affect the known kinematic selection rules for photon
splitting. With a simple modification to the low-frequency results, refractive indices are evaluated at
frequencies up to just above the first pair-creation threshold, for supercritical magnetic fields.
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I. INTRODUCTION

The effect of a magnetic field on the polarization of the
vacuum was first derived by Weisskopf [1] using the Dirac
hole theory and Heisenberg and Euler [2] via a Lagrangian
technique. The theory was reviewed and extended by Erber
[3] and Tsai and Erber [4]. A general derivation of the
birefringence of the magnetized vacuum is based on an
explicit expression for the vacuum polarization tensor. Two
superficially very different forms are available: the
Gehenian representation [5,6], also derived by Schwinger
using the proper time technique [7], involves an integral
over a combination of simple functions for arbitrary B; the
S-matrix representation, involves generalized Laguerre
polynomials with indices n, n0 � n� �, where n; n0 �
0; 1; . . . , cf. [8]. The Gehenian form is the conventional
basis for a derivation of the weak and strong field limiting
forms of the indices of refraction [4].

Our purpose in this paper is to use the S-matrix form to
extend results for the polarization of the magnetized vac-
uum from the known limits of soft photons, !� m (we
use natural units with @ � c � 1), and weak fields B�
Bcr, with Bcr � m2=e � 4:4� 109T the critical field. Two
specific problems are of particular interest to us. The first
problem is the fate of a photon with !� m as it prop-
agates away from the surface of a magnetar with B� Bcr.
Assuming the photon is initially at a small angle, �� 1, to
the magnetic field, the curvature of the field lines implies
that � increases along the propagation path. The first
threshold for pair production is reached when the condition
! sin� � 2m is satisfied. The relevant questions are
whether the photon splits (into two photons) before reach-
ing this threshold, and whether it decays into a pair on
crossing the threshold. The other problem concerns the
frequency dependence of the refractive indices, N. The
S-matrix form allows one to separate the contributions to
the dispersion into those from each of the resonances. In
general, a resonance at ! � !0 contributes positively
06=73(4)=045005(13)$23.00 045005
(negatively) to the dispersion at !<!0 (!>!0). The
contribution to the refractive index then increases as the
resonance is approached from below, decreases abruptly as
the resonance is crossed and then continues to increase
with increasing! above the resonance. For the sequence of
resonances at n; n0 � 0; 1; . . . , one expects N � 1 to ex-
hibit this kind of behavior at each resonance. A corollary is
that one expects the refractive index to asymptote to unity
from below for !! 1. We treat the resonance at the first
pair production threshold (n0 � n � 0) explicitly, and
show that it has a large effect on the refractive index of
one mode but not the other. We comment on the resonances
at n� n0 � 1 but do not treat them in detail. As is well-
known, for !� m, the refractive indices are greater than
unity and independent of ! to a first approximation. We
calculate the corrections of order !2 for !� 2m and
consider their possible implications for the kinematic con-
straints on photon splitting.

The S-matrix form has both conceptual and mathemati-
cal advantages for superstrong magnetic fields. The con-
ceptual advantage is a straightforward physical inter-
pretation in terms of resonances, providing a close analogy
with the response tensor for a plasma. The contribution for
given n; n0 is related to one-photon pair creation with n; n0

determining the energy eigenvalues, "n�pz	 � �m2 � p2
z �

2neB	1=2 and "n0 �p0z	 � �m2 � p02z � 2n0eB	1=2, of the
electron and positron, with kz � �pz � �0p0z relating the
components along B of the 3-momenta of the photon, the
electron and the positron. The resonant part of the response
tensor corresponds to one-photon pair annihilation and
creation, with the resonance condition corresponding to
conservation of energy, ! � "n�pz	 � "n0 �p

0
z	, where ! is

the energy of the photon. The nonresonant part, which
determines the refractive indices of the wave modes, cor-
responds to virtual pairs and may be determined from the
resonant part by a dispersion relation [9,10]. A mathemati-
cal advantage arises from the way that the vacuum polar-
ization tensor depends on its independent variables !, k?
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and kz. The contribution for each n; n0 involves a reso-
nance, which is determined by a pz-integral over a resonant
denominator that depends on ! and kz but not k?. All the
k?-dependence appears in the argument, x � k2

?=2eB �
�k?=m	

2=�2B=Bcr	, of functions related to Laguerre poly-
nomials. On using the vacuum polarization tensor to evalu-
ate the refractive indices, N, one writes k? � N! sin� and
kz � N! cos� and then the resonances in the vacuum
polarization tensor imply resonances in the refractive in-
dices. One then has x � �N! sin�=m	2=�2B=Bcr	, and the
relation between the resonances in the vacuum polarization
tensor and in the refractive indices is complicated by the
functional form of the Laguerre polynomials. A major
simplification occurs for x� 1, when only the leading
term in an expansion in x dominates. Moreover, for N 

1, x� 1 is satisfied for any !=m provided that B=Bcr is
sufficiently large. This allows us to treat the resonance in
the refractive indices at n� n0 � 0 relatively simply for
arbitrarily large B=Bcr.

The S-matrix form for the (unregularized) polariza-
tion tensor for a magnetized vacuum is written down
in Sec. II, and it is projected onto its three physically
allowed tensorial components. The integrals over pz
are evaluated with the imaginary parts reproducing the
known absorption coefficients for pair creation [11].
Refractive indices for soft photons are derived to order
!2 in Sec. III and are used to discuss Adler’s [12] kine-
matic selection rules for photon splitting. The low-
frequency results are extended in Sec. IV to give the
refractive indices for frequencies just above the first pair-
creation threshold for supercritical magnetic fields. In
Sec. V, we discuss the effects that photon splitting and
pair creation have on the gamma-ray spectra from the
polar cap regions of highly magnetized pulsars. The results
are discussed in Sec. VI.
II. THE S-MATRIX FORM FOR THE VACUUM
RESPONSE TENSOR

The S-matrix form for the (unregularized) vacuum po-
larization tensor was written down by Melrose and
Stoneham [8]. A first stage in regularizing involves pro-
jection onto a set of basis vectors, cf. Appendix A, with the
nonphysical components discarded. This results in the
three invariant components:

�i � �
e3B

�2�	2
Z �1
�1

dpz
X
n;n0

gi
�!2 � �"n � "

0
n0 	

2�"n"
0
n0
; (1)

with "n � �m2 � p2
z � p2

n	
1=2, "0n0 � �m

2 � p02z � p2
n0 	

1=2,
p0z � pz � kz, p2

n � 2neB, p2
n0 � 2n0eB, and
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(2)

The coordinate axes are defined by

B � �0; 0; B	; k � �k? cos ; k? sin ; kz	; (3)

with  � 0, and the J-functions are related to generalized
Laguerre polynomials,

Jn��x	 � ��	
�Jn���� �x	 �

�
n!

�n� �	!

�
1=2
e�x=2x�=2L�n�x	;

with argument x � k2
?=2eB. The next stage in the regu-

larization involves removing a divergent term from �0 and
constant terms from �1�k	 and �2�k	. This is carried out by
requiring reg�ijB � �ijB � �ijB!0. (We apply the regu-
larization to the Gehenian representation form in
Appendix B.) There are three distinct integrals over pz in
(1) to evaluate:

I�a	nn0 �
Z 1
�1

dpz
1

�!2 � �"n � "0n0 	
2�"n

;

I�b	nn0 �
Z 1
�1

dpz
1

�!2 � �"n � "0n0 	
2�"0n0

;

I�2	nn0 �
Z 1
�1

dpz

�
p0z

�!2 � �"n � "0n0 	
2�"0n0

�
pz

�!2 � �"n � "
0
n0 	

2�"n

�
:

(4)

There are three separate regions that need to be consid-
ered for each value of n; n0: a region where gyromagnetic
emission or absorption is kinematically allowed, a region
where pair creation or annihilation is kinematically al-
lowed, and a region where neither is allowed. Each integral
has a different form in each of these three regions, and each
needs to be analytically continued across the boundary
between them. These regions are bounded by the zeros of
the denominator in (4). It is convenient to write the de-
nominator in the form
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1

!2 � �"n � "0n0 	
2

� �
!02 � "02

n � "02
n0 � 2pzkz � 2"n�"n � "0n0 	

4!02�pz � kzfnn0 �!gnn0 	�pz � kzfnn0 �!gnn0 	
;

(5)

fnn0 �
!02 � "02

n � "
02
n0

2!02
;

gnn0 �
��!02 � "02

n � "
02
n0 	

2 � 4!02"02
n �

1=2

2!02
;

(6)

with !02 � !2 � k2
z , "02

n � m2 � 2neB and "02
n0 � m2 �

2n0eB. The parameter gnn0 is real when either gyromag-
netic emission (or absorption) or pair creation (or annihi-
lation) at given n; n0 is possible, and imaginary when these
are kinematically forbidden. A physical interpretation fol-
lows by writing the resonance conditions for these four
processes in the form !� �"n�pz	 � �0"n0 �p0z	 � 0, kz �
�pz � �0p0z � 0, with �; �0 � 
1. On solving these equa-
tions one finds

�pz
 � kzfnn0 
!gnn0 ;

"n�pz
	 � !fnn0 
 kzgnn0 ;

�0p0z
 � kz��fnn0 � 1	 
 �!gnn0 ;

�0"n0 �p
0
z
	 � !��fnn0 � 1	 
 �kzgnn0 :

(7)

At the boundaries of the physically allowed regions one has
gnn0 � 0 corresponding to the pair-creation and gyromag-
netic absorption thresholds !02 � �"0

n 
 "
0
n0 	

2, respec-
tively. The integrals are continuous across the gyro-
magnetic absorption thresholds but discontinuous across
the pair-creation thresholds. The integrals in (4) are eval-
uated in Appendix C. Gyromagnetic absorption is not
possible in the vacuum, but pair creation is possible, and
is determined by the imaginary parts of the polarization
tensor. The absorption coefficient for pair creation for each
n; n0 is evaluated in Appendix E using the imaginary parts
of the integrals given in Appendix C and identities in
Appendix D. The results reproduce those obtained by
Daugherty and Harding [11]. The explicit expression that
results for the real part of the vacuum response tensor,
involving the real part of the integrals evaluated in
Appendix C, still involves infinite sums over n and n0,
and the forms of the J-functions precludes any exact
evaluation of the �i. These sums converge rapidly if the
argument of the J-functions is small, x � k2

?=2eB� 1.
This condition is satisfied for all magnetic fieldsB for!�
m provided one has k2

? & eB=5. This low-frequency limit
is investigated in the next section. A simple modification to
these low-frequency results provides solutions for frequen-
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cies up to just above the first pair-creation threshold (n0 �
n � 0) for supercritical magnetic fields. This extension is
discussed in Sec. IV.
III. LOW-FREQUENCY RESULTS

In this section we extend the known results for the
refractive indices in the low-frequency limit, !� m,
(e.g. [4,13]) to include the next higher order contributions
in an expansion in !. We then use these results to inves-
tigate whether they affect the kinematic selection rules for
photon splitting.

A. Two low-frequency modes

The well-known (nondispersive) expressions for the re-
fractive indices N? and Nk for the two vacuum modes are
obtained by approximating the vacuum polarization tensor,
described by the three invariants �i, by an expansion in!2,
and here we extend this expansion to order!4, correspond-
ing to corrections of order !2 to the refractive indices. The
resulting integrals over pz were evaluated by [14]. The
sums over n; n0 reduce to a set of single sums over n, with
only n0 � n; n
 1; n
 2 contributing, and the sum over n
is performed using the Euler-Maclaurin summation for-
mula, viz.

X1
n�0

Fi�n	’Fi�0	�Fi�1	�Fi�2	�
1

2
fFi�1	�Fi�3	g

�
1

12
fF0i�1	�F

0�3	g�
1

720
fF000�1	�F000i �3	g

�
Z 1

3
dnFi�n	; (8)

with derivatives higher than the third neglected. The ex-
pressions for the �i obtained in this way remain unregu-
larized: notably �0 has a divergent term of the form
limn!1 lnn. Regularization of the �i is achieved by sub-
tracting the B! 0 limit, viz. reg�ijB � �ijB � �ij0, with

�0j0 �
e2k2

�2�	2

�
1

3
lim
n!1

ln�n	 �
1

6
�
�!2 � k2

z	

15m2 �
k2
?

15m2

�
;

�1j0 �
e2k2

?

�2�	2
1

6
; �2j0 � �

e2�!2 � k2
z	

�2�	2
1

6
:

(9)

The refractive indices of the two modes of the birefrin-
gent vacuum are labeled ? and k denoting whether the
electric vector is along k�B or k� �k�B	 respec-
tively. The symbol N is used to denote the refractive index
rather than the traditional symbol n, which is used to label
the Landau levels. These refractive indices are
-3
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FIG. 1. Perpendicular and parallel refractive indices in the
low-frequency limit (! � 0:1m) for a range of magnetic fields
and angles �.
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N2
? �

1� �0

1� �0 � �1sin2�
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k
�
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2
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�1 �
4� reg�1
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?

� �1 � �11�!
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�2 �
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z	
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z	=m2 � �22k2
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(11)

with kz � N! cos�, k? � N! sin�. Explicit expressions
for the variables �i and �ij are given in Appendix F. The �i
in (10) have implicit dependences on the refractive indices
through k2

z and k2
?, and when these are expressed in terms

of the refractive indices, one obtains quadratic equations in
N2
? and N2

k
, which are solved to find the refractive indices

explicitly. The second derivatives with respect to fre-
quency, N00

?;k, are needed to discuss the kinematic restric-
tions on photon splitting, and these are written down in
Appendix F.

B. Photon splitting

Below the pair-creation threshold, !< 2m, the only
important loss mechanism for photons is photon splitting.
The kinematic restrictions on photon splitting follow from
the three-wave matching condition

N�!	!k̂� N�!1	!1k̂1 � N�!2	!2k̂2 � 0; (12)

where variables without subscripts refer to the incoming
photon and variables with subscripts 1 and 2 to the two
outgoing photons. When the refractive indices are approxi-
mated by unity, the three photon propagation directions are
the same (the three photons are collinear). When the small
differences in the refractive indices from unity are taken
into account, either the photon directions satisfy a triangle
inequality for vector addition, or the splitting is forbidden.
Adler [12] wrote the triangle inequality in the form

��!1N�!1	�!2N�!2	��!1�!2	N�!1�!2	�0;

(13)

and concluded that the only splitting that is both
CP-invariant and kinematically allowed is ?!kk . The
kinematic restrictions follow from (13) together with
Nk�0	>N?�0	 and N00?�0	; N

00
k
�0	> 0. Only four splittings

are consistent with CP-invariance, and of these, Nk >N?
045005
excludes k!k? and k!?k , and N00?�0	> 0 excludes ?
!?? .

The inclusion of the higher order terms in an expansion
of the �i in !2 only slightly increases both refractive
indices and their second derivatives (N00?; N

00
k
> 0) as

B=Bcr and � increase, with N? plateauing after B=Bcr �
5 and Nk continuing to increase (see Fig. 1). Adler’s
selection rules for photon splitting for nearly collinear
photons remain unaltered with the only allowed splitting
continuing to be ?!kk . A possible exception, which
applies even without the inclusion of the higher order
terms, is for strongly noncollinear propagation and for B &

10Bcr, due to N? at large angles exceeding Nk at small
angles; forN? >Nk in this sense the splitting?!kk is not
allowed, and the splittings k!k? and k!?k are allowed.
We have not explored the range of parameters where such
strongly noncollinear splitting might occur, but it is clear
that the phase space (if it is nonzero) is small and that such
splittings cannot be of general importance in comparison
with the nearly collinear case.
IV. EXTENSION TO HIGHER FREQUENCIES FOR
SUPERCRITICAL FIELDS

A feature of the S-matrix expression for the vacuum
polarization tensor is that it is simplified greatly when
the power series expansion of the J-functions converges
rapidly. This is the case for k2

?=2eB � N2�!=m	2�
�Bcr=2B	sin2�� 1, which is satisfied for !> 2m in suf-
ficiently strong fields, B� Bcr. The low-frequency results
for reg�i can be used at higher frequencies if one does the
following: first, the condition k2

? � 2eBmust be extended
to include !2 � 2eB and k2

z � 2eB; and second, the low-
-4
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FIG. 3. Refractive indices squared for the two modes of a cold
electron gas as a function of frequency ! in a magnetic field of
Bcr and at an angle � � 60�.
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FIG. 2. Refractive indices squared for the two modes of the
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magnetic field of 50Bcr and at an angle � � 60�. Refractive
index values below !2=m2 � 1 do not differ significantly from
those at one and agree with the low-frequency results when
!2=m2 � 1.
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frequency n0 � n � 0 contribution, which only appears in
reg�2, must be replaced with its exact value, viz.

e3B

�2�	2
!02

�
1�

k2
?

2eB

��
1

3m2 �
!02

15m4

���������!�m

���! e3B

�2�	2
!02

kz

�
1�

k2
?

2eB
�

k4
?

8e2B2

�
I�2	00

��������arbitrary !
;

with I�2	00 given by (C1) or (C2) and !02 � !2 � k2
z .

Unlike the low-frequency case, the refractive indices
cannot be evaluated exactly. Rather an iterative procedure
is used with the refractive indices initially set to unity.
More exact refractive indices are then calculated using
(10). These values are then used in evaluating �i in the
next iteration. Typically, convergence occurs after only
four iterations except for Nk near the pair-creation thresh-
old, where up to ten iterations are required. The results for
the refractive indices for the two modes in a magnetic field
of 50Bcr and at an angle � � 60� are shown in Fig. 2 for
1 � !2=m2 � 10.

As the first pair-creation threshold (n0 � n � 0) is ap-
proached, Nk increases from �1:03 to �1:16 before drop-
ping to �0:92 as the threshold is crossed, and then slowly
increasing towards unity from below. This is similar to the
behavior of the refractive indices of the two modes of a
plasma. In Fig. 3, the refractive indices of the x- and o-
modes of a cold electron gas are plotted against frequency
(in units of m) for a magnetic field B � Bcr. As ! ap-
proaches the cyclotron frequency, !c � �m2 � 2eB	1=2 �
m, the refractive index of the x-mode increases sharply
045005
while the o-mode remains nearly constant. As the reso-
nance is crossed the refractive index of the x-mode drops to
well below one thereafter increasing towards one from
below. The behavior of the vacuum modes at the pair-
creation threshold is similar, withNk showing the resonant-
like behavior, and N? remaining nearly constant. As the
magnetic field increases the deviations of the parallel
refractive index of the vacuum from unity become more
pronounced (see Fig. 4 where two magnetic fields, 50Bcr
and 100Bcr are compared). Above the n0 � n � 0 pair-
creation threshold, the parallel refractive index has real and
imaginary components (see (C6)), with the real part Nr
related to the dispersive properties of the vacuum and the
-5



TABLE I. Distances in meters a photon of energy "� in MeV
(column 1) travels to acquire an ! satisfying 0:1m (column 2),
2m (column 3) and the n0 � n � 1 pair-creation threshold (col-
umn 4 for B� � 50Bcr and column 6 for B� � Bcr). The dis-
tances in meters to where the optical depth � for photon splitting
satisfies � * 1 is given in columns 5 and 7 for B� values of 50Bcr
and Bcr respectively. The values of d01 and dps assume that the
magnetic field (with strength B� at the star’s surface) decreases
with distance as for a dipole at the center of the star, and B at the
particular distance is given in parentheses.

"� d0:1m d2m d01�B	50 dps�B	50 d01�B	1 dps�B	1

104 1 20 109 (48.4) 4.9 (49.9) 27 (0.99) 10 (1.0)
103 10 200 975 (37.8) 33.8 (49.5) 270 (0.92) 69 (0.98)
102 100 2000 6030 (12.1) 237 (46.6) 2450 (0.52) 487 (0.87)
50 200 4000 9575 (6.7) 425 (44.1) 4565 (0.32) 925 (0.77)
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FIG. 5. The integral I�a	nn0 for n� n0 � 0; 1 as a function of !02

for a magnetic field of 50Bcr and arbitrary angle �. The extent of
the discontinuity at the pair-creation threshold decreases with
increasing n� n0.
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imaginary part Ni related to the absorption of photons into
pair creation. The stronger the magnetic field, the greater
the absorption. The deviation of Nr below unity is also
larger for stronger magnetic fields.

An estimate of the magnetic field strength, Br, at which
Nr first drops below unity at the n0 � n � 0 resonance can
be found as follows. The real part of the integral I�2	00 at the
first pair-creation threshold is given by �4kz=!

02 from
which Nr can be evaluated at a given angle � and a range
of magnetic fields (B� Bcr). Extrapolating Nr back to
unity, an estimate of Br is obtained. For example, at an
angle of � � 30�, this estimate is Br � 0:75.

This resonantlike behavior occurs at each pair-creation
threshold. This is evident in Fig. 5, where I�a	nn0 is plotted as a
function of !02 for the first two pair-creation thresholds,
n� n0 � 0; 1. As !02 increases beyond 2m, one would
expect N? to remain fairly constant and Nk to continue
to approach unity from below until the next pair-creation
threshold (n0 � n � 1) is approached. The behavior of N?
at this threshold is similar to the behavior of Nk at the
threshold ! � 2m: specifically, N? increases and then
drops to below unity as the threshold is crossed, and then
approaches unity from below. The resonances at n� n0 �
0 in Nk and at n� n0 � 1 in N? are the first in an infinite
sequence of resonances at n� n0 > 1. The important
qualitative difference between weak and strong fields is
that these resonance overlap in the weak-field case, where
they merge into a continuum, whereas they become well-
separated and distinct in the strong-field case.

When Nk <N?, as is the case above 2m, the kinematic
selection rules for photon splitting are different from the
low-frequency limit. Of the CP allowed splittings, the ?
!kk splitting is replaced by the k!k? and k!?k split-
045005
tings. However, above the threshold for pair creation,
photon splitting has to compete with pair creation, and
can usually be neglected in comparison with it.
V. APPLICATION TO PULSARS

A specific motivation for our investigation of the vac-
uum polarization in strong fields and at high frequencies
concerns pair creation in the magnetospheres of magnetars.
In older versions of the polar cap model for pulsars [15], it
was assumed that high-energy photons (energy "�) are
generated through curvature emission by primary electrons
with Lorentz factors � 
 107. These photons are emitted
nearly along the magnetic field lines (� & 1=�) and are
assumed to decay into pairs in high Landau levels when
their angle of propagation, �, increases such that the
threshold "� sin� > 2m is well satisfied. Subsequent mod-
els for pulsars developed this ‘‘inner gap‘‘ model further
[16–18]. One effect of a relatively strong magnetic field is
that the pairs are generated in the lowest possible Landau
levels [19–21], which is n � n0 � 0 for k -polarized pho-
tons and n� n0 � 1 for ? -polarized photons. Thus the
first threshold encountered for k -polarized photons is at
"� sin� � 2m (n0 � n � 0), whereas the first threshold for
? -polarized photons at "� sin� � m�1� �1�
2B=Bcr	1=2� (n0 � n � 1) is much higher for B� Bcr.
Another consequence of a stronger magnetic field is that
photon splitting becomes more effective, and photons can
split before they reach the threshold for pair creation. For
the supercritical magnetic fields considered here, essen-
tially all photons satisfying the threshold condition, 2m �
"� sin� for k -polarized photon and m�1� �1�
2B=Bcr	1=2� � "� sin� for ? -polarized photons, are ab-
sorbed once they reach the threshold for pair creation. The
relevant question is whether or not they split before reach-
ing the threshold. For k -polarized photons we find that
-6
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Adler’s selection rule precluding splitting continues to
apply for supercritical fields, so that such photons (with
"� > 2m) are inevitably absorbed [13,22]. For the photon
splitting process ?!kk to be effective in preventing ?
-polarized photons being absorbed, its optical depth �must
satisfy � * 1 at a distance, denoted by dps, that is less than
the distance at which pair creation would occur. The pho-
ton splitting attenuation coefficients have been estimated
for frequencies 0:1<!=m< 2 [13,22–24]. Here we use
values tabulated in Table II of [14] and assume photons are
emitted initially parallel to a field line of a dipolar mag-
netic field. Although the attenuation coefficients (Table II
of [14]) are for the low-frequency limit, we use them at
higher frequencies where they lead to an underestimate
[13,22], so that the distances we estimate represent upper
limits.

In Table I we estimate the distances a ? -polarized
photon propagates before "� sin� reaches the values 0:1m
(below which the low-frequency attenuation coefficients
for photon splitting apply), 2m and m�1� �1�
2B=Bcr	1=2� (its pair-creation threshold); these distances
are denoted by d0:1m, d2m and d01 respectively. We present
results for B � 50Bcr and B � Bcr and a range of "�. The
distance d01 varies substantially with B=Bcr, but d0:1m and
d2m do not. At B � 50Bcr, photon splitting is very effective
in converting ? -polarized photons into k -polarized pho-
tons (dps � d2m), and it remains effective at B � Bcr.

We conclude that the likely fate of high-energy photons
emitted nearly along the field lines near the surface of a
magnetar depends on their polarization: k -polarized pho-
tons propagate until they reach the pair-creation threshold
at "� sin� � 2m where they decay into a pair with n �
n0 � 0; ? -polarized photons split into two k -polarized
photons, whose fate is the same as for photons with ini-
tially k -polarization. The only photons that can escape are
those with sufficiently low "� that pair creation cannot
occur.

VI. DISCUSSION AND CONCLUSIONS

A particularly notable result of our investigation of the
vacuum polarization at high frequencies in superstrong
magnetic fields concerns the frequency dependence around
each pair-creation threshold. It is well-known, e.g. [11],
that there is a different threshold for different values, n; n0,
of the Landau levels of the created electron and positron,
and that the absorption coefficient has a square-root singu-
larity at each threshold. We find that the real part of the
vacuum polarization tensor, and hence the refractive in-
dices, exhibit resonancelike behavior at these thresholds:
the contribution at the first threshold becomes large and
positive as the threshold is approached from the lower-
frequency side, and large and negative as it is approached
from the high-frequency side. At subsequent thresholds,
the refractive indices (now less than unity) decrease
045005
sharply thereafter slowly increasing towards unity from
below. These resonances appear in refractive indices for
the k -polarized mode for n� n0 � 0 and in that for the?
-polarized mode for n� n0 � 1. Whereas the refractive
indices are greater than unity at low frequencies, the effect
of this resonancelike behavior is that the refractive indices
necessarily approach unity from below at arbitrarily high
frequencies.

We consider how the frequency-dependences of the
refractive indices affect the kinematic selection rules of
Adler [12] for photon splitting, in particular, the correc-
tions of order !2 in refractive indices as the first pair-
creation threshold is approached from below. Adler found
that the only splitting allowed in the low-frequency, weak
dispersive limit, is?!kk . We find that inclusion of the!2

corrections does not alter this qualitative conclusion.
Hence, only ? -polarized photons can split, and they split
into two k -polarized photons. If photon splitting is effec-
tive below the pair-creation threshold, all photons can
become k -polarized before reaching the threshold
"� sin� � 2m, where they can be absorbed, producing
pairs in their ground states [19–21]. Such photon splitting
has been invoked as an effective mechanism for photon
conversion: Usov and Shabad [25] considered photon split-
ting as a means of producing k -polarized �-rays and
Harding, Baring and Gonthier [26] invoked photon split-
ting to explain the soft spectra of SGRs.

Our results allow discussions of the effect of the polar-
ization of the vacuum on the propagation of high-
frequency radiation through a magnetized plasma
[27,28]. Existing studies are restricted to frequencies !�
m, and with some more recent exceptions [29,30], only for
magnetic fields B� Bc. A switching between plasma and
vacuum dominated modes of the medium can modify the
emission spectra of neutron stars, the more recent focus
being the effect on the x-ray spectra of magnetars. The
dispersive properties of the vacuum derived here may be
regarded as a first step in treating the effects of the vacuum
polarization on the propagation of �-rays in highly mag-
netized neutron stars, magnetars.

APPENDIX A: CHOICE OF BASIS 4-VECTORS

The unregularized S-matrix form for the vacuum re-
sponse tensor is given by [31]

�	��k	 � �
e3B
2�

X
n;n0

X
�0�
1

Z dpz
2�

Z dp0z
2�

2�
��0�p0z � pz	

� kz�
�0�!� �0�"n � "n0 	�

!2 � �"n � "n0 	
2 ���0��0

n0n �k	�
	�: (A1)

Since we are summing over the spin states, ���0�
q0q�k	�

	� is
independent of the choice of spin operator; one may evalu-
ate it by making any explicit choice of spin eigenstates.
Choosing coordinate axes (3), explicit evaluation gives
-7
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2"0n0"n��
�0�
n0n�k	�

00 � �"0n0"n � p
0
zpz � �0�m2	��Jn�1

n0�n	
2 � �Jnn0�n	

2� � 2�0�pn0pnJn�1
n0�nJ

n
n0�n;

2"0n0"n��
�0�
n0n�k	�

01 � ��0"npn0 �J
n�1
n0�ne

i Jn�1
n0�n�1 � J

n
n0�ne

�i Jnn0�n�1� � �"
0
n0pn�J

n
n0�ne

i Jn�1
n0�n�1 � J

n�1
n0�ne

�i Jnn0�n�1�;

2"0n0"n��
�0�
n0n�k	�

02 � i�0"npn0 �J
n�1
n0�ne

i Jn�1
n0�n�1 � J

n
n0�ne

�i Jnn0�n�1� � i�"
0
n0pn�J

n
n0�ne

i Jn�1
n0�n�1 � J

n�1
n0�ne

�i Jnn0�n�1�;

2"0n0"n��
�0�
n0n�k	�

03 � �"0n0pz � "np
0
z	��Jn�1

n0�n	
2 � �Jnn0�n	

2�;

2"0n0"n��
�0�
n0n�k	�

11 � �"0n0"n � p
0
zpz � �

0�m2	��Jn�1
n0�n�1	

2 � �Jnn0�n�1	
2� � 2�0�pn0pn cos�2 	Jn�1

n0�n�1J
n
n0�n�1;

2"0n0"n��
�0�
n0n�k	�

22 � �"0n0"n � p
0
zpz � �

0�m2	��Jn�1
n0�n�1	

2 � �Jnn0�n�1	
2� � 2�0�pn0pn cos�2 	Jn�1

n0�n�1J
n
n0�n�1;

2"0n0"n��
�0�
n0n�k	�

33 � �"0n0"n � p
0
zpz � �0�m2	��Jn�1

n0�n	
2 � �Jnn0�n	

2� � 2�0�pn0pnJn�1
n0�nJ

n
n0�n;

2"0n0"n��
�0�
n0n�k	�

12 � �i�"0n0"n � p
0
zpz � �

0�m2	��Jn�1
n0�n�1	

2 � �Jnn0�n�1	
2� � 2�0�pn0pn sin�2 	Jn�1

n0�n�1J
n
n0�n�1;

2"0n0"n��
�0�
n0n�k	�

13 � ��0pn0pz�J
n�1
n0�ne

�i Jn�1
n0�n�1 � J

n
n0�ne

i Jnn0�n�1� � �pnp
0
z�J

n
n0�ne

�i Jn�1
n0�n�1 � J

n�1
n0�ne

i Jnn0�n�1�;

2"0n0"n��
�0�
n0n�k	�

23 � �i�0pn0pz�Jn�1
n0�ne

�i Jn�1
n0�n�1 � J

n
n0�ne

i Jnn0�n�1� � i�pnp
0
z�Jnn0�ne

�i Jn�1
n0�n�1 � J

n�1
n0�ne

i Jnn0�n�1�:

(A2)
The tensor is Hermitian, and ���0�
n0n�k	�

	� � ���0�
n0n�k	�

��	

determines the remaining terms in terms of those written in
(A2). It is possible to construct four linearly independent 4-
vectors from the available tensorial quantities, which in-
clude the wave 4-vector, k	, and the Maxwell tensor, F	�,
for the magnetostatic field. Writing F	� � Bf	�, B �
�12F

	�F	�	1=2, a possible choice was made by Shabad [32]

b	1 � �0; ky;�kx; 0	; b	2 � �kz; 0; 0; !	;

b	3 �
k2g	�? k� � k	k2

?

k2 �
�!k2

?; kx!
02; ky!

02; kzk
2
?	

k2 :

(A3)

The vacuum polarization tensor can be described by (in-
variant) components along b	i b

�
i , with a null component

along b	4 � k	 due to the charge-continuity and gauge-
invariance conditions. We write

�	��k	 �
X2

i�0

�i�k	f
	�
i ;

f	�0 �
X3

i�1

b	i b
�
i

b2
i

� g	� �
k	k�

k2 ;

f	�i �
b	i b

�
i

b2
i

:

(A4)

The vacuum response tensor is thereby described in terms
of the three invariants �i�k	, i � 0; 1; 2.
APPENDIX B: REGULARIZATION IN THE
GEHENIAN REPRESENTATION

The Gehenian representation gives (e.g., equation (32)
of [33])
045005
�i�k	 �
e2

�2�	2
Z 1

0

d�
�

Z �

0
d��i exp

�
��

Bcr
B

�
��2��2	

2�
!2� k2

z

2eB
�

cosh�� cosh�
sinh�

k2
?

2eB

�
;

�0�
cosh�
2sinh�

�
1�

� tanh�
� tanh�

�
k2;

�1��

�
cosh�
2sinh�

�
1�

� tanh�
� tanh�

�
�

cosh�� cosh�

sinh3�

�
k2
?;

�2��

�
cosh�
2sinh�

�
1�

� tanh�
� tanh�

�
�

�2��2

2�2 tanh�

�
�!2� k2

z	:

(B1)

The resulting expressions for �1�k	jB and �2�k	jB are
equivalent to equation (13) of [4] and equation (51) of
[12]. These terms are not divergent, and regularizing
them is trivial. The remaining term, �0�k	jB, is divergent
and requires regularization to remove the divergence. For
k2 ! 0 one has

�0�k	jB;k2!0 �
e2k2

�2�	2
Z 1

0

d�
�

exp���Bcr=B	

�
Z �

0
d�

cosh�
2 sinh�

�
1�

� tanh�
� tanh�

�
: (B2)

On evaluating the integral over � one obtains

�0�k	jB;k2!0 �
e2k2

2�2�	2
Z 1

0

d�
�

�
�cosech2�

�
coth�
�

�
e��Bcr=B: (B3)

The limit B! 0 gives

�0�k	jB!0;k2!0 �
e2k2

3�2�	2
Z 1

0

d�
�
e��Bcr=B; (B4)

which is divergent. The regularized form for i � 0 follows
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by subtracting the divergent term (B4) from the general
expression (B1).
APPENDIX C: EVALUATION OF pz-INTEGRALS

The integrals (4) are evaluated first for !02 <!02ga, n0 �
n
 a (a a positive integer), where gnn0 is imaginary and
the integrals are necessarily real. For simplicity in writing,
in this section we omit the subscripts on gnn0 , fnn0 and
f0nn0 � 1� fnn0 . Analytic continuation of the results into
the region where g is real is trivial for !02ga < !02 <!02pp,
where the integrals remain real; analytic continuation into
the pair-creation region !02 >!02pp involves essentially
only identifying the sign of the imaginary part that de-
scribed the dissipation. The specific forms of the integrals
depend not only on whether g is real or imaginary, but also
on whether !02 is less than, equal to or greater than 2aeB:
firstly, for !02 < 2aeB, one has f < 0, f0�� 1� f	> 0
and f0 < 0, f > 0 for n0 � n
 a respectively; secondly,
for !02 � 2aeB (!02ga < 2aeB<!02pp), one has f � 0,
f0 � 1 and f0 � 0, f � 1 for n0 � n
 a respectively;
and finally, for!02 > 2aeB, one has f; f0 > 0 for both n0 �
n
 a.

For n0 � n (a � 0, !02ga � 0, f � f0 � 1
2 ), we find

I�a	nn � I�b	nn �
1

g0!
02

�
arctan�2g0	 �

�
2

�
;

I�2	nn � �
2kz
!02

�
1�

2

g0

�
1

4
� g2

0

��
arctan�2g0	 �

�
2

��
;

(C1)

for g imaginary (0<!02 <!02pp) with g0 � �4"
02
n =!

02 �

1	1=2, and

I�a	nn � I�b	nn �
1

g!02

�
arctanh�2g	 �

i�
2

�
;

I�2	nn � �
2kz
!02

�
1�

2

g

�
1

4
� g2

��
arctanh�2g	 �

i�
2

��
;

(C2)

for g real (!02 >!02pp) with g � �1� 4"02
n =!02	1=2. When

n0 � n
 a and g is imaginary, we find

I�a	nn0 � �
1

!02
ln
"0
n

"0
n0
�

f0

!02g0

�
arctan

g0

f
� arctan

g0

f0
� �

�
;

I�b	nn0 �
1

!02
ln
"0
n

"0
n0
�

f

!02g0

�
arctan

g0

f
� arctan

g0

f0
� �

�
;

I�2	nn0 � �
2kz
!02

�
1� �f0 � f	 ln

"0
n

"0
n0
�

1

g0
�f0f� g2

O	

�

�
arctan

g0

f
� arctan

g0

f0
� �

��
; (C3)

for 2aeB< !02 <!02pp, and
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I�a	nn0 � �
1

!02
ln
"0
n

"0
n0
�

f0

!02g0

�
arctan

g0

f
� arctan

g0

f0

�
;

I�b	nn0 �
1

!02
ln
"0
n

"0
n0
�

f

!02g0

�
arctan

g0

f
� arctan

g0

f0

�
;

I�2	nn0 � �
2kz
!02

�
1� �f0 � f	 ln

"0
n

"0
n0
�

1

g0
�f0f� g2

O	

�

�
arctan

g0

f
� arctan

g0

f0

��
; (C4)

for !02ga < !02 < 2aeB where

g0 �
�4!02"02

n � �!
02 � 2aeB	2�1=2

2!02
;

f �
�!02 � 2aeB	

2!02
; f0 � 1� f;

for n0 � n
 a respectively. For g real, whereby !02 <
!02ga or !02 >!02pp, we find

I�a	nn0 � �
1

!02
ln
"0
n

"0
n0
�

f0

!02g

�
arctanh

g
f
� arctanh

g
f0

�
;

I�b	nn0 �
1

!02
ln
"0
n

"0
n0
�

f

!02g

�
arctanh

g
f
� arctanh

g
f0

�
;

I�2	nn0 � �
2kz
!02

�
1� �f0 � f	 ln

"0
n

"0
n0
�

1

g
�f0f� g2	

�

�
arctanh

g
f
� arctanh

g
f0

��
; (C5)

for !02 <!02ga, and

I�a	nn0 � �
1

!02
ln
"0
n

"0
n0
�

f0

!02g

�
i�� arctanh

g
f
� arctanh

g
f0

�
;

I�b	nn0 �
1

!02
ln
"0
n

"0
n0
�

f

!02g

�
i�� arctanh

g
f
� arctanh

g
f0

�
;

I�2	nn0 � �
2kz
!02

�
1� �f0 � f	 ln

"0
n

"0
n0
�

1

g
�f0f� g2	

�

�
i�� arctanh

g
f
� arctanh

g
f0

��
; (C6)

for !02 >!02pp, where

g �
��!02 � 2aeB	2 � 4!02"02

n �
1=2

2!02
;

f �
�!02 � 2aeB	

2!02
; f0 � 1� f;

for n0 � n
 a respectively.

APPENDIX D: PRODUCTS OF J-FUNCTIONS

All the products of J-functions that appear in the
S-matrix form of the vacuum polarization tensor may be
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written in terms of two combinations: �Jn�1
n0�n�x	�

2 � �Jnn0�n�x	�
2 and Jn�1

n0�n�x	J
n
n0�n�x	. The relevant relations are implied by

the recursion formulas

x1=2Jn�1
��1�x	 � �n� �	

1=2Jn�1
� �x	 � n1=2Jn��x	; (D1)

x1=2Jn��1�x	 � �n
1=2Jn�1

� �x	 � �n� �	1=2Jn��x	: (D2)

With x � k2
?=2eB, pn � �2neB	1=2, the following identities are implied:

k2
?f�J

n�1
n0�n�1�x	�

2 � �Jnn0�n�1�x	�
2g � �p2

n0 � p
2
n	f�Jn�1

n0�n�x	�
2 � �Jnn0�n�x	�

2g � 4pn0pnJn�1
n0�n�x	J

n
n0�n�x	;

k2
?J

n�1
n0�n�1�x	J

n
n0�n�1�x	 � �pn0pnf�J

n�1
n0�n�x	�

2 � �Jnn0�n�x	�
2g � �p2

n0 � p
2
n	Jn�1

n0�n�x	J
n
n0�n�x	;

�p2
n0 � p

2
n	

2f�Jn�1
n0�n�x	�

2 � �Jnn0�n�x	�
2g � k2

?�p
2
n0 � p

2
n	f�Jn�1

n0�n�1�x	�
2 � �Jnn0�n�1�x	�

2g

� 4k2
?pn0pnJ

n�1
n0�n�1�x	J

n
n0�n�1�x	;

k?fJ
n�1
n0�n�x	J

n�1
n0�n�1�x	 � J

n
n0�n�x	J

n
n0�n�1�x	g � pn0 f�J

n�1
n0�n�x	�

2 � �Jnn0�n�x	�
2g � 2pnJ

n�1
n0�n�x	J

n
n0�n�x	;

k?fJ
n
n0�n�x	J

n�1
n0�n�1�x	 � J

n�1
n0�n�x	J

n
n0�n�1�x	g � �pnf�J

n�1
n0�n�x	�

2 � �Jnn0�n�x	�
2g � 2pn0J

n�1
n0�n�x	J

n
n0�n�x	:

(D3)
APPENDIX E: ABSORPTION COEFFICIENTS

The absorption coefficients due to pair creation in vacuo
are different for the two modes and are determined by the
anti-Hermitian part of the vacuum response tensor. Without
loss of generality, one may transform to the frame in which
the photons are propagating across B (kz � 0). The ab-
sorption coefficients then become

�k � �
8�i
!k

RkEe
3�
k
e3
k
�33�a	;

�? � �
8�i
!?

R?E e
2�
? e

2
?�

22�a	;

(E1)

�33�a	 � i= reg�33 � �i=�2;

�22�a	 � i= reg�22 � �i=�1;
(E2)

in the approximation N?;k � 1, implying k? � !, k2 � 0,
and hence �0 � 0, and RkE � R?E �

1
2 . From (1) with (2),

one has

=�1�
!2

k2 =�0�
e3B

�2�	2
X
n0;n

4pn0pnJ
n�1
n0�n�1J

n
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X
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=I�2	nn0 ��J
n�1
n0�n	

2��Jnn0�n	
2�;

(E3)

where from (C6), the imaginary parts are given by

=I�a	nn0 �
f0nn0�

!2gnn0
; =I�b	nn0 �

fnn0�

!2gnn0
;

=I�1	nn0 � =I
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�

!2gnn0
;

=I�2	nn0 �
2kz�

!2gnn0
�g2
nn0 � fnn0f

0
nn0 	;
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with f0nn0 � 1� fnn0 and with fnn0 ; gnn0 given by (6) with
!0 � !. Using the identities in Appendix C, (E3) becomes
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�
: (E4)

which are equivalent to the expressions given by [11].
APPENDIX F: REGULARIZED �i COMPONENTS

The second derivatives of the refractive indices with
respect to frequency are given by

@2N?
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��������!�0
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�
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��������!�0
�
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�
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�
: (F1)

The forms of the �i and �ij are as follows
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with b � B=Bcr. The square bracket in each �i, �ij contains the third derivative contribution to the Euler-Maclaurin
summation.
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